. mathematics ﬁw\o\w

Article

On the Finite Orthogonality of
g-Pseudo-Jacobi Polynomials

Mohammad Masjed-Jamei 17, Nasser Saad 2(, Wolfram Koepf * and Fatemeh Soleyman !

1 Department of Mathematics, K. N. Toosi University of Technology, Tehran P.O. Box 16315-1618, Iran;
mmjamei@kntu.ac.ir (M.M.-].); fsoleyman@mail kntu.ac.ir (E.S.)

School of Mathematical and Computational Science, University of Prince Edward Island,

550 University Avenue, Charlottetown, PE C1A 4P3, Canada; nsaad@upei.ca

3 Institute of Mathematics, University of Kassel, Heinrich-Plett-Str. 40, 34132 Kassel, Germany

*  Correspondence: koepf@mathematik.uni-kassel.de

check for

Received: 20 July 2020; Accepted: 5 August 2020; Published: 8 August 2020 updates
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1. Introduction
For a, B > —1, the Jacobi polynomials are defined as [1]
n

P () = UV 1 g b L

2npn!

{a-xra+0fa-a}. M)

Another representation of Jacobi polynomials is as [2,3]

P}{’"ﬁ)(x)—mg < —mn4a+p+1 | 1—x >

n! a+1 2
_ a+1ni k(a4 B+ 1) (1—x)k )
B = (a+ 1) 2kt 7
where
k—1
(@:=]]1@+j), (a)o:=1, ®3)
j=0
and

at,...,ar d (al)k...(ar)kzk
F, =) i, 4
( bi,...,bs Z) kg)(bl)k...(bs)kk! @)
in which ai,az,.. .,ar,bl,bz,. ..,bs,z€e Cand bl,. .., bs 75 0,-1,-2,--- ,—(k — 1).
The weight function corresponding to Jacobi polynomials is known in statistics as the shifted
beta distribution

w(xa,p)=1-x)*1+x)P, xe[-1,1]

An interesting subclass of Jacobi polynomials is when &« = —u +ivand g = —u — iv for i = —1
in (2), so that the real polynomials

I () = (=i By ), 5)
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satisfy the equation
(1+2%) ] (x) +2((1 = w)x + ) [ (x) = n(n = 2u +1)u(x) = 0. ©)
It is proved in [4] that {],(lu’v) (x)} are finitely orthogonal with respect to the weight function
w(x;u,0) = (14 x?) “exp (2varctan x),

on (—o0,00) and can be explicitly represented in form of hypergeometric functions as

(”/U)(x) _ (—Zi)”(l—u—i-iv)n E —n,n—2u+1 1—ix
! T (n—2u+1), ! 1—u+iv 2 :

The so-called g-polynomials have found many applications in Eulerian series and continued
fractions [3], g-algebras and quantum groups [5-7], and g-oscillators [8-10]. See also [11,12] in this regard.
It has been acknowledged that the theory of g-special functions is essentially based on the relation
o
lim 1749 =«
—11—¢q

Hence, a basic number in g-calculus is defined as
1—g*
1—q°

There is a g-analogue of the Pochhammer symbol (3) (called g-shifted factorial) as

[a]y =

k=1 ,
(@ =110 —aqg), (aq):=1
j=0
Moreover we have .
(@ 9e =100 —ag") for 0<lg| <1,
k=0
and

(a1,82, oy Am; §)oo = (815 G) 00 (25 G) 0+ (Am; G ) co- @)

There exist several g-analogues of classical hypergeometric orthogonal polynomials that are
known as basic hypergeometric orthogonal polynomials [3].

In the present work, using the Sturm-Liouville theory in g-difference spaces, we prove that a
special case of big g-Jacobi polynomials is finitely orthogonal on (—oo, c0). The big g-Jacobi polynomials
are defined as
qfn,u b qn+l, X

ag,cq

Pu(x;a,b,c;q9) = 3¢ ( 7 q> , (8)

where

bi,...,bs

0 . . Ke—1) \ 15—
rPs (al,...,ar 0/;z> =) (o1 .. (ri ) Zk)k ((—1)k¢7 g )) , )

= (b1 9k (bs;9)x (4:9

is known as the basic hypergeometric series.

Again, ay,az,...,a,,b1,ba,...,bs,z € Cand by, by, ..., bs # 1,q’1,q’2,- . ,ql’k.

