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Summary The method of Least Squares is due to Carl Friedrich Gauss. The Gram-Schmidt
orthogonalization method is of much younger date. A method for solving Least Squares
Problems is developed which automatically results in the appearance of the Gram-Schmidt
orthogonalizers. Given these orthogonalizers an induction-proof is available for solving Least

Squares Problems.
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1 Introduction

The method of Least consister in the following problem. Given vectors y, x1,...x; € R™ find

numbers f3i,..., 0, such that
k
Iy = B | (1)
i=1

is minimized. The underlying linear model is y = z16; + ... + 10 + €, where € is a
disturbance term. Mostly, it is assumed that € is a random vector with expectation 0 and
covariance-matrix o2I,,, where ¢ > 0 is unknown parameter. The method of Least Squares
is therefore also desaribed by

| € || = Min. (2)

The simplest linear model is y = a1, +¢€, where 1, is the all one-vector. The Least Squares

Problem for estimating a can be solved by Steiners theorem.

1.1 Steiners Theorem:
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The proof follows from Pythagoras theorem since

Z wl Yi ngh ( - ngh) =0. (3)

Thus a =7, solves the Least Squares Problem »° w;(y; — a)* = Min.
i=1
This theorem can also be used to solve the regression model

yi=a+0xr;+e€,i=1,...,n,y=al, + Px+ e. The task consists in minimizing
Q=S (yi—a—Bu)?. (4)
i=1

By Steiners Theorem we get the solution

V=7 — (T, T = —sz,y— Zyz. (5)

By plugging in we get

n

QR = Z(yz'—@—ﬁ(%—f)>2

=1

= D (m-m) <i_ —ﬁ) > wi—7)* (6)

1=T;#T 1, =T

According to Steiners theorem the minimizing [ is a weighted mean of the slopes % ,namely

. .;:f(:c@- = f:l(l“i — T)y;
6 _ 1=x; AT _ _ Z:n . (7)
z‘:%:;éf(wi B 33)2 Z(% — f)2
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If all z; are equal to T, then ( is arbitrary since () does not depend on [.

This method of successive solution and plugging in can be extended to the general case

as will be shown in the next section.



2 Generalization of successive estimation

2.1 Generalized Steiner Theorem:
ly—az =y~ 222 [ 4 |2 |2 (a— &2)" i 2 £ 0.

Proof: (y — Ey ”T; x) and z are orthogonal. Pythagoras Theorem therefore yields the
result. O

2.2 Corollary:

a = Egg is the Least Squares-solution of || y — az ||= Min. and a = 0 yields a proof of the

Cauchy-Schwarz inequality.
Now we want to minimize

k
ly—3 B I (1)
=1

If 1 =0, then [; does not appear in (2.1) and it is therefore arbitrary. If z; # 0, then

according to theorem 2.1
k
(y — > Biwi, 1)
i=2

(z1,71)

By plugging in we get the new minimization problem

o = (2)

k
1y® =" Bz ||= Min, (3)
=2
where ( ) ( )
@ = M) p @ _, Mot _p : 4
Y (1‘1@1)%1 eyt s v (xlaxl)xl oyt <)

If mg) # 0 - otherwise (5 is arbitrary - we obtain

k
(y® Zﬁ” 28 <y—;mw§”>

~

P2 = = = : (5)
<x52>,a:§ ) (28, )
and again by plugging in we get a new problem with y(3), xz@,i =3,...,k. Continuing we
get successively the solutions (j =3,...,k)

(y—Zﬁu,j)

A i=j+1 e ()
B = (x(') x(j)) , if €y # 0 (6)
Jj v
and finally
s (o) (k)
(fk ' L, )



In order to simplity the notation we define

Q1=$1,Qj=$§j),j=2,...,k;. (8)
Then
(1-1)
R
(%—1;%—1)
= P{(H—I}Lxl(l_l)7i:l7"'ak;l:17...,l€i (9)

