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ABSTRACT 

 

I 

ABSTRACT 
 

 
   Experimental and numerical investigations of density-dependent flow and solute transport in a sand-packed laboratory tank are 

important for the understanding of such processes in real aquifers. At the hydraulic laboratory of the University of Kassel such 

experiments are performed in a Plexiglas tank with dimensions                  , with the main objective to analyze macro-

dispersive effects on a fresh-saltwater interface within the heterogeneously-packed sand structure with given stochastic properties. 

   Previous experiments have been carried out with three representative realizations of stochastic heterogeneity with predefined 

       (   (        , variances     (  
  ranging from            and correlation lengths    and    of             and       

      , respectively, of the     (   logarithmic hydraulic conductivity field. These experiments investigated the hydrodynamically 

stable case of a layer of saltwater of different concentrations injected underneath a layer of de-ionized and degassed water. In each 

stochastic realization, the anisotropic sand structures have been packed in the form of      discrete sand-blocks of dimensions 

              with eight different pre-sieved classes of chemically pure industrial quartz-sands. The hydraulic conductivities of the 

sands ranged from                     , corresponding to a permeability range of          to         . Numerous experiments 

with saltwater (chemically pure NaCl-solutions) concentrations ranging from          (fresh water) to            (brine) and 

flow velocities ranging from                  were carried out in each sand pack realization. Depending on the prescribed flow 

velocities, steady-state conditions for the solute transport, i.e. of the mixing zone across the fresh-saltwater interface, were obtained 

after a duration of one to three weeks. 

   In this contribution the results of new sets of tank experiments with an extremely stochastically heterogeneous sand-pack realization 

are reported. This has been feasible by employing new sand classes covering a wider range of the hydraulic conductivity  . More 

specifically,    sand classes with   in the range of           to              allow for random packing distributions across the 

tank, following stochastic turning bands method (TBM) realizations with        (   (        , and variance     (  
      , and 

correlation lengths of         m and         . One of these stochastic realizations was used as a prescription for the tank 

packing, as described above. 

   For calibration and validation purposes, the total 12 consistent tank experiments are accompanied by numerical simulations using 

the 15 deterministic density-dependent flow and transport model SUTRA, 15 deterministic homogeneous models (experimentally 

equivalent hydraulic conductivity           ) and          Monte Carlo (MC) simulations to mimic the associated 

experiment. Together with additional tank experiments of this new stochastic porous-medium representation, the present analysis 

complements earlier work of Koch and Starke (2001, 2003, 2005) with regard to this scientific topic, namely, an exhaustive 

characterization of density-dependent and transverse macro-dispersion in stochastically heterogeneous porous media i.e. the effects of 

the density stratification and stochastics of the porous medium on steady-state lateral macrodispersion were quantified. For each 

fellow and transport experiment, a large number (          MC-simulations with the TBM and Finite Element Program 

SUTRA, using realistic stochastic realizations of the corresponding statistical family of 4 sandpacks including one real sandpack, are 

executed. From moment analyses and laterals widths of the simulated saltwater plumes, variances   
 (   of the lateral dispersion and, 

subsequently, expectation values for the transverse dispersivity  (    are calculated. 

   A strong influence of the saltwater concentration and the seepage velocity on the transverse macrodispersivity was found. The 

investigations showed that the concentration profiles approaches an effective value with increasing distance from the inflow chamber 

of the tank, from which the macrodispersivity can be determined. Strong deviations in the results of second spatial moments of the 

concentration distribution of the deterministic experiments were found and compared with the expectation values determined with the 

stochastic simulations. 

   In particular, the transverse macrodispersivity increased proportionally to the variance and correlation length of the lognormal 

hydraulic conductivity distribution and density difference of salt- and fresh water and inversely proportional to the seepage velocity of 

the two flows. Based on these results the formula developed for the transverse macrodispersion according to the stochastic method 

could be verified. The experiments as well as their numerical analyses showed that, by increasing the heterogeneity of the sand pack, 

the transverse macrodisperivity is going to be increased. The results of the current research work were compared with those obtained 

from experimental measurements in real aquifers as well as the findings of previous investigators. Interestingly, the current work 

predicts larger values for the transverse macrodispersivity of the present sandpack tank with higher stochastic heterogeneity. The 

findings of this research obtained from the SUTRA simulations are in a good agrement with the experimental results. Moreover, the 

findings from the Monte-Carlo approach are also consistent with the representative sandpack families with low heterogeneity; in 

contrast, for the real sandpack used here, with quite a high heterogeneity, there exist large deviations. 

   Therefore, one may conclude that the specific stochastic characteristics of the real sandpack which was used to fill the tank, which 

led to one particular sample realization of high heterogeneity, could be the reason for the large deviations between the experimental- 

and the Monte- Carlo simulation results. For clarification, more experiments with different sandpack realizations should be carried out 

in future research of this kind. Meanwhile, the experiments carried out so far in this dissertation work provide a means of verification 

which, so far, has only scarcely been available for the investigation of density-dependent transverse mixing / dispersion in a strongly 

heterogeneous porous medium. 
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Zusammenfassung 
 

 
   Experimentelle und numerische Untersuchungen der dichteabhängigen Strömung und des Transportes gelöster Stoffe in einem 

sandbepackten Labortank sind wichtig für das Verständnis des Prozesses der Erneuerung von Aquifer Am Hydrauliklabor der 

Universität Kassel werden solche Experimente zur Analyse von Makrodispersionseffekte auf eine Frisch-Salzwasser-Grenzfläche 

innerhalb der heterogen gepackten Sandstruktur mit vorgegebenen stochastischen Eigenschaften in einem Plexiglastank mit den 

Maßen                   durchgeführt. Bisherige Experimente wurden mit drei repräsentativen Realisierungen der stochastischen 

Heterogenität mit vordefiniertem        (   (        , einer Varianz     (  
  von            und Korrelationslängen    und    

von             und              des     (   logarithmischem hydraulischen Durchlässigkeitsfeldes durchgeführt. Diese 

Experimente untersuchten den hydrodynamisch stabilen Fall einer Schicht aus Salzwasser mit unterschiedlichen Konzentrationen, 

welche unter einer Schicht aus deionisiertem und entgastem Wasser injiziert wurden. In jeder stochastischen Realisierung wurden die 

anisotropen Sandstrukturen in Form von 2401 diskreten Sandblöcken, mit den jeweiligen Abmessungen von              , mit acht 

verschiedenen vorgesiebten Klassen von chemisch reinen industriellen Quarzsorten gepackt. Die hydraulischen Durchlässigkeiten des 

Sandes reichten von                     , entsprechend einem Permeabilitätsbereich von          bis         .  

   Zahlreiche Experimente mit Salzwasser (chemisch reine NaCl-Lösungen) mit Konzentrationen von          (Frischwasser) to 

           (Sole) und Strömungsgeschwindigkeiten von               wurden in jeder Sandpackung realisiert. In Abhängigkeit 

von den vorgeschriebenen Strömungsgeschwindigkeiten wurden nach einer Dauer von 1 bis 3 Wochen stationäre Zustände für den 

Stofftransport, d.h. von der Mischzone über die Frisch-Salzwasser-Grenzfläche, erhalten. In diesem Beitrag werden die Ergebnisse der 

neuen Sätze von Tankexperimente mit einer extrem heterogenen stochastischen Sandpackung erläutert. Dies war durch den Einsatz 

neuer Sandklassen möglich, die einen breiteren Bereich der hydraulischen Leitfähigkeit   abdeckten. Genauer gesagt, 10 Sandklassen 

mit K im Bereich von           bis              erlauben zufällige Verpackungsverteilungen über den Tank, welche nach der 

stochastischen turning-bands-Methode (TBM) mit        (   (        , Varianz     (  
       und Korrelationslängen von 

          und          realisiert wurde. Wie oben beschrieben, wurde eine dieser stochastischen Erkenntnisse als Grundlage für 

die Tankfüllung verwendet. 

   Für die Kalibrierung und Validierung werden die 12 Tankexperimente durch numerische Simulationen begleitet, dazu werden mit 15 

deterministische dichteabhängige Strömungs- und Transportmodell SUTRA, 15 deterministische homogene Modelle (experimentell 

äquivalente hydraulische Leitfähigkeit          ) und (          Monte Carlo (MC) Simulationen durchgeführt, um das 

dazugehörige Experiment zu imitieren. Zusammen mit zusätzlichen Tankexperimenten ergänzt diese neue stochastische poröse 

Mitteldarstellung die vorliegende Analyse die frühere Arbeit von Koch und Starke (2001, 2002, 2003, 2006) in Bezug auf dieses 

wissenschaftliche Thema, nämlich eine abschließende Charakterisierung der dichteabhängigen und transversalen Makrodispersion in 

stochastisch heterogenen porösen Medien, d.h. die Effekte der Dichte-Schichtung und Stochastik des porösen Mediums auf stationäre 

laterale Makrodispersion wurden quantifiziert. Für jedes Strömugungs- und Transportexperiment werden eine große Anzahl (  
        MC-Simulationen mit dem TBM und dem FE-Programm SUTRA unter Verwendung realistischer stochastischer 

Umsetzungen der entsprechenden statistischen Familie von 4 Sandpackungen inklusive einer echten Sandpackung durchgeführt. Aus 

Momentanalysen und den lateralen Breiten der simulierten Salzwasserfahnen werden Varianzen   
 (   der lateralen Dispersion und 

anschließend Erwartungswerte für die transversale Dispersitivität  (    berechnet. 

   Es wurde ein starker Einfluss der Salzkonzentrations- und Sickergeschwindigkeit auf die transversale Makrodispersität gefunden. 

Die Untersuchungen zeigten, dass sich die Konzentrationsprofile mit zunehmender Distanz von der Einströmkante, mit der die 

Makrodispersivität bestimmt werden kann, einem effektiven Wert annähert. Starke Abweichungen in den Ergebnissen der zweiten 

räumlichen Momente der Konzentrationsverteilung der deterministischen Experimente im Vergleich zu diesen Erwartungswerten der 

stochastischen Theorie wurden gefunden. Die transversale Makrodispersivität erhöhte sich proportional zur Varianz und Korrelation 

der logarithmischen Permeabilitätsverteilung und umgekehrt proportional zur Sickergeschwindigkeit und Dichteunterschied von Salz 

und Süßwasser. Dann konnte die für die transversale Makrodispersion nach dem stochastischen Verfahren entwickelte Formel 

verifiziert werden. Die Experimente sowie ihre numerische Analyse zeigen, dass durch die Erhöhung der Inhomogenität der 

Sandpackung die transversale Makrodisperktivität erhöht werden wird. 

   Die Ergebnisse der aktuellen Arbeit wurden mit denen aus der experimentellen Messung von realen Aquiferer sowie Ergebnissen 

der bisherigen Ermittler verglichen. Interessanterweise prognostizierte die aktuelle Arbeit größere Werte für die transversale 

Makrodispersität des Tanks mit sehr heterogenem Medium. Die Ergebnisse dieser Forschungsarbeit aus SUTRA-Simulationen 

stimmen gut mit den experimentellen Ergebnissen überein. Darüber hinaus stimmen die Erkenntnisse aus dem Monte-Carlo-Ansatz 

mit den repräsentativen Sandpackfamilien mit geringer Heterogenität überein. 

   Andererseits gibt es für den echten Sandpack mit ganz hoher Heterogenität große Abweichungen. Dies könnte seine Ursache darin 

haben, dass die stochastischen Eigenschaften des echten Sandpacks mit seiner sehr hohen Heterogenität, der zur Befüllung des Tanks 

für die experimentellen Untersuchungen verwendet wurde, eine sehr spezielle Realization darstellt, die nicht unbedingt die Bedingung 

der stochastischen Ergodizität erfüllt, was zu diesen großen Abweichungen zwischen Experiment und Monte-Carlo-Simulationen 

führt. Eine diesbezügliche Klarstellung kann nur durch weitere Tankexperimente mit anderen Sandpack- Realizationen der gleichen 

stochastischen Population erhalten werden. In der Zwischenzeit liefern die in dieser Arbeit durchgeführten Experimente ein 

Verifikationsmittel, das bisher für die Untersuchung des transversalen Mischens in einem heterogenen porösen Medium kaum zur 

Verfügung stand. 
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CHAPTER 1: INTRODUCTION 

 

1 

 

Chapter 1 
1. Introduction 
1.1 Background 
 

Although freshwater makes up only about 3% of total water in the earth‘s hydrosphere, this quantity 

is numerous times enough in absolute number to sustain life on the earth. Freshwater consists of two 

main sources of groundwater and surface water. The majority of freshwater consists of groundwater 

(95%), which shows that the groundwater has an enormous portion of freshwater compared to 

surface water (3.5%). The remaining 1.5% consists of soil moisture. Based on these numbers it 

becomes clear that groundwater is an essential source of water. It has become a concerning factor for 

countries to preserve this precious natural resource with utmost effort. In comparison to surface 

water, the groundwater has some important advantages. For example, the groundwater is well 

protected from some harmful pollution including infection, and it is less subjected to seasonal and 

perennial fluctuations, and much more uniformly spread over large regions than surface water. 

Although the groundwater has more advantages over the surface water, it doesn‘t mean that it is 

completely immune. Hence, the physics of it should be studied in order to improve the safekeeping 

of this resource. The aforementioned advantages make it clear that the groundwater has higher 

quality compared to the surface water. Another significant advantage of groundwater is its 

availability in places where no surface water exists. While hydro technical facilities for surface water 

use often require considerable one-time investments, putting groundwater well- fields into operation 

can be economical in response to growing water demand. These advantages of groundwater over 

surface water resulted in an enormous increase in the usage of groundwater as a source for water 

supply. 

 

Countries like Denmark, Malta, Saudi Arabia, etc., have only groundwater supply, hence 

safekeeping of ground water is essential. Additionally, groundwater resources are important for few 

other countries, which consume majority of their water from this source. For example, groundwater 

resources in Tunisia make up 95% of the country‘s total water resources, in Belgium it is 93% and in 

Netherland, Germany and Morocco it is 75%. These numbers indicate the importance of 

groundwater resources in these countries. The groundwater usage exceeds 70% of water 

consumption in most European countries.  

 

Irrigation is the main usage of total groundwater consumption in countries with arid and semiarid 

climate. About one-third of groundwater is used for irrigation purposes. Libya is one such country 

whose farm irrigation is completely dependent on groundwater. Out of total irrigated land across the 

world, Algeria is irrigated by 67% of groundwater, Iran by 58% and the United States by 45%.  

 

Some cities use the groundwater as their main source of water supply. European cities such as 

Hamburg, Budapest, Munich and Rome completely or almost completely use the groundwater as 

their water supply whereas cities like Amsterdam and Brussels groundwater makes up more than 

half of their total water supply. Since the European economic commission declared that the 

groundwater is an important part of municipal domestic water supply, it must be managed with a 

more detailed plan. Due to a lack of freshwater resources, in some countries there are strict laws 

stating that people must mainly use fresh groundwater for drinking and domestic purposes. Bulgaria, 
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Hungary and Russia are countries that have legislated some tough rules in this field such that fresh 

groundwater can only be used for other purposes, if there are sufficient resources for meeting the 

available demand in drinking water (Aureli, 1996).  

 

The increasing rate of world‘s population over the last decades has expedited the consumption and 

depletion of freshwater sources, which further endangers the freshwater resources quantitatively as 

well as in terms of quality by pollution from various sources. For example, in areas with high rates 

of evapotranspiration, such as in arid and semi-arid regions, there are many irrigated agricultural 

lands which suffer from increased  soil salinization. This subject is now a major concern in many 

countries such as most of the Middle East, the large areas in southwest US, Africa, Australia, Spain, 

Chile and Asia.  

 

The United States Environmental Protection Agency (EPA) sets regulatory limits for the amount of 

certain contaminants in water provided by public water systems. The EPA in 1962 required that 

drinking water should not exceed 500    ⁄  for total suspended solids (TSS). It also stated that 

drinking water should contain less than 1000    ⁄  of total dissolved solids (TDS). This is a 

common way for the measurement of salinity. If groundwater and seawater happens to be mixed, 

even by a small percentage, this may lead to an undrinkable water, as the latter cannot fulfill the 

necessary standards. In some extreme cases, this phenomenon of salinization has led to complete 

abandonment of aquifer wells for groundwater extractions (Rastogi et al., 2004). 

 

In recent decades, significant attention has been drawn to coastal regions across the world, as these 

have become particularly attractive for human living. Because of this increased urbanization, many 

coastal aquifers have become more and more stressed and heavily contaminated, as groundwater is 

often the main source of freshwater there, used for domestic, agricultural and industrial purposes 

(Freeze and Cherry, 1979). An event, which can deteriorate groundwater quality in coastal regions 

and make much of the groundwater unusable is the invasion of seawater into the freshwater inland 

aquifer, known as saltwater intrusion. It is caused by the reduction or reversal of a groundwater 

gradient under unsteady-state pumping conditions which permits denser saline water to replace fresh 

water. In addition, there will be a pumping of groundwater, which can disturb the natural hydrostatic 

balance between fresh and saline water. Ghyben and Herzberg have done the first and fundamental 

analysis of saltwater intrusion many years ago (Ghyben, 1888; Herzberg, 1901). Since the saltwater 

intrusion is an irreversible process, it is therefore necessary to study the nature and physics behind 

this kind of flow of seawater under the fresh groundwater, in order to reduce the chances of losing 

this precious source of life. The intrusion of saltwater into a freshwater aquifer can also occur inland 

when groundwater is extracted by wells which causes saltwater to be drawn up from deeper aquifers 

containing brackish water. This phenomenon is known as salt wate upconing. Figure (1.1) illustrates 

such a scenario. 
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Fig. 1- 1 Schematics of saltwater upconing beneath a drinking water well (Gutierrez-Neri, 2009). 

 

Previously, the simplest approach for analyzing seawater intrusion (or saltwater upconing) was 

based on the assumption that the mixing zone between freshwater and saltwater beneath the ground 

is sharp, which means that salt and freshwater do not mix. Ghyben-Herzberg employed this 

assumption in order to derive a simple analytical solution to characterize this zone. However, this is 

not true in reality. In case of a dispersive mixing zone, it can lead to a more realistic characterization 

of such zone. In order to apply this criteria, the effects of density differences and density-induced 

flows have to be taken into account as is one of the major topics of this thesis. 

 

As it was mentioned, groundwater is a crucial source of drinking water and like any other freshwater 

resource, it is vulnerable to pollution. The freshwater pollution usually occurs when the pollutants on 

the ground surface find a way to leak through the soil and rocks into the aquifers. The effects of 

contaminant depend on several factors. The most important factors are the type of pollutant, the 

distance between the contamination point and the extracted point e.g., a pumping well. Some 

contaminants can naturally degrade but, on the other hand, some others are persistent and should be 

separated from the water before the latter can be used (Gutierrez-Neri, 2009). Groundwater 'plumes' 

are a manifestation of this type of contamination. Figure (1.2) is schematic representations of a 

drinking water supply well reached by a moving groundwater contaminant plume. 

 

 
Fig. 1- 2 Schematics of a contaminant plume reaching a drinking water well (Gutierrez-Neri, 2009). 

 

1.2. Research motivation and objective of this thesis 
An important aspect in a solute transport process in groundwater is the hydrodynamic dispersion, 

which influences the spreading and mixing processes of solute water contents in groundwater. The 
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beginning of this work started roughly 58 years ago (Bear, 1972; Bear, 1979; De Josselin de Jong, 

1958; Gutierrez-Neri, 2009; Scheidegger, 1958). Due to the complexity of flow and transport 

processes, it was impossible to define an exact mathematical algorithm for hydrodynamic dispersion 

on the microscopic pore scale. Different scientists developed models, which are using physical laws 

to describe these problems on a macroscopic level, for example the Bear-Scheidegger model of 

dispersion for a granular porous structure (Bear, 1972). A dispersion coefficient was introduced in 

order to describe the macroscopic mixing process, which is a tensor of the second order and 

dependent on the properties of the fluid and the porous medium (Boggs et al., 1992; Dagan, 1986; 

Garabedian et al., 1991; LeBlanc et al., 1991; Pickens and Grisak, 1981; Sudicky, 1986). However, 

experimental (Istok and Humphrey, 1995; Moser, 1995; Oostrom et al., 1992a; Oswald, 1998; 

Schincariol et al., 1993; Schincariol and Schwartz, 1990; Schincariol et al., 1994, 1997; Spitz, 1985), 

theoretical and numerical research has shown that this model and the classical Fick‘s Law, which is 

based on a linear correlation between the concentration gradient and the solute water content flow, 

do not apply for higher concentrations (Schotting et al., 1999; Watson and Barry, 2001; Watson et 

al., 2002). Some phenomena appeared that could not be explained with the available models; e.g. salt 

water plumes of a concentration of 100000 ppm moved very slowly at the bottom of the aquifers and 

did not change noticeably (Neuman et al., 1987; Neuman and Zhang, 1990; Oostrom et al., 1992b).  

 

There are two physical effects that occur during such high-concentration solute transport process, 

namely, the buoyant core, which is strong due to the high density and affects the flow vector; and the 

heterogeneity of the aquifer, causing local variability. Both can cause a very different dispersion and 

flow behavior when compared to a density independent model. Because of that, it is mandatory to 

redefine    (longitudinal hydrodynamic dispersion) and    (transverse hydrodynamic dispersion) 

with respect to the density gradient and the heterogeneity. 

 

The problems of density dependent flow and transport processes can be found in many fields of 

groundwater hydrology, e.g. at the layering of the groundwater of salt water, salt water intrusion on 

coastal aquifers, the salt water buoyance in a drinking water well, the overflow of a salt water levels 

and generally the transport of solute water contents with different densities (Starke, 2005). An 

analytical description of the solute material transport is often not possible, since there are limits in 

boundary conditions and cannot reflect the complexity of the processes. Numerical-deterministic 

modeling makes it possible to determine the macroscopic phenomenon with systematic calculations 

of the local and time dependent processes using analytical dependencies. The problem is, that the 

calibration of a transport model, which is stronger than the flow model, is often not distinct and 

mostly useless without a reliable database. Besides, the uncertainty of the spatial dispersion of the 

flow and transport parameters cannot be considered. The deterministically calculated results give a 

statement about a specific state and its extreme value. However, by employing a stochastic 

modeling, these possibilities are given and the result is not a single answer, but a probability 

distribution and a variance (Starke, 2005). 

 

The stochastic models of a macrodispersion were being developed (Dagan, 1982, 1984; Dagan, 

1989; Dagan, 1990; Gelhar and Axness, 1983; Gelhar et al., 1979; Neuman et al., 1987; Welty et al., 

1989; Welty and Gelhar, 1991; Welty et al., 2003). It is assumed that the stochastic behavior of the 

hydraulic conductivity is the main factor which influences the flow and transport models. Compared 

to this, the variations of the porosity and the local dispersions can be neglected (Gelhar and Axness, 

1983; Gelhar et al., 1979; Kinzelbach, 1992). The stochastic modeling considers the ensemble of all 
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aquifer realizations, where the dispersion of the hydraulic permeability has the same statistical 

properties (mean value, variance and correlation length) as the real one and analyzes the correlations 

with the resulting system state variables like concentration and velocity dispersions.  

 

Several field experiments of tracer transport in groundwater, i.e. where density-effects can be 

neglected, where conducted during the past three decades, such as the Borden experiment (Freyberg, 

1986; Mackay et al., 1986; Sudicky, 1986), the Twin Lake experiment (Killey and Moltyaner, 1988; 

Moltayner and Killey, 1988; Moltyaner and Killey, 1988; Moltyaner and Wills, 1991), and the Cape 

Code experiment (Garabedian et al., 1991; Hess et al., 1992; LeBlanc et al., 1991) and the MADE2 

experiment of the Columbus aquifer (Adams and Gelhar, 1992; Boggs and Adams, 1992; Boggs et 

al., 1992) and have shown a so-called scale effect of the macro-dispersion, and a correlation of the 

latter with the heterogeneity of the aquifer. However, for density-dependent solute transport the 

situation is less clear and more research needed. 

 

The main purpose of this thesis is to present an investigation on density-induced flow in stochastic 

high heterogeneous aquifer - compared to (Starke, 2005; Starke and Koch, 2006) the heterogeneity is 

5 times higher - by comparison of analytical and numerical models with experimental results. Since 

these analytical and numerical models are not always reliable, a verification is necessary. Only the 

experiment gives conclusive results if a theory can reflect the reality. Because of the complex nature 

of the processes that take place underground, they need to be investigated independently.  

 

At the hydraulic laboratory of University of Kassel, a Plexiglas tank with the dimension of 10   

long, 1.2   high and 10    wide has been constructed. The aforementioned tank was used in order 

to carry out 2D tracer experiments of macrodispersion in density-dependent flow within a stochastic 

arrangement of a high heterogeneous media. By employing this tank, it is possible to isolate the 

physical processes of dispersion and advection from other processes such as degradation, decay and 

adsorption with appropriate boundary conditions. 

 

Another goal is the numerical verification and calibration of the laboratory experiments. To get it a 

numerical model will be developed, which can simulate different flow and transport scenarios, doing 

so-called Monte Carlo simulations, wherefore the influence of different spatial characteristics of a 

typical aquifer, such as mean value, standard deviation, variance and correlation length in x- and y-

direction on the (macro) dispersion is simulated. Sensitivity analysis indicates an influence of each 

variable on the flow and transport process in the underground (Starke, 2005). Hence, this project 

offers the unique opportunity to mutually validate experiments and analytical and numerical models. 

 

1.3. Structure of the thesis 
This thesis consists of nine chapters whose contents can be summarized as follows: 

 

Chapter one, the introductory part, presents the general background of the research topic with the 

applications of the topic, statement of the problem, research motivation, the idea and the importance 

of the topic and research objective and outline structure of this thesis. 

 

Chapter two, provides a literature review of past studies and presents fundamental principles of 

solute transport processes in porous media, definition of porous medium, selecting the size of a 
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REV, properties of aquifers, equations of groundwater Flow, solute transport in saturated porous 

medium in the absence of sorption and decay. 

 

Chapter three, dispersion in porous media, consists in the description of the coefficient of 

(mechanical, or advective) dispersion, transverse dispersivity, dependency of transverse dispersion 

on various factors and models of dispersion.  

 

Chapter four, presents methods of describing macrodispersion including the stochastic approach, 

first and second order analysis, stochastic description of hydraulic conductivity variation, 

perturbation analysis and the Monte Carlo approach. The analytical theory on the macro-dispersive 

solute transport in a stochastic porous media provided. In this chapter, some important equations are 

represented to estimate the dispersion coefficient. 

 

Chapter five, experiments in a stochastic model aquifer, contains three parts, the configuration of the 

experimental model, experimental methodology to achieve the objectives of the thesis and the 

experimental results. Experimental diagrams and plots that help to obtain some tangible and practical 

results and to achieve new objectives are presented. Also provided are the related objectives such as 

the understanding of the effects of the saltwater density and the flow velocity of the solute transport, 

i.e. the macrodispersion, and the transverse dispersivity AT, in particular, by comparing the results of 

the various experiments with the different solute concentrations, i.e. different densities and flow 

velocities. Finally the results of the present experiments are compared with those carried out earlier 

by (Starke, 2005) as well with those obtained in real large-scale aquifers. In order to model the 

density-dependent macrodispersive solute transport in a stochastic porous media experimentally, a 

model tank was used at the hydraulic laboratory of the University of Kassel. The purpose of the 

experiment is to carry out an analysis of macrodispersion for a stable fluid stratification. To do so, 

the upper inflow sub-chamber is fed with degassed and deionized water, while the lower inflow sub-

chamber is fed with saltwater. Then, first we calibrated two kinds of salt used in the experiments and 

we calculated the hydraulic conductivity of different types of sand used to fill the tank using the 

Turning Band Method (TBM). The experiments were run for four sources of salt concentrations 

                  and           and three different seepage velocities       and 

       . The concentration distributions were plotted along the tank and they were used to 

calculate the transverse macro dispersivity for each round of experiment. 

 

Chapter six, principles of numerical modeling, contains a short discussion of the Finite-Differences-

Method (FDM) and Finite-Element-Method (FEM). For each method spatial discretization will be 

explained. 

 

Chapter seven, numerical modeling of density-dependent macrodispersive solute transport in a 

stochastic porous media, contains a description of the computer model SUTRA, configuration of the 

numerical deterministic model for the simulation of the tank experiments, calibration, verification, 

prediction. The last part of this chapter is dedicated to the analysis of the numerical results of the 

deterministic models and comparison with experiments. 

 

Chapter eight, Monte-Carlo simulations (non-deterministic models), will present the results of MC-

simulation in two categories: density independent- and density-dependent Monte-Carlo simulations. 

Numerous Monte-Carlo simulations were run to investigate the effects of the statistical properties of 
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the porous medium and of the fluid concentration on the macro dispersion stochastically, It should 

be noted that the different geospatial random fields of the hydraulic conductivity k with given 

stochastic properties are run using the Turning Band Method (TBM). To do so, four different 

representative sandpack families with the geostatistical properties of the ln(k) – hydraulic 

conductivity distribution, namely, different variances     
  and correlation lengths   and   , are 

simulated, each with five different saltwater concentrations                        and 

          and three different seepage velocities       and        . Note that one of the 

sandpacks includes the stochastics of the present sand-packing of the laboratory tank. 

 

Chapter nine, finally, summarizes the results obtained from the research work and discusses about 

how to achieve them, draws some conclusions and provides further recommendations and prospects 

for future research. 

 

 



CHAPTER 2: FUNDAMENTAL PRINCIPLES OF SOLUTE TRANSPORT PROCESSES IN POROUS 

MEDIA 

 

8 

 

Chapter 2 
2. Fundamental Principles of Solute Transport Processes in 

Porous Media 
2.1. Porous medium 
 

In order to talk about the flow and transport of solute in a porous medium, it is necessary to describe 

and define porous medium itself. In numerous scientific and engineering disciplines, we encounter 

porous materials and the transport in them. Figure (2.1) illustrates a microscopic cross section of a 

porous medium. Some practical examples for porous materials are sand, sandstone, soil, fissured 

rock, ceramic, foam, rubber, bread and even lungs. All the aforementioned materials has two 

common properties, presence of a persistent solid matrix and a persistent void space, which are filled 

with one or more fluid phases. A chemically homogeneous portion of space which is separated from 

other portions by a distinct physical boundary (interface) is defined as a phase. It is clear that since 

all gaseous phases are entirely miscible there can be only a single gaseous phase in the void space. 

However, there may be multiple immiscible liquid phases, each occupying an explicit portion of the 

void space. A phase may consist of multiple components. A component is a part of a phase that can 

be described by a unique set of variables (Bear and Buchlin, 1991). 

 

 
Fig. 2- 1 Microscopic cross section image of a porous medium (Bear, 1972). 

 

Another important characteristic of a porous medium domain is that solid matrix and void space are 

distributed throughout it. In other words, if any arbitrary sample with sufficient size is taken around 

a point within a porous medium domain, it will always accommodate both a void space and solid 

matrix. The size of this sample may influence the properties of the phases present in the sample. For 

example, if this sample is too large, the average taken over it may damage the details or variations of 

interest. And if it is too small, it may contain only one phase. Therefore, it is necessary to define a 

specific volume for this sample in order to provide a distinct, unique description of the behavior at a 

point. Such a volume is called Representative Elementary Volume (REV). 

 

For the purpose of this thesis, a porous medium is characterized as the following. Firstly, A REV can 

be determined that, with no limitation of where we place it within a porous medium domain, it will 

always contain both a solid phase and a void space. If such a REV cannot be obtained for a domain, 
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it cannot qualify as a porous medium domain. Secondly, the size of an REV should be selected in a 

way that parameters that represent the distributions of the solid and void within it, are statistically 

meaningful. 

 

2.2. Selecting the size of a Representative Elementary Volume (REV) 
As discussed in the previous section, it is necessary to define the size of a REV that should be used 

for the macroscopic continuum level. In general, any arbitrarily selected Elementary Volume may be 

used as an averaging volume to go from the microscopic level to the macroscopic one. The selection 

of an averaging volume in any case depends only on the objectives of the model, as different 

Elementary Volume will result in a different average values for each quantity of interest. The 

problem with this selection is that since every averaged value may strongly depend on the size of 

selected Elementary Volume, it must be labeled by the size of the selection. In order to avoid this 

problem, instead of selecting the volume of averaging arbitrarily, a general criterion is required that 

the characteristics of a range of averaging volumes within the medium for any given porous medium 

remain approximately constant. An averaging volume which belongs to that range will be referred to 

as Representative Elementary Volume. Now in order to apply the REV, it is required to quantify its 

concept and to propose how to determine its size range. Since the definition of a REV indicates that 

the value of any macroscopic characteristic of the microstructure of the void space at any given point 

in porous medium domain, must be a singled valued function of that point and of time, we present 

this property as: 

 
  (     

  
     

   (2.1) 

where      denotes the volume and initial volume of a REV, respectively and   is the porosity. 

We also introduce the characteristic function of the void space as a means of describing the spatial 

distribution of the void space as the following: 

  (   ,
                                                

                                                  
 

(2.2) 

where   is a position vector of a point (Figure (2.2)). 

 
Fig. 2- 2 Planner section through REV (Bear and Buchlin, 1991). 

 

By employing  (  , various geometrical characteristics of the void space can be defined. Such as: 

  ̅(    
 

 (   
∫  (    (  

 (   

 

  (      (2.3) 
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where   denotes the averaging domain of volume  . Eq. (2.3) relates the average of   to the porosity 

 . 

Another geometrical characteristic is the covariance of  : 

   ̇(    ̇(    ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅            (        (2.4) 

Now by selecting the volume appropriately as      we can determine: 

 
     (       

  
     

   (2.5) 

In general, for every point   , we can look for a volume      which satisfies Eqs. (2.1) and (2.5). 

This can be accomplished by visualizing an experiment within a given domain, which consist of a 

series of gradually increasing volumes           , all centered at   . By repeating this 

procedure at all points    within a considered porous medium domain and obtaining the values for 

  , the actual domain can be replaced by a model of a fictitious continuum. The problem is that such 

procedure is not feasible, since it is impractical to observe all points within the domain. 

 

In order to overcome this impracticality, the size    of the REV should be selected in a way that it 

relates with measurable macroscopic parameters that depend on the microscopic configuration of the 

void space. To fulfill this requirement, the characteristic function  (   can be regarded as a random 

function of position, which means at any point      in a porous medium domain, the 

characteristic function is a random variable which may attain the values of zero or one. The 

probabilities,   and     are defined by 

  (    
  )     

         (    
  )       

 (2.6) 

Now in order to have a macroscopically homogenous domain with respect to  (  , the following 

criteria should be fulfilled. Note that we assume  (   is a stationary random function. 

1. The expected value of   satisfies 

  [ (  ]           (2.7a) 

 

2. The covariance of   values at any two points,    and   , satisfies 

 

    ( (  )  (  )   [( (  )   )( (  )   )]   (     (2.7b) 

 

Where           is the oriented distance between points    and    

3. The variance of   satisfies 

       constfxEVar  0][
2

  (2.7c) 

It will be isotropic with respect to   if 

     [   ]      [ ]                    (2.7d) 

This means that for different values of   at different points within the domain, the correlation 

function between them only depend on the distant between them (distant  ) and not their relative 

orientation (Bear and Buchlin, 1991). In other words, the intrinsic permeability of the unit is the 

same in all directions. 

 

Next assumption is that  (  , possesses the ergodic property within the considered domain. Under 

the ergodic hypothesis 
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  ̅(    
 

 (   
∫  (    

  

 

  (     (    
)      

 (2.8) 

and 

   ̇(    ̇(    ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅          (     
     (     (    (      (   (2.9) 

where     (     
 is the covariance of   in    for points spaced an oriented distance   apart, 

    (     (    ,   (   is the correlation coefficient at    and   is the porosity of the porous 

medium. Following the definition for the correlation coefficient we have 

   (     (2.10) 

The volume    of the REV should be sufficiently large and free of errors caused by the size of the 

sample and its random choice. In order to have a sufficient condition for Eqs. (2.8) and (2.9) to hold 

it is necessary to have  

 
|∫   (    

 

 

|    

An approximate expression for   (   for an isotropic porous medium, with random distribution of 

void and solid spaces is (Debye et al., 1957): 

   (      { 
 

   (    
}                 (2.11) 

and the necessary condition for avoiding sampling error is 

              (2.12) 

where   is the diameter of    and    is the hydraulic radius of the void space 

 

Eq. (2.12) provides a lower bound on the size of the REV, it is also necessary to determine the upper 

bound on the size of the REV. The requirement of ergodicity sets the upper bound on the size of the 

REV. This upper bound is called      and is the distance between points in the porous medium 

domain beyond which the domain of averaging refrain from being statistically homogeneous with 

respect to the moments of  (  . 
 

In practice, finding a statistically homogeneous case is rarely possible, since the macroscopic 

parameters of the void geometry usually differ at each point. The question arises of what one should 

do for a heterogeneous medium. One can define around every point a sufficiently small subdomain 

within which these parameters are still uniform. Note that this definition should not exceed the 

prescribed error level. The upper bound for the size of the REV is the size of aforementioned 

subdomain around that point. To find this upper bound, for the heterogeneous porosity,    (  , 
for example, one can start with a definition of for a homogeneous domain: 

 
         

 ̅
     (2.13) 

ehere   is an arbitrarily selected small number (     ) 

Since  (   is a differentiable function, for a sufficiently small domain around    it can be 

approximated by its linear part, 

  ̂(      (         
 (      (2.14) 

 

We define     
(  

           , and employ Eqs. (2.13) and (2.14) to obtain 
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(  

 
  

         

 ̂ (2.15) 

where  ̂  
 ̂     ̂   

 ̅
 . 

Thus the upper limit for the size of the REV at a point within a porous medium domain at the 

selected error level is the distance      
(  

. .  

 

To sum it up,  (  has to satisfy the following condition 

      
(  

  (        
(  

 (2.16) 

Finally, in order to give a good meaning to  (  , we have to relate it to the size of the considered 

domain. 

  (      (2.17) 

where    is a characteristic length of the domain. If (2.17) holds, it ensures that the boundary region 

of the domain with the width  (   is much smaller than the size of the domain itself.  

 

The analysis of the REV above has been made based on the porosity as one characteristic of a porous 

medium, but applies in a similar manner also to other parameters that appear in the macroscopic 

model of a  flow and transport problem, such as permeability, dispersivity, etc.. 

 

 
Fig. 2- 3 Variation of porosity in the vicinity of a point as function of the average volume (Bachmat 

and Bear, 1986). 

 

An important requirement for the range of the REV is that     ⁄    within it, but this does not 

lead to the conclusion that  (   is uniform within   . Figure (2.3) illustrates the variation of the 

ratio      (where    is the volume of the void space within   for an arbitrary point   ) as  (    

increases. For very small values of  (   , the ratio is either one or zero, depending if the arbitrary 

point    is in the void space or in the solid. As  (    increases, there are large oscillations in the 

ratio. However, as  (    continues to increase, the oscillations are significantly attenuated, until 

above some value        they decay. 
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A practical approach that has shown its usefulness for calculating the flow and transport processes in 

the ground has been introduced by (Spitz, 1985) who defined four different observation scales 

(Figure (2.4)): 

 

Scale I: This scale is considered as microscale, and in this scale the forces between the fluid and the 

medium are largely determined by pore effects and the form of individual grains. 

 

Scale II: This scale is in fact the REV scale, as described in the previous sections. 

Scale III: This scale is the macroscale; in this scale the porous media is considered to be 

heterogeneous. By some modification in the REV models, and replacing the average values with 

statistical distribution parameters, one can model this scale properly. The methods employed in this 

thesis are designed for this scale. 

 

Scale IV: This scale is the field scale, and in it the geological formation and stratification are the 

main focus, due to their increasing importance. The calculation and simulation of the flow and 

transport processes has to be adapted to the given geological situation. 

 

 
Fig. 2- 4 Different observation scales each focusing on different aspects of the porous media (Spitz, 

1985). 

 

2.3. Properties of aquifers 
A geological unit that is capable of providing water at a reasonable rate to wells is considered as an 

aquifer. An aquifer is a natural example of a porous medium. Aquifers usually have more than      

Darcy in terms of intrinsic permeability, whereas  an aquitard, or confining layer, is a geological unit 

which lacks the intrinsic permeability (less than      Darcy). Aquifers can be categorized into two 

major types: confined aquifers and unconfined aquifers. An unconfined aquifers or water-table 

aquifer forms the water-conducting layer closest to the land-surface and is underlain by in 

impervious layer at its bottom. A confined aquifer or artesian aquifer is limited by two confining 

layers, one at the top and the other at the bottom (Fetter, 2000). 

 

In the following sections the essential parameters for the characterization of aquifers as employed 

later on in this thesis work are described. 
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2.3.1. Porosity 
The ratio of the volume of the void portion of a rock or soil over its total volume is defined as the 

porosity:  

   
  

 
 (2.18) 

where    is the volume of the void space and   is the total volume, including both voids and solids. 

 

In practice, instead of porosity, the effective porosity is often of more importance. Effective porosity 

excludes the pores that are not large enough to contain water molecules and also the pores that are 

not interconnected (     . It is shown in (Peyton et al., 1986) that the effective porosity of a 

sediment is dependent of the size of molecules that are being transported relative to the size of the 

passageways that connect the pores. 

 

The total porosity can also be computed from the following equation: 

     
  

  
 (2.19) 

where    is the bulk density of the aquifer material and    is the particle density of the aquifer 

material. 

 

2.3.2. Saturation ratio 
The volume of the water contained in a pore divided by the total volume of the void is called 

saturation ratio of a soil:  

    
  

  
 (2.20) 

where    is the volume of contained water (               ) and    (               ) is the 

volume of the void space. The saturation ratio can be between 0 and 1, however, in this thesis we 

consider      , so that      , i.e. the porous medium is fully saturated. 