Notice that [3] (p. 15)
lim 4) qm,,..,qﬂr q'(q—l)prs*rz - F ay,...,ar . (10)
a s\ ghn, g | by '

On the other side, if we set c = 0,2 = ¢ and b = gP in (8) and then let ¢ — 1, we find the Jacobi
polynomials (2) as

(a,B)
. P, 2x —1
lim P, (x;4%,q,0;9) = %
g—1 Py (1)



Mathematics 2020, 8, 1323 30f9

Moreover, by referring to (8), one can define another family of big g-Jacobi polynomials [13] with
four free parameters as
9; L]) ’

(e ) — S N g ", abg"*, gacx
Py (x;a,b,¢c,d;q) = Py(qac™ " x;a,b, —ac™'d; q) = 3¢ ( 2, —qac-d

which yields
Py(x;a,b,¢;q9) = P;(—qflcflx; a,b,—ac™1,1; q).

Because a particular case of Jacobi polynomials (5) are called the pseudo Jacobi polynomials, it is
reasonable to similarly consider a special case of big g-Jacobi polynomials preserving the limit relation
as g — 1. This means that the g-pseudo Jacobi polynomials will be derived by substituting

q4= iq%(u—iv), b= _iq%(u-&-iv), c= iq%(—u-&-iv) and d= _iq%(—u—iv)

in a special case of the polynomials (8) as

Py(cx;c/b,d/a,c/a;q) where a,b,c,d € C and (ab)/(gcd) >0,
so that
L (—u+iv)

. e gmU U UYL )
;IE}} Pﬂ(zq X=q9 =9 9 ,q) ](urv) (l) '

Therefore, the g-pseudo Jacobi polynomials are defined as

—n Lutn+1 1+u—iv
7

(wo) (... _ - L(—utiv) . —u —u ,—u-+tiv, _ ’,
]n (XIQ)—Pn(WZ( + )x,_q s —q9 .9 + ,Q)— 3¢2 <ql+%(uiv),iq1+;(u?)iv)

q; q) - (1)

The main aim of this paper is to apply a g-Sturm-Liouville theorem in order to obtain a finite
orthogonality for the real polynomials (11) on (—oo, c0), which is a new contribution in the literature.
A regular Sturm-Liouville problem of continuous type is a boundary value problem of the form

% (K(x)dygix)) + Aaw(x)yn(x) =0, (K(x) >0, w(x) > 0), (12)

which is defined on an open interval, say (71, 72) with the boundary conditions

ay(r)+ By (1) =0 and  axy(y2) + B2y’ (72) =0, (13)

where a1, ay and B1, Bp are constant numbers and K(x), and w(x) in (12) are to be assumed continuous
functions for x € [y, 72]. The function w(x) is called the weight or density function.

Let vy, and y,, be two eigenfunctions of Equation (12). According to the Sturm-Liouville theory [14],
they have an orthogonality property with respect to the weight function w(x) under the given condition
(13), so that we have

2

[ o e =

w(x)y%, (x)dx)) Ly (14)
T 71

in which
s [0 (n#Em),
A1 (n=m).

There are generally two types of orthogonality for relation (14), i.e. infinitely orthogonality and
finitely orthogonality. In the finite case, one has to impose some constraints on 7, while in the infinite
case, 1 is free up to infinity [4].
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By referring to the differential Equation (6), it is proved in [4] that

/oo (14 x%) " exp (2varctan x)],ﬁ”'”) (x)],Sf’v)(x)dx =

[0 9)

2 n! 2212 T (2 — 1) P
(u—2n—1)T(u—n+io)l(u—n—iv) "

1
< mn=0,1,2,..., N:max{m,n}<u—§ and v eR,

where I'(.) is the well-known gamma function.
Similarly, g-orthogonal functions can be solutions of a g-Sturm-Liouville problem in the form [15]

Dy (K(x;9)Dgyn(x:9)) + Anqw(x;q)yn(x;9) =0, (K(x;9) >0, w(x;9) > 0), (15)

where

D) = LIS 0, g 2),

and (15) satisfies a set of boundary conditions like (13). This means that if y, (x; q) and y,, (x; q) are two

eigenfunctions of the g-difference Equation (15), they are orthogonal with respect to a weight function
w(x;q) on a discrete set [16].

Let ¢(x) and ¢(x) be two polynomials of degree at most 2 and 1, respectively, as
p(x) =ax’ +bx+c and ¢(x)=dx+e (a,b,cdecC, d+#0).
If {yx(x;9) } is a sequence of polynomials that satisfies the g-difference equation [3]

¢(x)D7yn(x;q) + $(x)Dgyn (x;9) + Angyn(q%;9) = 0, (16)

e ()~ (14 ) () + af ()
2 _ fla"x) — (A +q)f(gx) +gf(x
Dq(f(x))_ q(q_1)2x2 4

Ang € Cand g € R\ {—1,0,1}, then the following orthogonality relation holds

02 02 2
/p 0 (3 9)Yn (X )y (2 ) dgx = /p w(x;)y2 (%) dgx ) Som,
1

1
in which

02 . . .
[, F @it = 1=0) L (p2f (ez) - prf (e,
1 i=0
and w(x; q) is a solution of the Pearson g-difference equation

D, (w(x:9)p(g71x)) = w(qxq)p(x). (17)

Note that w(x; ) is assumed to be positive and w(g7x;q)@(472x)x* for k € N must vanish at
X = pP1,P2.