(1)

where, of course, z;” =x;,1=1,...,k. Therefore

Q= P{qi_l}wﬁl‘” (10)
and
!
.’EE ) = P{ql_l}J_ P{ql_z}J_ c. P{ql}in (11)
q = P{ql_l}L...P{ql}LZEl, [ :2,...,]{7. (12)
The next step consists in proofing that
i—1
H P{th—j}L = P{q1 ----- gi—1}t - (13)
j=1

By Achieser/Glasmann, 1981, p. 97 pp. the product of projections is a projector iff the
projectors commute. By page 189 in Rao/Mitra, 1971, the projection onto the intersection

of the subspaces M and N is given by

2P(P+ Q) Q (14)

where P is the projection onto M and ) the projection onto N .There must be a simple
formula for the generalized inverse of (P+@Q), namely (P-+ Q)" . This formula will be given
by the following theorem:

2.3 Theorem:
If PQ=QP, then (P+Q)t=P+Q—3PQ.

Proof: The proof follows from verification. An alternative is that P and () are jointly
diagonalizable if PQ = QP . P = Cdiag(A1,...,\,)C", Q = C diag(p, . .., i1,)C" and the
A and p; are either 0 or 1. Then P+ @ = C (diag(A1 + ), - ., (Au + ) C,

(P+ Q)" =Cdiag((M +p1)t, .., (A 4 o) T)C” . But

3
2 g (15)

()\i+ﬂi)+:)‘i+ui_2

in all possible cases. [



2.4 Theorem:
PQ is the projection onto im (P)N im (Q) iff QM+ C M+ . Sufficient for this is M+ C N

Proof: P(Q ist the projection onto M N N iff it is the identity on N N M and vanishes
on (M NN)+ = M*++ Nt Since the other properties are obvious only PQM~* = 0 must
be considered. This is equivalent to QM+ C M~ . This condition met if M+ C N . O

2.5 Theorem:
i—1
H P{qi_j}L = P{q1 ..... g1t and ¢q; € {ql, . ,qi_l}L . (16)
j=1

Proof: Mathematical induction. The first assertion of the theorem is correct for 7 = 2

and go = Ppg 1172 € {g1}+. Let by induction assumption

i—1
H P{qj}J_ = P{ql ..... qio1 )t and q; € {ql, c. ,qi,l}J‘ . (17)
j=1
Then
HP{Qifj}L = P{qz'}ip{cn ,,,,, i1}t (18)
j=1

Since ¢; € {q1,...,¢_1}+ it follows from theorem (M = {¢;}*, M+ = {)\,; A € R}) that

I P = P Prara 1+ = Plarotanae 13t = Prassna (19)
j=1
Since giy1 = Plq,,. 31 Tit1 € {q1,...,q}* also the second assertion is proved. O

Since

i—1

<Q7xz>
G = Plgo,..qi 13+ Ti = Ti — Pspan{q,,...q,1}%i = &5 — Z ( J. ) qj (20)
ja0 1043

the ¢; desoribe the Gram-Schmidt orthogonalization procedure. It follows that from the

principle of Least Squares the Gram-Schmidt orthogonalization procedure could be invented.



3 An induction proof

Since the Gram-Schmidt orthogonalization procedure is well-known now the Least Squares

Solutions can also be proved by mathematical induction. The induction ist on the number

m of linear independent vectors among xq,...,x;. We assume that z,...,z,, are linearly
independent and Rank {z,...,2x} = m. There fore x,,1,...,x; are linear combinations
of x1,...,x,, . As we habe seen in the last section

(y — Xk: Bixi, 1)
B = =2 (1)