 

2.3.3. Hydraulic conductivity 
In the nineteenth century, Darcy conducted an experiment which enabled him to show that the 

quantity of flow in a porous medium is proportional to a coefficient   which is dependent on the 

nature of the porous medium (Darcy, 1856). Later on, Hubbert realized that the proportionality 

Darcy determined is in fact a function of properties of both the porous medium and the fluid flowing 

through it (Hubbert, 1956). It is clear that a fluid with higher viscosity, such as oil, flows at a slower 

rate compared to a fluid with lower viscosity, such as water, which means that the discharge is 

inversely proportional to the dynamic viscosity of the fluid ( ). The driving force of the fluid is the 

gravity force and/or a pressure difference on a unit volume of the fluid. Moreover, it can be shown 

that the discharge is directly proportional to the specific weight   of the fluid. If glass spheres with 

uniform diameter are employed for experiments, it can be shown that the discharge is also 

proportional to the square of the diameter of the glass ( ). To sum it up the proportionality 

relationships for the discharge   can be expressed as:     ,      and   
 

 
. 

The Darcy‘s law can be expressed as (see Section 2.4.1 for details): 

    
      

 

  

  
 (2.21) 
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Where   is a new proportionality constant and is called the shape factor. It is clear that   and   are 

properties of the fluid, whereas   and    are the properties of the porous media. dh/dl is the 

hydraulic gradient while dh is the head change between two points and dl is the distance between 

them. 

In order to have a constant that is a function of the size of the openings which the fluid moves, we 

define intrinsic permeability (  ). It can be expressed as: 

        (2.22) 

The relation between hydraulic conductivity and intrinsic permeability is 

     (
  

 
)    (

  

 
  (2.23) 

where   is the acceleration of gravity and   is the density. 

The Darcy is used for the unit of intrinsic permeability and is defined as: 

                      
 

2.3.4. Transmissivity 
Transmissivity is a measure of the amount of water that can be transmitted horizontally through a 

unit width by the full saturated thickness of the aquifer under a unit hydraulic gradient. The 

transmissivity T of an aquifer is related to its hydraulic conductivity and defined as: 

      (2.24) 

where   is the saturated thickness of the aquifer or the height of the watertable above the underlying 

aquitard or impermeable boundary. For a multilayer aquifer with n layers, the total transmissivity is 

the sum of the transmissivity of each layer, i.e.. 

   ∑  

 

   

 (2.25) 

 

2.3.5. Storativity 
Storativity or storage coefficient ( ) of a saturated confined aquifer or confined layer of thickness is 

the ratio between the volume of water released from storage in the parallelepiped with volume    

and area   , when the hydraulic head is lowered by an amount   :  

  
  

     
 

It is also defined as  

       (2.26) 

where    is the specific storage which can expressed as (with the dimension of     : 

    
 

  
 

  

  
 (2.27) 

where   is the specific weight of water,    the modulus of elasticity of the soil skeleton,    the 

modulus of elasticity of water, and   the porosity of the soil. By merging Eq. (2.26) and (2.27) one 

gets  

   
  

  
 

   

  
        (2.28) 

Where    is the storage coefficient of soil and    the storage coefficient of water. Figure (2.5) 

illustrates a diagram for the storage coefficient for a confined aquifer which clarifies the definition. 
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Fig. 2- 5 Diagram for storage coefficient for a confined aquifer (Ferris et al., 1962). 

 

It indicates that if the hydraulic head in the confined aquifer is decreased, some volume of water will 

be released proportionally to the change in the hydraulic head (Ferris et al., 1962). 

 

2.4. Equations of Groundwater Flow 
The flow of a fluid through a porous media is governed by laws of physics and these can be 

described by differential equations. These can derived by a combination of the law of mass 

conservation or continuity principle and Darcy‘s law. 

 

2.4.1. Darcy’s Law 
Darcy showed that flow through a pipe packed with sand is proportional to the decrease in hydraulic 

head divided by the length of the pipe, which is in fact the hydraulic gradient. We also know that the 

hydraulic head is the sum of the pressure head and the elevation head. Therefore, Darcy‘s law can be 

expressed in terms of hydraulic head according to the following equation: 

      
  

  
  (2.29) 

Darcy‘s law is not applicable at all times; in fact, it applies only to very slowly moving ground 

waters. In order to determine the applicability of the Darcy‘s law, scientists employ the Reynolds 

number. The Reynolds number   relates different factors that indicate whether the flow will be 

laminar (molecules of water follow smooth lines called streamlines) or turbulent (the water 

molecules no longer move along parallel streamlines) and is defined as:. 

   
   

 
  (2.30) 

where   is the fluid density,   is the discharge velocity,   is the diameter of the passageway through 

which the fluid moves, and   viscosity. For a porous medium, however, it is not easy to determine 

the value of  . Rather than an average or characteristic pore diameter, the average grain diameter 
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(     is often used. Turbulence in groundwater flow is difficult to detect. The inception of fluid 

turbulent flow in ground water has been reported at a Reynolds number ranging from 60 to 600 

(Hubbert, 1956). Darcy‘s law for the underground water is valid only when the resistive forces of 

viscosity predominate. This condition occurs when the Reynolds number is less than 10 (Bear, 

1972). Under most natural ground water conditions, the velocity is sufficiently low for Darcy‘s law 

to be valid. 

 

Another important term related to Darcy‘s law is the specific discharge or Darcy‘s flux  , defined as: 

   
 

 
    ⃗⃗     

  

  
  (2.31) 

Darcy‘s flux   is actually the velocity at which water would move through an aquifer if the latter 

were an open conduit.  

 

In order to determine the actual seepage or linear velocity of water, since the water can only move 

through the pore spaces, the specific discharge is divided by the effective porosity    to account for 

the void spaces in the porous medium, i.e.: 

   
 

   
   

  

    
  (2.32) 

It is important to note that the Eq. (2.32) does not consider the dispersion of water flow in the pores 

of the medium. 

 

By combining Eqs. (2.23) and (2.31), and considering   
 

  
  , the general form of Darcy‘s law 

can be derived as: 

    
 

 
   ( ⃗⃗        (2.33) 

 

2.4.2. The law of mass conservation or continuity principle 
The law of mass conservation or continuity principle, states that any variation in mass flowing into 

the aquifer must be balanced out by a corresponding variation in mass flux out of the aquifer or a 

variation in the mass stored in the aquifer (Jacob, 1940). It says, that the sum of all in- and outflows 

over the volume borders equals the stored fluid and the external flows. The conservation of mass in 

the system volume yields the following equation: 

 
  

  
   ⃗⃗  (     (2.34) 

This equation is a statement of the relationship between velocity and density that must be satisfied 

for all continuous media. 

 

We consider a continuum is at steady state if there is no dependency for each of the states on time. 

Hence, for steady state conditions the conservation of mass reduces to 

    ⃗⃗  (     (2.35) 

A continuum body is incompressible if its density cannot be changed in the vicinity of each material 

particle. By using vector notion and rearranging terms, Eq. (2.34) may be written as 

 
  

  
    ⃗⃗     ( ⃗⃗      (2.36) 
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However, since the left hand side of the Eq. (2.36) is accountable for the changes in the vicinity of a 

material particle (material derivative), Eq. (2.36) reduces for an incompressible fluid to 

     ( ⃗⃗      (2.37) 

Thus, in the incompressible case Eq. (2.37) simplifies to 

    ⃗⃗     (2.38) 

and, if the continuum is both incompressible and at steady state, it follows that 

     ⃗⃗    (2.39) 

 

Considering an aquifer with the external in-or outflow (  ), Eq. (2.34) can be expressed as 

 
 

  
(         ⃗⃗  (        (2.40) 

 

2.4.3. Flow equation 
The general form of the flow equation for unsteady flow in a saturated porous media (    ) can be 

determined from Darcy‘s law and the law of mass conservation as 

 
 

  
(      ⃗⃗  (

 

 
   ( ⃗⃗      )      (2.41) 

If the flow is unsteady, both the effective porosity of the medium and the density of the fluid are 

dependent on the pressure, which means any change in the hydraulic head (and therefor pressure) 

leads to a correspondent change in the stored volume of water per volume unit. Thus, Eq. (2.41) can 

be modified as the following for the case of non-stationary flow equation 

   

  

  
  ⃗⃗  (

 

 
   ( ⃗⃗      )      (2.42) 

 

For the case of density-independent flow Eq. (2.42) can be simplified by employing Eqs. (2.26) and 

(2.28) as 

   

  

  
  ⃗⃗  (   ⃗⃗  )      (2.43) 

Where         is the volumetric source term of the fluid. If the flow is in a steady state, the Eq. 

(2.43) leads to the following simplification: 

  ⃗⃗  (   ⃗⃗  )     (2.44) 

And for density dependent systems eq. (2.42) for steady-state condition can be presented as  

  ⃗⃗  (       (2.45) 

Where   is the velocity. It should be noted that eq. (2.45) is known as continuity equation.  

 

2.5. Solute transport in saturated porous media in the absence of 

sorption and decay 
Usually the processes by which a solute moves through porous media are complex. They can be 

expressed mathematically, but we have to obtain the necessary data to apply the theoretical 

equations. There are different processes operating to transport solute such as diffusion, advection 

and dispersion, which will be discussed further in this section. Moreover, recently various models 

theoretical and numerical models have been used to study solute transport in porous media (Dullien, 

2012; Dye et al., 2015; Güven et al., 1985; Kinzelbach, 1987; Konikow, 2011). 
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2.5.1. Diffusion 
Random molecular motion due to the thermal kinetic energy of the solute causes molecular 

diffusion. If the concentration is not uniform, fluids particles will be able to transfer from high 

concentration zones to lower concentration zones. This phenomenon is called molecular diffusion 

(Fried and Combarnous, 1971). The diffusion of a solute is described by Fick‘s law: 

      
    

  

  
  (2.46) 

where      
 is the mass flux of solute per unit area per unit time for diffusion,    is the diffusion 

coefficient (area over time),   is the solute concentration (mass over volume) where S is the distance 

and 
  

  
  is the concentration gradient. The movement is from greater concentrations to lesser 

concentrations, the negative sign indicates this behavior. With regard to the type of solute in the 

groundwater, the value of the coefficient of molecular diffusions varies. In most cases for major 

anions and cations this value ranges between      and             .  

 

For the systems in which the concentration is time dependent, Fick‘s second law may be applied 

 
  

  
   

   

   
  (2.47) 

 

Since a collision with the solids of the groundwater medium hinders diffusion, the coefficient of 

molecular diffusion is smaller for liquids in a porous medium than in a pure liquid. Additionally, as 

mineral grains block many possible pathways, the diffusion can take place only through pore 

openings. In order to take this into account, the effective diffusion coefficient can be written as  

         (2.48) 

where    is the diffusion coefficient in pure water and   is a dimensionless tortuosity factor, 

approximately ranging from 0.3 to 0.7 for most soils (Van Genuchten and Wierenga, 1986). By 

modifying Fick‘s first law, in the presence of the solid phase, the diffusion flux in a saturated porous 

medium can then be expressed as 

      
     

 
  

  
  (2.49) 

 

2.5.2. Advection 
Advection refers to the process by which solutes are transported by the motion of a flowing fluid. 

For ground water the flux for advection may be expressed as 

      
           (2.50) 

where      
 represents the mass of solute per unit cross-sectional area transported in the   direction 

per unit time,   is the Darcy velocity in the same direction,    is the effective porosity, and    is the 

groundwater velocity or pore water velocity (  =    ) in the same direction. 

 

2.5.3. Dispersion 

2.5.3.1. Mechanical dispersion 

When water particles flow through a geological medium, they take different flow paths which causes 

mechanical dispersion. Each of these flow paths has a different speed, the ones who follow a more 

direct path or go through larger pores or through the center of pores are faster since they encounter 
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less friction. On the other hand, the flow paths which are closer to the grain boundaries are slower 

since they are exposed to more friction in the pore throat which hinders the movement of the water 

particles. These different flow paths of the water particles cause eventually the mechanical 

dispersion which, in fact, leads to a mechanical mixing and dilution of the solute within the bulk 

movement of the groundwater (Batu, 2005; Schulze‐Makuch et al., 1999). 

 

Various experiments have shown that the mechanical dispersive flux       
can be described similar 

to the equation for diffusive flux as 

       
      

  

  
  (2.51) 

where    is the mechanical dispersion coefficient (Bear, 1972). Figure (2.6) illustrates the factors 

causing pore-scale longitudinal dispersion and how they affect the longitudinal dispersion. These 

factors are pore size, path length and the friction in a pore. The factor pore size indicates that the 

fluid that flows through larger pores has a higher velocity than fluid traveling through smaller pores. 

The factor path length indicates that some of the fluid will travel in longer pathways than the rest, 

which reduces its traveling speed. Finally, the factor friction in pore indicates that the fluid moves 

faster through the center of the pore rather than along the edges. The mechanical dispersion 

coefficient is the most complex and controversial term in solute transport processes in a porous 

medium, as will be discussed further in this thesis. 

 

 

Fig. 2- 6 Influencing factors on pore-scale longitudinal dispersion. It illustrates how pore size, path 

length and friction in pore influence the longitudinal dispersion in porous media (Fetter, 2000). 
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Fig. 2- 7 Flow paths in a porous medium that cause lateral hydrodynamic dispersion. As a 

contaminated fluid flows through a porous medium, the flow paths split and branch out to the side 

(Fetter, 2000). 

 

2.5.3.2. Hydrodynamic dispersion 

Hydrodynamic dispersion consists of both molecular diffusion and mechanical dispersion spreading 

out the solute in both directions of flow as well as perpendicular to it. The total hydrodynamic 

dispersive flux (         
) is then the sum of the diffusive flux (     

), and the mechanical dispersive 

flux (          
), i.e: 

          
      

           
  (2.52) 

which also follows Fick‘s first law: 

          
      

  

  
  (2.53) 

where    is the longitudinal dispersion coefficient and is expressed as (Bear, 1979): 

           (2.54) 

 

2.5.3.3. Total hydrodynamic dispersive and advective flux  

Finally, the hydrodynamic dispersive and advective fluxes can be added up to give the total flux    

as  

                                                
          

  (2.55) 

which by using Eqs. (2.50), and (2.53) results in  

              

  

  
  (2.56) 

 

2.5.4. Generalization of the advective-dispersive solute flux equations 
So far in sections (2.5.2) and (2.5.3) only the one-dimensional case for the solute flux equations were 

considered. In this section a three-dimension form is discussed and presented. In order to include the 

directional dependency in the equations, the longitudinal dispersion coefficient    in Eq. (2.56) 

should be represented by a tensorial quantity which results in the three-dimensional form of Eq. 

(2.56):  

               

  

   
                   (2.57) 

In other words, the components for the advective-dispersive solute flux are as follows 
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            (   

  

   
    

  

   
    

  

   
   (2.58a) 

            (   

  

   
    

  

   
    

  

   
   (2.58b) 

            (   

  

   
    

  

   
    

  

   
   (2.58c) 

 

2.5.5. Differential equations for solute transport in statured porous media in the 

absence of sorption and decay 
The differential equations for solute transport can be determined by using advective-dispersive flux 

components in Cartesian coordinates (Eq. (2.58)). 

            (   

  

  
    

  

  
    

  

  
   (2.59a) 

            (   

  

  
    

  

  
    

  

  
   (2.59b) 

            (   

  

  
    

  

  
    

  

  
   (2.59c) 

Considering that the concentration of a solute is determined by the mass of solute per unit volume of 

solution, the total mass of solute per unit time entering the system is 

                        (2.60) 

The total mass of solute per unit time exiting the system is 

  (   
   
  

)       (   
   

  
)     (   

   
  

)       (2.61) 

By subtracting Eq. (2.61) from (2.60) the difference of mass rate entering and exiting the system can 

be determined as 

  (
   
  

 
   

  
 

   
  

)        (2.62) 

By considering the fact that the dissolved substance is nonreactive, the difference between the flux 

entering the system and exiting the system equals the amount of dissolved substance compiled in the 

system. Therefore, the rate of mass change in the system can be expressed as 

      

  

  
        (2.63) 

In order for the law of mass conservation to hold, it is necessary that the per unit volume of the 

aquifer per unit time to be equal to the rate of solute concentration per unit volume of the aquifer, 

which translate into that Eq. (2.62) must be equal to the Eq. (2.63), i.e. 

 
   
  

 
   

  
 

   
  

  
  

  
    (2.64) 

Note that since the terms        do not exist in Eq. (2.62), it means that this equation is valid for 

any aquifer volume. By inserting the components for advective-dispersive flux presented in Eq. 

(2.58) into Eq. (2.64), the general case for solute transport in aquifers without sorption and decay can 

be determined as 
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(        

 

  
(     )  

 

  
(       

 (2.65) 

The other form of Eq. (2.64) can be expressed as  

      
 (   

  
  ⃗⃗  (     ⃗⃗     ⃗⃗  (      (2.66) 

 

 

Up to now, we discussed the transport of solute in saturated porous media in the absence of sorbtion 

and decay. However, various investigations and review studies have been done to model the two-

phase flow and transport in porous media considering the sorption and decay which their scopes are 

far from the findings of this dissertation (Joekar-Niasar and Hassanizadeh, 2012; Joekar-Niasar et 

al., 2012; Joekar‐Niasar et al., 2010; Raoof and Hassanizadeh, 2012; Raoof and Hassanizadeh, 

2010). They generated a model to study the effects of structure and coordination number distribution 

of pore network on the multi-phase transport in porous media. They found a good agreement 

between the observation as well as their simulation data for the network properties. 

 

2.5.6. Equation of state 
Changes in concentration, temperature and pressure affect the density and viscosity of the fluid. In 

this thesis, we only consider changes in concentrations. In order to relate the fluid‘s density to 

changes in solute concentration, an equation is required. This relation can be expressed in the 

following form: 

      
   

 
  (2.67) 

Where    is the density of the fluid, and   
  is the mass fraction coefficient, which is an intrinsic 

quality that does not have dependency upon the physicochemical ways of mixing and can be 

determined by 

       
   (2.68) 

Usually, to have a linear relationship for Eq. (2.67), a Taylor expansion is employed. It is 

accustomed to only consider the first two terms of it and neglect other terms. This has the advantage 

that higher terms of   
  disappear in the equations, however, it is only suitable for small and medium 

concentrations. Note that for simplification we use   instead of   
 . 

  (      
(     

  
   (2.69) 

The same approach can be followed for the dynamic viscosity and it can be determined as 

  (      
(     

  
   (2.70) 

  (       (                  (             (2.71) 

  (     (                       (2.72) 
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where   is the temperature and            
  

   
 is the dynamic viscosity of the fluids with   

 . In the numerical simulations with SUTRA, however, no density dependency of the viscosity is 

assumed, i.e. .  (      and we used the following formulation for the density: 

          
  

  
                           (2.73) 

Where          are the density of the salt and fresh water, respectively and    is the concentration of 

the salt. 
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Chapter 3 
3. Dispersion in Porous Media 

3.1. Coefficient of mechanical dispersion 
There have been numerous scientific investigations in the past on the subject of dispersion in porous 

media from a theoretical or an experimental view-point. The dispersion in porous media occurs in 

the same direction as the main flow (longitudinal dispersion) or perpendicular to it (transverse 

dispersion). The dispersion is not equal in these two directions, hence scientists usually study them 

separately. In this thesis the main focus is transverse dispersion. 

 

In recent years, many scientists have devoted their time to determine the effect of large scale 

heterogeneities on the dispersive flux equation (Eq. (2.51)). These efforts have resulted to better 

understanding of large-scale dispersion or, in other words, macrodispersion and of the dispersion 

coefficient.  

 

Based on these investigations, the general form of mechanical dispersion in the Eq. (2.51) can be 

expressed as (Bear, 1979): 

     
        (      

    

 
  (3.1) 

where the mechanical dispersion coefficient tensor     
 can be expressed as  

 *    
+  *

    
    

    

    
    

    

    
    

    

+  (3.2) 

The velocity vector   in Eq. (3.1) can be expressed in Cartesian coordinates as. 

  𝒗    (  
    

    
       (3.3) 

By employing Eqs. (3.1) and (3.3) the components of the mechanical dispersion coefficient in Eq. 

(3.1) can be expressed as 

     
 

   
  (        

 

 
   

  
 

 
   

  
 

 
   

  
 

 
  (3.4) 

By following the same approach other tensor components can be written as 

     
   

  
 

 
   

  
 

 
   

  
 

 
  (3.5) 

     
   

  
 

 
   

  
 

 
   

  
 

 
  (3.6) 

     
     

 (      
    

 
  (3.7) 

     
     

 (      
    

 
  (3.8) 

     
     

 (      
    

 
  (3.9) 

For a special case that the direction of average velocity coincides with the x-coordinate axis, one 

has        , therefore the Eq. (3.3) becomes 

  𝒗          (3.10) 

Under these conditions, employing Eq. (3.10) leads to the following form for Eq. (3.4) 
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          (3.11) 

Following the same procedure, Eqs. (3.5) and (3.6) take the following forms 

     
      (3.12) 

and 

     
      (3.13) 

whereas the remaining off-diagonal mechanical dispersion components will be zero. Therefore, for a 

uniform flow that is aligned with the x-axis, one can rewrite Eq. (3.2) as 

 *    
+  [

     
      
      

]  (3.14) 

In this case,     
 is called the coefficient of longitudinal mechanical dispersion,     

 and     
 are 

called coefficients of transverse mechanical dispersion. Note that this tensor (including its 

components and principal directions) depends on both microscopic and macroscopic velocity fields. 

In the analysis of the distribution of generated solute plume, (Bear, 1972; Bear, 1979) found that 

neither the velocity components nor their corresponding displacements play an important role in the 

analysis of the plume. They considered these situations might be properly because of the nature of 

the porous medium and the main reason that causes dispersion is the true local velocities in the 

channels and not the average velocity over the whole cross-section, whose components are    ,    

and    . 

 

    and     are the transverse dispersivities in the   and   directions, respectively. Since the   

direction corresponds to vertical direction and the   direction corresponds to horizontal direction, the 

transverse horizontal dispersivity will be         and transverse vertical dispersivity will be 

       . With this notation and using Eq. (2.54) the hydrodynamic dispersion coefficient (as the 

sum of diffusion and mechanical dispersion) in the  ,  , and   directions can be expressed as 

        
            (3.15) 

          
             (3.16) 

        
             (3.17) 

 

3.2. Transverse dispersivity 
As mentioned before, hydrodynamic dispersion is the macroscopic outcome of the combination of 

mechanical dispersion and molecular diffusion. The majority of hydrodynamic dispersion models 

employ a dispersion length within the definition of the dispersion coefficient to quantify the 

component of mechanical dispersion (Bear, 1972; Rolle et al., 2012; Scheidegger, 1961). 

 

Based on Eqs. (3.12) and (3.13) the transverse dispersion coefficient can be written as 

            (3.18) 

and by rearranging Eq. (3.10) the transverse dispersivity can be expressed as 

    
     

 
  (3.19) 

The transverse dispersion length (  ) can be defined as a measure of the lateral dissemination of a 

solute due to the unpredictability and heterogeneity of the porous media. 
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3.3. Dependency of hydrodynamic dispersion on various factors 
There are various factors which affect the hydrodynamic dispersion including both transverse and 

longitudinal components. Each factor dictates its effect in a different way. These factors are briefly 

presented in this section. 

 

3.3.1. Dependency on fluid velocity 
Various laboratory experiments implied that, as the fluid velocity increases, dispersivity decreases 

(Gutierrez-Neri, 2009). These investigations indicated that this dependency is not linear and the 

obtained coefficients seem to best fit in a power function. (Huang, 2001; Klenk and Grathwohl, 

2002; Rumer, 1962). 

       
      (3.20) 

where the exponent   has been reported to vary between 0.6 to 0.8. Although Eq. (3.20) provided a 

good match for the experimental data, it does not necessarily demonstrate the physical cause behind 

this non-linear dependency on the fluid velocity. The most comprehensive attempt to shed light on 

the cause of such behavior suggested that it is due to incomplete mixing in the pore spaces (Olsson 

and Grathwohl, 2007). They introduced a correction factor for dispersivity based on the pore size 

and the mean square displacement for velocities higher than 4      . 

 

Diffusion is the major part in the hydrodynamic dispersion at a low solute velocity. On the other 

hand, hydrodynamic dispersion can be approximated by only considering mechanical dispersion 

term at high velocity. In order to better understand the effect of velocity on the dispersion, scientists 

defined a dimensionless number, the Peclet number. The Peclet number evaluates the contribution of 

mechanical dispersion and diffusion to solute transport and relates the effectiveness of mass 

transport by advection to the effectiveness of mass transport by either dispersion or diffusion. It is  

defined as.  

    
  

  
  (3.21) 

where    is the molecular diffusion coefficient in pure water and   is a characteristic length, 

generally considered as the mean grain diameter.  

 

Figure (3.1) illustrates the variation of the ratio of longitudinal dispersion coefficient over molecular 

diffusion coefficient as a function of the Peclet number. It shows that the dispersivity is strongly 

dependent on the average solution velocity and the geometrical properties of the medium. At low 

Peclet numbers, the molecular diffusion is dominant, so that the dispersion is approximately equal to 

the molecular diffusion. For high Peclet numbers the convective dispersion is dominant and, 

therefore, the effect of diffusion is negligible. At intermediate values of the Peclet number, neither 

convective dispersion nor diffusion is dominant and both have a comparable impact on the 

dispersion process. 

 

(Olsson and Grathwohl, 2007) suggested an alternative formulation of the transversal dispersivity in 

terms of the Peclet number: 

        (       
  

 
  (3.22) 

which indicates that the transversal dispersivity, is both a function of porous media properties and a 

competition between diffusive and advective transport. 
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Fig. 3- 1 Dimensionless longitudinal dispersion coefficient     𝒎𝒐𝒍 (left), (Gutierrez-Neri, 2009; 

Perkins and Johnston, 1963) and transverse dispersion coefficient,       (right) vs Pe- number 

(Gutierrez-Neri, 2009; Perkins and Johnston, 1963)) 

 

3.3.2. Dependency on concentration / variable density 
Another form of the classical Fickian theory can be observed when the dispersive process is affected 

by significantly large concentration variations between the mixing fluids. Based on several scientific 

investigations on vertical brine transport, it can be concluded that this classical Fickian theory cannot 

appropriately model the experimental results (Hassanizadeh and Leijnse, 1995; Schotting et al., 

1999). There are two explanations for this behavior based on these investigations. One is that the 

linear-form Fickian theory and Eq. (3.18) remain valid but the dispersivities should be fitted 

individually for each experimental run. This indicates that dispersivity is not constant and is a 

function of various conditions in each experiment. The other explanation presented in (Schotting et 

al., 1999) is that the linear relationship between dispersive mass flux and concentration gradient is 

no longer valid. They suggested an alternative form which is a nonlinear equation with additional 

terms introduced. 

 

3.3.3. Dependency on scale 
In general, there are three different scale-categories when it comes to study the scale-dependency of 

the dispersivity, which are (1) laboratory scale, (2) local scale and (3) field scale. Various 

investigations demonstrate that this scale is affecting the dispersivity. In (Gelhar et al., 1992) it is 

pointed out that the dispersivity increases with the scale, when the field observations of dispersivity 

ranged from        to approximately        at scales of        to       . Figure (3.2) 

illustrates a plot of the longitudinal dispersivity values as a function of scale. From this figure it is 

clear that the dispersivity tends to increase, as the scale increases. 

 

By observing the compilation of all dispersivity data in Figure (3.2) it may be concluded that 

dispersivity increases indefinitely with scale, but since there are not enough reliable data for very 

large scales, this trend cannot be extended to all scales. The largest high reliability dispersivity value 

is 4   (Mobile, Alabama (Huyakorn et al., 1986) and the largest scale of high reliability values is 

250   (Cape Cod, Massachusetts (Garabedian, 1987). Some theories predict that for very large scale 

the relationship may become constant, they refer to this constant macroscale dispersivity as the 

asymptotic dispersivity (Gelhar et al., 1992). This behavior is usually observed in heterogeneous 

aquifers, a tracer may have to spread tens or hundreds of meters before reaching  
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Fig. 3- 2 Longitudinal dispersivity versus scale of observation by type of observation and type of 

aquifer. data are from 59 field sites with widely different geologic materials (Gelhar et al., 1992). 

asymptotic dispersivity. In the field scale experiments when a tracer spreads a few meters, it only 

encounters little of the total heterogeneity available in the aquifer. Therefore, at small displacement 

from the source, there is relatively limited dispersion. 

 

Figure (3.3) illustrates horizontal and vertical transverse dispersivities as a function of the scale of 

observation. For the case of horizontal transverse dispersivity, there appears to be some trend of 

increasing dispersivity with scale, but this trend is mostly based on the data sets for which their 

reliability was low. For the case of vertical transverse dispersivity, the data do not entail any 

significant trend with overall scale. Comparing the two panels of Figure (3.3) indicates that the 

vertical transverse dispersivity seems to be much smaller than the horizontal transverse dispersivity. 

This is due to the rough stratification of the hydraulic conductivity as it occurs in permeable 

sedimentary, bedded materials. 

 

Fig. 3- 3 Transverse horizontal (left) and vertical (right) dispersivity as a function of observation 

scale (Gelhar et al., 1992). 
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3.3.4. Dependency on heterogeneity 
The most prominent feature of heterogeneous systems is that they are made of a handful of different 

units which are generally distributed in a random manner in space. In order to roughly characterize 

the heterogeneity, scientists employ a length scale which expresses the average distance over which 

units properties are correlated. In the case of porous media, this length scale is equal to the pore 

scale   .  

 

In order to relate heterogeneity to dispersion, it is necessary to derive the equations of flow and 

transport in heterogeneous media which are satisfied by macroscopic variables. The macrodispersion 

can be defined as some average over domains which are of a large extend compared to the 

heterogeneity scale, but are small compared to the sample size. By employing this procedure, the 

variations associated with heterogeneity are smoothed out, so that the macroscopic equations 

become similar to those describing the behavior of an equivalent homogeneous medium. In theory, 

this process can be completed by starting from equations satisfied by the microscopic dispersion in 

each unit and from the inter-unit boundary condition and by averaging them in order to arrive at the 

macroscopic equations. The validation of the macroscopic equations and the determination of 

macroscopic coefficients can be done by meticulous controlled laboratory experiments on the 

samples of the heterogeneous systems (similar to the experiments conducted in this thesis). 

 

Dagan (1986) defined the heterogeneity scale with precise mathematical terms. He introduced a 

generic random space function  (   which represents a geometrical or physical variable and 

considered it to be stationary in such way that its spatial covariance     (       depends only on 

the distance       , rather than    and   . If the      is positive and integrable, then Dagan 

(1986) defined the linear integral scale as 

    
∫     (    

 

 

  
 

  (3.23) 

This is considered to be the definition of the heterogeneity scale. Additionally, specific 

investigations have been focused on the effects of heterogeneity on the macrodispersion of solute in 

porous media (Sudicky et al., 2010; Zinn and Harvey, 2003). They found that the use of statistically 

derived parameters based on stochastic theories results in reliable large-scale 3D flow and transport 

models for complex hydrogeological systems. It was also shown that the length of the plume was 

relatively insensitive to the value of the longitudinal macrodispersivity, even by assuming a Ln(K) 

variance equal to about 2.0. 

 

3.4. Models of dispersion 
Over the last decades many investigators attempted to model dispersion in groundwater solute 

transport. Since the mathematical description of dispersivity is very complicated, the investigation 

on it still continues to this date. First attempts to describe the dispersivity were based on geometrical 

models, but they were not very suitable, because of the complex nature of porous media.  

 

Since the 1950s, various analytical and numerical solute transport models were developed by 

different investigators. These models were using the deterministic approach, which considered 

dispersivity as a well-defined local quantity that can have a unique value at each point in the flow 

and transport domain.  

 



CHAPTER 3: DISPERSION IN POROUS MEDIA 

 

31 

 

In the mid-1970s, scientists, in order to take the spatial variability of the flow and solute transport 

parameters into account when they were evaluating and determining equations for the dispersion 

coefficients, introduced models based on stochastic approaches. In principle, stochastic approaches 

treat both flow and transport parameters in a porous medium as random variables and the predictions 

are made in terms of probabilities rather than in the traditional deterministic sense. In this thesis the 

focus is on the stochastic approach. 

 

In general, there are three basic stochastic approaches (Freeze et al., 1990): 

1. First order analysis 

2. Perturbation analysis 

3. Monte-Carlo analysis 

 

as are described in the following sub-sections. 

 

3.4.1 First order analysis 
The first order analysis can be employed with either numerical or analytical solutions of the 

governing equations. The drawback of this approach is that it is limited to linear or nearly linear 

systems. In order to employ this approach, only the first two moments (the mean and the variance) of 

the input parameters are necessary, but at the same time it only provides the first two moments of the 

predicted variables (Dagan, 1989). 

 

3.4.2 Perturbation analysis 
In this approach both the input parameters and the output variables are defined in terms of a mean 

and its perturbation about the mean (Gelhar et al., 1992). There are two general methods to develop 

the relationship between input and output uncertainties. One of the methods develop this relationship 

in the spectral domain by employing the theory of Fourier-Stieltjes integrals (Lumley and Panofsky, 

1964) and an inverse Fourier transform. This approach is mostly suitable for an infinite flow domain, 

analytical solutions, and a small coefficient of variation in input uncertainty. 

 

3.4.3 Monte-Carlo analysis 
The Monte-Carlo analysis provides the most comprehensive approach to uncertainty propagation. 

With this approach, a large number of realizations of each parameter field are generated in a way 

that they are all equally probable. Later on, the hydrogeological simulation model is run for each of 

the generated realization. Note that the Monte-Carlo analysis is not based on stochastic differentials 

equations, but is in fact based on deterministic solutions for the numerically generated realizations. 

These realizations are then analyzed by statistical methods to estimate means, variance and 

probability density functions (Mahadevan, 1997; Mooney, 1997; Panagiotopoulos, 1987; Starke and 

Koch, 2006). These methods will be used later on to evaluate and determine the dispersion 

coefficients. 

 
 



CHAPTER 4: STOCHASTIC ANALYSIS OF FLOW AND TRANSPORT IN HETEROGENEOUS POROUS 

MEDIA 

 

32 

 

Chapter 4 

4. Stochastic Analysis of Flow and Transport in heterogeneous 

porous Media 

4.1. General remarks 
Despite the fact that geological porous formations are intrinsically deterministic, one usually does 

not have a complete knowledge of their hydraulic and solute transport characteristics, namely 

permeability, or its equivalent, the hydraulic conductivity, as well as the dispersitvity. In fact, despite 

the fact that there is a high degree of spatial variability at all length scales of these parameters, they 

are ordinarily observed only at a few locations, The aforementioned spatial heterogeneity and the 

relatively small number of observation results in an uncertainty about the appropriate assignment of 

local values of permeability and dispersivity, so that an uncertainty emerges also in the subsequent 

prediction of groundwater flow and solute transport processes.  

 

In general, uncertainty in groundwater systems may be divided into intrinsic uncertainty and 

information uncertainty. The intrinsic uncertainty originates from the variability of certain natural 

properties or processes and is an irreducible uncertainty inherent to the system. However, the 

information uncertainty is the result of faulty or incomplete information about the system and may 

be reduced by employing various strategies, such as further measurements and analysis. Although 

this type of uncertainty can be reduced, it cannot be completely eliminated. Thus, there is a 

significant uncertainty in the values of the formation properties (Cirpka et al., 2011; Rolle et al., 

2012; Zhang and Neuman, 1996). 

 

An effective approach to evaluate the effects of uncertainties in the named flow and solute transport 

parameters is to employ the theory of stochastic processes. In this theory, the uncertainty of the 

permeability and/or the dispersivity is represented by spatial probability distributions where, in 

addition to classical statistical descriptors, such as the statistical moments – mostly only up to 2
nd

 

order –, geospatial properties of the random space function of these parameters, such as the auto-

covariance, enter into the mathematical description.  

 

As was mentioned briefly in Section (3.4), the stochastic approaches for describing flow and 

transport process in a randomly heterogenous porous medium can be categorized into three variants, 

first order analysis, perturbation analysis and Monte Carlo analysis, wherefore the latter is 

essentially a numerical methodology and will be applied in Chapter 8. In this chapter, the focus is on 

the description of the perturbation analysis as the most eminent stochastic theory, namely, for 

explaining the effects of spatial heterogeneities of the hydraulic conductivity on the flow as well as 

on the solute dispersion process (Gelhar et al., 1992). In fact, various studies indicate that local 

variations of the hydraulic conductivity have a significant impact on the dispersivities (Skibitzke and 

Robinson, 1963; Zilliox and Muntzer, 1975). Unfortunately, the stochastic theories apply mostly 

only to. density- independent flow and solute transport, i.e. tracers, whereas extensions to its density-

dependent homologue are still scarce (Welty et al., 2003) and are coming to the fore only slowly 

(Jiang et al., 2014), as will be discussed also. Finally, practical approaches for the stochastic analysis 

of flow and solute transport processes in a random porous medium, like in the present tank sandpack, 

will be presented.  
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4.2. Stochastic description of hydraulic conductivity variations and 

groundwater flow effects in a heterogeneous formation 
 

Inasmuch as the theory of the stochastic description of the spatial heterogeneity of a porous 

formation, namely, the hydraulic conductivity as its most important characteristic, borrows many 

tools of classical stochastics and geostatistics, it is worthwhile to start with a short presentation of 

the key statistical/stochastic concepts and terms.  

 

4.2.1. Key statistical concepts and terms 

4.2.1.1 Realization and ensemble 

Consider the function  (  , which varies with the argument   in an irregular manner. In a 

mathematical sense, the stochastic process  (   is defined as being a random variable for any 

assigned time  . If there is only one observation of the time variation for  (  , it is called a 

realization of the stochastic process. If there are more than one realization, the collection of all 

realizations is called an ensemble. 

 

4.2.1.2 Mathematical expectation and covariance 

An important concept in probability and statistics is that of the expected value or mathematical 

expectation and it is expressed as the following for a discrete random variable such as  : 

  [ ]  ∑  

 

   

 (       (4.1) 

For a case in which the probabilities are all equal, the mathematical expectation is called arithmetic 

mean and is expressed as 

  [ ]  
          

 
  (4.2) 

For a continuous variable  (  , having a probability density function  (    , the expected value 

expressed as: 

  (    [ (  ]  ∫   (      

 

  

  (4.3) 

And the variance is defined as 

   (    ([ (    (  ]   ∫[ (    (  ]  (      

 

  

  (4.4) 

 

4.2.1.3 Variance of joint distributions and covariance 

Another quantity that is important in the case of two variables   and   is the covariance and is 

defined as 

 

                (      [   ]   [(     (     ]

 ∬(     (     

 

  

 (         
 (4.5) 

If    (    and    (   , the covariance (autocovariance) takes the following form 
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    [ (     (   ]   ([ (     (   ][ (     (   ]   (        (4.6) 

which means the covariance function   will depend on    and   , and if    and    are equal, Eq. (4.6) 

turns out to be the variance. 

 

4.2.1.4 Stationary process 

In a process, if the probabilistic description of it is time independent, that process is called a 

stationary process. This indicates that joint probability function distributions will be invariant under 

any shifts of the time origin. Since only the first two moment properties are involved in ground water 

studies, it is safe to assume only the second order stationary process, which has the following 

properties (Gelhar et al., 1992): 

  [ (  ]              (4.7) 

and 

  (        (        (                                (4.8) 

 

4.2.1.5 Fourier-Stieltjes representation of a stationary stochastic process  

Similarly to stochastic time series analysis where much insight into a stochastic (or deterministic) 

time signal  (   is gained by a representation of the signal in the Fourier-(frequency ω) space, i.e. 

(t,w)-pair, this can also be done for a spatially varying stochastic process  (   - with   the spatial 

position vector with components    (          , where   can be 1, 2, or 3 coordinates in space) - 

wherefore, however, the conjugate variable in the Fourier domain is then the wave number vector k . 

This is called the Fourier-Stieltjes representation of a stochastic process (Gelhar et al., 1979; Gutjahr 

et al., 1978).  

 

Starting with the assumption that  (   has zero-mean  [ (  ]   , its covariance function 

presented in Eq. (4.6) can be written as  

    (  𝒔   [ (  𝒔  (  ]  (4.9) 

where 𝒔 is now the separation vector with components   ,    , and   . 

 

With these properties of  (  , its Fourier-Stieltjes representation is 

  (   ∫   𝒌     (𝒌 

 

  

                 (              (4.10) 

where   (𝒌 , with k, the wavenumber vector, is the conjugate function in Fourier space, i.e.   (𝒌  

is the Fourier transform of  (   and is itself a stochastic process having the properties that 

  [   (𝒌 ]     (4.11) 

and 

  [   (𝒌    
 (𝒌  ]          𝒌  𝒌   (4.12) 

 

and 

  [   (𝒌    
 (𝒌 ]    (𝒌     (𝒌  𝒌  (4.13) 

where    
  is the complex conjugate and  (𝒌  is the integrated spectrum and    (𝒌  is the spectral 

density function.  
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Using the definition of the covariance function, Eq. (4.9), the spectral representation of  (  , Eq. 

(4.10), and the convolution property of Fourier transforms, the corresponding spectral representation 

of    (𝒔  can be derived,  

    (𝒔  ∫   𝒌𝒔   (𝒌  𝒌

 

  

  (4.14) 

and by taking the inverse Fourier transform, the spectral density function    (𝒌  

    (𝒌  
 

(    
∫    𝒌𝒔   (𝒔  𝒔

 

  

  (4.15) 

The Fourier transform pair (4.14), (4.15) between the autocovariance function    (𝒔  and the 

spectral density function    (𝒌  is also known as the Wiener–Khintchine theorem which, for the 

1D-special case (n=1), is one of the most important theorem in stochastic time series analysis, 

however, where unlike here, the conjugate variables are not (s,k) but (t,ω) (time and frequency).  