If Py(x) = x" + - - - is a monic solution of Equation (16), the eigenvalue A, 4 is explicitly derived as
il
q}’l

The g-integral as an inverse of the g-difference operator [3,17,18] is defined as

Ang = — aln —1]; +d).

[} =0 -ax Saifg) ()
L
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provided that the series converges absolutely. Furthermore, we have
/ f(t)dgt = (1—q) Z q"f
n=—0c0

and

[ s =0-9) ¥ " (") + F-q").

n=-—oo

2. Finite Orthogonality of g-Pseudo Jacobi Polynomials

Let us consider the following g-difference equation

(4% “x*+2sin (; lnq) x+1)Diya(x;q)

u

qu_qZ u v 1u
+ (x —2sin(5Ing)(q "2 — c/Z)) Dayn(x;q) + Ajgyn(qx;q) =0,

1—9q
with ]
* Mg 2— 9 —9
Y (q =T+ 1_q>
forn=0,1,2,... andg € R\ {-1,0,1}.
It is clear that
lgn)\,’;q —n(n—2u+1),
q

gives the same eigenvalues as in the continuous case (6).

50f9

(18)

Theorem 1. Let {]n (x q) }n defined in (11) be a sequence of polynomials that satisfies the g-difference

Equation (18). Subsequently, we have

.00 00 2
[ w0 ) e g = ([ 0 i) (18 0500) dy ) o

where N < u — % for N = max{m, n} and the positive function w"*) (x;q) is a solution of the Pearson-type

g-difference equation

D, gw(“/”) (x;9) (4% "“x* +2sin(§ Ing)x + 1))
= (T x = 2sin(§ Ing) (' — g%) ) 0 (g;9),

which is equivalent to
wt?) (x;q)  g'x? —2g% s1n( Ing)x+1
w) (qx;9) g ux2+2¢ 7 sin(§Ing)x +1°

Proof. First, according to [3] and referring to (7) it is not difficult to verify that

(lq(” iv)/2 _iq(u+iv)/2x’. Q)oo
( q( u+zv)/2x, _l‘q(—u—iv)/le.q)Oo
o (_iq(fu+iv)/2x71’ iq(fufiv)/fol’. q’l)oo
(_iq(u—iv)/fol,Z'q(u—i—iv)/2x71;q,1)oo ’

W) (x;q) =

is a solution of Equation (19).

Now, if Equation (18) is written in the self-adjoint form

Dy (w9) (x;9) (4762 +2sin(§ Ing)x +1) Dyi"” (x:9) ) + As g0 (q; ) 13" (g2:9) =

(19)

(20)

(21)
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and for m as
Dy (@) (x;9) (¢7~"x2 +2sin(§ Inq)x +1) Dyl (x:9) ) + Ajy g (g ) i (qx:9) =0, (22)
by multiplying (21) by Jhu) (gx;¢q) and (22) by Jlu) (gx;q) and subtracting each other we get
(Aing = M) (o) 1 () 1" (x9)
= 2Dy (@) (g7 x;9) (2752 +2sin(5 Ing)x + 1) Dy (07" x:0) ) 11 (x:9)
— 2D (0 (g7 xiq) (47722 + 2sin(S Ing)x +1) DI (7 0) ) 18 (xig). (29)

Hence, g-integration by parts on both sides of (23) over (—oo, 00) yields
(Amg = Aug) /_oo W) () T (2 9) T (x; 9)dgx

=9q / {Dg (0 (g7 x;q) (4722 + 2sin(5 Ing)x + 1) D" (47" :0)) 151 (x:9)
— D, (w(u,v) (q— %;4) <q2 )2 +251n( Ing)x + 1) Dq]&u’v)(q_lJC;q)) ]r(lu,v)(x,.q) Ydgx
= [0 (7 5 q) (75 +2sin(3 Ing)x + 1)

% (DI ) i (50) = D () 8 () ) | @)

Because

max deg{DyJ"" (371 9) I (x;9) = DgJt” (4 s ) i ()} = m+n— 1,
the left-hand side of (24) is zero if

lim w*?) (g7 1x; ) (q2 “x2 +Zs1n( Ing)x + 1) xmn=l — o, (25)

X—00
By taking max{m, n} = N, relation (25) would be equivalent to

lim (—iq(—u+iv)/2x—1, iq(_”_iv>/2x_l; q—l)oo

2N—-2u+1 _
x50 (—ig(u—iv)/2x=1 ja(utiv)/2x—1;0-1) X =0. (26)

Note that (26) is valid if and only if

1
2N+1—-2u <0 or N<u—§.