(5171, 231)

and by plugging in we get the new minimization problem

k
Minimize || y® — Zﬂimgz) I& (2)
i=2
where
2 .
y(2):P{§:1}y,x§-):P§1}xi,z=2,...,k. (3)
3.1 Lemma:
Let Rank (xi,...,x;) be equal m and let xy,...,x, be linearly independent. Then :172(-2) ,
1 = 2,...,m are linearly independent and the x?) , 1 > m are linear combinations of the
22 i=2. . m.
Proof:
a) From > )\ix?) = P(> Niz;) =0 — we write P for short instead of
i=2 i=2
Py yr — it follows that ) Ajz; € span{z;} and hence Ay = ... = A, = 0 from the
i=2
linear independence of x1,...,x,,.
: @ _ S0 2@ i = S A
b) For i >m we get z;” = > iz~ if 73 = Y \jz;. O
=2 j=1
3.2 Theorem:
Let Rank (z1,...,z;) = m and let, moreover, x1,...,z,, be linearly independent. Futhermo-
re, let qi,...,qn, be the pairwise orthogonal vectors obtained from (zy,...,z,,) by applying
the Gram-Schmidt orthogonalization procedure. Then the Least Squares solutions Bl, cee Bm

are recursively given by

k
(@m-y — Z Bix;)

A . i=m+1
b = (G Gm) @




k
(g, y Z 5]% > Bxj)

A~ i+1 j =m+1
B = = (5)
t=m—1,m—2,...,1. Here (B,,41,...,0r are completely arbitrary.
Moreover N
- Z Bix; — Z Bix;
=1 j=m+1
does not depend on (41, ., Ok -

Proof: Mathematical induction on m. If m =1, then

k
(351, Yy— ;ﬁzl‘z)

(z1,21)

A

b=

and

ﬁlxl Zﬁzmz - y Zﬁz . (7)

But since z; € span{z;} it follows that $§ ) = 0,i=2,...,k and therefore

k
y—= lel - Zﬁﬂ'i = ?/(2) (8)

=2

which does not depend on [s, ..., 0.

We now arrive at the problem of minimizing

k
Iy =" B || - (9)
i=2
By the induction assumption using that xgz), e ,mém) are linearly independent and Rank
(xf), o ,xf)) =m — 1 we get that the solutions are as follows:
k
(45).0) B = (a2 4 = 3 i) (10)
i=m-+1
and
(@7, a7 B = (07 9 = Y Biay — Z B;) (11)
Jj=t+1 j=m+1
1=m—1,...,2 Here B,,11,..., 0, are arbitrary numbers and q(2) e ,qg) are obtained by

@O

applylng the Gram Schmidt orthogonalization procedure to z Ty . Moreover,

— Z Bz — Z Bix; does not depend on S,,41, ..., 0. From this it follows that
i=2 i=m+1

m k k
B B Ty P ~X = 3 gl (12)
=1 =

j=m+1 = i=m-+1



as well does not depend on B,,41, ..., 0k -

We now prove by mathematical induction that qZ@)

@ _ @ _ . (s

=¢q;,t=2,...,m. This is indeed

correct for ¢ = 2 since x5’ = ¢qy = o) L1 = @2 and by using the induction assumption
we get
i—1 q( )) - i—1 q
) 2 ) 1 7
Gl SR,y
2 q] . qj xhxl =2 %7%

(2) ) =

Since (x;”,¢; (xi,q;) for j > 2, it follows indeed that qZ@) =q,1=2,...,m.

From (¢n,q1) =0 for i > 2 we finally get

k k
(@ y® — 2 Bal?)  (gmy— X Biw)

P i=m-+1 i=m-+1

B = = = (14)
(gm, Gim) (Gm» Gm)

and for i=m—1,...,2
NCIE- )
(q“ Z 5] Z ﬁjxj )
B' _ j=i+1 j=m+1
' (¢, @)
m k
(y— 2. Bizg— 2 Biw;)
ST 1

This is completed by

m k m k
(T, y— 20 Birg— >0 Bixg)  (q,y— > Biwg— > Bjxj)

~ j=2 j=m+1 Jj=2 j=m+1
(21, 21) (q1,q1)
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