 

4.2.2. Stochastic description of a spatially varying hydraulic conductivity field 
The stochastic concepts and approaches discussed above are being applied to the special stochastic 

process of,  (    (  , the spatial variation hydraulic conductivity, as the most important 

hydraulic parameter determining groundwater flow (and transport) in an aquifer.  

 

It has been common in geostatistics instead of working with the hydraulic conductivity  (   to use 

   [  (  ] . The reason for this is that some studies have shown that the distribution of hydraulic 

conductivity at the local scale is log-normal (Freeze, 1975; Law, 1944) and also that the perturbation 

analysis presented further down is based on first order approximations of the K-field around some 

mean and these are by default smaller when described in terms of ln(K) than for K, so that the first-

order perturbation theory is theoretically more valid (Batu, 2005). 

 

For the purpose of simplification, the following analysis is made for the one-dimensional stochastic 

  [ (  ] field (the methodology is then easily extended to a three-dimensional field). Thus, 

assuming a series of discrete hydraulic conductivity values            at            distances 

from the origin given by 

   (      [  (   ]                (4.16) 

with mean  ,̅ the variance of f is given by  

    
  

 

 
∑(     ̅ 
 

   

  (4.17) 

where    
      .̅ The variance    

  is one important measure of the heterogeneity of an aquifer.  

 

Additionally, the autocovariance function is defined as 

     
     

  
 

 
∑(     ̅(       ̅

 

   

  (4.18) 
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where   is the lag. If two sets of log    and      are made at positions    and     , the separation 

factor can be defined as 

               (4.19) 

 

There are various forms that the autocovariance function may take. One of the most commonly used 

one is the exponentially decaying covariance function expressed in (Freeze et al., 1990; Gelhar et al., 

1992) as: 

      (      
    ( 

   

   
)  (4.20) 

Where     is the integral scale, or correlation length which measures the distance over which   (    

is correlated. In other words, it is a measure of distance over which    (   decays by a factor    . 

The correlation length      is the second important measure of the heterogeneity of an aquifer. 

 

Normalizing the autocovariance in Eq. (4.20) by    
  results in the autocorrelation function 

       
  

      
 

   
     ( 

   

   
)  (4.21) 

which shows that values separated by long distances will only be weakly correlated or not correlated 

at all; in contrast, values separated by short distances will be highly correlated.  

 

For the case of a three-dimensional porous medium, Eq. (4.20) can be extended to  

      (      
    ( (

  
 

  
  

  
 

  
  

  
 

  
 )

   

)  (4.22) 

 

where            are the correlation lengths in the three coordinate directions, which for the most 

general 3D- anisotropic medium are different from each other, but are identical for a fully isotropic 

medium.  

 

As pointed out by Gelhar et al. (1979) and will become clearer from the perturbation analysis and the 

Fourier Stieltjes representation later, the autocorrelation function (4.22) is not well adapted to a 

limiting anisotropic horizontally stratified aquifer, where            go to infinity, and one-

dimensional flow is assumed, as    (   of this form will still theoretically induce horizontal head 

fluctuations which is physically not realistic. For such 1D flow cases a modified autocovariance 

function of the form (Gelhar and Axness, 1983) 

      (      
 (  

  
 

  
 )    (     (4.23) 

is used in many stochastic analyses of flow and transport for 1D-flow in heterogeneous porous 

media as will be detailed in the following subsection. 
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4.2.3. Perturbation analysis of the effects of spatially varying ln(K) on 

groundwater flow 

4.2.3.1 The 3D stationary groundwater flow equation  

The combination of three-dimensional form of Darcy‘s law with the three-dimensional stationary 

mass balance equation for an unbounded isotropic saturated porous medium that has a mean 

hydraulic gradient   in a particular direction can be expressed as: 

 
   

   
 

   

   
 

   

   
 

  

 
       (4.24) 

where 
  

 
     (  . 

The scalar form of Eq. (4.24) can be expressed as 

 
   

   
 

   

   
 

   

   
 

 [   (  ]

  

  

  
 

 [   (  ]

  

  

  
 

 [   (  ]

  

  

  
    (4.25) 

or, in tensorial notation 

 
   

   
 
 

 [   (  ]

   

  

   
    (4.26) 

Note that the effect of heterogeneity is considered entirely through the gradients in    (  . In fact, if 

   (   equals a constant value, Eq. (4.24) becomes the classical Laplace equation. 

 

4.2.3.2 Derivation of the perturbed groundwater flow equation  

In order to express the perturbed flow equation, the heads h and the ln (hydraulic conductivity)- field 

are expressed in terms of a mean and a perturbation: 

    ̅             [ ]   ̅      [  ]     (4.27) 

and 

     (    ̅             ̅   [  (  ]     (         [  ]     (4.28) 

By substituting Eq.s (4.27) and (4.28) into Eq. (4.25) and taking the expected value of each term 

results in 
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 (4.29) 

which can also be written in tensorial notion as 

 
    

   
 
 

  ̅
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  *
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    (4.30) 

 

For three dimensional flow, the first-order small perturbation approximation of Eq. (4.30) is 

 
    

   
 
   

   

   
   

   

   
    (4.31) 

where 
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  ̅

   
    

   

   
  (4.32) 

In order to determine locally stationary solutions for the head process, the parameters    and    are 

taken as being locally constant. 

 

If the mean hydraulic gradient is selected to be in the x-coordinate direction, then in the absence of 

any trend in the mean log hydraulic conductivity, Eq. (4.32) takes the form of 

                          (4.33) 

and Eq. (4.31) will change to  

 
    

   
 

    

   
 

    

   
  

   

  
    (4.34) 

 

4.2.3.3 Fourier-Stieltjes representation of perturbed heads and ln(K)  

Following Eq. (4.10), the head perturbations     and the   (    perturbations    can also be 

represented by Fourier-Stieltjes integrals as 

   (   ∫   𝒌    
 (𝒌           𝒌  (   

 

  

                  {     }  (4.35) 

and 

   (   ∫   𝒌    
 (𝒌           𝒌  (   

 

  

                  {     }  (4.36) 

 

By substituting Eqs. (4.35) and (4.36) into Eq. (4.34) and applying the law of Fourier transform of 

the derivative of a function, one gets 

 ∫[(   
    

    
 )    (𝒌          (𝒌 ]  𝒌  

 

  

    (4.37) 

In order for Eq. (4.37) to be valid, the quantity inside the brackets must be equal to zero, which 

results in 

     (𝒌  
    

  
    

    
 
    (𝒌   (4.38) 

and a similar expression for the complex conjugate of Eq. (4.38) 

     
 (𝒌  

    

  
    

    
 
    

 (𝒌   (4.39) 

By multiplying both sides of Eqs. (4.48) and (4.49) and taking their expected values one gets 

  [    (𝒌     
 (𝒌 ]  

    
 

(  
    

     
   

 [    (      
 (𝒌 ]  (4.40) 

Now by simply applying spectral representation theorem once again (Eq. (4.9)) one can express Eq. 

(4.40) as 

      (𝒌  
     

 

  
     (𝒌                        ⃗   √  

    
    

   (4.41) 

where k now represents the magnitude of the wave number vector. 
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In order to evaluate the equation above, the spectral density function      (𝒌  which is the Fourier 

transform of the autocovariance function      (    =    (𝒔  (see Eq. (4.23)), must be known. 

Assuming an isotropic media, the most general autocovariance function is Eq. (4.20), respective 

(4.22) (with                  ), for which the Fourier integral (4.23) must be evaluated in 3D 

space. The result of this mathematical exercise is (Bakr et al., 1978) 

 

 

     (𝒌  
   

   

  (        
 

 (4.42) 

which, after being plugged in into Eq. (4.41), results in  

      (𝒌  
     

    
   

    (        
  (4.43) 

 

Taking the inverse Fourier transform of      (𝒌 , by virtue of Eq. (4.22), gives the autocovariance 

function for the head fluctuations      (𝒔 , from which, taking the limit 𝒔  0, and after some nasty 

mathematics (Bakr et al., 1978), the classical variance of the head variations    
  =      (   as a 

function of the correlation length   and the variance    
  of the    (  -perturbations is obtained : 

    
   

 

 
     

      (4.44) 

The above equation reflects one of the most important results of stochastic groundwater flow 

analysis, and indicates that head fluctuations in an aquifer are proportional to the variance    
   and 

the square     of the correlation length    of the   (  - hydraulic conductivity field. 

 

It is clear that such head fluctuations will induce associated groundwater flow fluctuations which, as 

discussed in the previous chapter, will lead to small-scale dispersive mixing of a solute in a porous 

medium. In fact, as will be formalized later, Eq. (4.45) has a somewhat similar relative for 

describing macrodispersion in a stochastic heterogeneous medium. 

 

As already noted, for 1D groundwater flow in a horizontally stratified porous medium for which    

        , the 3D-autocovariance function (4.22) is not suitable, as it gives a singularity in the 

corresponding 1D-form of Eq. (4.41) for k=0 which would mean head fluctuations which is 

physically not possible. Instead the modified autocovariance function (4.23) should be used. Doing 

the corresponding Fourier-Stieltjes representation computation provides then a result very similar to 

Eq. (4.44), though without the factor 1/3.  

 

4.2.3.4 Computation of effective hydraulic conductivity 

The effective hydraulic conductivity of a heterogeneous porous medium has been investigated by 

several scientists. The approached used in (Gutjahr et al., 1978) allows a direct evaluation of 

effective hydraulic conductivity for the steady flow configurations. The exact solution for the mean 

flow indicates that the effective hydraulic conductivity is the harmonic mean (Ataie-Ashtiani et al., 

2001; Gutjahr et al., 1978). 

    [ [   ]]    (4.45) 

If      (   in Eq. (4.38) has a normal distribution, the effective conductivity is 

       
( 

 
 
 
  
 )

  (4.46) 
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From the first and second expressions of Eq. (4.38) we can determine 

     ̅   
              ̅  (4.47) 

By substituting the first expression of Eq. (4.47) into the equation for Darcy‘s law and taking the 

expected values of it, and developing the exponential term into a Taylor series, discarding terms 

higher than second order, one obtains eventually 

      *
  ̅

  
(  

   
 

 
)   [  

   

  
]+  (4.48) 

In Eq. (4.48), the hydraulic conductivity has been expressed in terms of the mean and perturbation of 

   (   from Eqs. (4.27) and (4.28). Now only the calculation of the term  *     

  
+ needs to be 

evaluated for three-dimensional flow cases.  

 

Similar to Eq. (4.35) one can write 

 
   

  
 ∫     

        (  

 

  

  (4.49) 

From the complex conjugate of Eq. (4.49) and Eq. (4.36) one can have 

  [  
   

  
]   [( ∫          (  

 

  

)( ∫     
        

 (  

 

  

)]  (4.50) 

Now by substituting Eq. (4.49) into Eq. (4.50) gives 

  [  
   

  
]   [∬    (  (   

    

  
    

    
 
    

 (  )

 

  

]  (4.51) 

If the   (   is a statistically isotropic process, then Eq. (4.51) can be expressed as 

  *  
   

  
+  

 

 
∭     (    

 

  

  
   

 

 
  (4.52) 

where    
       (  .  

 

Plugin in the expression for  *     

  
+ in Eq. (4.52) into Eq. (4.48) and using the definition     

  ̅

  
 

(Eq. (4.32)), one gets  

      (  
   

 

 
)            (4.53) 

so that the effective hydraulic conductivity for the three-dimensional case is defined as 

      (  
   

 

 
)       (4.54) 

 

4.3. Stochastic analysis of macrodispersion in heterogeneous media 
In this section, the basic principles of the stochastic theory of macrodispersion in a randomly 

heterogeneous porous medium, as developed by (Gelhar and Axness, 1983), see also (Gelhar et al., 

1992), will be presented using a similar perturbation approach as for the groundwater flow equation 

in the previous section, but now for the solute transport equation. 
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4.3.1. The general solute transport equation 
Starting point of the analysis is the general (deterministic) partial differential equation describing 

solute transport (advection diffusion equation): 

   

  

  
 

 

   
(   

  

   
    )                             (4.55) 

where C is the transport solute concentration,    is the specific discharge in direction   ,    is the 

effective porosity of the medium and           and     is the dispersion coefficient tensor. It 

should be noted that        .  

 

For steady-state conditions and using the continuity equation as 
   

   
  ,  Eq.(4.55) becomes  

   

  

   
 

 

   
(   

  

   
)                             (4.56) 

 

4.3.2. Perturbation analysis solution of the general transport equation for density 

independent transport 
To solve the steady-state solute transport Eq. (4.56), a perturbation approach, similar to the 

groundwater flow equation in the previous section is done. To do this, the following assumptions are 

required:  
1. The local bulk dispersion coefficient     is constant 

2. Small random perturbations about the mean occur in specific discharge, concentration and 

log-hydraulic conductivity 

3. The perturbations are stationary spatial random fields 

 

Therefore, one can write the concentration, specific discharge and log-hydraulic conductivity in terms of a 

mean (indicated by a bar -) plus perturbations (indicated by a prime ‗):  

  (        (         (        (4.57) 

 

  (        (         (        (4.58) 

 

  (         (         
 (        (4.59) 

 

Putting in Eqs. (4.57) to (4.59) into Eq. (4.56), one readily finds: 

 
 

   
(       

    
     

   )     

  (     

      
  (4.60) 

Taking the expected value of each term in the above equation and doing some mathematical 

simplifications, Eq. (4.60) one gets the transport equation for the mean concentration   : 

 
 (    

   
 

 (  
    

   
    

   

      
  (4.61) 

Subtracting this mean Eq. (4.61), from Eq. (4.60), and omitting terms of second order, one gets the 

first-order approximation (the stochastic equation) for the concentration perturbation    :  
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 (  

      
  

   
    

    

      
  (4.62) 

 

Assuming the special case of 1D flow, i.e.  
 
          

 
   

 
  , the local hydromechanical 

dispersion coefficient tensor can be expressed as            
  where: 

     
=*

  
    
   

   
    

  
+  (4.63) 

where   is the pore velocity, i.e.  =    , and   
  and   

  are the longitudinal and transverse 

dispersivities, respectively, and where for simplification, the molecular diffusion term has been 

omitted. Then Eq. (4.62) can be written out as 

   
 
  

   
   

   

   
   *  

 
    

   
     

   (
    

   
  

    

   
 )  +  (4.64) 

which is the final stochastic solute transport equation for the concentration perturbations which 

differs from the ordinary transport equation (4.56) just by the additional advective flux term   
   

   
 

due to the discharge (velocity) fluctuations   
  

 

To solve Eq. (4.64), the Fourier-Stieltjes approach, as mentioned before in this chapter, is applied 

again. This means that the concentration fluctuations   (   as well as the Darcy flux perturbation as 

  
 (   are represented again by Fourier-Stieltjes integrals, i.e.   (   ∫         (  

 

  
 and 

  
 (   ∫   𝒌     

 (  
 

  
, respectively. Plugging these representations into Eq. (4.64) and using the 

differentiation property of the Fourier transform, one gets after some mathematical manipulations: 

  
    

 (𝒌  
      

   
 (𝒌 

[      
   

    
 (  

    
  ]  

                  (4.65) 

where     
  

   
 and  

  
   

 (𝒌   and  
    

 (𝒌  are the auto-covariance and cross-covariance spectra, 

respectively.  

 

The cross covariance between    and   
  can be written as: 

  [    
 ]      

  ∫  
    

 (𝒌  𝒌                                 

 

  

  (4.66) 

where     is the macroscopic dispersivity tensor and can be expressed as: 

     ∫
 
  

   
 (𝒌  𝒌

[      
   

    
 (  

    
  ]  

 

  

  (4.67) 

This is the most general form of the macroscopic dispersivity tensor. In order to evaluate Eq. (4.67) 

the auto-covariance spectrum  
  

   
 (𝒌  must be known, i.e. which arises from the velocity 

perturbations   
 (   which in turn are a consequence of local variations of the f’= ln(K) (hydraulic 

conductivity ) field. The latter is either given by its auto-covariance      (  , as for the general 3D 

anisotropic case by Eq. (4.22), or for its isotropic counterpart, as will it be analyzed here, by Eq. 
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(4.20), or more conveniently again by its corresponding spectrum,       , i.e. Eq. (4.43). As 

discussed earlier in Section 4.2.2, there are some asymptotic problems with the Eq. (4.20) for a 

layered medium, which the slight modification as in Eq. (4.23) circumvents, and for this reasons its 

autocovariance spectrum is used in the subsequent ongoing analysis. 

 

Interestingly, for an isotropic local dispersive process one can write 

             (4.68) 

where     is the Kronecker delta (      if i, j, zero otherwise) and    is the constant local 

dispersivity. Also, for   
    

     Eq. (4.67) reduces to 

 

     ∫
 
  

   
 (𝒌  𝒌

(           

 

  

  (4.69) 

where      
    

    
  . 

For evaluation of     for i = 1 and j = 1 by having Eqs. (4.38) and (4.39) one can produce a 

relationship between the complex Fourier amplitudes of specific discharge and log-hydraulic 

conductivity perturbations as 

     
      (    

    

  
       (4.70) 

According to the spectral representation theorem as presented in Section 4.2.3.3, its complex 

conjugate is 

   
  
 

      (    
    

  
     

   (4.71) 

Multiplying both sides of Eqs. (4.70) and (4.71) and taking their expected values gives 

  [    
    

  
 

 ]  (     
 (    

    

   (    
    

  ) [         
 ]  (4.72) 

Applying the spectral representation theorem in, one gets 

  
  

   
   

  
   

  (     
 (    

    

  
 (    

    

  
          

 ]  (4.73) 

As shown in Section 4.2.3.4, a first-order analysis for isotropic log-hydraulic conductivity field 

shows that      (     
   )           while        

    which is valid only when the 

variance of    process is small. It is conjectured that for larger variances, the relation   

    (   
     may provide a more suitable estimate of the parameter   (Gelhar, 1993). 

Substituting Eq. (4.53) into Eq. (4.73) one can get 

  
  

   
       (    

    

  
 (    

    

  
        (4.74) 

which relates the spectral density of flow perturbations to the spectral density of log-hydraulic 

conductivity perturbations. 

Putting Eq. (4.74) into Eq. (4.69) one can estimate     as 

     ∫
     (      

     (    
  

 

        

(           
 𝒌

 

  

  (4.75) 

noting that       one can write 
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        ∫ ∫ ∫
(    

      (         

(  
       )

     (                  

 

  

 

  

 

  

  (4.76) 

It is worth noting that Eq. (4.76) has both real and imaginary part but the imaginary part is going to 

be zero since the integrand is odd with respect to   . Then Eq. (4.76) can be written in the form of 

     
  

  
∫ ∫ ∫

(    
        

(  
       )

     (                  

 

  

 

  

 

  

  (4.77) 

by letting        ,        ,        and        Eq. (4.72) can be written as follow 

     
 

   
∫ ∫ ∫

(    
        

((     
            (                 

 

  

 

  

 

  

  (4.78) 

where      
    

    
 . 

 

Gelhar and Axness (1983) evaluated the integral in Eq. (4.78) by using the ―exact approach‖. The 

exact solution requires extensive manipulations, which are available in (Gelhar and Axness, 1983). 

They obtained the exact solution and the final result is 

 
    

  
  
 

  {   (
 

   
 

 

 
)    [      (  

 

 
)]    [    

 

 
]

   [
 

   
    (  

 

 
)]} 

 (4.79) 

where       , i.e. the inverse of a Peclet number (since         ) based on the correlation 

length. It is worth noting that the asymptotic solution for     will be gained when    , when the 

correlation length   is much larger than the local dispersivity. Finally, one can gets the famous 

formula 

       
  
      (4.80) 

 

Similarly, for evaluation of    ,     by putting      (𝒌     
       

*  (    
   

    
   

    
   

 )
 
+
 into 

 
  

   
       (    

    

  
 (    

    

         one can write for i = 2, 3 

 

         
   

  
 

    
∫ ∫ ∫

  
   

   
         

  
(  

       )(      
)
 

 

  

 

  

 

  

  (4.81) 

 

Similarly one can obtain 

         
  

  
 

  {
 

 
   [    (  

 

 
)]           (  

 

 
)}  (4.82) 

 

For     one gets  

         
  

  
 

  

 

 
 

   
  
 

   
  (4.83) 
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Furthermore, for the anisotropic case where   
    

 , by putting into and by substituting  
  

   
 (𝒌  from 

Eq. (4.74) in Eq. (4.67) one can find     as (Gelhar and Axness, 1983): 

     ∫
(    

    

   [  
   

    
 (  

    
  ]     (𝒌   𝒌

  [  
  [  

   
    

 (  
    

  ] ]

 

  

  (4.84) 

 

where      (𝒌     
       

*  (    
   

    
   

    
   

 )
 
+
 . 

 

For    , by defining     
    ,     

    
  and         , one gets 

     ∫ ∫ ∫
(    

       [  
   (  

    
  ]

   
 
[  

    [  
   (  

    
 )]

 
]
     (                  

 

  

 

  

 

  

  (4.85) 

 

Finally, one can calculate     as: 

         
      (4.86) 

 

Similarly, for     and     Eq. (4.85) can be simplified to: 
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  [  
    [  

   (  
    

 )]
 
]
     (                  

 

  

 

  

 

  

  (4.87) 

 

which gives: 

         

 
 
 

   
 

    
(  

   
 

  
    (4.88) 

 

Moreover, for two-dimensional case flow where         and      one can get: 

         
      (4.89) 

     
   

   
 

   
(  

   
 

  
    (4.90) 

In the following paragraph Eqs. (4.89, 4.90)  are applied to calculate the expected macrodispersivities for  the 

sand pack used in this investigation and of those used in previous tank experiments of  (Starke, 2005). 
 

Table. 4-1 shows the different sand packs‘ stochastic characteristics and Table  4-2  the calculated 

macrodispersivities for each of these sandpacks have been recorded in Table. 4-2, using the  
Table 4- 1. Characteristics of the various sandpacks of the laboratory experiments. 

Sand Pack  𝒍𝒏𝒌
    [𝒎]   [𝒎]   

  [𝒎]   
  [𝒎] 

Sandpack #1* 0.25 0.2 0.050 0.00015 0.003 

Sandpack #2* 1.00 0.4 0.100 0.00015 0.003 

Sandpack # 3* 1.50 0.3 0.075 0.00015 0.003 

Sandpack # 4 3 0.75 0.100 0.00015 0.003 

*Sandpacks used by (Starke, 2005) 

file:///C:/Users/MahanQwa/Desktop/Replace%20from%20here.docx%23_ENREF_120
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approximations of the flow function  . Since in all four tank experiment the correlation lengths are 

different in the x and y direction,      {     } has been used to calculate the 

macrodispersivities. 

 

As can be seen from Table. 4-2, increasing the heterogeneity of the sandpack     
 , increases both 

the longitudinal ( 
  
  and transverse (      macrodispersivity.  However, for the macrodispersivity 

ratio there exists no regular trend. 

 

Table 4- 2. Calculated longitudinal and transverse macrodispersivity and the macrodispersivity ratio 

for each sandpack using two versions of the flow function   . 

Sand Pack        
       [ ]      [m]               (   

         [ ]     [ ]         

Sandpack #1 1.043 0.046 9.935e-5 0.002 1.042 0.046 9.920e-5 0.002 

Sandpack #2 1.167 0.293 3.195e-4 0.001 1.181 0.287 3.090e-4 0.001 

Sandpack # 3 1.250 0.288 4.140e-4 0.001 1.284 0.273 3.924e-4 0.001 

Sandpack # 4  1.500 1.000 5.750e-4 0.0006 1.649 0.828 4.760e-4 0.0006 

 

Fig. 4-1 shows the calculated longitudinal (     (left panel) and transverse (      (right panel) 

macrodispersivities as a function of the variance     
  for different macrodispersivity parameters in 

Eqs. (4.89 and 4.90). As can be seen, there exists an optimal value for     
  for which the two 

macrodispersivities are maximum. Interestingly, this optimal     
  is around 3 which is exactly the 

variance of the heterogeneous sandpack #4 used in this study. By increasing     
  the 

macrodispersivity will start to increase, until reaching its maximum value, and decrease hereafter. 

The latter is due to the increasing dominance of the flow function   (~    
 ) in the denominator of 

Eqs. (4.89 and 4.90). It is also noticeable that increasing the correlation length  , increases the 

longitudinal macrodispersivity      drastically; meanwhile, increasing the microdispersivity ratio 

        decreases the macrodispersivity gradually. It is also obvious from both the table and the figure 

that the values obtained for the longitudinal macrodispersivity     are 4-5 order of magnitudes larger 

than those obtained for the transverse macrodispersivity     . 

 
Fig. 4- 1 Variation of the longitudinal (left)  and the transverse (right)  macrodispersivity versus the variance 

of the sandpack  for different macrodispersivity parameters in Eqs. (4.89 and 4.90). 
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Up to now the macrodispersion in density-independent transport has been studied only, and the 

transverse as well as the transverse macrodispersivities have been calculated. In the next section, the 

dispersivities for density-dependent solute transport in a porous media will be calculated. 

 

4.3.3. Perturbation analysis solution of the general transport equation for density 

dependent transport 

4.3.3.1 Perturbation analysis of the effective hydraulic conductivity and macroscopic 

dispersion coefficient 

As mentioned before, the effective hydraulic conductivity depends on the statistic characteristics of 

local hydraulic conductivity (   and    
 ) and the perturbation of the hydraulic head and solute 

concentration caused by heterogeneity of hydraulic conductivity (     

   

̅̅ ̅̅ ̅̅ ̅
 and     ̅̅ ̅̅ ̅).  

 

In the same manner, the macrodispersion is affected by local dispersivity (deterministic dispersivity) 

and the perturbation of concentration and seepage velocity (  
   ̅̅ ̅̅ ̅̅ ). General form of the effective 

hydraulic conductivity discussed in previous section (Eq. (4.54)) and macrodispersion coefficient are 

written as: 

       (  
  

 

 
   )  (4.91) 

            (4.92) 

where     and    are the effective and geometrical hydraulic conductivity, respectively and     is 

the effective macroscopic dispersion coefficient. Also,    and    are the coefficients induced by the 

perturbation of hydraulic conductivity, which have the following definition 

 
    

(    
 

   

̅̅ ̅̅ ̅̅ ̅̅
      ̅̅ ̅̅ ̅)

  
 

 (4.93) 

and 

     
  

   ̅̅ ̅̅ ̅̅

  
  (4.94) 

where   
 

  

  

  
 is density coefficient and    

  ̅

   
   ̅   (i.e. for    where           and 

    ) is the mean hydraulic gradients, and    
  ̅

   
 is concentration gradient in    direction. The 

local dispersion coefficient is also given previously in Eq. (3.15). By employing Eq. (3.15) 

macrodispersivity can be expressed as the summation of local dispersivity and a perturbation 

induced coefficient ( ): 

            and            (4.95) 

 

where     and     are the effective longitudinal and transverse macrodispersivity, respectively. 

Further,    and    show the perturbation induced coefficients for longitudinal and transverse 

macrodispersivity, respectively. 
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In order to determine the effective parameters, the perturbation terms of      

   

̅̅ ̅̅ ̅̅ ̅
 ,     ̅̅ ̅̅ ̅ and   

   ̅̅ ̅̅ ̅̅  must 

be expressed analytically. The local dispersion coefficient and porosity are considered as constants 

since the effects of variations of them on the macroscale flow were found to be secondary when 

compared to the effects of hydraulic conductivity variation (Brenner, 1980; Gelhar et al., 1979). 

 

Figure (4.2a) illustrates seawater intrusion which is assumed as a process, where horizontal seepage 

velocity is larger than vertical velocity, but the horizontal concentration gradient is smaller than the 

vertical concentration gradient. Employing this assumption, one can ignore the mean horizontal 

concentration gradient (  ) and the mean vertical seepage velocity (  ̅̅ ̅) when compare it to    and 

  ̅̅ ̅ (the horizontal flow dominates the vertical flow). On the other hand, for contamination 

infiltration (Figure (4.2b)), the mean horizontal seepage velocity is ignored when compared to 

vertical seepage velocity (as the vertical flow dominates the horizontal flow). Based on this 

assumption one can write: 

 

For seawater intrusion: 

 [    
    (  

    
      ]  ̅̅ ̅    (          

(    (4.96) 

And for contamination infiltration 

 [    
    (  

    
      ]  ̅̅ ̅    (          

(    (4.97) 

 

 

Fig. 4- 2 Schematic diagrams showing flow processes of (a) seawater intrusion and (b) 

contamination infiltration. 

 

It can be shown that the semi analytical expressions for    in Eq. (4.79) can be determined 

mathematically as (Jiang et al., 2014): 

    ∫
  

 

  
    

    
    (    

 

  

  (4.98) 
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 (4.100) 

where      
  (  

    
    

               ̅̅ ̅ and             ̅̅ ̅ represent the ratio of total 

mass variation induced by density and hydraulic gradients, and       
    (  

    
  . 

Now in order to develop the macrodispersivity for three dimensional density-dependent flow, the 

perturbation of concentration is treated as a summation. Since the concentration is a scalar rather 

than a vector one can write. 

      
    

    
    

   (4.101) 

We define arbitrarily that perturbation   
 ,   

  and   
  satisfy the following equations respectively: 
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    (4.102) 
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    (4.103) 
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    (4.104) 

In addition, the other component   
  must satisfy: 

   

    
 

   
    

    
 

   
    

    
 

   
    ̅̅ ̅

   
 

   
   ̅̅ ̅

   
 

   
    (4.105) 

  
 ,   

  and   
  in Eqs. (4.95, 4.96 and 4.97) represent the first order perturbation of salinity, which 

only relate to the dispersion and advection in   ,    and    direction, respectively. This leads to the 

fact that the covariance between    and    is zero (     
 ̅̅ ̅̅ ̅   ) when          . The cross 

influences by dispersion and advection in different directions is represented by   
 . 

The Fourier-Stieltjes representations for the Eqs. (4.94, 4.95, 4.96 and 4.97) leads to 

 (    
        ̅̅ ̅             

  (4.106) 

     
   ̅̅ ̅             

  (4.107) 

 (    
        ̅̅ ̅             

  (4.108) 

 (    
      

      
       ̅̅ ̅       ̅̅ ̅         (4.109) 
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Therefore, the perturbation terms of 
     

 ̅̅ ̅̅ ̅̅

   
 can be expanded as 
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 (4.110) 

Recalling the definition of macrodispersivity in Eq. (4.81) and employing the same approach for 

determination of Eq. (4.91, 4.92 and 4.93) for the perturbation-induced coefficient ( ) one can write: 
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In addition, in order to show the dependence of macrodispersivity on the correlation scale of 

hydraulic conductivity and density, by employing Eqs. (4.104, 4.105 and 4.106) we can write the 

dimensionless expression for macrodispersion as: 
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4.3.3.2. Variance of seepage velocity and solute concentration 

Now that the effective hydraulic conductivity and macrodispersivity are expressed deterministically, 

seepage velocity and the mean concertation can be solved. The effective governing equations are as 

follow: 
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Now the variance of these variables can be developed as the following 
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Now that the effective hydraulic conductivity and macrodispersivity are derived for three 

dimensional steady-state flow, one can apply these equations in order to determine these values with 

a semi analytical approach. However, for the cases that the scale of density-dependent flow is no 

much larger than the correlation scale of the aquifer or for the cases that the boundary conditions 

affect the flow significantly it is better to employ Monte Carlo approach instead (Welty et al., 2003). 

The Monte Carlo approach discussed in the following section and later on is employed in simulation 

chapter. 

 

4.4. Monte Carlo approach 
The main idea of Monte Carlo approach is to learn about a system by simulating it with random 

samples taken from that system. The Monte Carlo approach is used in majority of quantitative 



CHAPTER 4: STOCHASTIC ANALYSIS OF FLOW AND TRANSPORT IN HETEROGENEOUS POROUS 

MEDIA 

 

52 

 

subject of study, such as physical sciences, engineering, statics and etc. In Monte Carlo the goal is to 

estimate a population expectation by the corresponding sample expectation. For this we express the 

quantity that we want to know as the expected value of a random variable  , such as    (  . 
Then we generate values            independently and randomly from distribution of   and take 

their average 

 
 ̂  
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 (4.122) 

as our estimate of  . 

Commonly we have    (   where the random variable        has a probability density 

function  (  , and   is a real valued function defined over  . Then   ∫  (   (    
 

. In other 

words,   is a discrete random variable with a probability mass function that we can call  . The input 

  is not even need to be a point in Euclidean space at all. As long as    (   is a quantity that can 

be averaged, one can apply Monte Carlo method. 

The primary justification for Monte Carlo is through the laws of large numbers. For the defined   

above under the weak law of large numbers (which is a result in probability theory also known as 

Bernoulli's theorem) we have 

    
   

 (  ̂           (4.123) 

which holds for any    . The weak law tells us that the chance of missing by more than   goes to 

zero. The strong law of large number illustrates a bit more. The absolute error   ̂     will 

eventually get below   and then stay there forever: 

  (    
   

  ̂      )     (4.124) 

While both laws of large numbers tell us that Monte Carlo will eventually produce an error as small 

as we like, neither tells us how large   has to be for this to happen. They also do not give 

information that for a given sample            whether the error is likely to be small. 

However, the situation improves significantly when   has a finite variance. The variance of  ̂  is 

 
 (( ̂       

  

 
 

 (4.125) 

While it is intuitively obvious that the answer should get worse with increased variance and better 

with increased sample size, Eq. (4.125) gives us the exact rate of exchange. The root mean squared 

error (RMSE) of  ̂  is √ (( ̂       
 

√ 
 . To get one more decimal digit of accuracy is like 

asking for an RMSE one tenth as large, and that requires 100-fold increase in computation. In order 

to increase the accuracy one should either decrease variance or increase the number of realizations. 

For our case since we want to investigate a relatively high variance case it is not possible to change 

the variance, so to gain better accuracy our solution is to increase the number of realizations. 

Previously in the work of (Starke, 2005) number of realization was considered to be 60 for    
     and 150 for        , but since in our case the variance is much larger (         ), the 

number of realizations should be increased considerably. In this case the number of realizations for 

the Monte Carlo simulation is around 350. Later on more details about it will be discussed. 
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4.5. Experimental determination of macrodispersion from moment 

analysis of solute plumes 
The goal here is to determine the hydrodynamical dispersion, i.e. the apparent macrodispersion from 

evolving solute plumes in heterogeneous porous media from the experimentally measured spatial 

moments of the plume extension.  

 

Starting point of the underlying theory of this moment analysis is the governing differential equation 

of solute transport given by Eq.(2.57):  
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where    is the effective molecular diffusion coefficient, and the mechanical dispersion coefficient 

is assumed to be zero according to Eq. (3.15). By changing the parameters as Utx   and t  

one can simplify Eq. (4.126) to:  
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Considering an instantaneous, infinitely short injection of solute masse M at time 0 at location 0 , the 

initial initial condition  (     
 

  
 (  , where e  is the effective porosity, and )(x  is the Dirac 

function which is infinite at     and zero for   0. As the mass in the system is conserved, the 

following condition holds:  
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In addition 
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Finally, Eq. (4.2) which is an initial and boundary-value problem can be solved (Bear, 1979) as: 
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 are the zeroth, first, second and nth moment of concentration distribution, 

respectively, one can readily find the variance of the concentration distribution as the second spatial 

moment which by virtue of Eq. (4.130), is : 
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Simply, by a change of variables  
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Eq. (4.131) can be converted to Eq. (4.133) using the Gamma function: 
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which after some mathematical simplifications, results in:  
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so that the fundamental equation for the determination of the diffusion coefficient    becomes  

    
 

  
  

   (4.135) 

or when incremental changes of the time are considered  

    
 

 

   
 

  
  (4.136) 

 

This analysis can be easily extended to three dimensions, i.e. considering 3D solute transport as well 

as to include mechanical dispersion which is specified by the mechanical dispersion coefficient 

tensor (  ) which in turn is related to the dispersivity tensor A by  

 [  ]  [ ][ ]  (4.137) 

where v is the groundwater velocity (see Eq. 3.1). 

 

Combing Eqs. (4.136) and (4.137) results in (Fischer, 1979; Freyberg, 1986; Gelhar et al., 1979; 

Güven et al., 1984) in the fundamental equation for determining the dispersivity A of the porous 

media.  
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where     is given in Eq. (3.4) 

 

Another form (Garabedian et al., 1991) is then 
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or written out component-wise 
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where    
      

         
  are the centered plume moments in the corresponding coordinate directions.  

With regard to the tank experiments with horizontal flow in the x-direction,    
  would define the 

longitudinal- and    
         

  the horizontal and vertical transversal dispersivities, respectively. 

More specifically, the latter     of the evolving saltwater plume in steady-state is then computed 

from the x-derivative of the vertical second moment    
  along the tank. Further details will be given 

in the corresponding chapter later.  

 

One of the most important points in analyzing the heterogeneous systems is the scale issue and by 

considering the concept of representative volume element (REV), local scale will be defined as the 

smallest scale of interest in the aquifer (Bear, 1972; Bear, 1979). It is worth noting that the REV 

might be considered as the minimum volume of porous media for which the porosity or hydraulic 

conductivity can be represented as properties of the whole aquifer. Thus, when this REV is 

considered as a cube, then the local scale would be related to the length of one of the sides of the 

cube. Due to the fact, it is necessary to define the correlation scale for the aquifer which means in 

general, the average distance over which the variations in continuum properties of the aquifer are 

correlated. Gelhar and Axness (1983) in a research work showed that the classical continuum flow 
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description is valid at the local scale assuming that the scale of the REV is much smaller than the 

correlation scale of the aquifer properties. In the stochastic analysis, they considered implicit 

ergodicity in the model which means that the solute transport in an ensemble of aquifers with the 

assigned statistical properties approximates a real situation that involves solute transport in a single 

heterogeneous aquifer. This is simplification is only correct when the flow system scale is large 

enough to be compared with the aquifer correlation scales. Therefore, the macroscopic dispersivity 

obtained is meaningful only when the overall scale of the solute transport problem is large compared 

with the correlation scale of the hydraulic conductivity. 
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Chapter 5 
5. Experiments in a Stochastic Model Aquifer 
5.1. Configuration of the experimental model 
5.1.1. Tank design and experimental setup 
In order to model the density-dependent macrodispersive solute transport in a stochastic porous 

media experimentally, a model tank was used at the hydraulic laboratory of the University of Kassel. 

The tank, which is        long,         wide and           high, is built of Plexiglas. 

Given the dimensions of taaahe tank, the flow in the tank will be essentially two-dimensional, yet the 

tank is wide enough to avoid the boundary effects of the Plexiglas side walls. These side walls are 

supported by vertical steel bars placed at distances one meter apart. The bottom of the tank is sealed 

with a layer of swelling clay and the top cover is squeezed onto the tank using steel tube and c-

clamps (see Figure (5.1)). 

At the two ends of the tank the inflow and outflow chambers are attached, which are separated from 

the sand-package in the tank by a perforated plate and geo-textile (permeable fleece). The inflow 

chamber is separated horizontally into two sub-chamber by a plastic plate, which protrudes about 0.3 

  into the tank, providing an initial interface between the inflows from the two sub-chambers, 

before these are able to mix with each other in the tank (see Figure (5.2)). The outflow chamber 

attached to the end of the tank is constantly stirred by an automatic stirrer. This stirrer which is 

illustrated in Figure (5.3) guarantees a constant boundary condition at the end of the tank, since it 

ensures a constant concentration at all heights. 

The purpose of the experiment is to carry out an analysis of macrodispersion for a stable fluid 

stratification. To consider it, the upper inflow sub-chamber is fed with degassed and deionized 

water, while the lower inflow sub-chamber is fed with saltwater, which is a prepared solution of 

given concentration    of chemically pure NaCl in degassed and deionized water. 

 

 

Fig. 5- 1 Modified tank model with the dimensions of      𝒎,       𝒎 and         𝒎 in 

the hydraulic laboratory at the University of Kassel. 
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The horizontal hydraulic gradient across the tank that is driving both the fresh and saltwater flow is 

adjusted by rising or lowering the two small inflow/overflow containers with respect to the 

outflow/overflow container (Figure (5.4)). Furthermore, seven piezometers are installed at various 

locations of the tank in order to determine the hydraulic (piezometric) heads at these points. There 

are two piezometers before the inflow fleece, one in the saltwater sub-chamber and one in the 

freshwater sub-chamber. In the same manner there are two other piezometers after the inflow fleece 

which are indicate the hydraulic head inside the tank for both saltwater and freshwater sub-

chambers. Additionally, there are two other piezometers at the end of the tank before the outflow 

fleece, showing the heads before the outflow fleece at two different points. Finally, there is a 

piezometer connected to the outflow/overflow container. 

Inflow discharges into the upper and lower inlet sub-chambers are checked with two electromagnetic 

flowmeters illustrated in Figure (5.5), since one of the main conditions of the experiments is to 

control the freshwater and saltwater flow rates at all times during the experiment. This is achieved 

by appropriate relative height adjustments of the freshwater and saltwater overflow containers.  

The working principle of such an electromagnetic flowmeters is based on Faraday‘s law of 

electromagnetic induction, wherefore a flowing conductive liquid (which can be pure water, because 

of its small degree of auto-dissociation, or a NaCl-solution) through a magnetic field applied 

perpendicular to it, generates a small electrical field, i.e. a voltage difference between two plates 

aligned perpendicular to both the magnetic flied and the flow direction on the tube walls. This 

voltage difference is proportional to the flow velocity. 

 

Fig. 5- 3 Inflow chamber separated into two sub-

chambers with a plastic plate with the length of 𝟎 𝟑 𝒎 

inside the tank preventing a premature mixture of salt- 

and freshwater. 