Therefore, the right-hand side of (24) tends to zero and
[0t () 1) (I (s q)dg = O,

if and only if m # nand N < u — } for N = max{m,n}. O

1
Corollary 1. The finite polynomial set { ]n ( )}nN<Ou 2 is orthogonal with respect to the weight function
(20) on (—o0, c0).

2.1. Computing the Norm Square Value

According to (17), because ]r(,”’v) (x;q) is a particular case of the big g-Jacobi polynomials, it satisfies
the recurrence relation [3]
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—(u,v)

T(u,v) (11,0) (x;q) — dn(u, v; Q) -1 (x; Q)/

ni1 (6q) = (x —cn(u,0;9)) Jn
with the initial terms

2 sin(% Ing)(1—gq) (qZ—u/2 + q1+u/2)
(g —g* ") ’

1Naq) =1, T (xq) = x+

where
2sin(§Ing)q"
q" =g 2)(q" — g*")
~ {(qu _ qn—l) (q—u/Z[n]q(l +5]) + (qz—u/Z +q1+u/2)> _ qn+1—u(1 _ qn+1)(ql—u/2 _'_qu/Z)}’

and

cn(u,0;q) = (

(qn+1 _ q2n+1)(qu _ qn—u)
(1 _ q)Z(qu _ an—u—l)(qu _ an—u)Z(qu _ an—lH-l)

X {4sin2(g Ing)g"17"/2(1 —¢q) <1 +q—q*+q" — gt - q”fl) <1 —q" M (g —g?) — " (1 - ‘7))
_ (q4n72u +2q2n +q2u)}.

dn(u,0;49) =

Now, by applying the Favard theorem [19] for the monic type of polynomials (11), we get

L . 0 ;) T (s ) T (x;.9)dgrx = (P‘o [ Tdx(u, wq)) Sn,ms

k=1

where

:/oo (iq(ufiv)/2x,_iq(u+iv)/2x;q>oo i
Fo=1/ (ig(—utiv) /2, —ig(-u=iv)2x:4) -1

Hence, it remains to explicitly compute the above y. For this purpose, we can refer to the general
formula ([13] Formula 128)

X — (27)

/ (ax,bx;q)ood (g,a/c,a/d,b/c,b/d; ) 0(z—/z+;9)0(cdz_z4;q)
2 qPuzeg? (ex,dx;q)eo | (ab/(ged);q)eo 0(cz—;q)0(dz—;q)0(cz1;9)0(dz+;q)’

in which
0(x;9) = (x,9/%9) o

Therefore, it is enough to replace z_ = —1,z4 = 11in (27) to finally obtain

(q, qu—iv, 7qu, 7qu, qu-&-iv; q)oo

X
(@1 9)e

Ho =

1.
(=L —q,-9", —4" 9w
— U+ —iv , —u—iv 17—u+iv l 17—u+iv . 1— —u—iv 1— 714—1'2;.

(—ig ™" ig ™5, —ig ™" i, —ig T ig T i T i T )

For example, the set {]r(lzl’l) (x;q)}2°, is a finite sequence of g-orthogonal polynomials that satisfies
the orthogonality relation

o (i@, —ig@H 2 ) oy, oy, -
lw (iq_(21—i)/2x, _iq_(21+i)/2x}q)oo]m (xr Q)]n (x/ Q)dqx =

(q, qufi, _q21l _‘721/ q21+i, _1, —-q, _q21, _q22,. Q)oo n
. =214, —21+i . —21-i , —21-i . 28— , 23—i . 2340, 23+i Hdk@l'l;q) 5mr"
(g1, —ig=2 ,ig~2 ,—iq~2 ,ig" 2 ,—iqg Z ,iq 2 ,—iq 2 ,iq 2 ;q)e k=1

<~ m,n <20,
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where

k+1 _ q2k+1)(q21 _ qk—21)

_ (q
dp(21,1;9) = (1— )2(q% — g2 22)(g21 — g%—20)2(g21 — g2k—20)

x {4sin2(% g P21 —q) (149 - +4 -2 —¢7") (1= 420 +q- ) -1 -19))
— (g% + 2% + )} (28)
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