Fig. 5- 2 Outflow chamber with 

stirrer, to guarantee constant 

boundary condition at the end of 

the tank. 
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5.1.2. Determination of in-situ concentration in the tank 

5.1.2.1 Sampling procedure 

To determine the in-situ concentration in the tank, 159 sampling ports are placed along 9 vertical 

transects positioned at the horizontal locations shown in Figure (5.6). Each sampling port consists of 

a hollow steel needle that protrudes about      into the sand tank and is closed at the outside 

through a valve which allows to evacuate standing fluid in the needle before a new sampling round. 

The ports are sampled consecutively during the experiment by opening the valves and collecting 

about 15-20 drops of solute and storing them in small vials (Figure (5.7)). After the probing is 

completed, the electric conductivity of each sample is measured in a microcell attached to a digital 

conductivity meter (Figure (5.7)). The NaCl-concentration of the sample is then determined from 

experimentally established calibration curves for two different kinds of salt that had to be used over 

the 2-years long course of the experiments, as discussed in the following section.  

    

Fig. 5- 4 Two different Piezometer boards employed in different stages of the experiment in order to 

keep track of changes in pressure inside and outside of the tank. 

 
Fig. 5- 5 The two electromagnetic flowmeters (model Proline Promag 53) employed to track the 

flowrates of salt and freshwater at all times during the experiment.  
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Fig. 5- 6 Schematic of the experiment setup, with observation ports and piezometer locations 

 
Fig. 5- 7 Digital conductivity meter (LF 3000) employed to measure the conductivity of the fluid. 

Also shown is the probing syringe attached to the microcell to suck in the solute from the vials.  
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5.1.2.2. Calibration of saltwater concentrations on electrical conductivities. 

To calibrate the two kind of salts used over the long duration of the experiments, their electrical 

conductivity is measured for different concentrations. Then the measured data is fit by a polynomial 

function of degree 2. The fitted values for this function are shown in Figures (5.8) and (5.9) for the 

two salts. Other statistical parameters, such as SSE,    and RMSE are also included in this figure 

and are explained in the following paragraph. 

 

SSE: Sum of Squared Error is the sum of the squared residuals (error) between measured    and 

fitted [  ] ̂  value and is defined as  

     ∑(     ̂ 
 

 

   

 (5.1) 

A value closer to 0 indicates that the model has a smaller random error component and therefore, the 

fit will be more useful for prediction. 

 

   : Coefficient of determination measures indicates the proportion of the variance in the dependent 

variable    that is predictable from the independent variable  . In the case of linear regression    is 

also equal to    , the square of the Pearson correlation coefficient. 

   is defined as  
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with            , where     is defined as 
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and     as 
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   can take any value between 0 and 1, with a value closer to 1 indicating that a greater proportion 

of variance is accounted for model, i.e. by Eq. (5.4) that the     tends to zero and the measured    

are fitted better. 

 

RMSE: Root Mean Squared Error which is also known as the standard error of regression. It is an 

estimate of the standard deviation of the random component in the data and is defined as 

        √    (5.5) 

where     is the mean square error and is equal to     
   

   
 ( , the number of observed values 

and  , the number of regression coefficients). Similar to    , the smaller the RMSE the better is the 

fit of the model.  

 

The comparison of the calibration curves for the two salts in Figures (5.8) and (5.9) illustrates that, 

based on the values of RMSE,    and SSE salt 2 is slightly better fitted than salt 1. However these 

differences are marginal. 
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Fig. 5- 8 Salt 1 calibration curve with statistical values of the polynomial fit. 

 

 
Fig. 5- 9 Salt 2 calibration curve with statistical values of the polynomial fit. 

 

5.1.3 Stochastic packing of the tank 
In view of the analysis of the effects of a stochastic heterogeneous porous medium on the 

macrodispersion in variable density flow, some of the basics of the stochastic theory of flow and 

transport in such media, as presented in Chapter 4, are recapitulated here again (Gelhar, 1993).  

One postulate of this theory is that the distribution of the natural logarithm of the permeability  , 

    (  , of such a random medium is fully described as a second-order stationary Gaussian 

process with mean   = Ȳ, variance   
 , and correlation lengths   ,   , and    (where for a 3D 

isotropic medium    =    =   ). For the present tank the flow is confined to a 2D vertical (x-z) 

plane, i.e. only    and    need to be considered. To satisfy the condition of ergodicity (Gelhar, 

1993), which basically means that time averaging of the fluid processes can be substituted by sample 

averaging of the random medium, the possible travel path lengths in the tank should be one to two 

orders of magnitude larger than the correlation lengths.. 
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Under these constraints, the tank packing is done with correlation lengths           and    
       , i.e. an anisotropy factor           , a value which is representative of real field values 

(Gelhar, 1993). The same holds for the variance   
  which for the present realization is chosen as 

  
        . 

Prior to the packing of the tank, the following steps are carried out: 

 

5.1.3.1. Determination of the hydraulic characteristics of the employed sands 

5.1.3.1.1 Grain size analysis of the sands 

For the packing of the tank, ten pre-sieved classes of chemically pure industrial quartz-sand were 

selected, such that each class has a narrow distribution, but the total range over all classes cover all 

grain sizes that an aquifer usually consists of. Since these sands are crucial in this experiment, a 

more precise sieve analysis of the grain size distribution curves was conducted in the Geotechnics 

Laboratory based on which the grading curve (grain size distribution curve) was plotted. In the end 

the data from the Geotechnics lab has been compared with the data presented by the seller. Figure 

(5.10) illustrates a grain size distribution curve for one of the sands (sand 8) The grain size 

distribution curves for the nine other sands are included in the appendix of the thesis. The sieve 

analysis results of all ten sands are presented in Table (5.1). 

 

Using the grading curve uniformity coefficient   , the coefficient of curvature (coefficient of 

gradation)    and the effective grain size    , the hydraulic conductivity based on the Hazen formula 

below was also determined. 

       
 
 (5.6) 

 

 
Fig. 5- 10 Grain size distribution curve for grain class 8. 
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Table 5- 1 Measured grain size characteristics of all ten sands used to pack the tank together with 

Hazen-determined hydraulic conductivities. 

Class   (𝒎𝒎      (𝒎𝒎     (𝒎𝒎     (𝒎𝒎      ( 𝒎     𝒖     (𝒎 𝒔⁄   Hazen  

2G 2 3.6049 5.7224 6.2381 14 1.7 1.0          

2F 1 1.9662 3.5787 4.0210 9 2.0 1.0          

3Old 0.5 0.9237 1.6112 1.8203 5 2.0 1.0          

3New 0.6 1.7331 2.7905 3.0530 6 1.8 1.0          

5G 0.6 1.2455 2.4435 2.7392 6 2.2 1.0          

5F 0.5 0.8909 1.4217 1.5638 4 1.8 1.0          

7 0.3 0.4678 0.7979 0.8980 3 1.9 1.0          

8 0.16 0.2891 0.5764 0.6539 2 2.3 1.0          

9H 0.06 0.1402 0.3080 0.3444 0.9 2.5 1.2          

GEBA 0.04 0.087 0.1615 0.1797 0.0865 2.1 1.0          

 

5.1.3.1.2 Experimental determination of hydraulic conductivity 

The hydraulic conductivity of all classes of sands were also determined by Darcy flow methods. 

Based on the type of the sand and its size, two different methods are employed. Whereas for the finer 

sands 9H and GEBA, the Darcy- falling head method was employed in the Geotechnics Laboratory, 

for the other classes of sands the Darcy- constant head method in the Hydraulic Laboratory was 

applied. 

 

Darcy- constant head method: 

For the Darcy- constant head measurement the previously employed permeameter by former 

researcher Bettina Starke (2001) was modified, in order to increase the accuracy of the experiment. 

Figures (5.11) and (5.12) illustrate the design of the old and the modified method, respectively. It 

can be observed that in the old method one can only measure hydraulic head at two points, whereas 

in the modified version one can measure the hydraulic head at four points. Additionally, the old 

method only provides one hydraulic gradient, whereas in the modified method there is no limit on 

the number of hydraulic gradients that can be measured.  

 

The new modified permeameter consists of a cylinder which is filled with the sand to be probed. 

Filling is done in saturated state under water in steps of      . Also, since these sands are filled into 

the tank under compaction, it is necessary that the sands in the Darcy‘s cylinder are also kept under 

pressure which is done by squeezing two porous plates at the top and bottom ends of the sand 

column. To keep the head constant, the bottom and the top of the cylinder are then connected to 

inflow and outflow overflow containers, respectively and piezometers are connected to the four ports 

situated at different heights along the cylinder (see Figure (5.12))  

 

For the determination of the hydraulic conductivity of a sand class, the heights of the containers 

were adjusted 3 to 4 times to obtain different head losses. The head loss between points 2 and 4 was 

measured with the piezometers connected to these points. The outflow was collected in another 

container for 60 seconds and it was repeated 10 times for each hydraulic gradient of each sand class. 

The outflow was weighed, so that the volume of water can be measured using the water density. 

Finally, the hydraulic conductivity is determined by inverting Darcy‘s law. Since Darcy‘s law 

applies just for the laminar flow of low Reynold number, the latter is calculated for each experiment  
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Fig. 5- 11 Illustration of Darcy’s experiment and the apparatus designed and used by (Starke, 

2005). 

 
Fig. 5- 12 Illustration of the modified constant-head Darcy permeameter. 

 

to control the limitations of Darcy‘s law. The finally determined hydraulic conductivity for the sand 

class is then calculated as the average of the hydraulic conductivities obtained for the different 

hydraulic gradients of the set of Darcy experiments for that sand class.  

Tables (5.2, 5.3, 5.4) and (5.5) list the measured data for four different hydaulic gradients for the 

Darcy experiment with sand 8 and Figure (5.13) shows the discharge (Darcy velocity) as a function 

of these hydraulic gradients. A nearly perfect linear relationship between these two parameters is 

observed, which indicates that the experiments have been carried out well within the range of the 

validity of Darcy‘s law. 
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Table 5- 2 Results of constant-head Darcy experiment for sand 8 with head loss of           𝒎. 

                       
  

  
                    

         
  

 
                         

 
 [ ]  [  ]  [  ]  *

  

 
+  *

 

 
+ Re 

 
60 1.466 1.469077e-3 2.44846e-5 8.82039e-4 5.17e-1 

 
60 1.459 1.462062e-3 2.43677e-5 8.77828e-4 5.15e-1 

 
60 1.463 1.466070e-3 2.44345e-5 8.80234e-4 5.16e-1 

 
60 1.468 1.471081e-3 2.4518e-5 8.83243e-4 5.18e-1 

 
60 1.455 1.458053e-3 2.43009e-5 8.75421e-4 5.14e-1 

 
60 1.460 1.463064e-3 2.43844e-5 8.78429e-4 5.15e-1 

 
60 1.453 1.456049e-3 2.42675e-5 8.74218e-4 5.13e-1 

 
60 1.454 1.457051e-3 2.42842e-5 8.74819e-4 5.13e-1 

 
60 1.450 1.453043e-3 2.42174e-5 8.72413e-4 5.12e-1 

 
60 1.450 1.453043e-3 2.42174e-5 8.72413e-4 5.12e-1 

Sum 600 14.578 1.460859e-2 2.43477e-4 8.770e-3 
5.15 

Mean 60 1.4578 1.460859e-3 2.43477e-5 8.77106 e-4 5.15e-1 

Standard deviation 6.4256e-3 6.43913e-6 1.07319e-7 3.86608e-6 2.27e-3 

   
   

 
          

   

    

         
 

 
 

Table 5- 3 Results of constant-head Darcy experiment for sand 8 with head loss of           𝒎. 

                       
  

  
                    

          
  

 
                         

 
 [ ] 

 [  ]  [  ] 
 *

  

 
+  *

 

 
+ Re 

 
60 1.109 1.111327 e-3 1.85221e-5 6.67245e-4 3.91e-1 

 
60 1.114 1.116338 e-3 1.86056e-5 6.70254e-4 3.93e-1 

 
60 1.110 1.112329 e-3 1.85388e-5 6.67847e-4 3.92e-1 

 
60 1.109 1.111327 e-3 1.85221e-5 6.67245e-4 3.91e-1 

 
60 1.115 1.117340 e-3 1.86223e-5 6.70855e-4 3.94e-1 

 
60 1.109 1.111327 e-3 1.85221e-5 6.67245e-4 3.91e-1 

 
60 1.110 1.112329 e-3 1.85388e-5 6.67847e-4 3.92e-1 

 
60 1.108 1.110325 e-3 1.85054e-5 6.66644e-4 3.91e-1 

 
60 1.113 1.115336 e-3 1.85889e-5 6.69652e-4 3.93e-1 

 
60 1.110 1.112329 e-3 1.85388e-5 6.67847e-4 3.92e-1 

Sum 600 11.107 1.1130309e-2 1.85505 e-4 6.68e-3 3.92 

Mean 60 1.1107 1.113031 e-3 1.85505e-5 6.68268e-4 3.92e-1 

Standard deviation 2.40601 e-3 2.41106e-6 4.01843e-8 1.44761e-6 8.49e-4 
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Table 5- 4 Results of constant-head Darcy experiment for sand 8 with head loss of           𝒎. 

                       
  

  
                    

          
  

 
                     

 

 [ ] 
 [  ]  [  ] 

 *
  

 
+  *

 

 
+ Re 

60 0.245 2.45514e-4 4.09190e-6 1.47408 e-4 8.65e-2 

60 0.241 2.41506e-4 4.02510e-6 1.45001 e-4 8.51e-2 

60 0.247 2.47518e-4 4.12531e-6 1.48611 e-4 8.72e-2 

60 0.238 2.38499e-4 3.97499e-6 1.43196 e-4 8.40e-2 

60 0.250 2.50525e-4 4.17541e-6 1.50416 e-4 8.82e-2 

60 0.248 2.48520e-4 4.14201e-6 1.49213 e-4 8.75e-2 

60 0.252 2.52529e-4 4.20881e-6 1.51619 e-4 8.89e-2 

60 0.254 2.54533e-4 4.24222e-6 1.52823 e-4 8.96e-2 

60 0.262 2.62550e-4 4.37583e-6 1.57636 e-4 9.25e-2 

60 0.260 2.60546e-4 4.34243e-6 1.56433 e-4 9.18e-2 

Sum 600 2.4970 2.50224e-3 4.17040e-5 1.50e-3 8.81e-1 

Mean 60 0.2497 2.50224e-4 4.17040e-6 1.50235e-4 8.81e-2 

Standard deviation 7.646 e-3 7.66167e-6 1.27694e-7 4.6001e-6 2.70e-3 

   
   

 
           

   

    

         
 

 
 

 

Table 5- 5 Results of constant-head Darcy experiment for sand 8 with head loss of        𝒎. 

                     
  

  
                    

          
  

 
                    

 

 [ ] 
 [  ]  [  ] 

 *
  

 
+  *

 

 
+ Re 

60 0.585 5.86228 e-4 9.77046e-6 3.51973 e-4 2.06e-1 

60 0.587 5.88232 e-4 9.80386e-6 3.53177 e-4 2.07e-1 

60 0.584 5.85226 e-4 9.75376e-6 3.51372 e-4 2.06e-1 

60 0.58 5.81217 e-4 9.68695e-6 3.48965 e-4 2.05e-1 

60 0.587 5.88232 e-4 9.80386e-6 3.53177 e-4 2.07e-1 

60 0.584 5.85226 e-4 9.75376e-6 3.51372 e-4 2.06e-1 

60 0.585 5.86228 e-4 9.77046e-6 3.51973 e-4 2.06e-1 

60 0.581 5.82219 e-4 9.70365e-6 3.49567 e-4 2.05e-1 

60 0.58 5.81217 e-4 9.68695e-6 3.48965 e-4 2.05e-1 

60 0.585 5.86228 e-4 9.77046e-6 3.51973 e-4 2.06e-1 

sum 600 5.838 5.85025 e-3 9.75042e-5 3.51e-3 2.06 

Mean 60 0.5838 5.85025 e-4 9.75042e-6 3.51251 e-4 2.06e-1 

Standard deviation 0.002616 2.62168e-6 4.36947e-8 1.57407e-6 9.23e-4 
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Fig. 5- 13 Constant-head Darcy experiment- measured specific discharges for the four prescribed 

hydraulic gradients for sand 8 (see Tables (5.1-5.4)) with fitted linear regression line. 

In the same manner, the hydraulic conductivity of all sand classes were measured and calculated 

according to the tables presented in Appendix B.  

Darcy- falling head method: 

The hydraulic conductivity of the sands 9H and GEBA were measured by means of the falling head 

method (DIN)
1
 in the Geotechnics Laboratory. Similar to the constant head method, the falling head 

method is a direct application of Darcy‘s law to one dimensional, saturated column of soil with a 

uniform cross sectional area. In contrast to the constant head method, in the falling head method the 

liquid that goes through the sand column is as at an unsteady-state flow regimen as both the head and 

the discharged volume vary during the test.  

 

In the falling head test, a cylindrical soil sample with cross section area of   and length   is placed 

between two highly conductive plates. The soil sample column is connected to a standpipe of cross 

sectional area  , in which the fluid enters the system. Therefore, by measuring the change in head h 

in the standpipe during a specified interval      , the saturated hydraulic conductivity     (at 10 ) 

is determined as (Klute and Dirksen, 1986): 

     
     

    
   

[
 
 
 
 
 
 
(   (

  
  ⁄ )     (

  
  ⁄ ))     

(   (
  

  ⁄ )     (
  

  ⁄ ))     
]
 
 
 
 
 
 

 (5.7) 

   
     

(                    
 (5.8) 

                                                           
1 Deutsche Industrie-Norm (DIN) 18130-1:1998-05, ―Baugrund - Untersuchung von Bodenproben; Bestimmung des 

Wasserdurchlässigkeitsbeiwerts - Teil 1: Laborversuche‖, 1998-05. 
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Fig. 5- 14 Darcy experiment-falling head method test, laboratory setup and schematic design. 

where   is a temperature coefficient to correct for the actual temperature  ,   is extra pressure 

exerted to speed up the infiltration of the water through soils with very small permeabilities. Here it 

has been taken as zero which simplifies Eq. 5.7. Figure (5.14) illustrates the experimental setup in 

the laboratory and the schematic of this method (R=L)  

Tables 5.6, 5.7, 5.8 list the measured data for three sample experiment with sand class 9H. The 

measured data for sand type GEBA can also be found in the Appendix C. 

Table 5- 6 Calculation of hydraulic conductivity of first sample of sand 9H where          𝒎, 

        𝒎,          𝒎,         𝒎 ,         ,         𝒎  T,     . 
Date Time                            

  
                      

 

 
 

 

 
 

11/12/13 10:00:00 92.60 2.70 0.00 0.00 
    

11/12/13 10:00:30 58.70 35.50 0.00 0.00 239.62 231.85 5.34e-04 3.93e-04 

 

Table 5- 7 Calculation of hydraulic conductivity of second sample of sand 9H and same parameters 
Date Time                            

  
                      

 

 
 

 

 
 

11/12/13 10:00:00 92.20 1.25 0.00 0.00 
    

11/12/13 10:00:30 57.95 35.00 0.00 0.00 242.10 238.56 5.43e-04 4.00e-04 

 

Table 5- 8 Calculation of hydraulic conductivity of third sample of sand 9H and same parameters. 
Date Time                            

  
                      

 

 
 

 

 
 

11/12/13 10:00:00 92.40 0.80 0.00 0.00 
    

11/12/13 10:00:30 58.10 34.40 0.00 0.00 242.45 237.50 5.33e-04 3.92e-04 
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Table 5- 9 Final measured hydraulic conductivities of the sands used for packing of the tank, 

wherefore the first 8 sands are measured by the Darcy- constant head- and the last 2 sands by the 

Darcy falling head method. 

Sand class Color coding     [𝒎𝒎] Hydraulic conductivity   [𝒎 𝒔]    (   [m/s] 

2G gray 5.7 0.111 -2.19823 

2F gold 3.58 0.075 -2.59027 

3-New white 2.8 0.050 -2.99573 

5G yellow 2.44 0.0300 -3.50656 

3-Old orange 1.6 0.017 -4.07454 

5F magenta 1.42 0.0120 -4.42285 

7 red 0.8 0.0048 -5.33914 

8 green 0.58 0.00143 -6.55269 

9H blue 0.31 0.00046 -7.68428 

GEBA Black 0.16 0.000130 -8.94798 

 

The final hydraulic conductivities obtained with the two kinds of Darcy-flow experiments, for the 

respective sands as mentioned are presented in Table (5.9). These hydraulic conductivity classes are 

used in the Turning Band Method (TBM) below, to generate the stochastic 2D- matrix as the 

blueprint for the packing of the tank. 

 

5.1.3.2. Stochastic generation of sand pack realizations using the Turning Band Method (TBM) 

As discussed in the previous chapter, in order to validate stochastic theory of flow and transport in 

random heterogeneous porous media experimentally or numerically, realizations of such a porous 

formation with given distributional properties must be generated that serve as input in such flow and 

transport laboratory- or computer experiments. Monte Carlo (MC) simulations denote then a more or 

less large series of individual computer runs, each with one specific realization out of the 

geostatistical class under question and some a posteriori statistical analysis of the set of model 

outputs. This will be detailed in Chapter 7. 

 

For a laboratory experiment this multi-realization MC-approach is, of course, practically not 

possible, but, thanks to the assumption of ergodicity, also not necessary, since ergodicity basically 

means that one! properly- done realization is fully good-enough representative for a full ensemble of 

stochastic porous structures with the same first- (mean) and second (variance) order moments. 

Obviously, this assumption has been put into question – otherwise nobody would do the time-

consuming MC- simulations, but it is still a major foundation of the stochastic theory of flow and 

transport. 

 

5.1.3.2.1. TBM methodology for generating random fields 

With these premises, the question is then how to generate a multi (1-,2- or 3D) –dimensional 

geostatistical random field with given statistical properties, i.e. mean, variance and correlation 

lengths. One common method to that avail is the turning band method (TBM). TBM is a multi-

dimensional random number generator for the simulation of spatially correlated random fields which 

follow a Gaussian distribution (Bras and Rodriguez-Iturbe, 1985). In the present application of flow 
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and transport in the only 10 cm wide laboratory tank a 2D (x,z)- discrete random matrix for the 

permeabilities, or more precisely, hydraulic conductivities, with members of the different sand 

classes, as measured and presented in the previous section is required.  

 

5.1.3.2.2. Selection and geostatistical analysis of an appropriate TBM- generated sandpack 

There are different variations of TBM implementations, here an adaption by Dr. Koch of the method 

described and developed by Tompson et al. (Ababou and Gelhar, 1989) was employed. This method 

was implemented through a program script written in FORTRAN, in which the values of the 

measured hydraulic conductivities K, or more exactly of Y = ln K of the different sand types, the 

value of a seed, correlation lengths    and    in  - and    direction, mean (Y) and variance   
  (or 

its root the standard deviation) of the ln K –distribution of the sandpack were set accordingly. Note 

that for the final choice of   
 , the maximum range of ln K for the sand classes available (see Table 

(5.9)) was considered by trial and error. The same holds for the final values for the seed (important 

in order to reproduce a realization), the mean and the correlation lengths, which were also 

determined by a trial and error method, visual inspection and a posteriori geostatistical analysis of 

the TBM-realization. Thus one goal was to set these parameters in a way that the realization 

generated has a relatively symmetric Gaussian distribution which is distributed widely over the total 

range of the ln K- classes available. 

 

In agreement with the later MC- simulations of sandpack realization with SUTRA (Chapter 6), 

where a finite element discretization of the tank with        elements (x-, z –direction) is done, 

the TBM – simulations were also carried out on the same grid, however for the purpose of filling the 

tank, this        element matrix is downscaled (averaged) to a       matrix, i.e. 8   2 = 16 

elements were aggregated to one element. 

 

Finally, after a lengthy trial and error period, and as already mentioned, the following TBM-

realization (with a seed=313437) for the tank packing was used: mean (ln (K)) = -5.76, variance 

  
          correlation lengths           and          . Figure (5.15) shows the original 

TBM- generated   (   with 392x 98 elements (top) and the       element field (bottom), which 

is further processed to attribute to each element the nearest sand class of Table (5.9) to give the final 

blue print for the packing of the tank.  

 

Using various geostatistical tools programed in R, this final TBM generated field is further checked 

a posteriori to see if, indeed, it mimics the pre-specified TBM stochastic parameters. Thus, Figures 

(5.16) and (5.17) show the autocorrelations of original and the downscaled fields, respectively, and 

one can recognize a good agreement between the input- and output correlation lengths as well as the 

of the input- and output variance, particularly for the downscaled 49x49 field used for the packing of 

the tank. The same holds for the statistical distribution of the ln K-field which is pretty much 

Gaussian, as illustrated in Figures (5.18) and (5.19).  

 

In summary, this TBM- generated ln K –field used as the blueprint for the packing of packing has 

well- defined geostatistical properties in agreement with the theoretical assumptions of a stochastic 

random field. 
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Fig. 5- 15 398 98- element TBM-generated realization of ln K for the sandpack (top) and 49x49 

element downscaled (average) version for final sandpacking. 

 

 
 

 

 

Fig. 5- 16 Correlation analysis of 

TBM- generated Correlation 

analysis of 49   49 element field 

with input and output statistics. 

Fig. 5- 17 Correlation analysis of TBM- 

generated Correlation analysis of 

downscaled 392x98 element field with 

input- and output statistics. 
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5.1.3.2.3. Theoretical analysis of the TBM-generated sandpack for determining microscopic and 

macroscopic transverse dispersion in stochastic heterogeneous media 

1) Condition of Ergodicity 

With regard to the condition of ergodicity, the following can be stated: The tank length         is 

about 13 times the correlation length of          , which means that its dimensions are large 

enough for a moving solute plume to have been somewhat homogenized enough to reach asymptotic 

conditions (Kinzelbach, 1992). 

 

2) Transverse maximum mixing width            of the salt-freshwater interface due to 

microscopic transverse dispersion. 

As discussed in a previous chapter, both longitudinal and transversal dispersion depend on the 

microscopic structure of the porous medium, or what is called the pore scale. How exactly is still 

much of a debate (Olsson and Grathwohl, 2007) since the pioneering work of (De Josselin de Jong, 

1958), who proposed for the transverse microdispersivity (  ) the following relationship 

 

    
 

  
     (5.9) 

 

where    is some mean grain size diameter of the medium. In this project, the parameter    is 

taken as the     diameter of the mean of the ln (K) of the sand classes used for the packing of the 

tank which is, based on Table (5.9),     =        m. This gives    = 1.5      m. 

 

Fig. 5- 18 Histogram (absolute 

frequency) of TBM-generated 392x98 

element field with input- and output 

statistics 

Fig. 5- 19 Histogram (relative frequency) 

of TBM-generated downscaled 49   49 

element field with input and statistics 

output statistics 
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Assuming that there is only this grain-induced microdispersion, and using the previously derived 

fundamental equation between the second moment   of a dispersing plume and the hydrodynamical 

dispersion coefficient D or the dispersivity , namely  

    
 

 

  

 
 (5.10) 

where x is the travel distance, one gets    √      which for x =            as the maximum 

distance between the dividing plate at the inlet of the tank to its outlet,   = √                = 

      and finally for the vertical dispersion width at the end of the tank:                    

 

3) Transverse maximum mixing width            of the salt-freshwater interface due to 

macroscopic transverse dispersion. 

Unlike microdispersion on the local scale, the macrodispersion due to the dispersive flux from the 

random variations of flow and concentrations in the stochastic permeability field acts on the so-

called local (laboratory or field) scale (Dagan, 1989) i.e. is much large than the former. Gelhart‘s 

eminent stochastic theory of macrodispersion (Gelhar, 1993) provides the following expression for 

the transverse macrodispersivity    can be derived (Gelhar and Axness, 1983) (see also Chapter 4): 

 

    
  

    

  
 

     

 (      
 

            

 
    

 
         

 (         
            (5.11) 

where          , based on numerical tests          , where     and    are the flow gradients in the 

z- and x-axis respectively, and where the anisotropy factor   
  

  
 

   

    
      , and the variance 

  
  =3 for the present sandpack has been used to evaluate    . Note that this value is about ten times 

higher than the microdispersivity    computed above. Owing to that high   , the maximum 

macrodispersive mixing width              √           √                      at 

the end of the tank is now nearly four times larger than the microdispersive width            above. 

 

In any case, these results indicate that with the existing height of           of the tank and the 

fresh- saltwater interface located approximately in the middle of the tank height, the upper half of 

the tank is wide high enough to allow the detection of the dispersed interface.  

 

5.1.3.3. Packing the tank 

The tank used for the experiments had already been designed with pencil-delineation of the block 

grid with a total of       elements, corresponding to the TBM-generated ln (K) -matrix on the 

outside of the Plexiglas tank. In order to eliminate the air bubbles between sand grains, the tank was 

filled in a saturated way under water for each sand layer. Figure (5.20) illustrates how the tank is 

being filled. In order to pack each block individually and reduce the horizontal mixing of sand grains 

across the vertical boundaries of a block (brick), a few special rectangular ―piston-like‖ devices, 

which are illustrated in Figure (5.21), were installed to act as separators with dimensions of       

(the height for about 8 sand layers)       (width of the tank). The sands were shot through a 

hollow pipe into a block between the separators, to prevent a change of the grain-size distribution of 

the corresponding sand class (Figure (5.22)). 
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5.2. Experimental methodology 
5.2.1. Determination of the effective hydraulic conductivity of the sand-pack 

 

The effective hydraulic conductivity of the sand-pack is measured by applying the Darcy- constant-

head approach described earlier in situ. For five different hydraulic gradient values (     ), the 

corresponding flow rates   are calculated, as shown in the Table (5.10).  

 

Table 5- 10 Determination of hydraulic conductivity of the sand-pack using five head losses dh. 
   [ 𝒎]       𝒍 [m2]   [𝒎  𝒔] 𝒒 [𝒎 𝒔]   [

𝒎

𝒔
]  𝒑𝒐𝒓  [𝒎 𝒔]   𝒑𝒐𝒓  [𝒎    ] 

5 
6.250E-04 6.015E-06 4.910E-05 9.624E-03 1.228E-04 

10.6064 

10 
1.250E-03 1.171E-05 9.562E-05 9.371E-03 2.391E-04 

20.6544 

12 
1.500E-03 1.412E-05 1.153E-04 9.412E-03 2.881E-04 

24.8951 

14 
1.750E-03 1.658E-05 1.353E-04 9.474E-03 3.384E-04 

29.2345 

16 
2.000E-03 1.899E-05 1.550E-04 9.493E-03 3.875E-04 

33.4797 

 

Fig. 5- 20 Preparation of the 0.5 liter cups 

for filling the tank layer by layer. 

Fig. 5- 21 Filling one block of the 

tank with predefined sand 

Fig. 5- 23 Use of a pipe to shoot the sands to 

prevent mixing of sand’s grain size 

distribution 

Fig. 5- 22 Separators to avoid mixing of 

sand’s different blocks 
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The hydraulic conductivity ( ) is the computed by inv erting Darcy‘s law:  

   
    

    
 (5.12) 

where A is the cross sectional area and l is the length of the tank. 

 

According to Figure (5.24), the plot of discharge   as a function of the hydraulic gradient   
      is linear. The average of the experimental hydraulic conductivity      is     =0.00948 m/s. 

 
Fig. 5- 24 Discharge vs. product of hydraulic gradient and cross-sectional area A of the tank. 
 

 

Fig. 5- 25 Methodology to compute the equivalent bulk hydraulic conductivity of the tank. 
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Additionally, the average (bulk) hydraulic conductivity     of all sand blocks in the tank was 

calculated theoretically (seen in the Figure (5.25)) with two subsequent steps of equalization, i.e. 

assuming firstly flow parallel to the each of the 49 rows of the tanks, i.e. each column, consisting of 

49 blocks, was equalized to one   value based on Equation (5.13), in which water inflow is parallel 

to the blocks. Then the   value of the 49 columns provided that water path was perpendicularly 

equalized to a final   value using Equation (5.14). In this case, the equivalent bulk hydraulic 

conductivity of the whole tank is calculated to be              , i.e. a value which is rather close 

to the     =0.00948 m/s estimated by the Darcy experiments above. 

       
∑     

  
   

∑     
   

 (5.13) 

       
∑   

  
   

∑      
  
   

 (5.14) 

 

5.2.2. Breakthrough curve experiment  
One of the common methods to explain the physical concepts behind the Advection-Dispersion-

Equation (ADE) is a breakthrough curve (BTC) experiment. It shows the longitudinal propagation of 

a tracer passing through a column filled with a porous medium, which in the present application is 

the sand-pack- filled tank.  

 

To perform the BTC-experiment, the sand tank needs to be saturated and the water flow should be in 

a steady-state. Then, at time    a non-reactive tracer material with a constant concentration    is 

continuously injected into the saturated tank. The initial concentration of the tracer material in the 

entire tank is assumed to be zero before   . Obviously, the tracer solution will be subjected to 

advection and dispersion after entering the tank, gradually displacing the water at its front while 

becoming diluted there through mixing due to hydrodynamic dispersion. Usually, the concentration 

of the tracer material in the tank is defined in terms of its relative concentration     . The change of 

     versus time   at a certain point in the tank is called the breakthrough curve (BTC). In the 

present experiment, the BTC at the outlet of the tank, i.e. in the outflow chamber where the solute is 

fully mixed, has been measured. 

The results of the tank BTC-experiment are shown in Figure (5.26) and Figure (5.27), wherefore 

the former show      as a function of absolute time and the later as a function of the so-called pore 

volume, defined below. As will be discussed in more detail in the subsequent section, there is an 

analytical solution of the 1D advection-diffusion equation to this BTC (see Eq. 5.25) in the form of 

the complementary error function (Ogata and Banks, 1961), and by adjusting mainly the longitudinal 

hydrodynamical dispersion coefficient DL, the observed BTC-points have been fitted by this 

equation. In addition, the so-called piston flow solution, which arises if only advection is considered, 

i.e. without the molecular diffusion and mechanical dispersion processes, leading to a step-function-

like BTC, has also been plotted by the dotted line in Figure (5.26). However, in reality, both 

diffusion and dispersion take place as well, so that some of the molecules of the tracer material move 

faster and others move slower than the average velocity of the flow. Because of this phenomenon, 

fronting and tailing of the breakthrough curve takes place so that it gets stretched and takes an S-

shape form.  
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Fig. 5- 26 Breakthrough curve of solute front at the tank-outlet. 
 

 
Fig. 5- 27 Breakthrough curve of solute front at the tank-outlet in terms of pore volume. 

 

The BTC can also be plotted as a function of the number of pore volumes    collected at the end of  

the tank, as shown in Figure (5.27), wherefore    is defined as:  

 

    
   

  
 (5.15) 

Where    is the total volume of fluid collected after time t , i.e.   =   , with  , the flow rate, 

        , is the actual pore volume of the tank with total volume  , and    is the effective 

porosity. Thus Eq. (5.15) can be written as  

    
  

    
 (5.16) 

 

Using the definitions      , the Darcy flow velocity, and      , where   is the cross-sectional 

area and   is the length of the tank, one gets  
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 (5.17) 

With the definition of the pore velocity (seepage velocity)       , the end result is: 

    
  

 
 (5.18) 

 
   implies how many times the porous media in the tank is filled and emptied by the tracer solution.  

 

The inclination point of the breakthrough curve has the coordinates      and       0.5. These 

coordinates imply that the breakthrough curve has an average concentration which moves by an 

average advective flow velocity   and reaches the outlet of the tank at time     L/u.  

 

These basic concepts were used in conducting the breakthrough curve experiment. In this 

experiment, both inlet sub-chambers were connected to a saltwater reservoir with          ppm 

base concentration and an imposed head difference of         . At different times, the 

discharge (which is essentially constant) and the electrical conductivity (EC) of the solution (from 

which the concentration is determined over the calibration curve) at the outlet of the tank are 

measured, with the values listed in Table (5.11) and plotted in Figure (5.26) and Figure (5.27) . 

 

Table 5- 11 Measured data to construct the breakthrough curve at the tank-outlet. 

Date Hour Time [hr] Time [s] 
Pore Volume 

(   𝒖𝒕  ) 

Outlet-EC 

[   𝒎] 
  [ppm]      

07.07.15 9:55 0.00 0 0.000 14.55 0.0000 0.000 

07.07.15 11:00 1.08 3900 0.030 15.21 0.0000 0.000 

08.07.15 9:00 23.08 83100 0.641 450 264.7274 0.265 

08.07.15 10:35 24.67 88800 0.685 504 298.6590 0.299 

08.07.15 12:05 26.17 94200 0.727 571 340.7816 0.341 

08.07.15 14:00 28.08 101100 0.780 670 403.0675 0.403 

08.07.15 17:05 31.17 112200 0.866 797 483.0482 0.483 

09.07.15 9:15 47.33 170400 1.315 1152 707.0853 0.707 

09.07.15 18:20 56.42 203100 1.567 1439 888.7130 0.888 

10.07.15 9:20 71.42 257100 1.984 1522 941.3237 0.941 

10.07.15 16:40 78.75 283500 2.188 1558 964.1545 0.964 

11.07.15 12:25 98.50 354600 2.736 1670 1035.229 1.035 

11.07.15 23:05 109.17 393000 3.032 1747 1084.133 1.084 

12.07.15 16:30 126.58 455700 3.516 1758 1091.122 1.091 

12.07.15 22:05 132.17 475800 3.671 1775 1101.924 1.102 

13.07.15 9:15 143.33 516000 3.981 1765 1095.570 1.095 

 

5.2.2.1. Calculation of the pore velocity and the effective porosity from the breakthrough curve 

Using the equations described above and the BTC- plots of Figure (5.26) and (5.27), the pore 

velocity   is computed as: 

   
 

     
 

    

        
          

 

 
 (5.19) 

where         is the length of the tank and      is the time in the BTC where      = 0.5. 
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With the outlet discharge   and the cross-sectional area                        the Darcy 

velocity   is easily calculated using: 

   
 

 
 

         

      
 (

  

 
 

 

  
)            

 

 
 (5.20) 

 

The effective porosity of the tank    is now calculated using   and   as follows: 

    
 

 
 

         

        
 

 
 
 
 

      (5.21) 

 

Breakthrough curves at the outlet are basically measured - somewhat as a side-product, but 

essentially as a check when steady-state conditions of the saltwater/freshwater interface are obtained 

- for all regular macrodispersion experiments. Figures (5.28) and (5.29) illustrate as a further 

example the BTC for the experiment with the following properties (                 
         and          .  

 

The breakthrough curve of each experiment is plotted and the trendline of the data is S-shaped, as 

predicted. Figures (5.28) and (5.29) illustrate the breakthrough curve of the tank-outlet.      is 

extracted from both these curves, giving it the value         .      corresponds to           . 

 

The porosity of the tank is calculated as follows: 

Pore velocity or seepage velocity or actual velocity: 

   
 

    
 

     

        
           (5.22) 

 

Darcy velocity or specific discharge: 

     
 

 
       

    

         
           (5.23) 

 

Effective porosity: 

    
 

 
      (5.24) 

 

5.2.2.2. Determination of the longitudinal dispersivity from the breakthrough curve 

Like hydraulic conductivity, hydrodynamic dispersion, or the dispersivity is a characteristic of a 

specific porous medium. As discussed in previous chapter, dispersivity varies with the scale of 

measurement. Generally, macroscopic hydrodynamic dispersion is two orders of magnitude greater 

than column (pore) scale dispersion, due to the greater velocity variations in larger scale geometries. 

 

The method for determining the longitudinal hydrodynamic dispersion, respective the dispersivity 

varies, depending on the number of dimensions. For one-dimensional problems (columns), either 

type-curve fitting procedures or nonlinear least-squares fitting methods can be used. For two- Since 

the tank length is larger than its transverse dimensions, the two one-dimensional methods, type-

curve fitting procedures and nonlinear least-squares fitting have been used separately for 

comparison. 
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Fig. 5- 28 Breakthrough curve of tank-outlet (     𝒑  𝒕   vs. elapsed time (hr)). 

 
Fig. 5- 29 Breakthrough curve of tank-outlet (     𝒑  𝒕   vs. pore volume). 

dimensional problems (field), graphical and analytical methods are preferred. For three-dimensional 

problems (field), methods based on analyzing the spatial moments are used.  

 

Type-curve fitting procedure (Brigham, 1974).  

This method is based on the analytical solution of the 1D advection-dispersion equation for the 

solute concentration  (     for a continuously injecting (piston) source, with concentration    

(Ogata and Banks, 1961): 
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where    is the longitudinal hydrodynamic dispersion coefficient. This equation is then evaluated for 

x=L at the outlet of the tank. With this, Eq. (5.25) can be written in terms of the number of pore 

volumes    (defined in Eq. (5.18)) as 

 

 (    
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(

 
     

 (
     

  )

 
 

)

 
 

]
 
 
 
 

 (5.26) 

and the other values are as discussed previously. 

 

In order to calculate the longitudinal dispersion    from Eq. (5.26), this equation is evaluated 

graphically through the following steps: 

1. Measure   for various values of    

2. Calculate      

3. Plot      as a function of 
 

 
[
    

  
 
 

] on linear probability paper 

4. If the data plots along a straight line, then they are normally distributed and the longitudinal 

hydrodynamic dispersion coefficient    is calculated with the following equation: 

 
   (

  

 
) (            

  (5.27) 

where: 

 
      [   

 

  
 
 

]      
 

  
        (5.28) 

 
      [   

 

  
 
 

]      
 

  
        (5.29) 

Then the dispersivity    is computed from its definition, i.e.: 

 
   

     

 
 (5.30) 

It should be noted that this graphical type curve fitting method is nowadays only of historical value, 

because of the computational difficulties in former times to evaluate the erfc – function in Eq. (5.26) 

correctly. As this is not a limitation anymore for modern computers, the type-curve method has not 

been applied here for the analysis of the tank experiment. 

 

Nonlinear least-squares fitting method (Van Genuchten and Parker, 1984):  

In this method, the analytical solution, Eq. (5.25) for  (     of the cross-section-averaged 

concentration is fitted directly by trial and error, adjusting the parameter     (and/or   ) to the 

observed concentration as a function of time for the given distance of the observation point x = L at 

the outlet of the tank. Although this could also be done by iterative non-least squares which, 

however requires the computation of some partial derivatives of the objective function with regard to 

the unknown adjustment parameter, direct manual fitting with manual updating of    is found to be 

fully satisfactory. For each fit the MSE between the observed and predicted concentration (similar to 

Eq. 5.5) is computed.  
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Fig. 5- 30 Iterative adjustment of the 1D- ADE- solution (Eq. 5-25) to the observed BTC-values for 

four different values of    , with a clear observable minimum of the MSE attained for        𝒎  
tr = L/v denotes the theoretical breakthrough time of the center of the front (piston flow), where L is 

the length of the tank and v=u is the pore velocity.  
 

Figure (5.30) shows measured BTC- values and the fitted BTC for four selected    values, with the 

corresponding MSE. One can notice a clear minimum of the later with a value of 0.00089, attained 

for         , i.e. the size of about 1/3 of the length of the tank. 
 

5.2.3 Tank experiments of density-dependent macrodispersive solute transport 

5.2.3.1. Overview of experiments carried out and procedure 

 

As part of this long-term research on macrodispersion in density-dependent flow in stochastic porous 

media, a total of 28 tank experiments (see Table (5.12)) are run for the stable flow stratification 

case, i.e. saltwater injected underneath a layer of freshwater, out of which 12 experiments simulate 

different combinations of saltwater concentrations    and seepage velocities u through the tank and 

3 extra quality control experiments, all using a consistent methodology, and the remaining 13 

experiments constitute experiments that employ some slight variants of the experimental execution, 

so that the outcome is not always consistent and results may not be compared to each other.  
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More specifically, the injected concentrations used in the 12 reference experiments are 4 different 

concentrations, 250ppm (pure tracer), 5000ppm, 20000ppm and 35000ppm (seawater concentration) 

and 3 different seepage velocities,         ,           and          . A complete 

Table 5- 12 List of tank experiments of density-dependent macrodispersive solute transport, with 

rows marked in green denoting consistently exececuted experiments. dh0 and dhi denote head 

differences measured outside and inside the tank, i.e. correcting for the head loss across the fleece.  
 𝒐𝒏  𝒏𝒕𝒓 𝒕 𝒐𝒏 (    [𝒑𝒑𝒎] 𝒖 [m/day]   𝒐 [mm]     [mm] Start date End date 

250 4-4.8 20  27.11.2014 05.12.2014 

250 2 20  01.06.2015 10.06.2015 

250 4  14 18.01.2016 03.02.2016 

250 8-8.5 40  10.12.2014 15.12.2014 

250 4.5-5 40  02.02.2015 11.02.2015 

250 8 40 31.1 04.05.2015 13.05.2015 

250 13-14 80  24.02.2015 02.03.2015 

250 Quality Control 12  51.87 11.12.2016 18.12.2016 

250 12  43.36 08.02.2016 17.02.2016 

1000 4-6 40  09.04.2015 20.04.2015 

1000 2.3-3.3 40  15.06.2015 26.06.2015 

1000 1-1.7 20  06.08.2015 26.08.2015 

1000 2.3-6.6 80120  31.08.2015 11.09.2015 

1000 10-16 90-150 80-55 26.10.2015 02.11.2015 

5000 4  15.57 05.11.2015 19.11.2015 

5000 8  31.81 24.11.2015 03.12.2015 

5000 Quality Control 8  30.46 20.10.2016 31.10.2016 

5000 12  74.48 26.02.2016 04.03.2016 

20000 7.6-7.7 40  22.09.2015 29.09.2015 

20000 4  14.43 10.03.2016 29.03.2016 

20000 4  7.8 30.05.2016 12.06.2016 

20000 8  27.5 05.04.2016 16.04.2016 

20000 8  29.46 09.05.2016 21.05.2016 

20000 Quality Control 8  30.8 14.11.2016 25.11.2016 

20000 12  45.26 24.04.2016 01.05.2016 

35000 4  18.56 19.06.2016 06.07.2016 

35000 8  34.13 21.07.2016 01.08.2016 

35000 12  52.38 30.08.2016 06.09.2016 

 

list of all conducted experiments is presented in Table (5.12) with the highlighted green rows 

indicating these 12 + 3 (quality control) experiments. It is important to note that the values for 

seepage velocity   are only approximations, since they were calculated from the measured outflow 

discharge rate      and the estimated average porosity    of the heterogeneous sand-pack. 

 

A typical experiment, for example, saltwater concentration            , and seepage velocity of 

        , is conducted as follows: 
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Degassed and deionized water as freshwater is first produced and stored in a freshwater supply tank. 

The hydraulic laboratory of the University of Kassel can produce about 400 L of freshwater per day, 

which is sufficient for these series of experiments. Next, a     - solution with a concentration of 

5000 ppm is created and stored in a saltwater supply tank. For a          (      solution,     of 

water must contain         of     . Therefore, in order to produce       solution,      
                              of      is needed. However, this is not added to the solution 

container all at once. Given that salt 2 is used in this experiment, based on the calibration curve of 

salt 2 (see Figure (5.9)), a concentration of         corresponds to an    of              . 

Thus      is incrementally added to the container, until the desired    is reached. 

 

As seen in Figure (5.6), water from the freshwater supply tank is pumped into an inlet overflow 

container. The height of this container defines the constant inlet freshwater head for this experiment. 

Water from this freshwater inlet overflow container flows by gravitation through a flowmeter into 

the top inflow sub-chamber of the tank, whereas as small amount of overflowing water flows back 

into the freshwater supply tank. 

 

In a similar manner, water from the saltwater supply tank is pumped into a separate inlet overflow 

container at a height, corresponding to the equivalent freshwater head of the freshwater overflow 

container (i.e. somewhat lower, as will be discussed later). The overflowing saltwater flows back 

into the saltwater supply tank. The flow from the saltwater inlet overflow container to the lower 

inflow sub-chamber of the tank is also measured by a flowmeter, as seen in Figure (5.6). 

 

For the duration of the experiment, attempts are made to keep the inflow head boundary conditions 

constant. This is achieved by meticulously adjusting the heights of the inlet overflow chambers, from 

time to time, in order to avoid too large differences in the fresh- and saltwater inflows that would 

cause corresponding large changes in the pressure equilibrium of the fresh- and saltwater interface. 

Experiments are also carried out with Dirichlet constant head boundary conditions imposed at the 

inflow and outflow chambers of the tank, which are experimentally easier to sustain and easier to 

implement into the numerical model SUTRA. 

 

Next, the flowrates   ,    of the inflowing fresh- and saltwater (as shown by the inlet flowmeters) 

to sustain a given seepage velocity u for a particular experiment is calculated. In order to do this, the 

cross-sectional area of fresh- and saltwater in the tank is first calculated. The cross-sectional area of 

freshwater in the tank contains 23 blocks of sand and the cross-sectional area of saltwater in the tank 

contains 25 blocks. The height of every block is 0.025 m. The width of the tank is 0.1 m. Thus 

                                (5.31a) 

                                (5.31b) 

With the fundamental formulae for the pore velocity u as a function of flowrate Q, cross-sectional 

area A, and effective porosity    in the tank:  

    
 

   
 (5.32) 

one obtains for    and     
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 (5.33b) 

 

Based on these calculations, in order to ensure, for example, a seepage velocity of        , the 

freshwater inlet overflow container should be adjusted (by being raised or lowered) until the 

freshwater flowmeter shows the values         . The saltwater inlet overflow container is 

adjusted accordingly, until the flowmeter of saltwater shows the values         . After a few 

hours, measurements of the concentration in piezometer 1 (freshwater) and piezometer 2 (saltwater) 

are carried out (Figure (5.6)), to see whether the saltwater has already arrived at the inlet of the tank, 

i.e. when the concentration of piezometer 2 reaches 5000ppm (EC = 7846μS/m). At this point, the 

inlet freshwater flowmeter should show the value 0.112 and the inlet saltwater flowmeter should 

show the value 0.122. If these values are not shown, the corresponding containers should be adjusted 

(raised or lowered) until the correct values are reached. 

 

As soon as the concentration of piezometer 2 reaches 5000ppm and the flowmeters show the right 

values, the water levels in both piezometers are marked (see green blocks in Table (5.13)). For the 

rest of the duration of the experiment, the inlet overflow containers are adjusted accordingly, so that 

these initial reference levels of piezometer 1 and 2 remain constant. In other words, there is always a 

constant pressure in the boundary conditions of the in-flow areas. It should also be noted that, 

because of the notion of the equivalent fresh-water head in the saltwater (discussed further down) the 

head of piezometer 2 (saltwater) is always lower than that of piezometer 1. 

 

Every day, one to three times, depending on the seepage velocity of the experiment, the named 

experimental parameters are checked and recorded, according to Table (5.13). This is done for the 

purpose of controlling the experiment, plotting the breakthrough curve at the outlet, and knowing 

when the solute transport reaches a steady state. The recorded parameters include the momentary 

flowrate and the cumulative flowrate (volume V) value of the fresh- and saltwater flowmeter, the 

heads of piezometers 1 to 7 (3 and 4 being at the outlet inside the tank in front of the outlet-fleece, 5 

and 6 being at the inlet fresh- and saltwater sub-chambers in front of the inlet-fleece, and 7 

measuring the level of the outflow overflow container after the outlet-fleece), the discharge of the 

outlet which is measured as shown in Figure (5.6), by an impulse meter and a logger. The meter 

signals to the logger every time one liter of water passes through it. 
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Fig. 5- 31 Discharge of the experiment (        𝒑𝒑𝒎,          , 𝒖   𝒎  ), as 

measured by an impulse meter. 

 

The logger records the time each signal is received, which is then calculated and plotted in Excel, as 

seen in Figure (5.31). Based on the recorded differences in time the total discharge (volume) is 

calculated. Additionally, the outlet discharge is manually recorded and inserted into Table (5.13)  

1 to 3 times every day over the course of the experiment by measuring the time between the sounds 

produced by the impulse meter. 

 

Table 5- 13 Measured data for checking the boundary conditions of the experiment (   
     𝒑𝒑𝒎 and 𝒖   𝒎    ) and for plotting the outlet breakthrough curve. The green blocks 

mark the reference heights measured by the piezometers in the fresh- and saltwater sections inside 

the tank to which the heads (with the values indicated) have been adjusted during the subsequent 

sample times of the experiment.  

  
Inlet (fresh water) Inlet (saltwater) Outlet (mixed fresh/saltwater) 

Date Time 
   

[𝒍 𝒎 𝒏] 
  . [𝒍] 

hi 

[ 𝒎] 
 𝒔 

[𝒍 𝒎 𝒏] 
 𝒔. [𝒍] 

hi 

[ 𝒎] 
 𝒐𝒖𝒕 

[𝒍 𝒎 𝒏] 
 𝒐𝒖𝒕 [𝒍] 

hi 

[ 𝒎] 
EC [µS/ 

cm] 

20.10.16 12:00 0.112 40233 7.8 0.122 39642 7.54 0.122 39642 7.54 18.23 

20.10.16 21:40 0.091 40290 8.12 0.079 39697 7.78 0.079 39697 7.78 38.9 

21.10.16 15:02 0.095 40399 7.51 0.0962 39811 7.25 0.096 39811 7.25 38 

22.10.16 13:57 0.092 40537 7.52 0.102 39971 7.33 0.102 39971 7.33 1798 

23.10.16 14:45 0.084 40671 7.55 0.108 40156 7.4 0.108 40156 7.4 3660 

24.10.16 12:07 0.116 40825 7.84 0.1099 40311 7.59 0.1099 40310 7.59 3960 

25.10.16 11:25 0.121 41007 7.73 0.0906 40458 7.38 0.0906 40458 7.38 3180 

26.10.16 20:54 0.105 41234 7.2 0.0735 40611 6.86 0.0735 40611 6.86 3490 

27.10.16 13:09 0.114 41344 8.4 0.1733 40777 8.41 0.1733 40777 8.41 4000 

28.10.16 11:20 0.125 41511 7.7 0.0888 40915 7.35 0.0888 40915 7.35 4590 

29.10.16 21:16 0.128 41794 8.08 0.1011 41142 7.61 0.1011 41141 7.61 3710 

30.10.16 16:14 0.108 41928 7.59 0.1215 41286 7.48 0.1215 41285 7.48 3820 

31.10.16 11:03 0.133 42079 8.23 0.1255 41308 8.05 0.1255 41307 8.05 4160 
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Fig. 5- 32 Breakthrough curve at tank outlet for the experiment (        𝒑𝒑𝒎 and 𝒖  
 𝒎/day), as a function of elapsed time. 

 

 
Fig. 5- 33 Breakthrough curve at tank outlet for the experiment (        𝒑𝒑𝒎 and 𝒖  
 𝒎    ), as a function of pore volume. 

 

With all the values recorded and listed in Table (5.13), together with the EC-measurements of the 

mixed outlet solution, breakthrough curves for the experiment are constructed. Furthermore, based on the 

data recorded in Table (5.13), various important characteristics of the experiment can be estimated 

and/or calculated in logical order: 

 

1) Elapsed time of the entire experiment up to the point of record, 2) the hydraulic gradient across 

the tank, 3) the momentary rates of fresh - and saltwater flowrate, 4) Darcy velocity, 5) the bulk 

hydraulic conductivity of the tank, 6) the seepage velocity, 7) Reynolds- number, 8) pore volume, 9) 

the total volumes of fresh- and saltwater inflow, 10) concentration of the outlet based on the 

calibration curve of the respective salt-type, and 11)        – ratio of measured to expected 

concentration, calculated based on the related ratio of long-term fresh- to saltwater flowrate. Using 

some of these derived parameters, the outlet breakthroughs curve as a function of absolute time and 
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of the pore volume curve graphs are plotted in Figures (5.32) and (5.33), respectively, which can 

further be used to estimate the mean breakthrough time of the solute and to get an idea when the 

solute transport has become steady-state, i.e. when the        –ratio approaches a value of 1. 

 

After the macrodispersion has reached steady state - which, in this set of experiment, takes 

approximately 17 days for            , 11 days for            , and 7 days for   
         - , three rounds of sampling are carried out over a time span of about 5 days. This 

provides further confidence that steady state has really been achieved, while, at the same time, 

decreasing the statistical measurement error, by virtue of the famous 1/√  – law for the standard 

error of the mean.  
 

5.2.3.2. Setting up the head BC’s using the concept of the equivalent freshwater head  

The theory of variable-density groundwater flow is typically developed and presented in terms of 

fluid density and fluid pressure. Such is the approach taken in the SUTRA numerical model, to be 

applied in Chapter 7. However, as discussed earlier, in the tank experiments the flow is generated by 

imposing appropriate head gradients across the tank, i.e. by adjusting the heights of the fresh- and 

saltwater inflow overflow chambers accordingly. However, this has to be done in such a way that the 

pressure at the fresh- and saltwater interface is equalized, which means essentially that because of 

the higher density of the saltwater, the head of the saltwater chamber has to be set slightly lower than 

that of the freshwater chamber, as can be seen in the pressure diagram Figure (5.35).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

If this precaution is not taken, there will be an uplift of the saltwater at the interface, and the tank 

will fill up with saltwater during the course of the experiment, masking the effects of density-

dependent macrodispersion. 

 

Fig. 5- 34 The concept of the equivalent 

freshwater head (Langevin and Guo, 1999) 
Fig. 5- 35 Pressure diagram of 

salt and freshwater 
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To quantify this phenomenon, the concept of equivalent freshwater head in a saline aquifer is 

introduced. Figure (5.34) shows two piezometers in an aquifer containing saline water, opening to a 

given point,  . Piezometer   contains freshwater and piezometer   saline water. Both are equipped 

with a mechanism which prevents saline water in the aquifer from mixing with freshwater in the 

piezometer—while still allowing the piezometer to respond accurately to the pressure at point  .  

The freshwater head measured in piezometer   at point N is by definition  

    (           (5.34) 

where    is equivalent freshwater head [ ],    is pressure at point   [       ],    is density of 

freshwater [    ]   is acceleration due to gravity [    ], and    is elevation of point   above 

datum [ ]. 
 

The head expressed in terms of the saline water in piezometer   is given by: 

   (          (5.35) 

where   is head [ ], and   is now the density of the saline ground water at point   [    ]. 
 

The head   in Eq. (5.35) is actually the equivalent freshwater head, i.e. for which the pressure    at 

point N is the same in both piezometers.  

 

Using the two equations above, conversions between   and    and vice versa can be made 
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  (5.36) 

 and the other way around:  
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  (5.37) 

which provides the equivalent fresh water head in the saltwater for a given freshwater head. For the 

practical application, both in the experiment and the variable-density flow and transport simulations 

with SUTRA (see Chapter 7) Eq. (5.37) is of particular interest, as it allows for a given freshwater 

head   , as, for example, set by the height of the freshwater inflow overflow chamber of the tank, to 

compute the corresponding saltwater head   (the equivalent freshwater water head) in the saltwater 

inflow overflow chamber. Thus one may see, that for saline water with a higher density than 

freshwater, the saltwater head   is always lower than the freshwater head   . It should be noted that 

in SUTRA, unlike other flow and solute transport models, the groundwater flow equation is solved 

in terms of pressure and not the piezometric head, so that the concept of equivalent freshwater head 

is a moot point in this program. However, in order to convert the physical head boundary conditions 

of the tank experiment to corresponding pressure boundary conditions in the SUTRA model (see 

Chapter 7), the use of the equivalent freshwater water head equation (5.37) is indispensable.  
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Using Eq. (5.37) by setting Z = 0 at the fresh- saltwater interface in the middle of the tank, one 

obtains  

   
  

 
   (5.38) 

in which   is a function of the concentration  0 =    as follows: 

  (        
  

  
                        

      
⇒        

                                      

and in the same manner for other concentrations it can be calculated as  (                 , 

 (                  ,  (                 , and  (                    . 
 

During the course of the experiment, the concentration of the outlet increases, causing the density   

to increase. In spite of this, the pressure at the outlet must remain constant, resulting in constant 

outlet boundary conditions. However, as shown in Table (5.13), the outlet concentration increases 

with time, so that the density  (C) increases, i.e. the pressure increases which must be compensated 

by lowering the outlet chamber height by an increasing value       defined as 

            (5.39) 

with  

                                  (5.40) 

where      is the reference height above the top of the container and  

   
  

 
   

    

 
  (5.41) 

where   is the measuring height of the piezometer inside the tank at the outlet and for Z =0 (bottom 

of the tank) converts to 

   
  

 
   (5.42) 

 

5.2.3.3. Determining the concentration distribution 

As explained in Chapter 7, all 12 experiments have been simulated in parallel by means of SUTRA 

and visualized with Model Viewer, once the macrodispersion has reached steady state. 

 

Figure (5.36) shows Model Viewer‘s snapshots of the x-z concentrations at various time for the 

experiment (              ). Based on these plots it is determined that the sampling should be 

done after 12.15 days. This time is also supported by the previously discussed breakthrough curves 

at the tank outlet in Figure (5.32), which indicates that after about 800000 sec (~10 days) the 

measured outlet concentration does not change much anymore. 

 

Samples of the tank-extracted solution are collected in vials from each of the 159 observation ports 

in the 9 columns (Figure (5.6)). The start- and end time of the sampling are recorded. The electrical 

conductivity of the vials is then measured, based upon which, using the corresponding calibration 

curve the salt used (see Figures (5.8) and (5.9)), the concentrations at the observations points along 

the various columns are calculated and plotted by the SURFER spatial plotting software. The latter is 

doing a spatial interpolation of spatial irregularly measured data by various geostatistical techniques, 

wherefore here the kriging method has been used. 
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Fig. 5- 36 Model Viewer snapshots of SUTRA- simulated tank experiments (        𝒑𝒑𝒎 𝒖  
 𝒎    ,      , 𝒏𝒕𝒎       , 𝒕 𝒎  𝒔𝒕 𝒑     𝒔,          𝒎,           𝒎). 
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Fig. 5- 37 SURFER- generated concentration distribution for two rounds of sampling for experiment 

(       𝒑𝒑𝒎 𝒖   𝒎    ,       𝒎𝒎). 

 

 
Fig. 5- 38 Similar to Fig. 5.37 but for (        𝒖   𝒎  ,          𝒎𝒎). 
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Fig. 5- 39 Similar to Fig. 5.37, but for (         𝒖   𝒎  ,          𝒎𝒎). 

 

 
Fig. 5- 40 Similar to Fig. 5.37, but for (         𝒖   𝒎  ,          𝒎𝒎). 
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The two panels of Figure (5.37) show the SURFER- generated concentration distributions for the first 

and second rounds of sampling for this experiment. One can notice a good resemblance between the 

two which gives support of evidence that steady- state has been reached as well on the consistency 

of the concentration measurements. Also, a good agreement of the observed- with the SUTRA-

simulated solute distribution (at the final day 12.15, see Figure (5.36)) is obtained, wherefore the 

trough of the saltwater-freshwater interface in the middle of the tank in both cases is particularly 

noteworthy. 

 

Figures (5.38) to (5.40) show the corresponding steady-state measured concentration distributions 

for the other experiments with different input saltwater concentrations, as indicated, all with pore 

velocities of 8m/day. Concentration plumes of experiments with other pore velocities are shown in 

appendix E. 

 

5.2.3.4. Estimating the transverse macrodispersivity    

 

As discussed in Chapter 4, the practical estimation of the transverse macrodispersivity    - as well 

as of the longitudinal macrodispersivity   , which at this stage of the thesis is not of interest here 

anymore - is based on the determination of the second moment of the solute plume in the direction, 

perpendicular to the flow, which, in turn, follows from the theoretical Gaussian distribution of the 

solute plume as a solution to the 1D- advection diffusion equation (ADE) (see Chapter 4).  

 
Because the objective of the present research is the analysis of the steady-state macrodispersion in 

the tank, the steady-state 2D ADE in the horizontal (x) – vertical (y) plane of the tank with horizontal 

flow applies and which can be written in simplified form (by neglecting the effect of longitudinal 

dispersion in steady state) as  

  
  

  
   

   

   
 (5.43) 

To solve this equation in the vertical domain, i.e. across the height of the tank, appropriate boundary 

conditions must be specified which in the present application of two-layer solute transport, i.e. freshwater 

over saltwater of concentration     , divided at y = 0 ( by setting the interface arbitrarily here) are: 

  (                      for                 (5.44a) 

  (                       for                    (5.44b) 

 
  

  
                           for                  (5.44c) 

i.e. the height of the tank extends from –B to +B. 

 

The solution of this boundary value problem is (Bear, 1972; Bear, 1979): 

 
 (    

  
 

 

 

(

      

(

 
 

 √
    
 )

 

)

  (5.45) 

 

Thus, the vertical variation of the normalized distribution  (      
 
 at a certain location x is 

Gaussian, with the variance  

    
   

 
        (5.46) 
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wherefore the relation              between transverse macrodispersivity     and hydrodynamic 

dispersion coefficient    has been used again. 

 

Inverting Eq. (5.46) results in the final formulae for estimating     from the width of the dispersive 

interface as measured by the standard deviation σ as a function of the horizontal location x: 

   
 

 
 
  

 
 (5.47) 

Thus, suffice to estimate the standard deviation σ, or the variance    of the  (      
 
 - curve as 

given in Eq. (5.45). This is done graphically based on the theoretical property of the normal 

distribution, wherefore its width B= 2σ is given by 

      (
 

  
       )   (

 

  
       ) (5.48) 

This property is illustrated in Figure (5.41) which shows the typical form of the  (      
 
 - curve 

(Eq. (5.45)) as a function of y (denoted as h in the plot, where h= hm corresponds to y=0) for an 

arbitrary standard deviation σ. 

 

To evaluate the transverse macrodispersivity of an experiment, a MATLAB script was developed to 

plot the vertical concentration profiles  (    
 
, for each of the 9 columns of the second round of 

sampling. These are shown for the (            and          ) experiment, as an example, in 

the various panels of Fig. (5.42). Then for each column, the width   of the dispersion zone (mixing 

zone  ) is computed by extracting h( (    
 
=0.16) h( (    

 
=0.84) heights and applying Eq. 5.40. 

With   = B/2,    is then calculated and plotted against the horizontal position x of the 

 
Fig. 5- 41 Theoretical  (        - curve (Eq. 5.45) at a fixed position x as a function of the vertical 

coordinate h in the tank with the freshwater- saltwater interface at located at h= hm , to determine 

the width B= 2  of the transverse dispersion zone and, hereafter    , using Eq. (5.47).  

corresponding column. With Eq. (5.38) the transverse macrodispersivity    is then calculated from 

the slope b = 2   of the linear regression through the measured (x,   ) scatterplot (see Fig. (5.43)). 
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Fig. 5- 42 Measured vertical concentration profiles c(y) at the nine columns for the experiment 

(        𝒑𝒑𝒎 and 𝒖   𝒎    ) and illustrations to extract the width B of the mixing zone. 

 



CHAPTER 5: EXPERIMENTS IN STOCHASTIC MODEL AQUIFER 

 

96 

 

 
 

 
Fig. 5- 42(continued) 

 

 
 

Fig. 5- 43 Scatterplot of variance    measuring the half-width B/2 of the dispersion zone (mixing 

zone) over horizontal distance x of the 9 columns for second round of sampling of first quality 

control experiment (        𝒑𝒑𝒎 and 𝒖   𝒎    ). 
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5.3. Experimental results 
 

In the current section the results of the analysis of the tank experiments are presented in view of the 

ultimate objective of the present thesis which is the understanding and determination of the effects of 

the stochastics of the porous medium as well as of the characteristics of the flow and transport 

process on the transverse macrodispersion in two-layer flow solute transport.  
 

5.3.1. Vertical concentration profiles at the measuring columns of the tank 

Starting point of the subsequent analysis of macrodispersion are the normalized vertical   (      – 

concentration profiles measured at the 9 observation columns in the tank for the various 

experiments, after the plume has reached steady state. Once this was the cased two or three rounds of 

sampling were carried out to plot the concentration profiles. It is worth noting that for all sampling 

rounds, the measurements were compatible to each other. 

  

Figures (5.44) – (5.47) depict these concentration profiles for the four base experiments with 

saltwater concentrations 250 ppm, 5000 ppm, 20000 ppm and 35000 ppm, respectively, with the 

three different inflow pore velocities u concatenated in each panel, allowing to easily see the effects 

of the latter on   (      . Figures (5.48) – (5.50), in contrast, show the same   (      - profiles in a 

different combination, namely for the three inflow (pore) velocities  , respectively, with the profiles 

for different concentrations     concatenated in each panel, allowing now to see the effects of the 

latter on   (      .  
 

The positions and forms of these vertical concentration profiles in these figures provide partial 

answers to two interesting questions: 

 

1. What effect does the concentration contrast   , i.e. the proportional density contrast    

between saltwater and freshwater have on the dispersion process? 

2. What effect does the pore velocity   have on the dispersion process? 

 

It should be noted that the third question related to the stochastic theory of macrodispersion:  

 

3. What effects do the stochastic characteristics of heterogeneous porous media (variance   , 

correlation lengths    and   ) have on the dispersion process?  

 

cannot be answered here from an experimental point of view, as only one sandpack in the tank has 

been investigated, but will be studied numerically in Chapters 7 and 8.  

 

To answer the first two questions, the following two important characteristics of the vertical 

concentration profiles   (       will be quantified, namely  

 

1. The height    of the center of the   (       - profile  

2. The width of the mixing zone (which quantifies the size of the transverse hydrodynamic 

dispersion), as measured by the height difference    -    , where  (             and 

 (             in the vertical concentration profile (Section 5.2.3.4). 
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From the visual inspection of these concentration profiles of all experiments the following 

conclusions can be drawn: 

 
 

  
 

Fig. 5- 44 Effects of inflow velocities on the plume plateaus for the various experiments with source-

concentrations        𝒑𝒑𝒎 at observation ports of column 1 (        𝒎  to column 47 

(        𝒎  based on experimentally measured data. 
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Fig. 5- 44 (continued) 
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Fig. 5- 44 (continued)  
 

Figures (5.44) – (5.47) display the effects of the inflow velocity u on the concentration profiles. For the 

experiments with         ppm for all columns of the vertical concentration profile except column C1, one 

notices a larger sinking of the plume center with increasing pore velocity u , i.e. the density effect is more 

prominent, the larger the transport velocity, i.e.  hs ↓ when u ↑. 

 

Thus, if one assumes the classical relationship for the transverse mechanical dispersion           

(Equation (3.19)) (Bear, 1979), where    is transverse dispersivity, this result provides evidence that the 

dispersion has a negative effect on stability. This means that    and sinking both increase as   increases, 

resulting in less stability. A lower    means that the density effect is more prevalent. This result agrees with 

the theoretical analysis of Thiele (Thiele, 1997) and previous numerical studies of (Koch and Zhang, 1992) 

for the case of unstable density stratification.  

 

Additionally, for the experiment with        ppm for all columns, except columns C1, C13, and C23, one 

notices the plateaus are coinciding for all three pore velocities (       ,         and         ). 

However, for the experiment with          ppm and          ppm, no systematic trend can be found. 

This is, presumably, because the sandpack used is very specific and its heterogeneity is too high relative to the 

size of the tank that so that some of these columns experience the strong local variations of the hydraulic 

conductivity field. 

 

Furthermore, as seen in Figures (5.48) – (5.50), for the sampling port column C27, located in the middle of 

the tank, one notes a sinking plateau of the vertical concentration profile with decreasing concentration    for 

inflow velocity           . Similar behaviors of the plumes are found for the other sampling port 

columns C1, C4 and C33 located further upstream and downstream of the tank. Similar results can be 

observed in columns C4, C27 and C33 for the inflow velocity          , with the exception of column 

C1. Interestingly, on the contrary, for the sampling port columns C23, C43 and C47, one notes a sinking  
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Fig. 5- 45 Effects of inflow velocities on the plume plateaus for the various experiments with source-

concentrations         𝒑𝒑𝒎 at observation ports of column 1 (        𝒎  to column 47 

(        𝒎  based on experimentally measured data. 
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Fig. 5- 45 (continued) 
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Fig. 5- 45 (continued) 

 
plateau of the vertical concentration profile with increasing concentration    for inflow velocity   
       . Similar results can be observed in columns 13, 23, 43 and 47 for the inflow velocity          . 

Although there are vertical small variations of the location of the center of the mixing zone for each 

experiment of different concentration    and inflow velocity          , no systematic sinking of the 

plateau of the vertical concentration profile for port columns C13 and C37 is observed with increasing    for 

the same          . Similar results can be observed in columns 1 and 37 for the inflow velocity   
       . For the inflow velocity            for none of the columns a systematic sinking of the plateau 

of the vertical concentration profile is observed. 
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Fig. 5- 46 Effects of inflow velocities on the plume plateaus for the various experiments with source-

concentrations          𝒑𝒑𝒎 at observation ports of column 1 (        𝒎  to column 47 

(        𝒎  based on experimentally measured data. 
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Fig. 5- 46 (continued) 

 

 
Fig. 5- 46 (continued) 
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Fig. 5- 47 Effects of inflow velocities on the plume plateaus for the various experiments with source-

concentrations          𝒑𝒑𝒎 at observation ports of column 1 (        𝒎  to column 47 

(        𝒎  based on experimentally measured data. 
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Fig. 5- 47 (continued) 
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Fig. 5- 47 (continued) 
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Fig. 5- 48 Experimentally determined normalized concentration      versus the normalized height 

of the tank      at observation ports of column 1 (      𝒎) to column 47 (      𝒎) where 

𝒖    𝒎     for all tank experiments run. 
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Fig. 5- 48 (continued) 
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Fig. 5- 48 (continued) 
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Fig. 5- 49 Experimentally determined normalized concentration      versus the normalized height 

of the tank      at observation ports of column 1 (      𝒎) to column 47 (      𝒎) where 

𝒖    𝒎     for all tank experiments run. 
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Fig. 5- 49 (continued) 
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Fig. 5- 49 (continued) 
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Fig. 5- 50 Experimentally determined normalized concentration      versus the normalized height 

of the tank      at observation ports of column 1 (      𝒎) to column 47 (      𝒎) where 

𝒖     𝒎     for all tank experiments run. 
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Fig. 5- 50 (continued) 
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Fig. 5- 50 (continued) 
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5.3.2. Width and variance of the transverse mixing zone along the tank  
In the previous section, the spatial concentration distributions were only inspected qualitatively. For 

a quantitative analysis of the macroscopic dispersion, the variances    (B/2)
2
 for the mixing width 

(  { (              (            }  of all the experiments have to be calculated. The 

widths      of the mixing zones of the fresh and saltwater layers for the various experiments are 

approximately determined by measuring the difference between the two z-locations for  (      
       and  (             values on the vertical concentration profiles and are illustrated in 

different manners in Figures (5.51) and (5.52).  

 

The three panels of Figure (5.51) illustrate the dispersion zone width B as a function of the 

horizontal distance x for the various concentrations and three velocities (      and         ) 

investigated. The first panel of the figure indicates that for           for            and 

             there increasing trend for B as it should be theoretically (for            it is 

almost linear), but for the cases of             and             , B at first is increasing, 

but later on it decreases. It is worth to mention that for these two concentrations the trend is similar.  

  
 

 

Fig. 5- 51 Width of the mixing zones as a function of distance from the tank inlet for different 

concentrations and different pore velocity as indicated in each panel. 
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Fig. 5- 52 Width of the mixing zones as a function of saline concentration    for three inflow 

velocities at the various measuring columns 
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Fig. 5- 52 (continued). 

However, the B-lines in the two panels for           and            have for all 

concentration cases similar trends, namely, that B increases with x, to reach its maximum at x =6-7 m 

in the tank and decreases hereafter towards the end of the tank. For the reasons of this later peculiar 

behavior one can only speculate, and it could be due to some return flow of solute from the outlet 

chamber back into the tank. In contrast, the increase of the dispersion zone with B up to about 7 m 

into the tank is at least, quantitatively, in agreement with classical dispersion theory on which the 

present whole analysis of the macro-dispersion is based upon, namely, the analysis of the vertical 

variance    = (B/2)
2
 of the saltwater-freshwater- interface (see Eqs. 5.46 and 5.47).  

 

Using these measured B, the variances    are computed and plotted, similar to Figure (5.51) as a 

function of the horizontal distance x along the tank in Figure (5.53). Comparing the two figures 

visually, obviously, a similar behavior of    and B is observed although changes of the former are 

even more accentuated than of the latter, namely the ―illogical‖ decrease towards the end of the tank.  

Presumably, this may be either related to the local permeability (hydraulic conductivity K)- 

distribution (see Figure (5.15)), as, for example, a decrease in K in that section of the tank would 

causes a reduction of the hydrodynamic dispersion, i.e. also of the dispersion width B there. 
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Fig. 5- 53 Variance over the travel distance for different source of salt concentrations at velocities 

𝒖     𝒎    , 𝒖     𝒎     and 𝒖      𝒎    . 
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Fig. 5-53 (continued) 
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In any case, using Eq. (5.47), the transverse dispersivity AT is then computed from the half slope of 

the linear regression line, also shown in Figure (5.53).  
 

Figures (5.51) and (5.52) show further some interesting general relationships between the various 

flow and solute transport parameters of the tank experiment and the mixing widths B of the 

dispersion zones. Thus one notices that in the beginning of the tank for the experiments with 

         ppm and         ppm for the concentration of the saltwater, B is larger for   
        than for           , with the exception of column C13 for the        ppm 

experiment. Moreover, the trend in B for            shows that, as     increases, B generally 

decreases, except at location of column C13. 

 

Furthermore, there is no systematic trend B for           . Also, for the            ppm 

experiment, B is larger for            than for            . On the other hand, B for 

          is less than for           .  

 

Figure (5.51) indicates that, in general, for all three pore velocities, the dispersion zone width B is 

systematically the largest for the        ppm experiment, whereas for the other, higher saltwater 

concentrations     no clear trend is visible, i.e. there is some decrease of the transverse dispersion 

with increasing concentration   , i.e. when the density difference    between the saltwater and the 

freshwater is increased, i.e. B↓ when    ↑ 

 

This peculiar behavior of the transverse dispersion is also supported by the tank experiments of 

Kobus and Spitz (Kobus and Spitz, 1985) as well as by the theoretical analysis by Thiele (Thiele, 

1997) both deduced a decrease of the transverse hydrodynamic dispersion coefficient   , when the 

density difference    between the saltwater and freshwater augments, i.e.    ↓ when    ↑. However, 

this is true only when the mechanical dispersion    is significantly greater than the molecular 

dispersion   , which holds for Peclet numbers              (Bear, 1979). The average grain 

size   for this tank sand pack is            and               . This results in the 

Peclet numbers      ,       and        for the three inflow velocities    ,   and    

     , respectively, so that the Peclet number- condition above is largely fulfilled.  

 

On the other hand, two of the earlier run tank experiments of (Koch and Starke, 2001) had inflow 

velocities           and          , which results in Peclet numbers      and       , 

respectively, i.e. lower than those in two of the experiments executed in this thesis research. This 

means that hydrodynamic dispersion or (mechanical dispersion) may also be rather small, and 

diffusive transport is dominant, especially for the small velocity          . This is in contrast to 

the experiments of (Kobus and Spitz, 1985) which were run in the range         to        . 

Therefore, this diffusion- prevailing dispersion regime may be the cause of the apparent 

contradictions to define a clear relationship between the density effects at higher concentrations    

and the effective transverse dispersion (widths) in the present experiments, as deduced from Figures 

(5.51) and (5.52). 
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5.3.3. Height of the center of the dispersion zone 
The so-called non-similarity variable   determines the proportion of density contrast and the 

horizontal velocity, or the measure for relative weight of the natural- and forced-convection: 

   
  

     
 (5.59) 

where the position-dependent term Peclet number    and the Rayleigh number    are as follows: 

    
    

  
 (5.60) 

    
        

     
 (5.61) 

 

Considering the height of center of the dispersion zone    with respect to the non-similarity variable 

  
  

      (Figure (5.54)), which describes the influence of the concentration as well as the flow 

velocity, it can be discovered that a significant fluctuation appears for small values of  . However, as 

the non-similarity variable   increases, the amplitude of fluctuations in    become smaller and also 

the difference of    between two successive values of   become larger. As a whole, there is a 

reducing trend in the subsiding of the plume for values of    . 

 

 
Fig. 5- 54 Height of center of the dispersion zone  𝒔 as a function of non-similarity variable  . 

As seen in Figures (5.55) and (5.56), the trend for the height hs of the center of the dispersion zone 

is the same for all velocities u and concentrations    of all experiments. Furthermore, one notices 

that hs increases with increasing distance x. Moreover, in all figures, at the specific location between 

       and      , there is a sudden drop in hs. This is possibly due to the strong local 

permeability variation and with a subsequent variation of the transverse dispersivity at that point in 

the tank. Also, for             and            , the height of the plume generally subsides 

with increasing saltwater concentration   . There is no systematic trend for               
 

In Figures (5.55) and (5.56) one observes that for             , the height hs of the center of the 

dispersion zone is more or less the same for the different pore velocities u. For              , hs 

center of the dispersion zone subsides with increasing flow velocity u. For             , there 

is no systematic trend whereas for             , the height of the plume, generally, also 

subsides with increasing flow velocity. However, the opposite is true near the end of the tank. 
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Fig. 5- 55 Height of center of the dispersion zone  𝒔 as a function of horizontal distance across the 

tank for different concentrations and different pore velocity as indicated in each panel . 
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Fig. 5- 56 Height of center of the dispersion zone  𝒔 as a function of horizontal distance across the 

tank for all flow velocities and concentrations    as indicated in each panel  



CHAPTER 5: EXPERIMENTS IN STOCHASTIC MODEL AQUIFER 

 

127 

 

 

 

Fig. 5- 56 (continued)  

 

 

5.3.4 Estimation of the transverse macrodispersivity    and comparison with the 

results of (Starke, 2005) 

With the variances    of the normalized concentration distributions known at the various positions x 

of the measuring columns in the tank known, the effective transverse macrodispersivity    can be 

calculated using Eq. (5.47), discussed in detail in Section 5.2.3.4. The final results of this ultimate 

task of the thesis are shown in Figures (5.57) and (5.58) where the computed transverse 

macrodispersivity    is depicted as a functions of the seepage velocity   and the NaCl concentration 

  , respectively.  

In Figure (5.57) one notes a decrease of    as the seepage velocity u increases, with the exception 

of the experiment with             where it increases. It can be seen that for              

the decrease is almost linear.  

In Figure (5.58) one can observe that as the concentration increases from            to 

            there is a significant decrease in    at all velocities, however, as the concentration 

increases from             to                 is mostly increasing. It is also worth noting 

that for the case of             , there is no significant difference between the    at   
        and           . 

In Table (5.14) the experimentally determined transverse macrodispersivities    for all experiments 

carried out in the current work are listed, together with the heights hs of the freshwater- saltwater 

interface. Also, the calculated transverse macrodispersivity obtained from (Starke, 2005) with her 

different types of used sandpacks is included in the table. Furthermore, the coefficient of 

determination R
2
 of the linear regressions of the variance    over the horizontal distance x used to 

compute    is also listed.  
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Fig. 5- 57 Experimental transverse macrodispersivity    vs velocity for different concentrations. 

 

 
Fig. 5- 58 Experimental transverse macrodispersivity    vs concentration for different velocities. 

 

It is important to compare the results of the estimated transverse macrodispersion of the current work 

for with the findings of other investigators. Taking the fact into account that Starke used three 

different types of sandpacks in her experiments, in which sand pack 1 with (    
 =0.25,   =0.2 [m], 

  =0.05 [m],     (  (  )        ), Sandpack 2 with (    
 =1,   =0.4 [m],   =0.1 [m], 

    (  (  )        ) and sandpack 3 with (    
 =1.5,   =0.3 [m],   =0.75 [m], 
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    (  (  )        ) statistical characteristics were assumed. It should be noted that sandpack 

3 had maximum heterogeneity between the other sandpacks but its heterogeneity is still less than the 

heterogeneity provided for the sand pack used in the current experiment with statistical 

characteristics of (    
 =3,   =0.75 [m],   =0.1 [m],     (  (  )=-5.676).  

Table 5- 14 Summary of experimentally determined values of the height hs of the freshwater- 

saltwater interface and the transverse macrodispersivity   , together with the R
2
 of the linear 

regressions of the variance    over the horizontal distance x used to compute    . Also listed are 

reported values of    of  (Starke, 2005) for her three sandpacks investigated. 

    
[𝒑𝒑𝒎] 

𝒖  
[𝒎    ] 

   (       
   ⁄  

[mm] 

 𝒔  
[𝒎] 

   

Sandpack 1-Starke 2005 ( 𝒍𝒏𝒌
 =0.25,   =0.2 [m],   =0.05 [m], 𝒎  𝒏(𝒍𝒏(𝒌 )        ) 

250 4 0.119 - - 

5000 4 0.129 - - 

35000 4 0.168 - - 

Sandpack 2-Starke 2005 ( 𝒍𝒏𝒌
 =1,   =0.4 [m],   =0.1 [m], 𝒎  𝒏(𝒍𝒏(𝒌 )        ) 

250 4 0.543 - - 

250 8 0.463 - - 

5000 4 0.391 - - 

5000 8 0.388 - - 

35000 4 0.220 - - 

35000 8 0.261 - - 

Sandpack 3-Starke 2005 ( 𝒍𝒏𝒌
 =1.5,   =0.3 [m],   =0.75 [m], 𝒎  𝒏(𝒍𝒏(𝒌 )        ) 

250 4 0.707 - - 

250 8 0.645 - - 

5000 4 0.526 - - 

5000 8 0.543 - - 

35000 8 0.256 - - 

Sandpack 4-current work ( 𝒍𝒏𝒌
 =3,   =0.75 [m],   =0.1 [m], 𝒎  𝒏(𝒍𝒏(𝒌 )        ) 

250 4 3.834 0.805 0.384 

250 8 1.428 0.863 0.067 

250 12 1.540 0.841 0.133 

5000 4 0.090 0.895 0.002 

5000 8 0.182 0.836 0.037 

5000 12 0.487 0.738 0.219 

20000 4 0.677 0.879 0.081 

20000 8 0.313 0.836 0.110 

20000 12 0.050 0.860 0.002 

35000 4 2.890 0.793 0.405 

35000 8 0.509 0.832 0.122 

35000 12 0.514 0.813 0.069 
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Comparing all these results in Table (5.14), one can readily find that the calculated 

macrodispersivity for the current investigation is larger than those calculated by Starke and that is 

due to high heterogeneous sand pack used in our experiments. For example, one can see that the 

average value for the transverse macrodispersivity in Starke‘s sandpack 1 is around 0.183 [mm]. 

However, the average value for both sandpack 2 and 3 are 0.647 [mm] and 0.832 [mm], respectively. 

On the other hand, for sandpack 4 of the current work which is the most heterogeneous sandpack in 

Table (5.14), the average calculated value for the transverse macrodispersivity    is roughly around 

2.268 [mm] which is twice than the macrodispersivity calculated from Starke‘s investigation (Starke, 

2005). Consequently, in agreement with the predictions of the stochastic theory of macrodispersion 

as discussed in the previous Chapter 4, e,g, (Gelhar, 1993) the higher is the heterogeneity of the 

porous medium formation (sandpack) the higher is the transverse macrodispersivity    . 
 

 

5.3.5 Macrodispersion in real aquifers as compared to the tank model 

5.3.5.1 Real aquifers studied up to-date 

5.3.5.1.1 Borden aquifer (Batu, 2005; Sudicky, 1986) 

 

Between 1978 and 1995, industrial pollutants were mainly discharged into the soil within the large 

Canadian military bases in controlled experiments. The pollutants were introduced into the substrate 

in certain quantities in certain places and recorded accordingly. The spread of the pollutants in the 

groundwater was measured together with other hydraulic properties of the soil and groundwater 

aquifer. Prior to these experiments, it was only known that the pollutants move along the hydraulic 

gradient and propagate relatively slowly, so that these substances remain in the subsurface for a very 

long time. Later the goal of the research became more concrete with the introduction of stochastic 

theories which should explain the physical phenomenon of macro-dispersion.  

 

The first experiment, initiated and carried out with this newly gained theoretical was the Stanford / 

Waterloo Borden experiment. With this experiment, pioneering work was performed, because it was 

the first systematized long-term experiment on a natural gradient-based transport of matter in a sand 

aquifer. It started on August 23, 1982 and ran over a period of 3 years. At the same time almost 

12,000 liters of water were pumped into the ground with various tracers. The values of the tracer 

bromite with 3,870 g had proved to be the most stable, since this had shown no reactions with the 

aquifer. However, organic tracers were investigated for their reactions and interactions with the 

aquifer, for example from the point of view of sorption into the sediments of the aquifer. The aquifer 

considered had the dimensions of 9 m depth to a water-impermeable loam layer, approx. 120 m 

length and a width of approx. 80 m. The measured groundwater flow was 0.091 m / day.  

 

During the experiment, a variety of measurements were made. With these, the plume of the tracer 

could be followed. In total, there were about 19,900 measured values, of which 90% were analyzed. 

From the obtained values of the spatial moments of the plume concentrations the dispersion 

coefficients were calculated and put into relation with the variance and correlation lengths of the 

geospatial distribution of the aquifer‘s hydraulic conductivity field, as postulated by the stochastic 

theory of macro-dispersion. 
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5.3.5.1.2 Cape Cod aquifer (Garabedian et al., 1991) 

 

Another large area where tracer tests were conducted is located in a sand and gravel pit on Cape Cod 

in Massachusetts, USA. The aquifer has a very large extent. The experiment in this aquifer was seen 

as a further development and continuation of the Borden experiment, as it was hoped that additional 

knowledge would be gained about other aquifers and reactive tracers.  

 

The Cape Cod experiment was started on July 18, 1985, with the aim of further testing the stochastic 

theories in practice. For this purpose, 7600 litre of water were mixed with the stable tracer bromite 

(4,900 g) and the reactive tracers molybdenum and lithium and fed into three wells over a period of 

17 hours. The measured average hydraulic conductivity K is 110 m/d and the effective porosity 

assumed by tests and comparisons is 0.39. The hydraulic gradient is 1.5 % and the resulting average 

groundwater velocity is around 0.42 m/day.  

 

In the period between July 1985 and the end of 1986, concentration measurements were made 

monthly at 15 points. During that time the plume moved steadily to the south and later with a slight 

bend to the east, due to higher precipitation than the annual average. Moreover, one could clearly see 

differences in the plume distributions for the (nonreactive) bromite and of the two reactive traces 

lithium and molybdenum. 

 

Garabedian et al. (1991) analyzed the data from the Borden and Cape Cod experiments further with 

regard to the predictions of the stochastic theory of macro-dispersion. They concluded, among other 

things, that there is an approximately linear relationship between the size of the model and the 

longitudinal dispersivity of the aquifer in the Borden and Cape Cod experiments, i.e. a scale effect. 

However, such a connection could not be demonstrated for the transverse dispersivity. 

 

Further results from Garabedian et al. (1991) were that the horizontal movement of the plumes in the 

experiments could be predicted based on the variations of the hydraulic conductivity, the effective 

porosity and the hydraulic gradient. It was also found that the results of the large-scale experiments 

are not in contradiction with the small-scale experiments in laboratories. 

 

5.3.5.1.3 Columbus aquifer (MADE2 experiment) (Boggs and Adams, 1992; Boggs et al., 1992) 

 

The last large-scale experiment, which is explained in more detail, is the Columbus MADE 2 

(macro-dispersion experiment). It was carried out at the Tyndall Air Force Base near Columbus, 

Mississippi, USA in 1990-1991. The experiment had been preceded by the Columbus MADE 1 

experiment from 1986 to 1988.  

 

In the MADE2 experiment 9,700 liters of solution were injected into the soil on June 26, 1990 

within 48.5 hours. The tracers used were the stable tritium and a series of other reactive tracers. 

These were used to study the effects of bio-transformations on transport processes. The aquifer 

consists of gravel, sandy gravel, gritty sand, sand and small clay particles. This is particularly 

marked by the fact that its heterogeneity is many times greater than that of the aquifers in Borden or 

Cape Cod. For it was not yet clear how the stochastic theories would defend themselves against large 

fluctuations in the velocity of flow due to the large heterogeneity of the hydraulic conductivity field. 

For the local measurements of the latter, the so-called "Borehole-Flowmeter" method was used. The 
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porosity was reported to be 0.31. The average height of the aquifer was 11 m, the length about 300 m 

and the width about 100 m. 328 data points were collected during the experiment. These were 

supplemented by the pressure levels in 29 piezometers. Twelve measurements were made, of which 

a concentration distribution of tritium could be prepared from five. 

 

Although the hydraulic head levels during the experiment varied by 3-4 m, steady state was adopted 

for the flow model, as the hydraulic gradient was approximately constant. Longitudinal and 

transverse dispersivity was calculated from the spatial moments of the tritium plume. However, this 

was difficult because the method used by Borden and Cape Cod could not be transmitted one by one 

at Columbus. This was due to the fact that the average speed was not uniform. Therefore, the method 

used in the MADE-1 experiment in Columbus was adapted for the MADE-2 experiment. High 

values for the longitudinal and transverse dispersivities were obtained, which was also explained by 

the nature of the injection type of the tracers in this experiment. 

 

5.3.5.2 Comparison of stochastic properties and macrodispersion in real aquifers studied and 

those of the present tank model aquifer 

 

In Table (5.15) the stochastic characteristics as well as the values of the longitudinal and transverse 

macrodispersivity of these three real aquifers are compared with those used and estimated (i.e. the 

transverse dispersivity AT) from the set of experiments of (Starke, 2005) for three sandpacks (#1, #2 

and #3) and the one studied as part of this thesis research (sandpack #4).  

 

Table 5- 15 Comparison of stochastic properties and macrodispersion in real aquifers studied and 

those of the present tank model aquifer. 

  

Hydraulic 

Conductivity 

K [m/s] 

Mean(K) 

[m/s] 

Seepage 

Velocity 

[m/day] 

Correl. 

length 

λx [m] 

Correl. 

length λy 

[m] 

Variance 

²ln(k) 

Longitudinal. 

Dispersivity 

AL [mm] 

Transverse 

Dispersivity 

AT [mm] 

Real 

Aquifer 

Borden 
5 10-7- 

2 10-4 9.7 10-5 0.091 2.8 0.12 0.29 360 18-39 

Cape Code 
0.7 10-3-

1.7 10-3 

1.3 10-3 0.42 5.45 0.28 0.25 430 35-78 

Columbus 10-6-10-1 - 0.014 12.8 1.6 4.5 
1500-

1800 
300-600 

Model 

Aquifer 

Sandpack#11 
4 10-4-

1.27x10-2 1.8 10-3 0.5/1/ 

2/4 
0.2 0.05 0.25 - 0.183 

Sandpack#21 
1.27 10-4-

2.84 10-2 2.2 10-3 1/4/8 04 0.1 1 - 0.647 

Sandpack#31 
1.27 10-4-

2.84 10-2 
2.1 10-3 1/2/4/8 0.3 0.075 1.5 - 0.832 

Sandpack#4 
1.3 10-4-

1.1 10-1 3.4 10-3 4/8/12 0.75 0.1 3 3500
2
 2.268 

1
Studied by (Starke, 2005) 

2
Based on the fitted breakthrough curve at the outlet of the tank (see Chapter 5.2.2.2) 
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Chapter 6 
6. Principles of Numerical Modeling 
6.1. General Remarks 
A variety of natural stationary and time-dependent physical processes can be described using 

differential equations namely, partial differential equations (PDE) for some physical variables. This 

holds also for flow and transport processes in ground water- of interest here - where these variables 

would be hydraulic heads or flow velocity and concentrations, respectively. 

 

Since the use of completely analytical solutions of the PDE‘s for flow and transport is restricted to 

processes with simplified parameter specifications and/or boundary conditions, these PDE‘s have be 

solved numerically. For flow and transport in porous media the finite difference method or the finite 

element method are used more or less exclusively, whereas in regular fluid dynamics the finite 

volume method is increasingly becoming the method of choice. The common feature of all these 

methods is that they discretize the PDE‘s on a stationary grid and then determine the variables of 

interest on the grid points. This is also called the Eulerian viewpoint of fluid flow description which 

has to be distinguished from the Lagrangian viewpoint as discussed in the following paragraph. For 

more details, see (Holzbecher, 2013; Kinzelbach, 1992). 

 

Basically one differentiates between elliptical, parabolic and hyperbolic PDE‘s. Parabolic PDE‘s 

exist only with second-order derivatives, e.g. the groundwater flow equation and the diffusion 

equation. Elliptical PDE‘s contain only spatial, but no temporal derivatives: examples are stationary 

groundwater flow equation which is a Laplace- or Poisson equation. PDE‘s which contain only first-

order derivatives, e.g. the equation of pure advective transport (without dispersion term), are called 

hyperbolic. In such a case it may be preferable to not use the Eulerian fixed grid, but a grid which 

moves with the flow, which is then called the Lagrangian viewpoint. One particular variant of this 

class is the particle-tracking-method. The common transport equation has both a hyperbolic 

(advection) and a parabolic part (dispersion), so that it is a mixed hyperbolic-parabolic PDE, which 

particularly difficult to be solved numerically. Here the Euler- and the Lagrangian viewpoints have 

to be used, leading to both stability problems and numerical errors. Alternatively, there is a method 

called the characteristic-method, in which the advective transport is calculated by the methods of 

characteristics with particle tracking and the dispersive transport by a finite-difference- or finite-

element-method (Zheng and Bennett, 1995). 

 

The finite difference method (FDM) is the oldest and clearly the most applied numerical method. It 

is based upon the application of a local Taylor expansion to approximate the PDE by so called finite-

difference equations. The FDM uses a topologically square network of lines to construct the 

discretization of the, which is also at the same time the potential bottleneck of this method when 

handling complex geometries in multiple dimensions. This issue motivated the use of an integral 

form of the PDEs and subsequently the development of the finite element and finite volume 

techniques on irregular grids.  

 

For the purpose of this thesis, the finite element method (FEM) is of particular importance here, as 

the SUTRA-code to be used for the later numerical simulations of flow and solute transport is based 

on this approach (Voss, 2002). Basically, in this technique the flow domain is subdivided into small 

domains, the finite elements, and the solution within each element is interpolated from the unknown 
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function values at the vertices (nodes) of the elements which, in turn, are computed from the solution 

of a global system of (matrix) equations with appropriate boundary conditions. 

 

6.2. Finite-Difference-Method (FDM) 
In the finite difference method (FDM) differential equation to define flow and mass transfer is 

approximated in time and space by finite difference, wherefore the model space is divided into 

rectangular cells which, for the ease of notation and simplification, are often taken as squares  

The principle of the FDM-method is discussed here based on the density-independent flow (6.1) and 

transport equation (6.2) without source, decay, degradation and adsorption terms: 

   

  

  
      (6.1) 

 
  

  
   ⃗⃗        (6.2) 

where K is hydraulic conductivity, h is hydraulic head (sum of pressure head and elevation head) and 

So is the specific storage and can be calculated from            and     is the specific pressure 

storativity. 

 

whereby   is the appropriate scaled transport variable which could be concentration or temperature. 

For better descriptiveness, and is also practically the case for the flow and transport in the laboratory 

tank, two-dimensional (2D) flow and transport in a homogenous porous media will be analyzed. 

equations (6.1) and (6.2) can then be written in Cartesian coordinates as: 

 
  

 

  

  
 

   

   
 

   

   
 (6.3) 

 
  

  
   

  

  
   

  

  
   

   

   
   

   

   
 (6.4) 

where,    and    describes actual velocity in both directions x and y, respectively and will be 

calculated from          and         . 

 

The principle of the FDM is then to approximate the differential terms in equations (6.3) and (6.4) 

by finite difference quotients in space and time. This means that the piezometric heads and the 

concentrations are not calculated anymore continuously in the model area, but only at the discrete 

lattice points or nodes whose spatial positions (xi,yj) are defined by a dual index (i, j) in the two 

coordinate directions. Likewise, the continuous time is discretized by discrete times t
n
 (index n) with 

this notation, the hydraulic head    
  and the transport variable    

  for a specific on a node for time n 

represent the mean value of the adjacent quadrants of the four neighboring cells.  

 

In the following paragraph the spatial and temporal FDM-discretizations will be discussed for the 

groundwater flow equation (6.3) The FDM-approach for the solute transport equation is similar, 

however, there are some intricacies with regard to the treatment of the advective term in equation 

(6.4) which needs some special consideration (Zheng and Bennett, 1995). 
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Spatial discretization: According to the spatial direction of the approximated discretization, forward, 

backward and central differences are distinguished. Forward and backward approximation are 

simply derived by developing the piezometric head h at a positive (      or negative (      
direction from the reference point (  , respectively, up to the first order. Thus one obtains  

 
  

  
|
 
 

 (       (  

  
  (    (6.5) 

for the forward difference quotient and  

 
  

  
|
 
 

 (    (     

  
  (    (6.6) 

for the backward difference quotient, wherefore the term  (    denotes the so-called truncation 

error which in this case is of order one, i.e. decreasing    by a factor of two, decreases also this error 

by a factor of two. 

 

Subtracting Eqs. (6.5) and (6.6), one gets the central difference quotient 

 
  

  
|
 
 

 (       (     

   
  (     (6.7) 

which has now a truncation-error order of two, i.e. is a better approximation, however at the expense 

of an additional function evaluation. For this reason, it is not used in practice 

 

By applying Eq. 6.7 twice, the second order finite difference quotient is obtained 

 
   

   
|
 

 
 (        (    (     

(    
  (     (6.8) 

which has also a truncation-error order of two. 

 

In the 2D PDE, the equations above are actually partial finite difference equations in the x-direction, 

with y = constant. These equations above can then also be applied for the finite difference 

approximation in the y-direction by keeping the x-coordinate constant. Then, with the (i, j)-index 

notations on a rectangular 2D- grid, the finite difference formulation of the groundwater flow 

equation (6.3), with        for all i as well as        for all j, can be written as 

 
  

 

  

  
 

                   

(    
 

                   

(    
 (6.9) 

which in the case, when the grid elements are squares,       , results in  

    
  

  

  

  
     

 

 
(                             (6.10a) 

which, when the flow is stationary so that 
  

  
  , goes over to  

     
 

 
(                             (6.10b) 

i.e. each nodal value     is computed as the average of the four values at its surrounding nodes. By 

this iterative method one can readily solve equation (6.3) which is the expression for the finite 

difference method for Laplace equation. 
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6.3. Finite-Element-Method (FEM) 
SUTRA is numerical commercial package using Finite Element Method (FEM). The methodology 

of SUTRA is complex because of the following facts: 

1. Density-dependent flow and transport needs two simulation models that are connected to 

each other. 

2. Fluid properties depend on local values of temperature and concentration. 

3. The geometry of a field area and the distributions of hydrogeologic parameters may be 

complex. 

4. The hydrologic stresses on the system may be distributed in space and change with time. 

 

SUTRA flow simulation may be employed for two-dimensional (2D) areal, cross sectional and 

three-dimensional (3D) modeling of saturated ground-water flow systems, and for cross sectional 

and 3D modeling of unsaturated zone flow. Solute-transport simulation using SUTRA may be 

employed to model natural or man-induced chemical-species transport including processes of solute 

sorption production, and decay. For example, it may be applied to analyze ground-water 

contaminant, transport problems and aquifer restoration designs. In addition, solute-transport 

simulation with SUTRA may be used for modeling of variable-density leachate movement, and for 

cross sectional modeling of saltwater intrusion in aquifers at near-well or regional scales, with either 

dispersed or relatively sharp transition zones between freshwater and saltwater. For instance, Voss 

and Koch (2001) investigated the pump effect in salt-water upcoming in Brandenburg and Narayan 

et al (Narayan et al., 2003), investigated Saltwater intrusion in Burdekin Delta/North Queensland, 

Hutchings et al. (2003) developed a model for simulation of saltwater intrusion in Florida. Payne et 

al. (2001) investigated the density dependent transport in coastal area Georgia using SUTRA, Koch 

and Zhang (1990) investigated the applicability of SUTRA regarding possibilities and limitations 

and developed a new FE-technic for the transport simulation in an unconfined aquifer (Koch and 

Zhang, 1992). Also, other investigaors assessed the vulnerability of the Wadi Ham aquifer located in 

UAE to sea water intrusion (SWI) using a three dimensional finite element-based flow and solute 

transport model SUTRA (Hussain et al., 2015). 

 

The effective finite-element and integrated-finite-difference hybrid method used by SUTRA allows 

great numerical flexibility in describing processes and characteristics of flow and transport in 

hydrologic field systems. 

The unconfined aquifer (water-table aquifer) fluid mass balance equation is helpful for 

demonstration of basic numerical methods used in SUTRA, because it displays some salient aspects 

of the SUTRA equations: a time derivative, nonlinear term involving space-derivatives, and a source 

term. The simplified fluid mass balance equation is as follows: 

   
   

  
  (   )     ;     

  

 
 (6.11) 

  (     [ 
  ] is specific storativity,  (       [ ] is hydraulic head (sum of pressure head and 

elevation head),  (     [   ] is hydraulic conductivity (considered for this example to be 

isotropic),   (     [   ] is volumetric fluid source (volume fluid injected per time / volume 

aquifer) (considered constant for this example),   (     [  (     ] is fluid mass source (mass 
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fluid injected per time / volume aquifer) (considered constant for this example) and   [
 

  ] is fluid 

density (considered constant for this example). 

This equation, (6.10), is obtained from the following SUTRA fluid mass balance: 

 (         
   

  
)
   

  
 (   

  

  
)
  

  
   [(

    

 
)  (     )]     (6.12) 

By assuming saturated conditions, constant concentration and temperature, constant fluid density, 

and using the definition of hydraulic conductivity,   (        , where   is the acceleration of 

gravity, and of hydraulic head,                 , where pressure head      (       For 

clarity, hydraulic conductivity is considered isotropic in this example (Voss and Provost, 2010). 

where, 

   water saturation (volume of water per volume of voids) 

     specific pressure storativity 

     (          (6.13) 

  porous matrix compressibility ranges        *
  

    
+
  

 for sound bedrock to about 

      *
  

    
+
  

for clay (Freeze and Cherry, 1979) 

  fluid compressibility *
 

    
+
  

 

  porosity (volume of voids per total volume) 

  represents concentration or temperature 

  solid matrix permeability (in 2D,     matrix of values; in 3D.     matrix of values) 

   relative permeability to fluid flow (assumed to be independent of direction) 

 

Spatial Discretization by finite elements: Irrespective of whether SUTRA simulate the model in 

2D or 3D, all of the simulations are defined in three dimensional space. For 2D simulation, the 

limited volume of aquifer in 3 dimension, which simulated by sutra is considered as contiguous 

blocks in a single layer. For 3D simulation, a set of contiguous blocks for a limited volume of 

aquifer may or may not be organized in layers. These blocks are called ―finite elements‖. The 

subdivision of the aquifer region to be simulated into blocks is referred to as ―creating the finite-

element mesh‖. 

The basic building block of a finite-element mesh is a finite element. The type of element employed 

by SUTRA for 2D simulation is a quadrilateral that has a finite thickness in third space dimension. 

This type of a quadrilateral element and a typical 2D mesh are shown in Figure (6.1). 
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Fig. 6- 1 Two-dimensional finite element mesh and quadrilateral element(Voss and Provost, 2010). 

 

All twelve edges of the 2D quadrilateral element are perfectly straight. Four of these edges are 

parallel to the z-coordinate direction. The x-y plane bisects each of the edges parallel to z. The 

midpoint of each z-edge (the point where the x-y plane intersects) is referred to as a nodal point (or 

node). Hence, the element has a 3D shape, but it always has four nodes, each of which represents the 

entire z-edge on which it is located. The lack of nodes outside of the x-y plane is what makes this 

element 2D. While some aquifer parameters may vary in value from node to node (i.e., from z-edge 

to z-edge), no parameters may be assigned varying values in the z-direction. Each of the nodes is 

being shared between all the adjacent elements. The top and bottom surfaces are at every (x, y) point 

equidistant from the x-y plane, but the thickness of the mesh, measured in the z-direction, may vary 

smoothly from point to point. 

 
Fig. 6- 2 Three-dimensional vertically-aligned finite-element mesh (with a regular pattern of 

elements) and vertically-aligned generalized hexahedral element. In the lower Figure, the z-

direction is vertical and element edges in the vertical direction are aligned with the z-coordinate 

direction. External and internal surfaces of the mesh need not to be planar(Voss and Provost, 2010). 
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Fig. 6- 3 Three-dimensional non-aligned finite-element mesh (with a regular pattern of elements) 

and non-aligned generalized hexahedral element. In general, the z-direction need not to be vertical 

or aligned with the mesh, and the element edges need not to be aligned with any coordinate 

direction. External and internal surfaces of the mesh need not be planar(Voss and Provost, 2010). 

 
Fig. 6- 4 Three-dimensional vertically-aligned finite-element mesh (with an irregular pattern of 

elements in two “horizontal” numbering directions)(Voss and Provost, 2010). 

 

The type of element employed by SUTRA for 3D simulation is a generalized hexahedron. This type 

of hexahedral element and a typical 3D meshes are shown in Figures (6.2), (6.3), (6.4) (Voss and 

Provost, 2010). 

 

Representation of Coefficients in Space: Aquifer parameters and coefficients that vary from point 

to point in an aquifer like specific storativity,    and hydraulic conductivity K, are represented in an 

approximate way in SUTRA. Parameters are either assigned a particular constant value in each 

element of a finite-element mesh (elementwise), or are assigned a particular value at each node in 

the mesh in two possible ways (nodewise or cellwise). Descriptions of elementwise, nodewise, and 

cellwise discretization are given for the 2D example that follows, based on (6.11). The discretization 

procedures in 3D are analogous to those in 2D. 

In the water-table aquifer, for a simple example, a regular 2D mesh is used. The step-like appearance 

of elementwise assignment of K values over this simple mesh is shown in Figure (6.5). Nodewise 

assignment for head over this mesh results in a continuous surface of h values as shown in Figure 

(6.6), with linear change in value between adjoining nodes along (projected) element edges. Cellwise 
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assignment is employed for specific storativity   , and the time derivative      . This results in a 

step-like appearance of the assigned values over the mesh similar to that of elementwise assignment 

in Figure (6.5), but each cell is centered on a node, not on an element. Cell boundaries are half way 

between opposite sides of an element and are shown for the regular mesh in Figure (6.7). Thus the 

spatial distributions of parameters, K, h and    are discretized (i.e., assigned discrete values) in three 

different ways: K, elementwise, h, nodewise, and   , cellwise. 

 
Fig. 6- 5 Elementwise discretization of coefficient hydraulic conductivity K (x, y).    is the value of 

K in element L(Voss and Provost, 2010). 

 

Fig. 6- 6 Nodewise discretization of coefficient hydraulic h (x, y) (Voss and Provost, 2010). 
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Fig. 6- 7 Cells, elements and nodes for a two-dimensional finite-element mesh composed of 

quadrilateral elements. Dashed lines connect the midpoints along the element sides(Voss and 

Provost, 2010). 

 

The primary dependent variables of the SUTRA code   and   or  , (in this example, only hydraulic 

head, h) are expressed nodewise when used in terms that calculate fluxes of fluid mass, solute mass 

or energy (Voss and Provost, 2010). 

Elementwise discretization: The equation that gives the values, over the finite element mesh, of an 

elementwise parameter, may be expressed for the hydraulic conductivity of the present 2D example 

as: 

  (     ∑  (    

  

   

 (6.14) 

  

where, the elements have been numbered from one to NE (total number of elements in the mesh), 

and   (x, y) [L/s] has the value of hydraulic conductivity of element L for (x, y) coordinates within 

the element, and a value of zero outside the element. Thus,   (x, y) is the flat-topped ―box‖ standing 

on an element L in Figure (6.5), and K (x, y) is represented in a discrete approximate way by the 

sum of all the ―boxes‖. Note that    (x, y) has the same value throughout each 2D element from the 

top to the bottom (Voss and Provost, 2010). 

Nodewise discretization: The equation that gives the values over the finite-element mesh of a 

nodewise value may be expressed for the 2D mesh as: 
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  (       ∑  (  

  

   

  (     (6.15) 

where. the nodes have been numbered from one to NN (total number of nodes in the mesh). There 

are NN coefficients   (  , each of them is assigned the value of head at the coordinates (       of 

node number j. These nodal head values may change with time to represent transient responses of 

the system. The function   (     is known as the ―basis function‖. It is the basis function that 

spreads values of head between the nodes when head is defined only at the nodal points by values of 

h. There is one basis function   (     defined for each node j of the NN nodes in the mesh. Hence, 

at this point it is sufficient to say that at the node j the basis function   (     has a value of one. At 

all other nodes  ,     in the mesh, it has a value of zero. It drops linearly in value from one to zero 

along each projected element edge to which the node j is connected. This means that even when all 

the NN products of    and   (     are summed (as in relation (6.15)), if the sum is evaluated at the 

coordinates (       of node  , then  (     exactly takes on the assigned value   . This is because the 

basis function belonging to node j has a value of one at node j, and all other basis functions 

belonging to other nodes,  ,    , have a value zero at node  , thereby dropping them from the 

summation in (6.15)(Voss and Provost, 2010). 

Cellwise discretization: The equation that gives the values, over the finite-element mesh, of a 

cellwise parameter may be expressed for the specific storativity of the present 2D example as: 

   (     ∑  (    

  

   

 (6.16) 

Reviewing the example problem, K is assigned elementwise and both So and ∂h/∂t are assigned 

cellwise. Hydraulic head, h (x, y, t), and element thickness, B (x, y, t) measured in the z-direction are 

both discretized nodewise with the nodewise expansion for thickness: 

  (     ∑  (     (    

  

   

 (6.17) 

The values   (   are the NN particular values of element thickness at the nodes, and these values 

may change with time in the present water-table example. Equation (6.17) should call to mind a 

vision of discretized values of thickness represented by a surface similar to that of Figure (6.6). The 

head surface of Figure (6.6) may stretch or shrink to move up or down as the head values at nodes, 

  (  , change with time due to stresses on the aquifer system. The nodewise discretized surface may 

be viewed as the water table and the element thickness at any point (x, y), as the thickness of the 

water-table aquifer(Voss and Provost, 2010). 
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Chapter 7 
7. Numerical Modeling of Density-dependent macrodispersive 

Solute Transport in a stochastic porous Media 

7.1 Computer model SUTRA 
The numerical deterministic simulation of the density-dependent flow and transport of the 12 

laboratory tank experiments described in Chapter 5 is performed using the 2D density-dependent 

flow and transport finite element model SUTRA (Voss, 2002; Voss and Provost, 2010) - whose 

theoretical foundations have been described in the previous chapter – following the basic set-up of 

the tank experiment as shown in Figure (5.6). 

 

SUTRA (Saturated-Unsaturated Transport) is a complex computer model (program) for the analysis 

of saturated-unsaturated, variable-density ground-water flow (subsurface systems) with solute 

(dissolved substances) or energy (heat) transport. This program is world-famous, freely available, 

comprehensively documented and has been applied and tested by Koch and co-workers. (Koch and 

Zhang, 1990; Koch and Zhang, 1998); Voss and Koch (Voss and Koch, 2001; Woods et al., 2003). 

Moreover, it is an open source program that can be individually changed and modified as has been 

done by Koch and coworkers (Koch and Starke, 2001; Koch and Starke, 2003). The latest SUTRA 

2.2 version used here has compared with version 2.1 some additional abilities to specify time-

dependent sources and boundary conditions (without re-programming the source code as was 

necessary in the previous version) and to output information in a convenient format for further 

graphical display. 

 

The SUTRA-code employs a two- or three-dimensional finite-element method in space and a finite-

difference method in time to numerically solve the governing partial differential equations that 

describe the following two interdependent processes: 

 

1) Fluid density-dependent saturated or unsaturated ground-water flow 

2) Transport of 

(i) an aqueous solute in ground water, in which the solute may be subjected to: equilibrium 

adsorption on the porous matrix, and both first-order and zero-order production or decay; or 

(ii) thermal energy in the ground water and solid matrix of the aquifer. This possibility is not 

considered further here.  

 

The mathematical equations solved by SUTRA are the 

 (a) Groundwater flow equation for the piezometric pressure p and variable density ρ  

 (b) Advection-dispersion transport equation for the solute concentration c.  

 

These two equations are coupled through an 

 (c) Equation of state between density ρ and solute concentration C (Bear, 1979) which has 

 been specified in equation (2.73) of Chapter 2. 

 

The general finite element approach in SUTRA has been described in Chapter 6. Thus bilinear 

approximations for the pressure and the concentration are used in each quadrilateral element with 
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four nodes and the classical Galerkin formulation (Wang and Anderson, 1995) is employed for the 

numerical approximation of the two fundamental equations (a) and (b). However, since the original 

SUTRA code does not include viscosity dependency of the fluid on the concentration, the code was 

modified here to that regard and simulations with variable viscosity were also performed. 

 

The modeling domain is spatially divided into elements, cells and nodes Figure (6.7). The mesh 

construction, which is quite flexible for the use of arbitrary geometries, employs quadrilateral finite 

elements in 2D cartesian or radial-cylindrical coordinate systems, and hexahedral finite elements in 

3D systems. In SUTRA permeabilities and not hydraulic conductivities are specified that may be 

anisotropic and may vary in both direction (tensor-like) and magnitude throughout the system, as 

most other aquifer and fluid properties may vary. While most flow and transport parameters have to 

be given cellwise, some others, like the porosity, sources and sinks and boundary conditions are 

given for nodewise. 

 

7.1.1 SUTRA input and output files 
7.1.1.1 SUTRA Input Files: 

SUTRA reads information for execution of the program from three input files and writes information 

to a maximum of eleven types of output files. One of the input files, permanently assigned the name 

―SUTRA.FIL‖. contains the file name (optionally, the Fortran unit number assignments) for the 

remaining input and output files. Two other input files and one of the output files must always be 

assigned by the user. For one of the input files and all of the remaining output files, assignment is 

either entirely optional or required only if certain simulation and output options are desired. In the 

list below, file name is a user-specified prefix for the input and output files to be used in a specific 

simulation. The suffixes (such as .inp) are the recommended file type extensions for the input and 

output files. The input and output files are summarized below(Voss and Provost, 2010): 
 

Table 7- 1 List of SUTRA input files with their contents. 

Filename and 

extension 
Contents 

SUTRA.FIL 

The UNIT-K0 file, ―SUTRA.FIL‖, is a permanently assigned file that 

contains user determined file names and (optionally) unit number 

assignments for units K1 – K8 in each simulation. SUTRA sets K0 = 10. 

(file assignments) 

.inp 

A file must be assigned as fortran-unit-K1. This ―.inp‖ file contains all of 

the input data necessary for simulation except initial conditions and time-

dependent sources and boundary conditions. (main input) 

.bcs 
Optional input files can be assigned as fortran-unit-K9. These ―.bcs‖ files 

contain specifications for time-dependent sources and boundary conditions. 

.ics 

A file must be assigned as fortran-unit-K2. This ―.ics‖ file contains initial 

conditions of pressure and concentration or temperature for the simulation 

to be done. 
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7.1.1.2 SUTRA Output Files: 

 

Table 7- 2 List of SUTRA output files with their contents. 

Filename or 

extension 
Contents 

.smy 

(SUTRA.SMY) 

A file can be assigned as fortran-unit-K00. (If not assigned by the user, it 

defaults to file name ―SUTRA.SMY‖.) This ―.smy‖ file summarizes 

simulation progress, captures errors and convergence information 

.lst 

A file must be assigned as fortran-unit-K3, in which the primary output 

of the simulation will be placed. This is the ―.lst‖ file (main 

results/output listing). 

.rst 

An optional output file must be assigned as fortran-unit-K4 if the option 

to save the solution of the most recently completed time step for later 

restart is chosen in UNIT-K1 (when ISTORE ≥ 1). Data will be placed in 

this ―.rst‖ file in a format equivalent to UNIT-K2 data so that this file 

may later be used as UNIT-K2 (―.ics‖) initial conditions (restart). 

.nod 

An optional output file must be assigned as fortran-unit-K5 to save 

nodewise simulation results in a columnwise format at a time step 

interval specified by the user. This is the ―.nod‖ file. (nodewise results) 

.ele 

An optional output file must be assigned as fortran-unit-K6 to save 

elementwise simulation results in a columnwise format at a time step 

interval specified by the user. This is the ―.ele‖ file. (elementwise results) 

.obs 

An optional output file must be assigned to save simulation results at 

observation points in a format that writes results one step at a time, with 

observation points listed across the page. This is the ―.obs‖ file. All 

observation results for which the OBS format and the same output 

schedule have been specified are written to the same ―.obs‖ file. SUTRA 

automatically opens the required number of ―.obs‖ files. The ―.obs‖ file 

currently being written to is assigned to fortran-unit-K7. (observations) 

.obc 

An optional output file must be assigned to save simulation results at 

observation points in a format that writes results one step at a time, with 

observation points listed. SUTRA automatically opens the required 

number of ―.obc‖ files. The ―.obc‖ file currently being written to is 

assigned to fortran-unit-K8. (observation results (alternative format)) 

.bcof 
An optional output file must be assigned as fortran-unit-K10 to save 

specifications and computed results pertaining to fluid-source/sink nodes.  

.bcos 

An optional output file must be assigned as fortran-unit-K11 to save 

specifications and computed results pertaining to solute/energy-

source/sink nodes.  

.bcop 
An optional output file must be assigned as fortran-unit-K12 to save 

specifications and results pertaining to specified-pressure nodes.  

.bcou 

An optional output file must be assigned as fortran-unit-K13 to save 

specifications and computed results pertaining to specified-

concentration/temperature nodes.  
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7.2 Configuration of the SUTRA deterministic model for simulation of 

tank experiments 
7.2.1 Spatial discretization stability considerations 
 

Proper discretization in space and time is the vital factor in obtaining accurate simulation of the 

physics of flow and transport with a numerical model such as SUTRA. Adequate discretization is 

vital for two reasons: 1) the ability of a model to represent the variations in system parameters and to 

simulate complex processes depending on the fineness of discretization, and, 2) the accuracy and 

stability of the numerical methods used to represent system processes, in particular, transport, 

depends on the spatial and temporal discretization. Actually, simulation results based on inadequate 

discretization may appear to be a reasonably good representation of flow and transport physics in a 

particular system. The only way to clearly and explicitly check for inadequate discretization of a 

system is to simulate with a discretization that is assumed to be adequate and then with a 

significantly finer discretization and compare results. If there are no distinct differences in the 

results, then the coarser simulation indeed has been adequately discretized. 

 

The spatial stability of the numerical approximation for solute transport equation depends on the 

value of a mesh Peclet number,     , given by: 

 

     
| |   

 
 =

   

  
 (7.1) 

where     is the local distance between element sides along a streamline of flow,  | | is the 

advective velocity, and   is the hydrodynamic dispersion coefficient in the corresponding flow 

direction, and the general definition of D= v  , has been used. Spatial instability appears in the form 

of oscillations in the concentration. The theoretical analysis shows that stability is guaranteed when  

 

       (7.2) 

which gives an upper limit on     . Practical experience with SUTRA shows, however, that this 

restriction may be relaxed by a factor of 4, i.e.  

       (7.3) 

 

which results in the longitudinal mixing direction in 

         (7.4) 

for the upper limit of     in that direction.  

 

However, in combination with the previously pointed rule of thumb, requiring at least five elements 

across a front to properly resolve it,      in Eq. (7.4) should also be a factor of five lower, which 

may cause problems at early times following the onset of the solute source, when there is still a 

sharp front.  

 

For the discretization in transverse direction of the flow which, obviously, depends on the transverse 

dispersion, the corresponding condition to Eq. (7.4) basically also holds, but is practically relaxed to  

          (7.5) 
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where      is the element size in transverse direction of the flow and    is transverse dispersivity 

(Voss and Provost, 2010). 

 

Moreover it has been argued by (Voss and Provost, 2010) that the above mesh sizes limitations may 

safely be violated in many practical simulations where the concentrations across an interface along 

the flow streamlines exhibit only small changes. Such is partly the case for the present fresh-

saltwater simulations in the tank where a more or less horizontal interface develops in flow direction.  

The SUTRA model grid was set up to mimic the x-z cross-sectional geometry of the tank. To resolve 

the stochastic random permeability field in the tank Figure (5.15), each sand block was represented 

numerically by     elements, resulting in a total of                           elements, 

each with a size of   =2.5 cm in x- and of  y=1.25 cm in z-direction. Regarding the latter, this is 

much bigger than the    used actually in the program, supporting the arguments above. 

In extension of the earlier studies of Koch and Starke (Koch and Starke, 2001, 2003; Starke, 2005), 

where mainly deterministic models of the experimentally given flow and transport characteristics 

were handled, including the experimental sandpack permeabilities of the tank and numerous 

stochastic Monte Carlo simulations, in this research, simulations of the deterministic model of a new 

sandpack with a higher level of heterogeneity by using the experimental permeabilities in the code 

and new predefined flow and transport experiments and new Monte Carlo simulations were carried 

out. The purpose was a better grasp of the physics of the problem 

 

7.2.2 Temporal discretization 
 

The time discretization used in SUTRA is based on a backwards finite-difference (FD) 

approximation for the time derivatives in the balance equations. Because the backwards FD- 

discretization of parabolic PDE‘s, like the groundwater flow equation and the dispersive solute 

transport equation (no advection) is unconditionally stable, there should, in principle, be no limit on 

the necessary time step    , other than considerations of wanting output at a certain time or resolving 

time-changing sources and sinks and/or boundary conditions.   

 

However, in many applications of SUTRA, the flow- and solute transport equations are coupled, 

namely, for density-dependent coupled flow and transport being the topic of the present thesis, 

which means that some nonlinear coefficients (like the density) have to be evaluated at the new time 

level of solution by projection, whereas others may be evaluated at the previous time level. For this 

reason alone, there are practical limits in the time step   , in order to avoid that the solution(s) is 

(are) running out of bounds after some time and the code crashes.  

 

For advective/diffusive solute transport, as it applies always for groundwater solute transport, i.e. 

here one has a mixed hyperbolic/parabolic problem, the presence of the additional advection term in 

the transport equation gives rise to extra problems, namely, the development of more or less sharp 

fronts, i.e. large concentration gradients, whose size depends on the ratio of the flow velocity   to 

the dispersivity  , i.e. the Peclet-number of the groundwater flow (not to be confounded with the 

cell-Peclet number defined above). In order to avoid oscillations at the frontal boundaries – with 

eventual program crashes - these fronts must not only be adequately resolved in space, as discussed 
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above, but also in time, which, in fact, puts an upper limit on the possible time step   . The criterion 

to do this properly for such a mixed hyperbolic/parabolic flow and transport problem is based on the 

so-called Courant Co number defined below and which should be smaller than one, i.e. 

    
   

  
   (7.6) 

where   is the flow velocity, and    is the size of an element in the flow direction.  

Eq. (7.6) basically states that the maximum time step       should be chosen such that a flow 

particle during that time step does not move out of the cell-element. Although practical experience 

shows that in many cases larger time steps than advocated by this Co-criterion may be used, it still 

provides some reference for a first choice of       . 

For example, for the SUTRA- simulation of the tank experiment with a flow velocity of          

and the previously provide element grid sizes of   =2.5 cm in x- and of   =1.25 cm in the z-

direction the following maximum time steps are obtained:  

            
  

  
     ,              

  

  
      (7.7) 

Based on these values, a time step of         has been used in the SUTRA- simulation for this 

experiment with         was chosen, which is reduced for higher flow velocities in an inversely 

proportional manner.  

 

Using these element sizes and time steps the time-integration of the governing equations is 

performed using a fully implicit method – it should be noted that for density-independent flow and 

transport the groundwater flow equation is solved in steady state, in compliance with tank 

experiment - wherefore in each time step, the resulting linear matrix systems for the nodal unknown 

pressure or concentration are solved consecutively either by a direct Gaussian matrix method or by 

an iterative conjugate gradient technique with an incomplete Cholesky preconditioner implemented 

into the original 2D code by Koch (Koch, 1992). Numerical tests on the present flow and transport 

problem with a stable stratification showed that, whereas the conjugate gradient technique is faster 

by a factor of 3-5 than the direct matrix method, it is also less stable in extreme cases and failed in 

instances when the latter was still able to provide a numerical solution (Koch and Starke, 2001). 

 

7.2.3 Material properties assignment 
 

The material properties to be specified in SUTRA element- or nodewise include permeability, 

porosity and the dispersivities    and   . The allocation corresponds to the structure of the tank 

sandpack.. The DATASETs, in which the material properties are defined, are 14A and 14B for the 

porosity, 15A and 15B for the permeability and dispersivity. It should be noted that DATASET 14 is 

assigned to nodes and DATASET 15 is allocated to elements. Furthermore, by specifying scale 

factors in DATASETS 14A and 15A, the list of all values in 14B and 15B can be changed in one 

step which is of particular interest for a homogeneous porous medium. Other material and fluid 

properties like the aquifer- and fluid compressibilities, density and the slope of the density equation 

of state, and the viscosity of the fluid are provided in DATASET 9. However, the viscosity is 

considered constant, although there is some dependency on the concentration. 
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7.2.4 Boundary conditions assignment 

 

The choice of the inflow and outflow boundary conditions (BC‘s) for the hydrostatic pressure p as 

well as the concentration plays a dominant role on the modeled physics of the density-dependent 

flow and transport problem. To that regard hydrostatic Dirichlet BC‘s for the pressure are specified 

at all nodes of the in- and outflow vertical boundaries of the tank, whereby the upper half of the 

inflow side corresponds to the freshwater layer and the lower part to the saltwater layer of given 

concentration   , respectively. This concentration is then also specified as a Dirichlet BC for the 

solution of the solute transport equation. However, for the outlet it is difficult to characterize in an 

unequivocal manner the concentration     , since the latter changes during the course of the 

experiment, as the saltwater plume starts to reach the outlet. Possible choices that will be tested by a 

series of SUTRA- runs, are then        or                  , wherefore the latter choice 

reflects the fact that, owing to the stirrer in the outlet chamber, after sufficient long time, the 

saltwater is diluted by about the same amount of freshwater. 

The computation of the pressure BC‘s is based on notion of the equivalent freshwater head for the 

height of the saltwater overflow chamber, relative to the height of the freshwater chamber for both 

inlet and outlet wherefore for the latter only one common overflow chamber exists (see Chapter 5).  

Starting with a predefined hydraulic freshwater head difference       between inlet and outlet of the 

tank which generates the horizontal head gradient driving the flow across the tank, and which is 

varied in the experiments (see Figures (5.34) and (5.35), Chapter 5) to produce the different average 

pore-velocities of the various experiments, the following equation is employed to compute the 

freshwater pressure at the inlet boundary for the upper freshwater section of the tank: 

                  (7.8) 

where        is the distance measured downwards from a reference point    marking the height of 

the freshwater overflow chamber (see Figure (5.12)) 

 

The saltwater pressure         in the lower saltwater section of the tank is computed as  

          (             (7.9) 

where         is now the distance measured downwards from the reference point            
marking the height of the saltwater overflow chamber which, because of the equivalent freshwater 

head correction, is lower by       than the freshwater chamber (see Figures (5.12) and (5.35)). 

 

The pressure BC at the outlet boundary of the tank is computed in a similar manner by considering 

the predefined horizontal freshwater head difference       above and converting it, depending on 

the outlet concentration     , again to the equivalent freshwater head     , relative to which the 

         is the computed as 

           (                (7.9) 

where          is now the distance measured downwards from the reference point     . 

 

In order to understand the effects of two variants of concentration boundary conditions, i.e.        

or                  , on the movement of the saltwater plume, eight model variants, namely 

with different input concentrations     and different elapsed time have been simulated with the  
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Fig. 7- 1 Effects of different boundary conditions on saltwater plume development (see Table 7-3) . 

 

specifications listed in Table (7.3), with the corresponding plumes visualized in Figure (7.1). The 

results obtained for the various simulations plots in that figure appear to be reasonable. As expected, 

the change of boundary conditions for the 250 ppm (tracer) has basically no visible effect. Only in 

the first time steps an unexpected back- flow from the tank outlet is obvious when          .  

 

For the    = 35000 ppm – cases, on the other hand, more sinking of the salt water plume at the end 

of the tank is recognizable for the case        than for the case           , once the plume has 

reached steady state (after 250h). For the first time steps, the plumes look much the same, only some 

back-flow of salt water from the end of the tank is observed for the             case.  
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Table 7- 3 Specifications of boundary conditions and times for the tank simulations in Figure 7-2. 

Figure a) b) c) d) e) f) g) h) 

Time steps 50 50 1500 1500 50 50 1500 1500 

Elapsed 

time 
8.33 h 8.33 h 250 h 250 h 8.33 h 8.33 h 250 h 250 h 

 [   ] 250 250 250 250 35000 35000 35000 35000 

BC_right                                                                     

 

It is clear that for this steady state case,      is definitely a better choice for the specifying the 

outflow solute boundary conditions and also more consistent with the physical conditions of the 

homogeneously mixed fresh and saltwater (through a stirrer, as shown in Figure (5.6)) in the 

outflow chamber. In fact, the measurements showed that the mixing concentration      , is about 

half of the input concentration    at the saltwater inlet. In conclusion, these simulations provide 

sufficient evidence that the physics of the present density-dependent transport problem is much 

better modeled by using the           =        solute outflow boundary condition. Therefore, 

all subsequent SUTRA-simulations of this thesis will be carried out in this way.  
 

7.3 Calibration, verification/validation and prediction 
7.3.1 Calibration 
By calibration of a model, the justification and correction of measured data in the laboratory or the 

field can be found out. For solute transport processes in groundwater the calibration of the flow 

model is the basis for the subsequent calibration of the solute transport models. The calibration of 

the present flow and transport model SUTRA based on the analysis of the transient development 

plume concentration, particularly, in the presence of density-dependency is complicated and most of 

the time not definite. That means that there may be different combination sets of parameters 

resulting in more or less identical head and/or concentration distributions (Gillham and Farvolden, 

1974). 

For the present simulations of the tank experiments, the flow is modeled either in steady-state- (for 

constant density) or in transient (for density-dependent flow and solute transport) mode, whereas the 

solute transport is always modeled in transient mode. Commonly, the first step in such a model 

calibration is to design a steady-state model to solve for the head distribution to be used as the initial 

conditions in a later transient simulation. It is also possible to output the head solution at each nodal 

point. In order to verify the accuracy of the solution, it is necessary to match the computed heads 

with heads measured at a number of points in the field. Calibration consists then in adjusting the 

input data until the computed heads match the field values. Often one has to make twenty to fifty 

trial-and-error simulations, before an acceptable calibration is attained (Wang and Anderson, 1995). 

After the stability and convergence of SUTRA-models with the chosen spatial and temporal 

discretization is ensured, the model is calibrated by adjusting various parameter and comparing the 

simulated and measured stationary heads as well as flow rates at the in- and outflow boundaries of 

the tank. On this basis, the calibrated flow models can be adjusted subsequently with regard to the 

transport processes observed in the experimental model. This is done by trial- and-error- varying of 
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the important transport parameters, namely, the grain-based dispersivities        and the molecular 

diffusion and other numerical parameters (termination criteria for the iterations, time step length), as 

long as the differences between simulated results and measured dispersivities were minimal. 

 

7.3.2 Verification/validation 
There has been some confusion in the modeling literature about the term ―verification‖ of a 

numerical model (Anderson et al., 1992; Karanjac et al., 1977). Some authors distinguish between 

―code verification‖ and ―model verification‖, wherefore the former is referring to the process of 

establishing a correct computer code to be able to precisely solve the differential equations 

pertaining to the problem by, for example, comparing the numerical solution to a well-known 

analytical solution of the problem.  

 

In contrast, ―model verification‖ is then in these peoples mind the ability of a previously calibrated 

model to further simulate a process for which observations are still available, so that the quality of 

the calibrated model can be checked. When simulating some hydrological time-series processes, for 

example, streamflow or groundwater heads and/or solute transport, the common approach is then to 

divide the field observations into two groups, using one for calibration of the model and the other for 

the ―model verification‖. 

 

The other and nowadays more common used terminology is to call ―code verification‖ simply 

―verification‖ and  ―model verification‖ ―model validation‖ or simply ―validation‖.  

 

Applying this second terminology to the SUTRA-model, then ―verification‖ of this code is not an 

issue anymore, since SUTRA has been tested and verified many times by different authors such as 

Koch (Koch and Zhang, 1990), Voss and Koch (Voss and Koch, 2001), Woods et al. (Woods et al., 

2003) and the author of SUTRA (Voss, 2002). The other story is the ―validation‖ of the model on the 

tank experiments, i.e. the extension of the calibrated flow and/or solute concentrations to an 

additional set of theses observed parameters from the same experiment. This is practically not 

feasible, because of the way the tank experiments are carried out, which eventually means that 

―validation‖ of the SUTRA model is not applicable here. 

 

7.3.3 Prediction 
After verifying, calibrating, and validating (if applicable) a numerical model, the latter can serve its 

ultimate purpose which essentially consists in predicting the hydrological process of interest with the 

same or other predictors (input) parameters for the presence or future. This is where numerical 

models like SUTRA or any other groundwater flow and transport model can play out fully their 

advantages by supporting and aiding regulatory decisions in subsurface issue and/or serving as 

general groundwater management models.In the present study the density-dependent flow and 

transport SUTRA is applied as prediction means to simulate the plume behavior in the tank as a 

function of several input parameters and boundary conditions, for the purpose of better 

understanding the physics of the solute transport process in a stochastically heterogeneous porous 

medium. 
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7.4 Numerical results of deterministic models and comparison with 

experiments 
 

Figure (7.2) depicts three snapshots (after 4, 10 and 19 days) of the transient evolution of the 

SUTRA-simulated salt water plume for the four source of salt concentrations in the tank experiments 

with different saltwater concentrations, namely,            (tracer),            ,    
         , and             , all with the seepage velocity         . Numerical results 

for the other seepage velocities,          and          , also run in the experiments, are 

shown in appendix F. 

 

In agreement with the experiments, the numerically computed concentrations of the salt water plume 

across the tank have reached steady-state after about 19 days. Also, one can notice that the sinking of 

the saltwater plume for the experiment with low concentration (tracer), is more than that with higher 

concentration (             , in contrast with the large density effect (     ). In fact, the 

difference in the density of the salt and fresh water is related to the source of salt concentration 

injected to the tank that means the more source of salt concentration we inject, the more density 

effects can be seen (refer to Figure (7.2)). Furthermore, one can recognize that the speed of transient 

evolution for             ,        - experiment is more than that of the            

(Tracer),         experiment. As it is seen in Figure (7.2) for             , the 

concentration contours show that the time which is needed for the process to reach the steady-state 

condition is faster than the tracer experiment. 

 
Fig. 7- 2 SUTRA-modeled transient evolution of salt water plume for tank experiments with    
   𝒑𝒑𝒎 (tracer), 𝒖   𝒎   after 2, 10 and 19 days. 
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Fig. 7- 2 (continued) for            . 

 

 
Fig. 7- 2 (continued) for            . 
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Fig. 7- 2 (continued) for             

 

7.4.1 Calibration of hydrodynamical dispersivities    and    
 

The values for the longitudinal and transverse dispersivities, (  ) and (  ), are the most important 

material properties to be specified in the SUTRA model and this is a non-trivial task.  

 

As discussed in Chapter (3),    and    are scale-dependent, i.e. depend on the size of the plume 

domain in a porous medium considered, as it may be a laboratory tank or a real field aquifer. In such 

numerical simulations of groundwater flow and solute transport, the longitudinal dispersivity   , in 

particular, is usually set to the order of the model domain scale, while respecting at the same time the 

numerical stability restrictions of the model which, as mentioned in Section 7.2, depend on the grid 

size of the discretization mesh. The transverse dispersivity    is usually then chosen one or two 

orders of magnitude lower than   . These recommendations reflect the fact that the numerical model 

should approximately simulate the scale-dependent dispersion process, which is mainly macro-

dispersion. This approach is particularly useful when the heterogeneity of the porous 

medium/aquifer is not known or falsely assumed to be more or less homogeneous, since then, by 

adjusting the magnitude of the dispersivities, enough hydrodynamic dispersion of the plume will be 

generated as may be the case in a real random heterogeneous aquifer porous medium. However, 

since most of the numerical flow and transport codes, like SUTRA, produce a phenomenon of what 

is called numerical diffusion in the concentration solution, the effectively chosen dispersivities may 

need to be chosen somewhat smaller than theoretically required.  

 

Unfortunately, all these considerations above are of limited value in the present thesis application of 

where the task is to validate some of the concepts of stochastic theory of macro-dispersion in 
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heterogeneous media by appropriate SUTRA- flow and solute transport simulations by determining 

the effective macro-dispersivities    and    which develop due to the stochastic pore velocity 

fluctuations in the random heterogeneous porous medium and which are estimated a posteriori from 

the second moments of the plumes/plume boundaries, as discussed in Chapter 6. This means that the 

numerical dispersivities    and    in the SUTRA-model, which may then be considered more of a 

pore-scale-dispersitivity- type, should be chosen as small as possible, in order to not masking the 

macro-dispersion in the simulated solute plume - due to the random advective flow fluctuations – 

while still making sure that the model does not become numerically unstable and eventually breaks 

down.  

 

Based on these premises, numerical tests for the C0 = 250 ppm (tracer) experiment have been made 

with varying dispersivity values and the simulated plumes visualized. More specifically, as the 

longitudinal dispersivity    is not of interest here and cannot even be calibrated for the steady-state 

plume extending over the whole length of the tank, only the transverse dispersivity    is effectively 

calibrated, however, by keeping the ratio    /   to    /   =20, a commonly accepted value. 

 

Figure (7.3) and (7.4) show the calibration of concentration profiles for different transverse and 

longitudinal microdispersivity values in different observation columns within the tank. In order to 

control the calibrated    and    in simulations, the simulations should be run in different boundary 

conditions and then should be compared with the results of tank experiments. In the first step, the 

magnitude of the transverse dispersivity should be determined. In order to reach this goal, some 

simulations were carried out with different assumed    within the range of           m. 

 

The value for    was assumed as 0.003 m and the boundary conditions correspond to (250 ppm, 

       )-experiment. On the basis of comparison, one can assume that    should be in a range 

between 0.001 and 0.0001 m. For consistency, the value 0.0001 was chosen for the simulations as 

well. Then, the trial and error process will be started to make the obtained results for transverse 

microdispersivity more close to those obtained from the experiments (Achenbach, 2016). 

Interestingly, it can be seen that for lower values of   , numerical errors will appear; while for large 

   values such as 0.01 m, the mixing zone already runs over the entire height of the tank. In the 

second step, the longitudinal dispersivity should be determined. Temporarily, the value 0.0001 m 

was chosen for transverse dispersivity. The distinctions of different tested    seem to be minimal 

compared with the effects of changing    values. Therefore, the literature value is also given, which 

indicates    is 8-10 times greater than    (Gelhar and Axness, 1983). 

 

The methodology of determination of    is rather difficult than   . As the first try, the value 0.003 

m was considered for longitudinal microdispersivity. Then,    will be determined exactly and it will 

be in the range of 0.00015 - 0.0002 m. In order to verify it, other laboratory experiments are 

compared with calibrated    to check the compatibility of the obtained results for    and those 

measured from the experiments. As a result, the final values were chosen as            and 

             for all the tank simulations and Monte Carlo simulations, which will be presented 

in the next chapter. 
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Fig. 7- 3 Calibration of transverse dispersivity based on the concentration profile in different 

observation culumns of the tank for the tracer test (C0=250 ppm and u=4 m/day). (Adapted from 

(Achenbach, 2016)) 
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Fig. 7-3 (continued). (Adapted from (Achenbach, 2016)) 

 

 
Fig. 7- 4 Calibration of longitudinal dispersivity based on the concentration profile in different 

observation culumns of the tank for the tracer test (C0=250 ppm and u=4 m/day). (Adapted from 

(Achenbach, 2016)) 
 

It can be so summarized that since the width of the mixing layer at the fresh- saltwater interface 

depends on the values of the longitudinal and, especially, the transverse dispersivity    and    

chosen in the SUTRA model, for achieving the best calibrated    and   , SUTRA should be run for 

a specific boundary condition with different longitudinal and transverse dispersivities. Then, the 

vertical relative concentration distribution profile (     - curve) for a specific columns should be 

extracted and being compared with measured vertical relative concentration distribution profile 
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(     - curve) of the experiment, which corresponds to the same boundary condition. Finally, the    

and   , which is in good agreement with the experimental measurements will be chosen. The whole 

process was done by (Achenbach, 2016).  

 

 

7.4.1.1 Density independent experiments 

The calibration of transport models appears to be complicated. Simulations with a constant density 

gave only an approximate accordance over the tank length x. According to experimental results 

using spatial variances with different input values for determining dispersivity depending on 

granular structure, the optimized value of   , which agrees well with experimental results, will be 

chosen. Figure (7.5) shows the optimized adjustment of simulated transverse macro dispersivity    

in experiments for a trace transport with velocities             . It is clearly seen that in some 

sections of the tank, the measured experimental values are greater than transverse macro 

dispersivities   . The reason is probably the systematic errors, which is because of different density 

distribution of sand blocks, on the other hand, it can change the permeability distribution and flow 

direction. Because of varying piezometric head, it can affect different velocities in both tank areas, 

which causes changing sinks and propagation behavior. The differences, which are conditioned by 

different velocities, are so low for density independent calculations in variances. For small flow 

velocity        , the variance is smaller than for            . Figure (7.5) shows that the 

numerical results in comparison to experimental results own lower amplitude of variance 

fluctuations. The spatial variations of concentration distribution, which are due to heterogeneity of 

medium, and should be considered in experimental results, will be strengthened by numerical error, 

although the Peclet- and Courant criteria, relating to stability relevant, were held constant. 
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Fig. 7- 5 Numerically computed variances of normalized concentration distribution in comparison 

with experimental values for 𝒖       𝒏     𝒎   in        𝒑𝒑𝒎 (tracer case). 

 

7.4.1.2 Density dependent experiments 

The transport calibration will be more complicated in case of higher concentrations, flow- and 

transport equations are coupled. Figure (7.6) – (7.8) show the optimized adjustment of simulations 

in experimental spatial variances of concentration distribution for a tracer transport of an ingredient 

with            ,              and             . Figure (7.6) depicts that for 

            the variances of concentration distribution for SUTRA simulations in comparison 

with experimental measurements are approximately the same and has a low magnitude. In other 

words, for             the value of macro dispersivity    of experimental results and 

simulations are the same. Figures (7.7) and (7.8) illustrate that for              and    
          (slightly and moderately saline respectively) inverse of            (Tracer) the 

variance of concentration distribution (macro dispersivity) for SUTRA simulation is more than 

experimental measurements. 

 

The numerical investigations showed that the uncertainty of the model in density dependent model 

was primarily due to uncertainty in the boundary conditions. On the other hand, it is not known how 

slight temporal fluctuations of the flow velocity affect the entire transport process. 
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Fig. 7- 6 Numerically computed variances of normalized concentration distribution in comparison 

with experimental values for 𝒖       𝒏     𝒎   in         𝒑𝒑𝒎. 
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Fig. 7- 7 Numerically computed variances of normalized concentration distribution in comparison 

with experimental values for 𝒖       𝒏     𝒎   in          𝒑𝒑𝒎. 
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Fig. 7- 8 Numerically computed variances of normalized concentration distribution in comparison 

with experimental values for 𝒖       𝒏     𝒎   in          𝒑𝒑𝒎 (moderately saline). 

 

7.4.2 SUTRA-modeled normalized spatial concentration distribution 
12 tank experiments in chapter 5 in addition to 3 experiments corresponding to concentration 1000 

ppm with velocities       and        were simulated and run by SUTRA as deterministic 

models. The transverse local (micro) dispersivity used in all these deterministic models is    
         , which was deduced from several trial and error runs to mimic the observed dispersion 

zones of the previous section. Using MATLAB, from the output file tank.node, the relative 

concentrations (normalized concentrations) profiles were extracted.  



CHAPTER 7: NUMERICAL MODELING OF DENSITY-DEPENDENT MACRODISPERSIVE SOLUTE 

TRANSPORT IN A STOCHASTIC POROUS MEDIA 

 

167 

 

 

Figures (7.9) -(7.20) depicts the numerically determined normalized concentration      versus the 

normalized height of the tank      at 9 observation ports of columns (sampling ports   -   ) for 

all tank experiments run, simulated with SUTRA using the real tank-pack permeability distribution.  

Similar to the analysis of the experimental results, the variations of both the vertical location of the 

plume center and variations of the width of dispersion zone as a function of the saline concentration 

   and function of the inflow velocity   are of particular interest. 

 

In this paragraph the goal is to analyze the numerical results and compare them with the 

experimental ones for determining the widths of the mixing zones qualitatively. Based on the above 

named figures, one notes that, in spite of theoretical equation           and            , for 

the tracer experiment           , in all of the columns with increasing flow velocity, the width 

of mixing zone decreases, except at the beginning of the tank, where the width of the mixing layer 

does not change, similar to what is observed in the experiments (Figures (7.9) – (7.11)). For 

           , in all of the columns, with increasing velocity, the width of the mixing layer 

decreases, except at the beginning of the tank  where no change of the width can be recognized, 

exactly opposite of the experiment results (Figures (7.12) – (7.14)). For             , the same 

trend like for            and             occurs, i.e. with increasing velocity, the width of 

the mixing layer decreases -  except  in the first half of the tank where no visible change of width can 

be seen - although in the experiments no systematic trend is found (Figures (7.15) – (7.17)). 

However, for the strongly density-dependent experiment              the opposite is true, i.e. 

as expected, according to theoretical equations           and          , the width of the 

mixing layer becomes broader with increasing inflow velocity  . This is in contrast with the 

experimental results, which show the opposite trend, i.e. with increasing velocity, the width of the 

mixing layer decreases (Figures (7.18) – (7.20)).  

 

The stability of the plume should go in parallel with less sinking of its center and a larger dispersion 

width. But there are some contradictory results. However, a possible reason for this apparent 

discrepancy may be searched in the particular local vertical permeability distribution of the tank at 

the positions of the sampling sections, which appears to have a significant impact on the apparent 

lateral dispersion there. In order to analyze this phenomenon further, numerical Monte-Carlo 

simulations of the macrodispersion of the density-dependent transport problem, using different 

stochastic realizations of a random medium within the tank were carried out, the results of which  

will be reported in the next chapter. 

 

In the current paragraph, the intention is to analyze the vertical position of the centroid of the mixing 

zone. Figures (7.9) – (7.11) illustrate that for the experiment           , with increasing inflow 

velocity less sinking appears, similar to what is observed in the experiments, except for some  

columns, which do not follow a systematic trend in the experiments. The major reason for this 

discrepancy may be due to the way the experiments were run, namely, that the piezometric pressure 

heights     and     in the fresh- and saltwater inflow chambers, respectively, had to be slightly 

varied from experiment to experiment to ensure approximately identical inflow for fresh- and 

saltwater. These inflow fluctuations are probably a consequence of minor changes in the 

permeabilities, due to settling and maybe bio-clogging of the pores, particularly in the lower 

saltwater half-section of the tank, over the 25-month course of the experiments. Therefore, unlike in 

the SUTRA model where Dirichlet boundary conditions of constant pressure are used for 
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convenience, those in the experiments are, in reality, of the Neuman kind (constant inflow). In the 

case of the             experiment set, the greater  is the seepage velocity  , the less is the 

sinking of the plume center. Thus, unlike the SUTRA-simulations, the experiments show that with 

increasing   the plume center will be sinking more (Figures (7-12) – (7.14)).  For    
         , as the seepage velocity increases, less sinking of the plateau is observed at  tank length 

   which is in full agreement with the experimental results at this concentration (Figures (7.15) – 

(7.17)). Finally, for the most strongly density-dependent experiment             , one can  

deduce from the numerical model that with increasing velocity the centroid of the dispersion zone 

does not sink, whereas the experimental concentration profiles exhibit a larger sinking of the plume 

center (Figures (7.18) – (7.20)). 

 

Figures (7.21) – (7.29) depict in another comprehensive manner the      -curves obtained at port 

columns 1 through 47 for the various tank experiments simulated with SUTRA. Surprisingly, the 

trends of lowering and rising of the center of the dispersion zone are in agreement for both  

simulations and experiments. In other words, for all of three seepage velocities (      and 

12    ), in each column, with increasing concentration (density gradient), if the experimental 

plateau of      -curve subsides, the simulated plateau subsides as well and when the experimental 

plateau rises, the simulated plateau rises accordingly, such as for         for both simulations 

and experiments in columns          and   . The increasing density effect    is clearly indicated 

by the lowering of the center of the dispersion zone, as    is augmented from         (Tracer) to 

          (highly saline). In columns           and   , with increasing concentration, the plume 

center rises (Figures (7.21) – (7.23)). For        , for both simulations and experiments, in 

columns          and   , with increasing concentration the center of the plume center subsides 

more. In columns      and   , as      increases, the center of the mixing layer rises. In column   , 

for both simulation and experiment, with increasing    , no change of location of the plume center is 

observed. In column  , for the experiments, no systematic trend in the position of the plateau is 

visible (Figures (7.24) – (7.26)). For the last velocity         , for both experiments and 

simulations, in columns          and   , with increasing   , a larger sinking of the mixing layer is 

observed. In columns      and   , as     increases, the dispersive mixing zone rises. In columns   

and   , for the simulations, with increasing    , no change in the location of the plateau is 

noticeable.  In columns        and   , for the experiments, no systematic trend in the location of 

plateau is observed when the concentration increases (Figures (7.27) – (7.29)). 

 

Interestingly, for all three seepage velocities (      and       ), in columns          and   , 

the same behavior can be observed, i.e. the increasing density effect    is clearly indicated by the 

lowering of the center of dispersion zone, as    is augmented from         (Tracer) to 

          (highly saline), whereas  in other columns a rise of the plateau is observed. 

 

Regarding the width   of the dispersive mixing zone, for        , in both simulations and 

experiments, with increasing concentration, the width of the mixing layer increases at the rear 

columns of the tank, whereas in the middle of the tank, no specific change of   is seen  in none of 

the two situations (Figures (7.22) – (7.23)). For         and         , for the simulations, 

as the concentration increases, the width of the dispersion zone rises in the rear and the middle of the 

tank,  whereas no noteworthy change in   is obtained for the experiments (Figures (7.25), (7.26), 

(7.28) and (7.29)). 
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Fig. 7- 9 Comparison of vertical relative concentration profiles of experiments and SUTRA-

simulations for         𝒑𝒑𝒎 at observation ports of columns 1, 4 and 13. 
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Fig. 7- 10 Comparison of vertical relative concentration profiles of experiments and SUTRA-

simulations for         𝒑𝒑𝒎 at observation ports of columns 23, 27 and 33. 



CHAPTER 7: NUMERICAL MODELING OF DENSITY-DEPENDENT MACRODISPERSIVE SOLUTE 

TRANSPORT IN A STOCHASTIC POROUS MEDIA 

 

171 

 

 

 

 
Fig. 7- 11 Comparison of vertical relative concentration profiles of experiments and SUTRA-

simulations for         𝒑𝒑𝒎 at observation ports of columns 37, 43 and 47. 
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Fig. 7- 12 Comparison of vertical relative concentration profiles of experiments and SUTRA-

simulations for          𝒑𝒑𝒎 at observation ports of columns 1, 4 and 13. 
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Fig. 7- 13 Comparison of vertical relative concentration profiles of experiments and SUTRA-

simulations for          𝒑𝒑𝒎 at observation ports of columns 23, 27 and 33. 
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Fig. 7- 14 Comparison of vertical relative concentration profiles of experiments and SUTRA-

simulations for          𝒑𝒑𝒎 at observation ports of columns 37, 43 and 47. 
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Fig. 7- 15 Comparison of vertical relative concentration profiles of experiments and SUTRA-

simulations for           𝒑𝒑𝒎 at observation ports of columns 1, 4 and 13. 
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Fig. 7- 16 Comparison of vertical relative concentration profiles of experiments and SUTRA-

simulations for           𝒑𝒑𝒎 at observation ports of columns 23, 27 and 33. 
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Fig. 7- 17 Comparison of vertical relative concentration profiles of experiments and SUTRA-

simulations for           𝒑𝒑𝒎 at observation ports of columns 37, 43 and 47. 
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Fig. 7- 18 Comparison of vertical relative concentration profiles of experiments and SUTRA-

simulations for           𝒑𝒑𝒎 at observation ports of columns 1, 4 and 13. 
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Fig. 7- 19 Comparison of vertical relative concentration profiles of experiments and SUTRA-

simulations for          𝒑𝒑𝒎 at observation ports of columns 23, 27 and 33. 
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Fig. 7- 20 Comparison of vertical relative concentration profiles of experiments and SUTRA-

simulations for           𝒑𝒑𝒎 at observation ports of column 37, 43 and 47. 
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Fig. 7- 21 Comparison of vertical relative concentration profiles of experiments and SUTRA-

simulations for 𝒖    𝒎     at observation ports of column 1, 4 and 13. 
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Fig. 7- 22 Comparison of vertical relative concentration profiles of experiments and SUTRA-

simulations for 𝒖    𝒎     at observation ports of column 23, 27 and 33. 
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Fig. 7- 23 Comparison of vertical relative concentration profiles of experiments and SUTRA-

simulations for 𝒖    𝒎     at observation ports of column 37, 43 and 47. 
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Fig. 7- 24 Comparison of vertical relative concentration profiles of experiments and SUTRA-

simulations for 𝒖    𝒎     at observation ports of column 1, 4 and 13. 
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Fig. 7- 25 Comparison of vertical relative concentration profiles of experiments and SUTRA-

simulations for 𝒖    𝒎     at observation ports of column 23, 27 and 33. 
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Fig. 7- 26 Comparison of vertical relative concentration profiles of experiments and SUTRA-

simulations for 𝒖    𝒎     at observation ports of column 37, 43 and 47. 
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Fig. 7- 27 Comparison of vertical relative concentration profiles of experiments and SUTRA-

simulations for 𝒖     𝒎     at observation ports of column 1, 4 and 13. 
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Fig. 7- 28 Comparison of vertical relative concentration profiles of experiments and SUTRA-

simulations for 𝒖     𝒎     at observation ports of column 23, 27 and 33. 
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Fig. 7- 29 Comparison of vertical relative concentration profiles of experiments and SUTRA-

simulations for 𝒖     𝒎     at observation ports of column 37, 43 and 47. 

 



CHAPTER 7: NUMERICAL MODELING OF DENSITY-DEPENDENT MACRODISPERSIVE SOLUTE 

TRANSPORT IN A STOCHASTIC POROUS MEDIA 

 

190 

 

7.4.3 Analyzing the macrodispersivity 
With the    and    values for the micro longitudinal and transverse dispersivity (   
                     ), as calibrated in Section (7.4.1), 15 deterministic SUTRA models, and 

15 deterministic homogeneous-equivalent models (experimentally equivalent hydraulic conductivity 

          ) were simulated.  

 

Based on the simulated concentration profiles of the last time step, as illustrated in the previous 

section, and using Eqs. (5.47) and (5.48), the transverse macrodispersivity    is calculated from the 

width B of the mixing zone across the fresh-saltwater interface along the tank.  

 

Table (7.4) summarizes the SUTRA- simulated transverse macrodispersivities   , together with the 

experimentally determined ones for the various tank experiments carried out. 

 

Table 7- 4 The comparison of experimental macrodispersivity with SUTRA simulation results. 

   

[ppm] 

𝒖 

[m/d] 
NTMAX 

 

SCALE 

 

   

SUTRA 

[mm] 

   

   

Homogeneous 

[mm] 

   

   

Experiment 

[mm] 

250 

4 2700 600 3.361 0.415 0.119 0.831 3.834 

8 1800 600 0.305 0.185 0.146 0.981 1.428 

12 900 600 0.219 0.087 0.151 0.996 1.540 

1000 

4 2700 600 4.641 0.431 0.123 0.862 ------- 

8 1800 600 0.328 0.195 0.146 0.984 ------- 

12 900 600 0.253 0.109 0.152 0.997 ------- 

5000 

4 5400 300 6.154 0.616 0.154 0.991 0.090 

8 3600 300 0.323 0.171 0.154 0.999 0.182 

12 1800 300 0.245 0.091 0.156 1.000 0.487 

20000 

4 10800 150 11.410 0.764 0.638 0.366 0.677 

8 7200 150 9.329 0.744 0.221 0.801 0.312 

12 3600 150 1.585 0.210 0.182 0.938 0.050 

35000 

4 21600 75 3.382 0.356 1.476 0.298 2.890 

8 14400 75 8.902 0.749 0.545 0.390 0.509 

12 7200 75 8.577 0.771 0.265 0.653 0.514 

 

For a better illustration, Figures (7.30) – (7.33) show the transverse macrodispersivities     listed in 

the table above as a function of different combinations of the experimental parameters, i.e. as a 

function of the source concentration (Figures (7.30)- (7.31)), or as a function of the seepage velocity 

(Figures (7.32)- (7.33)), for the SUTRA- real sandpack (Figures (7.30),  (7.32)) and the SUTRA-

equivalent homogeneous  model ((Figures (7.31),  (7.33)). 
 

The following deductions are extracted from the above table and the figures: 

 

1) In all of the concentrations, except         , with increasing flow velocity, the SUTRA-

computed    values decrease (Figure (7.32)). 
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Fig. 7- 30 Experimentally determined and SUTRA (with real sandpack realization)- simulated  

transverse macrodispersivity    as a function of source concentrations for different seepage 

velocities.  
 

 
 

Fig. 7- 31 Experimentally determined and SUTRA (with equivalent homogeneous real sandpack 

realization (       𝒎 𝒔))- simulated  transverse macrodispersivity    as a function of source 

concentrations for different seepage velocities 
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Fig. 7- 32 Experimentally determined and SUTRA (with real sandpack realization)- simulated  

transverse macrodispersivity    as a function of seepage velocity for different source concentration. 

 

 
 

Fig. 7- 33 Experimentally determined and SUTRA (with equivalent homogeneous real sandpack 

realization (       𝒎 𝒔))- simulated  transverse macrodispersivity    as a function of seepage 

velocity for different source concentration. 
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2) Except for        , with increasing concentration, the macrodispersivity    increases 

significantly. For        , with increasing concentration, up to             ,    increases 

significantly, but for              it decreases again. 

 

3) The experimentally determined   - values are mostly less than the SUTRA- computed ones.  

 

4) The    - values for the equivalent-homogeneous-sandpack SUTRA-simulations are significantly 

less than those of the real-sandpack SUTRA-simulations as well as of the experiments with the real 

sandpack with the stochastic heterogeneous permeability distribution. Logically, this makes sense, 

because in the homogeneous-sandpack simulation, macrodispersivity effects should theoretically not 

occur or be minor, at least. 

 

5) Referring to the vertical concentration profiles at the 9 port columns of the tank for the equivalent 

homogeneous SUTRA-simulations, the width of the dispersion zone at all horizontal tank positions  

is approximately constant and increases slightly and linearly with a small slope; because of that,    

for these simulations has a high value, closer to one. 

 

6) The plateaus of the concentration profiles i.e. the fresh.-saltwater interfaces sink significantly for 

the equivalent homogeneous SUTRA-simulations, in comparison with those of the real 

heterogeneous sandpack simulations. In other words, the heights of the centers of the mixing zones 

are lower in the homogeneous than in the heterogeneous medium. 

 

 

Figure (7.34) illustrates Modelviewer- depicted salt water plume movements for two of the 

equivalent homogeneous SUTRA-simulation runs, namely, for the source concentrations    
    𝒑𝒑𝒎 and          𝒑𝒑𝒎, both with seeping velocity u = 4 m/d. 
 

The following statements can be made from Figure (7.34): 
 

1) The solute transport is reaching steady state faster for               than for    
       . 

 

2) The salt water plume sinks more for             than for              . 
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Fig. 7- 34 SUTRA-modeled transient evolution of the salt water plume for homogeneous tank 

experiments with       𝒑𝒑𝒎 (tracer), 𝒖   𝒎   (top three panels) and          𝒑𝒑𝒎 

(very saline), 𝒖   𝒎   (bottom three panels), after 2, 10 and 19 days. 
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To better understand the reasons for the large differences in the plume behavior for the equivalent-

homogeneous-sandpack, - with basically no occurrence of macrodispersivity (see Fig. 7-34) -   and 

the real, stochastic-sandpack SUTRA-simulations, four homogenous-sandpack tracer cases (   
      ) with increasing microdispersivity values     and      were run. 

 

The following conclusions can be drawn from the resulting plume visualizations with different 

combinations of     and     in Fig. 7-35 (from top to bottom):  

 

Case 1:   =0.003 and   =0.00015 

is the calibrated reference case, already illustrated in Fig. 7-34 and which shows a pronounced 

sinking of the fresh-saltwater interface: 

 

Case 2:   =0.03 and   =0.0015  

As the solute is reaching the end of the tank, the dispersion zone is increasing and the contour 

sharpness is decreasing. Interestingly, it can be observed that from the middle of the tank up to the 

end  solute concentration is steadily decreasing. 

 

Case 3:   =0.03 and   =0.00015  

In this case, due to the fact that only     was increased while     remained constant, the plume is the 

same as that of the calibrated case (  =0.003,   =0.00015) (Case 1). Thus, it can be concluded that 

only a change of the value of     has an effect on the plume configuration. 

 

Case 4:   =0.3 and   =0.03  

This and the following case are the ones with the largest     and, expectedly, have the greatest 

amounts if sharpness decrease of the plume configuration, i.e. large amount of dispersion.  Also, the 

sinking of the plume is decreased and it‘s mixing zone starts to increase tremendously already at the 

beginning of the tank, so that the plume is more or less disappearing soon after along the tank.   

 

Case 5:   =1 and   =0.03  

In this case    is the same as that of the previous one, but with    increased to 1, which was also the 

highest     – value SUTRA could handle before crashing,  as the solver could not find a convergent 

solution anymore.  Obviously, compared with the previous case, the plume‘s mixing zone is not 

affected by this higher     – value.  

 

In summary, the above tests of changing the transversal and longitudinal dispersivity-values for the 

equivalent-homogeneous sandpack indicate that only a change of the value of  the transversal 

dispersivity     has a visible effect on the steady-state plume configuration, whereas an increase of   

    is barely visible.  Moreover, as     is increased, the contour sharpness of the mixing zone 

decreases, and the sinking of the plume is slightly decreased.  

 

Comparing the stochastic heterogeneous simulations with the equivalent-homogeneous simulations, 

then, according to Figures (7.2), (7.34) and (7.35), it can be deduced that the plume configurations 

in the former cases as well as in the experiments are non-uniform, whereas for the latter cases they 

are more uniform. Furthermore, the widths of the mixing zones for the stochastic heterogeneous 
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plumes increase significantly along the tank, whereas they increase only slightly for the equivalent-

homogeneous cases. This means that the inferred    – macrodispersivity values for the equivalent-  
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Fig. 7- 35 SUTRA-modeled transient evolution of salt water plumes for homogeneous tank 

experiments with       𝒑𝒑𝒎 (tracer) and 𝒖   𝒎   for different values of transverse and 

longitudinal microdispersivity. 

homogeneous SUTRA-simulations are significantly less than those of the real stochastic- 

heterogeneous SUTRA-simulations as well as of the experiments with the real, stochastic 

heterogeneous sandpack. Logically, this makes sense, as in the equivalent-homogeneous sandpack 

simulation, macrodispersivity effects should theoretically not occur or only be minor, at least. All 

this means that the macro-dispersion behavior of the fresh-saltwater interface observed in the 

SUTRA- models for the heterogeneous sandpack (see Fig. 7-34) cannot be reproduced by just 

increasing the local (micro)-dispersivity values, as it has been advocated in many studies of solute 

transport in heterogeneous porous medium.  
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Chapter 8 
8. Non-deterministic Monte-Carlo (MC) Simulations 

8.1 Specifications of the stochastic random fields and the flow and 

transport cases simulated 
In order to investigate the effects of the statistical properties of the porous medium and of the fluid 

concentration (density) on the macrodispersion stochastically, numerous Monte-Carlo simulations 

are run, wherefore the different geospatial random fields of the hydraulic conductivity k with given 

stochastic properties are run using the Turning Band Method (TBM), as described in Section 

(5.1.3.2). (Ababou and Gelhar, 1989; Mantoglou and Wilson, 1982; Starke and Koch, 2006; Sun and 

Koch, 1998). 

 

More specifically, four different representative sandpack families with the geostatistical properties of 

the ln(k) – hydraulic conductivity distribution as listed in Table (8.1), namely, different variances 

    
  and correlation lengths   and   , are simulated, each with five different saltwater 

concentrations                        and           and three different seepage velocities 

      and        , resulting in 5 3=15 flow and transport model combinations, i.e. a total of 

4 15 = 60 different simulation cases. Note that the sandpack #4 family includes the stochastics of 

the present sand-packing of the laboratory tank, or in other words, the real tank sand pack (see 

Chapter 5) is one! member of this family.  

 

Table 8- 1 Representative geostatistical properties of the stochastic ln(k) – hydraulic conductivity 

random field for the four sand packs used in the Monte Carlo simulations. 

Sand Pack 𝒀  𝒎  𝒏(𝒍𝒏(𝒌    𝒍𝒏𝒌
    [𝒎]   [𝒎] 

Sandpack #1 -5.6757 0.25 0.2 0.050 

Sandpack #2 -5.6757 1.00 0.4 0.100 

Sandpack # 3 -5.6757 1.50 0.3 0.075 

         Sandpack # 4 (real) -5.6757 3 0.75 0.100 

nMC=100 realizations, and for this reason, and also to be on the good side, the maximum total 

number of realizations nMC for each sandpack/flow and transport case is set to nMC =350 in the 

present MC-application. 
 

For each of the four stochastic sandpack families of Table (8.1) with the given lognormal hydraulic 

conductivity (ln(k)) distribution (mean, variance and correlation lengths) a stochastic TBM-

realization is generated and used as input in the SUTRA-model for one MC-simulation. The output 

of the flow and solute transport model is processed in the usual way to determine the transverse 

macrodispersivity AT in steady-state mode. From the simulation results with a large number nMC of ln 

(k)- realizations, the statistics of the AT – distribution, i.e. its mean, or expected value E(AT), and 
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variance is evaluated, which under ergodic conditions should asymptotically tend towards a constant 

value. This number nMC of stochastic realizations is a priori unknown and some people (Bellin et al., 

1992) have argued that it should be more than 1000 to allow a meaningful stochastic analysis. 

However, similar to (Starke, 2005), a good stabilization of the running mean of the computed AT has 

usually already been found here already after about  

 

8.2. Results of MC-estimations of transverse macrodispersivity AT 

8.2.1 Tabular summary of results of all MC-simulation cases 
 

The final results obtained for the mean (expected) value  (    of the transverse macrodispersivity 

for the MC-STURA simulations with all four stochastic sandpack families of Table (8.1) and each 

of the 15 different flow and transport cases are listed in Tables (8.2) – (8.5).  

 

Because of outliers in some of the a posteriori estimations of the transverse macrodispersivity AT for 

some MC-realizations, in addition to the normal E(A), an outlier-corrected mean Ecorr(  ) has also 

been computed and listed. One can notice from the table that the means of these corrected 

macrodispersivity MC-series are consistently lower (by 10-30%) than those of E(  ) for which 

outliers are included discarded. 

 

The summary results for the MC- estimations of the transverse macrodispersivity AT of Tables (8.2) 

- (8.5) will be analyzed and visualized in a more systematic manner to study possible 

interrelationships between AT and the statistical parameters describing the stochastics of the porous 

medium as well those determining the flow and solute transport.  

 

Table 8- 2 Mean value  (    for the transverse macrodispersivity computed from the set of nMC 

MC- simulations with ln( k) - realizations representative of the stochastic sandpack# 1(mean 𝒍𝒏(𝒌   
     ,  𝒍𝒏 (𝒌     ,       ,        ) and given flow and transport conditions of each tank 

experiment. Ecorr(  ) denotes the mean corrected for outliers. 

  [ppm] 𝒖[m/d]   [mm] nMC Ecorr(  ) [mm]  E(  ) [mm] 

250 

4 17 340 2.059 3.035 

8 34 340 0.221 0.221 

12 51 337 0.229 0.229 

1000 

4 17 340 0.871 1.152 

8 34 337 0.224 0.224 

12 51 340 0.232 0.232 

5000 

4 17 64 0.242 0.242 

8 34 342 0.249 0.249 

12 51 339 0.255 0.255 

20000 

4 17 343 1.305 1.305 

8 34 341 0.690 0.690 

12 51 258 0.536 0.536 

35000 

4 17 343 1.835 1.835 

8 34 344 1.040 1.040 

12 51 343 0.241 0.241 
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Table 8- 3 Similar to Table 8- 2, but for the stochastic sandpack #2 (mean (𝒍𝒏(𝒌        , 

 𝒍𝒏 (𝒌   ,       ,       ).  

[ppm]  [m/d]   [mm] nMC Ecorr(  ) [mm]  (  ) [mm] 

250 

4 17 339 1.224 2.206 

8 34 338 0.654 0.962 

12 51 344 0.555 0.736 

1000 

4 17 344 1.149 2.223 

8 34 344 0.585 0.940 

12 51 343 0.537 0.637 

5000 

4 17 229 0.469 0.584 

8 34 343 0.557 0.620 

12 51 342 0.535 0.605 

20000 

4 17 343 1.764 1.764 

8 34 339 1.324 1.470 

12 51 342 1.059 1.169 

35000 

4 17 343 2.116 2.128 

8 34 343 1.501 1.556 

12 51 342 1.165 1.270 

 

Table 8- 4 Similar to Table 8.2, but for the stochastic sandpack #3 (mean (𝒍𝒏(𝒌        ,  𝒍𝒏 (𝒌  

     ,       ,         ) . 

  [ppm] 𝒖[m/d]   [mm] nMC. Ecorr(  ) [mm]  (    [mm] 

250 

4 17 342 2.093 3.534 

8 34 337 1.105 2.073 

12 51 344 0.922 1.190 

1000 

4 17 344 1.782 2.874 

8 34 336 1.005 1.561 

12 51 341 1.044 1.342 

5000 

4 17 331 0.952 1.207 

8 34 344 0.962 1.127 

12 51 341 1.066 1.130 

20000 

4 17 344 2.267 2.382 

8 34 340 1.757 1.941 

12 51 343 1.557 1.715 

35000 

4 17 344 2.433 2.433 

8 34 362 2.026 2.149 

12 51 343 1.614 1.821 
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Table 8- 5 Similar to Table 8.2, but for the stochastic sandpack #4 (mean (𝒍𝒏(𝒌        ,  𝒍𝒏 (𝒌  

    ,        ,       ).  

  [ppm]  [m/d]   [mm] nMC Ecorr(  ) [mm] E(  ) [mm] 

250 4 17 1512 3.193 3.904 

8 34 343 3.030 3.770 

12 51 342 2.722 3.471 

1000 4 17 339 4.010 4.737 

8 34 343 3.144 4.009 

12 51 340 2.639 3.395 

5000 4 17 259 3.153 4.204 

8 34 342 3.406 4.036 

12 51 341 3.026 3.902 

20000 4 17 34 4.832 4.981 

8 34 338 4.557 4.937 

12 51 341 3.767 4.390 

35000 4 17 296 4.519 4.699 

8 34 337 4.432 4.623 

12 51 343 4.221 4.504 

 

 

8.2.2. General variation of E(AT) with the number of MC- simulations 
 

The various panels of Figure (8.1) depict the running means  (    as a function of the running 

number N of MC- simulations (realizations) for the various combinations of the four sandpack 

stochastics, as designated by their variance    and correlation lengths   (see Table (8.1)), with the 

four saltwater concentrations    (the case    =1000 ppm has been omitted, as it has not been carried 

out experimentally neither) and the three pore velocities u. From the visual inspection of the 

numerous lines of  (    as a function of N the following statements can be made: 

 

1) Interestingly, but not too much of a surprise, for all flow and transport cases simulated asymptotic 

convergence of  (    is reached earlier for the stochastic sandpack families with lower variances 

   than for those with higher variances, i.e. N ↓ when    ↓ . 

 

2) Also, when comparing the various panels for the different flow velocities in Figure (8.1), one 

notices further that the number N of MC-simulations to reach convergence of  (    decreases, as 

the seepage velocity u increases, i.e. N ↓ when u ↑. 

 

3) There is significant stabilizing effect of the density, as the number of MC- simulations decreases 

as the concentration    is increased, i.e. N ↓ when    ↑.  

 

In summary, all panels of Figure (8.1) clearly indicate that, in general, the running mean  (    
converges asymptotically after N=200-300 MC-simulations, with the differences as noted above.  

 

Further relevant findings regarding the overall behavior of the asymptotic  (    as a function of the 

various model parameters are discussed in the subsequent sub-sections. 
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Fig. 8- 1 Running mean of the transverse macrodispersivity  (  ) as a function of the number N of 

Monte-Carlo simulations (realizations) for the four different stochastic sand packs (see Table 8.1) 

with variances    and correlation lengths   as noted, for concentration         𝒑𝒑𝒎 and the 

three pore velocities u concatenated in one panel each. 
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Fig. 8- 1 (continued):          𝒑𝒑𝒎 
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Fig. 8- 1 (continued):           𝒑𝒑𝒎 
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Fig. 8- 1 (continued):           𝒑𝒑𝒎 
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8.2.3. Ensembles   
 (   for n Monte-Carlo simulations with expectation value 

 (  
   for sandpack #4 

 

Figure (8.2) shows the variance of concentration along the length of the tank for about 350 Monte-

Carlo simulations in different source of salt concentrations and seepage velocities for tank 

experiments performed with SUTRA with stochastic (TBM) realizations that are representative of 

the statistical family of the sandpack #4. Similar to the analyses of the experiments, spatial variances 

  
 (   are evaluated from the concentration profiles. As it is seen, the expectation value has been 

included in the plot to make a better sense of the value of transverse microdispersivity for the 

statistics of sandpack #4 ( 𝒍𝒏𝒌
   ,         m,      m). It can be seen that by increasing the 

concentration the slope of the expectation profile can be increased and consequently the estimated 

value for transverse macrodispersivity can be increased. 

 
 

 
Fig. 8- 2 Ensembles   

 (   for n Monte-Carlo simulations with expectation value  (  
   for 

sandpack #4. 
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Fig. 8- 2 (continued) 
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Fig. 8-2 (continued) 
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Fig. 8-2 (continued) 
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Fig. 8-2 (continued) 

 

 

8.2.4. Variaton of AT as a function of the seepage velocity u 

Extracting the asymptotic running means  (  ) – henceforth called    – as a function of the 

different pore velocities u, for the four different stochastic sandpack families (see Table (8.1)) from 

the previous figure and/or the Tables (8.1) – (8.4) and grouping them in panel with the same 

saltwater concentrations    , the various panels of Figure (8.3) are obtained. From these, the following 

results can be deduced: 

 

1) In all panels, for all concentrations and all four sandpacks,    decreases, as the pore velocity u 

increases, i.e.    ↓ when u ↑. 

 

2) For all concentration panels, regardless of the pore velocities,    increases when going from 

sandpack #1 to sandpack #4, i.e as the ln(k)- variance      
  and/or the correlation length   increases 

(see Table (8.1)), i.e.    ↑ when     
     ↑. This will be detailed in the next subsection. 
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Fig. 8- 3 Monte Carlo- estimated macrodispersivity    as a function of pore velocity 𝒖 for the four 

different stochastic sandpack families (see Table (8.1)) for different concentrations C0. 
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Fig. 8- 3 (continued) 

 

It can be seen that the macrodispersivity of each stochastic class slightly decreases with increasing 

seepage velocity. Additionally, for MC-sandpacks1 and 2,    approaches an asymptotic value. This 

confirms, as already discussed in previous sections, that the high velocity influence on the 

dispersivity of tracer transport is only present in the low molecular Peclet and is negligible with 

increasing value. This also agrees with the findings of (Thiele, 1997), which means that in the pure 

dispersion model (         the seepage velocity   in the stationary equilibrium state (     
has no influence on the form of a concentration curve. In contrast, the stochastic properties (variance 

    
 and correlation lengths    and    ) of the porous medium have a considerably greater influence 

on the macrodispersion length than the seepage velocity and will be discussed in the future sections. 

 

8.2.5. Variaton of AT as a function of the correlation lengths   of the medium 
 

The effects of correlation length on the transverse macrodispersivity    can be seen from the plots 

shown in Figures (8.4) and (8.5) for different sandpacks shown in Table (8.1). In each seepage 

velocity and for all source of salt concentrations, Figure (8.4) and Figure (8.5) show the variation of 

transverse macrodispersivity over the correlation length in x and y-directions, respectively. It is 

worth noting that the expected value of the transverse macrodispersivity    increases with 

increasing correlation length    and   ; i.e.    ↑ when       ↑. Interestingly, there exists just one 

exception in       m where the transverse macrodispersivity experiences a domestic drop. 

Actually, that is because of the fact that all the parameters such as correlation lengths in both 

directions as well as the variance plays significant role in estimation of transverse macrodispersivity. 

In fact, looking at Table (8.1), one easily can find out that by increasing the variance of the 

sandpacks from sandpack #1 to sandpack #4, the correlation length in x-direction will be decrease by 

switching from sandpack #2 to sandpack #3. Therefore, considering the accumulated effects of all 

the parameters like       and variance on   , one can find that the variance has the most dominant 

influence on the transverse macrodispersivity. In the other word, the effect of variance is greater than 

the effects of    and the effects of    are much more dominant than the effects of   . Also, it can be 
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seen that by increasing the seepage velocity for such a constant correlation length, the values of 

transverse macrodispersivity will be decreased. That is, i.e.    ↓ when u ↑. 

 

 
 

 

Fig. 8- 4 MC-estimated    as a function of the horizontal correlation length    of the porous 

medium for different saltwater concentrations    and the three pore velocities as indicated. 
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Fig. 8- 5 MC-estimated    as a function of the vertical correlation length    of the porous medium 

for different saltwater concentrations    and the three pore velocities as indicated. 
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8.2.6 Variation of AT as a function of variance  𝒍𝒏𝒌
  of the porous medium 

 

Figure (8.6) shows the effect of variance of the permeability distribution of the sandpack (     
 ) on 

the transverse macrodispersivity. As it is seen, transverse macrodispersivity will be increased by 

increasing the variance. It means, i.e.    ↑ when     
  ↑. Interestingly, as it was seen in the previous 

figures, it can be seen here that by increasing the seepage velocity the macrodispersivity will be 

decreased again; that is, i.e.    ↓ when u ↑. 
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Fig. 8- 6 MC-estimated    as a function of the variance     (  

  of the porous medium for different 

saltwater concentrations    and the three pore velocities as indicated. 

 

It should be noted that since here each point in the plot is representative of 350 realizations, it can be 

seen that by increasing the variance of the permeability distribution of the sandpack, the transverse 

macrodispersivity shows an enhancing trend but amazingly the more the variance increases, the 

more the value of macrodispersivity will be increased. One can readily find that by comparing the 

plots increment from     
    to     

      with other increment from     
      to     

   . It is 

obvious that for the latter increment, the calculated value for transverse macrodispersivity has been 

increased much more than its value for the former increment. 

 

8.2.7 Variation of AT as a function of the heterogeneity factor of the medium 
 

Rather than the mentioned variables like seepage velocity, correlation lengths and variance which 

play such important roles on estimation of the transverse macrodispersivity, there are also other 

parameters like heterogeneity factor of the porous medium which can have such drastic effects on 

the calculation of the values of transverse macrodispersivity. Literally, heterogeneity factor can be 

defined as        
    which means the multiplication of correlation length in x-direction by the 

variance of the permeability distribution of the sandpack. As it is seen, Figure (8.7) shows the effect 

of heterogeneity factor on the transverse microdispersivity. It can be seen that by increasing the 

heterogeneity factor, the transverse macrodispersivity is somehow increasing. It means that, i.e.    ↑ 

when H ↑. 
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Fig. 8- 7 MC-estimated    as a function of heterogeneity factor H of the medium for different 

saltwater concentrations    and the three pore velocities as indicated. 
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8.2.8 Variation of AT as a function of the concentration    of the saltwater  
 

Figure (8.8) shows the variation of    a function of the concentration   , of the inflow saltwater for 

the four different stochastic sandpack families (see Table (8.1)), for the three different pore/seepage 

velocities u investigated. It can be seen that for all seepage velocities and all four sandpacks,    is 

mostly increasing, as the concentration    increases, i.e.    ↑ when    ↑. 
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Fig. 8- 8 MC- estimated macrodispersivity    as a function of salwater concentration C0 for the 

four different stochastic sandpack families (see Table (8.1)) for different seepage velocities u. 

 

8.3 Comparison of Monte Carlo sandpack #4 with experiments 
 

Figures (8.9) and (8.10) show the expected values of the macrodispersivity calculated from the 

Monte Carlo simulations including the stochastic properties of sandpack4 as the real case compared 

with the respective experimental results. As it is seen for Figure (8.10), the trend of variation of 

transverse macrodispersivity of Monte-Carlo sandpacks and sandpack #4 (the real sandpack) is the 

same as the function of seepage velocity for different source of salt concentrations; meanwhile, it 

can be seen quite large deviations between the Monte-Carlo and experimental results. Therefore, one 

can conclude that the characteristics of sandpack #4 which was used to fill the tank for experimental 

observations is such a specific sample with really high heterogeneity values that causes large 

deviations between the experiment and simulation results. 

 
Fig. 8- 9    as a function of saltwater concentration    for 𝒖      and    𝒎   estimated from 

the tank experiment and the MC-simulations of the equivalent MC-Sandpack4.  
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Fig. 8- 10 Similar to Fig. 8.8, but    as a function of seepage velocity 𝒖 for different concentrations 

   of the saltwater  
 

8.4 Comparison of AT obtained by numerical (deterministic and non-

deterministic) modeling and laboratory experiments 
 

In the current section, the results for the transverse macrodispersivity    obtained from (1) the 

deterministic model SUTRA for the real (heterogeneous) sandpack, (2) SUTRA non-deterministic 

Monte-Carlo simulations for the sandpack4 (real), (3) the laboratory experiments, and, additionally, 

(4) the SUTRA- model for the equivalent homogenous sandpack4, are compared to each other by 

visualizing them in various combinations of the standard determining factors (seepage velocity u and 

concentration   ) (see Figures (8.10) and (8.11)). While, in general,    obtained for case (4) almost 

coincide with those of case (1), there are differences in    of the SUTRA-MC case (2) and the of the 

laboratory experiments (3), especially for higher seepage velocities.  

 

8.4.1 Dependency of AT on seepage velocity u 
 

The four panels of Figure (8.11) show the macrodispersvity    as a function of the seepage velocity 

u for the four different concentrations    of the saltwater, as obtained with the four approaches listed 

above. 

 

As it is seen, for each source of salt concentration, the calculated transverse dispersivity for 

homogeneous panel is less than that of other panels. It is expected because in homogeneous 

sandpack, the pore sizes are assumed to be the same and consequently there is no change in the 

velocity of the solute during passing from the pores. Therefore, the value of    will be decreased in 

this homogeneous panel. For low concentrations like 250 and 5000 ppm, it is seen that mostly the 

Monte-Carlo panel shows the maximum calculated transverse macrodispersivity in larger pore 

velocities. However, in larger source of salt concentrations such as 20000 and 35000 ppm, the 

estimated transverse macrodispersivity obtained from SUTRA panel is predicting greater values 
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rather than the other panels. In most of the salt concentrations especially the large ones, it is seen that 

the predicted transverse macrodispersivity from the experiment and homogeneous panels are quite 

close to each other, emphasizing that using homogenization approach will efficiently help us to 

predict the transport of solute in porous medium. All in all, it is seen that by increasing the seepage 

velocity, mostly the transverse dispersivity is going to be decreased. That is,    ↓ when u ↑. 

 

These deviations are due to the fact that the relative errors in the calculation of the mixing width are 

greater for high heterogeneity (sandpack#4). 

 

 
Fig. 8- 11 Transverse macrodispersvity    as a function of the seepage velocity u estimated from the 

tank experiment, homogeneous sandpack, SUTRA (deterministic) and the MC-simulations of the 

Sandpack4 for different concentration    of the saltwater.  
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Fig. 8- 11 (continued)  

 

8.4.2 Dependency of AT on saltwater concentration    
 

Figure (8.12) shows the same situation as Figure (8.11), but now    as a function of the saltwater 

concentration    for the three pore velocities u analyzed. 

It can be seen that the    values of deterministic model SUTRA are greater than the stochastic 

expectation MC values and also MC values are greater than homogeneous and experimental values 

for   ; however, as the velocity increases, up to             , the magnitudes of MC values 

become greater than SUTRA values. More than             , SUTRA values are greater than 

MC values. Also, for            , MC values are greater than SUTRA values and SUTRA 

values are more than homogeneous and experimental values. For              and    
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         , SUTRA values become greater than MC values; also homogeneous and experimental 

values are always smaller than MC and SUTRA values. 

 

These observations are consistent with those were found in previous plots. Here again it is seen that 

the homogeneous panel shows less macrodispersivity between the whole panels discussed here. 

Furthermore, it can be seen that mostly by increasing the source of salt concentration, the obtained 

transverse macrodispersivity is supposed to be increased. This means that    ↑.when    ↑. Also the 

deviation seen between the Monte-Carlo and Experimental panels is due to the fact that each Monte-

Carlo simulation has been run for 350 different realizations and those were not such nice 

representatives for the real sandpack used in the experiment. It is worth noting that because in the 

experiment we have some restricted ports of measurements, it is seen some discrepancies between 

the experimental and numerical observations for transverse macrodispersivity. 

 

 
Fig. 8- 12 Transverse macrodispersvity    as a function of the saltwater concentration    for 

different pore velocities estimated from the tank experiment, homogeneous sandpack, SUTRA 

(deterministic) and the MC-simulations of the Sandpack4. 
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Fig. 8- 12 (continued) 
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Chapter 9 
9. Conclusions and research prospects 

9.1 Concluding remarks 
In this thesis research, the tracer and density-dependent transverse dispersion of water constituents in 

highly stochastic and saturated porous medium was investigated. The investigations coupled an 

analytical model with both experimental and numerical model for evaluation of transverse 

macrodispersion. 

 

9.1.1 General remarks 
 

Density dependent flows illustrate a special challenge for every model, because the differential 

equations for their mathematical description are nonlinear. Experimental investigations in laboratory 

and field scale showed that the structure and the heterogeneity of underground has a decisive 

influence in the transport of water constituent. The interplay of these processes is extremely complex 

and has not received the necessary broad scientific attention yet. While for the longitudinal 

dispersion   , there is a variety of experimental and numerical results and analytical solutions 

available, but there is rarely any information about behavior of transverse dispersion. 

The experimental investigations of stable density dependent flows were done in a tank model for one 

real representative stochastic model of aquifer. The tank was packed with quartz sand of 

predetermined stochastic distribution of the permeability and the stationary spatial concentration 

distribution of spreading salt water plume was measured by means of the electrical conductivity. In 

parallel, a numerical model was developed with the finite element program SUTRA. Using the 

verified and calibrated numerical model, deterministic forecasts for possible transport scenarios were 

performed along with stochastic Monte-Carlo simulations. The experimental and numerical results 

were compared with each other and using that existing analytical model approaches were verified. 

In summary, the following detailed statements can be made for the flow and transport processes in a 

stably stratified fluid from the experimental and numerical investigations. 

 

9.1.2 Present tank experiments 
 

First of all, the effects of the inflow velocity u on the concentration profiles were investigated. It was 

found that for the experiments with         ppm for all columns of the vertical concentration 

profile except column C1, one notices a larger sinking of the plume center with increasing pore 

velocity u , i.e. the density effect is more prominent, the larger the transport velocity, i.e. hs ↓ when 

u ↑. Thus, if one assumes the classical relationship for the transverse mechanical dispersion    
       (Bear, 1979), where    is transverse dispersivity, this result provides evidence that the 

dispersion has a negative effect on stability. This means that    and sinking both increase as   

increases, resulting in less stability. A lower    means that the density effect is more prevalent. This 

result agrees with the theoretical analysis of Thiele (Thiele, 1997) and previous numerical studies of 

(Koch and Zhang, 1992) for the case of unstable density stratification. 
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Additionally, for the experiment with        ppm for all columns, except columns C1, C13, and 

C23, one notices the plateaus are coinciding for all three pore velocities (       ,         and 

        ). However, for the experiment with          ppm and          ppm, no 

systematic trend can be found. This is, presumably, because the sandpack used is very specific and 

its heterogeneity is too high, relative to the size of the tank that so that some of these columns 

experience the strong local variations of the hydraulic conductivity field. Furthermore, for the 

sampling port column C27, located in the middle of the tank, one notes a sinking plateau of the 

vertical concentration profile with decreasing concentration    for inflow velocity         . 

Similar behaviors of the plumes are found for the other sampling port columns C1, and C4 located 

further upstream, and C33, further downstream of the tank. Similar results can be observed in 

columns C4, C27 and C33 for the inflow velocity          , with the exception of column C1. 

Interestingly, on the contrary, for the sampling port columns C23, C43 and C47, one notes a 

sinking plateau of the vertical concentration profile with increasing concentration    for inflow 

velocity 𝒖    𝒎    . Similar results can be observed in columns 13, 23, 43 and 47 for the 

inflow velocity 𝒖    𝒎    . 

 

Although there are vertical small variations of the location of the center of the mixing zone for each 

experiment of different concentration    and inflow velocity          , no systematic sinking of 

the plateau of the vertical concentration profile for port columns C13 and C37 is observed with 

increasing    for the same          . Similar results can be observed in columns 1 and 37 for 

the inflow velocity          . For the inflow velocity            for none of the columns a 

systematic sinking of the plateau of the vertical concentration profile is observed. 

 

To calculate the transverse macrodispersivity, the spatial concentration distributions were only 

inspected qualitatively. For a quantitative analysis of the macroscopic dispersion, the variances 

   (B/2)
2
 for the mixing width (  { (              (            }  of all the 

experiments have to be calculated. The widths      of the mixing zones of the fresh and saltwater 

layers for the various experiments are approximately determined by measuring the difference 

between the two z-locations for  (             and  (             values on the vertical 

concentration profiles. 

 

Taking a look at the dispersion zone width B as a function of the horizontal distance x for the various 

concentrations and three velocities (      and         ), it was found that for           for 

           and              there is an increasing trend for B, as it should be theoretically 

(for            it is almost linear), but for the cases of             and             , 

B at first is increasing, but later on it decreases. It is worth to mention that for these two 

concentrations the trend is similar. However, the B-lines in the two panels for           and 

           have for all concentration cases similar trends, namely, that B increases with x, to 

reach its maximum at x =6-7 m in the tank and decreases hereafter towards the end of the tank. For 

the reasons of this later peculiar behavior one can only speculate, and it could be due to some return 

flow of solute from the outlet chamber back into the tank. In contrast, the increase of the dispersion 

zone with B up to about 7 m into the tank is at least, quantitatively, in agreement with classical 

dispersion theory on which the present whole analysis of the macrodispersion is based upon, namely, 

the analysis of the vertical variance    = (B/2)
2
 of the saltwater-freshwater- interface. Using these 

measured B, the variances    are computed and plotted as a function of the horizontal distance x 

along the tank. Comparing the plots visually, obviously, a similar behavior of    and B is observed 
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although changes of the former are even more accentuated than of the latter, namely the ―illogical‖ 

decrease towards the end of the tank. Presumably, this may be either related to the local permeability 

(hydraulic conductivity K)- distribution, as, for example, a decrease in K in that section of the tank 

would causes a reduction of the hydrodynamic dispersion, i.e. also of the dispersion width B there. 
 

Moreover, a few interesting case studies were run to find the general relationships between the 

various flow and solute transport parameters of the tank experiment and the mixing widths B of the 

dispersion zones. Thus one notices that in the beginning of the tank for the experiments with 

         ppm and         ppm for the concentration of the saltwater, B is larger for   
        than for           , with the exception of column C13 for the        ppm 

experiment. Moreover, the trend in B for            shows that, as    increases, B generally 

decreases, except at location of column C13. It is worth noting that there is no systematic trend B for 

          . Also, for the            ppm experiment, B is larger for            than for 

           . On the other hand, B for           is less than for           . In general, 

for all three pore velocities, the dispersion zone width B is systematically the largest for the    
    ppm experiment, whereas for the other, higher saltwater concentrations    no clear trend is 

visible, i.e. there is some decrease of the transverse dispersion with increasing concentration   , 

i.e. when the density difference    between the saltwater and the freshwater is increased, i.e. B↓ 

when    ↑. 

 

The experiments were run at three different seepage velocities u = 4, 8 and 12 m/day. The 

concentration profiles were plotted in each velocity and the transverse macro dispersivity was 

calculated according to the concentration profiles. It was found that in heterogeneous sandpack, 

the effective transverse macrodispersion AT is inversely proportional to the seepage velocity u.  

 

In another set of experimens, the effect on density contrast on the transverse macrodispersivity has 

been studied. Interestingly the results showed that the effects of density gradient is in contrast with 

that of the seepage velocity. That is, in the current work it was seen that increasing the density 

gradient will directly increase the calculated values for transverse macrodispersivity within the 

tank experiment. 
 

This peculiar behavior of the transverse dispersion is also supported by the tank experiments of 

Kobus and Spitz (Kobus and Spitz, 1985) as well as by the theoretical analysis by Thiele (Thiele, 

1997) both deduced a decrease of the transverse hydrodynamic dispersion coefficient   , when the 

density difference    between the saltwater and freshwater augments, i.e.    ↓ when    ↑. 

However, this is true only when the mechanical dispersion    is significantly greater than the 

molecular dispersion   , which holds for Peclet numbers              (Bear, 1979). The 

average grain size   for this tank sand pack is            and               . This 

results in the Peclet numbers      ,       and        for the three inflow velocities    , 

  and         , respectively, so that the Peclet number- condition above is largely fulfilled. On the 

other hand, two of the earlier run tank experiments of (Koch and Starke, 2001) had inflow velocities 

          and          , which results in Peclet numbers      and       , 

respectively, i.e. lower than those in two of the experiments executed in this thesis research. This 

means that hydrodynamic dispersion or (mechanical dispersion) may also be rather small, and 

diffusive transport is dominant, especially for the small velocity          . This is in contrast to 

the experiments of (Kobus and Spitz, 1985) which were run in the range         to        . 
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Therefore, this diffusion- prevailing dispersion regime may be the cause of the apparent 

contradictions to define a clear relationship between the density effects at higher concentrations    

and the effective transverse dispersion (widths) in the present experiments. 

 

Considering the height of center of the dispersion zone    with respect to the non-similarity variable 

  
  

      , which describes the influence of the concentration as well as the flow velocity, it can be 

discovered that a significant fluctuation appears for small values of  . However, as the non-similarity 

variable   increases, the amplitude of fluctuations in    become smaller and also the difference of    

between two successive values of   become larger. As a whole, there is a reducing trend in the 

subsiding of the plume for values of    . The trend for the height hs of the center of the dispersion 

zone is the same for all velocities u and concentrations    of all experiments. Furthermore, one 

notices that hs increases with increasing distance x. Moreover, at the specific location between 

     𝒎 and     𝒎, there is a sudden drop in hs. This is possibly due to the strong local 

permeability variation and with a subsequent variation of the transverse dispersivity at that point 

in the tank. Also, for             and            , the height of the plume generally subsides 

with increasing saltwater concentration   . There is no systematic trend for               
Moreover, it was found that for             , the height hs of the center of the dispersion zone is 

more or less the same for the different pore velocities u. For              , hs center of the 

dispersion zone subsides with increasing flow velocity u. For             , there is no 

systematic trend whereas for             , the height of the plume, generally, also subsides 

with increasing flow velocity. However, the opposite is true near the end of the tank. 

 

Finally, the computed transverse macrodispersivity    is depicted as a functions of the seepage 

velocity   and the NaCl concentration   , respectively. One notes a decrease of    as the seepage 

velocity u increases, with the exception of the experiment with             where it increases. 

It can be seen that for              the decrease is almost linear. Also, one can observe that as 

the concentration increases from            to             there is a significant decrease in 

   at all velocities, however, as the concentration increases from             to    
             is mostly increasing. It is also worth noting that for the case of             , 

there is no significant difference between the    at           and           . 

 

9.1.3 SUTRA deterministic modeling 

9.1.3.1 Setup and analysis of boundary conditions 

 

To extend the findings of our experimental study, some numerical simulations in SUTRA were done 

to investigate the effect of different parameters on the transverse macrodispersion of the solute. In 

the following paragraphs the findings from the SUTRA simulations are concisely discussed. 

 

In order to understand the effects of two variants of concentration boundary conditions, i.e.        

or                  , on the movement of the saltwater plume, eight model variants, namely 

with different input concentrations     and different elapsed time have been simulated, with the 

corresponding plumes visualized. The change of boundary conditions for the 250 ppm (tracer) has 

basically no visible effect. Only in the first time steps an unexpected back- flow from the tank outlet 

is obvious when          . For the    = 35000 ppm – cases, on the other hand, more sinking of 

the salt water plume at the end of the tank, is recognizable for the case        than for the 
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case            once the plume has reached steady state (after 250h simulated time). For the first 

time steps of the simulations, the plumes look much the same, only some back-flow of salt water 

from the end of the tank is observed for the             case. It is clear that for this steady state 

case,  𝒎   is definitely a better choice for the specifying the outflow solute boundary conditions 

and also more consistent with the physical conditions of the homogeneously mixed fresh and 

saltwater through a stirrer in the outflow chamber. In fact, the measurements showed that the 

mixing concentration  𝒎  , is about half of the input concentration    at the saltwater inlet. 

 

In conclusion, these simulations provide sufficient evidence that the physics of the present density-

dependent transport problem is much better modeled by using the           =        solute 

outflow boundary condition. Therefore, all subsequent SUTRA-simulations of this thesis have been 

carried out in this way.  

 

Interestingly, in agreement with the experiments, the numerically computed concentrations of the 

salt water plume across the tank have reached steady-state after about 19 days. Also, one can notice 

that the sinking of the saltwater plume for the experiment with low concentration (tracer), is more 

than that with higher concentration (             , in contrast with the large density effect 

(     ). In fact, the difference in the density of the salt and fresh water is related to the source of 

salt concentration injected to the tank that means the more source of salt concentration we inject, the 

more density effects can be seen. Furthermore, one can recognize that the speed of transient 

evolution for             ,        - experiment is more than that of the            

(Tracer),         experiment and for             , the concentration contours show that the 

time which is needed for the process to reach the steady-state condition is faster than in the tracer 

experiment. 

 

9.1.3.2 SUTRA- calibration of the longitudinal and transverse dispersivities. 

 

It should be noted that the values for the longitudinal and transverse dispersivities, (  ) and (  ), are 

the most important material properties to be specified in the SUTRA model and this is a non-trivial 

task. Actually    and    are scale-dependent, i.e. depend on the size of the plume domain in a 

porous medium considered, as it may be a laboratory tank or a real field aquifer. In such numerical 

simulations of groundwater flow and solute transport, the longitudinal dispersivity   , in particular, 

is usually set to the order of the model domain scale, while respecting at the same time the numerical 

stability restrictions of the model which, depend on the grid size of the discretization mesh. The 

transverse dispersivity    is usually then chosen one or two orders of magnitude lower than   . 

These recommendations reflect the fact that the numerical model should approximately simulate the 

scale-dependent dispersion process, which is mainly macrodispersion. This approach is particularly 

useful when the heterogeneity of the porous medium/aquifer is not known or falsely assumed to be 

more or less homogeneous, since then, by adjusting the magnitude of the dispersivities, enough 

hydrodynamic dispersion of the plume will be generated as may be the case in a real random 

heterogeneous aquifer porous medium. However, since most of the numerical flow and transport 

codes, like SUTRA, produce a phenomenon of what is called numerical diffusion in the 

concentration solution, the effectively chosen dispersivities may need to be chosen somewhat 

smaller than theoretically required. 
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Unfortunately, all these considerations above are of limited value in the present thesis application of 

where the task is to validate some of the concepts of stochastic theory of macrodispersion in 

heterogeneous media by appropriate SUTRA- flow and solute transport simulations by determining 

the effective macrodispersivities    and    which develop due to the stochastic pore velocity 

fluctuations in the random heterogeneous porous medium and which are estimated a posteriori from 

the second moments of the plumes/plume boundaries, as discussed in Chapter 6. This means that the 

numerical dispersivities    and    in the SUTRA-model, which may then be considered more of a 

pore-scale-dispersitivity- type, should be chosen as small as possible, in order to not masking the 

macrodispersion in the simulated solute plume - due to the random advective flow fluctuations – 

while still making sure that the model does not become numerically unstable and eventually breaks 

down. 

 

Based on these premises, numerical tests for the C0 = 250 ppm (tracer) experiment have been made 

with varying dispersivity values and the simulated plumes visualized. More specifically, as the 

longitudinal dispersivity    is not of interest here and cannot even be calibrated for the steady-state 

plume extending over the whole length of the tank, only the transverse dispersivity    is effectively 

calibrated, however, by keeping the ratio    /   to    /   =20, a commonly accepted value. 

 

Considering the calibration of the concentration profiles for different transverse and longitudinal 

microdispersivity values in different observation columns within the tank, in order to control the 

calibrated    and    in simulations, the simulations were run with the different boundary conditions 

of the tank experiments and the numerical results compared with the experimental ones. In the first 

step, the magnitude of the transverse dispersivity    was determined by doing some simulations 

with different    within the range of           m. The value for    was assumed as 0.003 m and 

the boundary conditions correspond to (250 ppm,        )-experiment. On the basis of the 

comparisons, it could be assumed that    should be in a range between 0.001 and 0.0001 m. For 

consistency, the value    = 0.0001 was chosen for the simulations as well. Then, the trial and error 

process is started to get results for the transverse microdispersivity which are closer to those 

obtained from the experiments (Achenbach, 2016). Interestingly, it can be seen that for lower values 

of   , numerical errors will appear; while for large    values such as 0.01 m, the mixing zone 

already runs over the entire height of the tank. In the second step, the longitudinal dispersivity 

should be determined. Temporarily, the value 0.0001 m was chosen for transverse dispersivity. The 

distinctions of different tested    seem to be minimal, compared with the effects of changing    

values. Therefore, literature values which indicate that    is 8-10 times greater than    (Gelhar and 

Axness, 1983) have also been used.  

 

However, the methodology of determining the longitudinal (micro) dispersivity    is more difficult 

than that of   . As the first try, the value    = 0.003 m was considered. Then,    was determined 

exactly and found to be in the range of     = 0.00015 - 0.00020 m. In order to verify this range, 

other laboratory experiments are compared with calibrated    to check the compatibility of the 

obtained results for    and those measured in the experiments. As a result, the final values were 

chosen as          𝒎 and            𝒎 for all the tank simulations and the following 

Monte Carlo simulations, to be discussed in the next subsection. 
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9.1.3.3 Results of SUTRA- simulations and comparison with tank experiments 

  

In general, for the tracer experiments with            and all velocities               , the 

SUTRA- simulated transverse macrodispersion as quantified by the transverse macrodispersivity    

is lower than the measured experimental values of    in some sections of the tank. The reasons are 

probably systematic and random errors between the SUTRA-used and the real permeability 

(hydraulic conductivity) distribution of the sand blocks in the tank which affects the hydraulic heads 

and groundwater flow locally. These differences depend on the flow velocities, are so low for 

density independent calculations in variances. For small flow velocity        , the variance is 

smaller than for              . It was found that the numerical results in comparison to the 

experimental ones have less fluctuation for variance of concentration. Even though, since we 

followed the Peclet- and Courant criteria for guaranteeing stability of the numerical solution to 

gain such smooth spatial variations of the concentration distribution, there were still seen some 

accumulated numerical errors during the simulation process. In fact, this numerical error will 

cause the deviation between the numerical and experimental results which are occurred due to the 

heterogeneity of the porous medium. 

 

The solute transport calibration is more complicated in case of higher concentrations, flow- and 

transport equations are coupled. To do so, the optimized adjustment of simulations in experimental 

spatial variances of concentration distribution for a tracer transport of an ingredient with    
        ,              and              were done. It is found that for             

the variances of the concentration distribution for SUTRA simulations in comparison with 

experimental measurements are approximately the same and has a low magnitude. In other words, 

for             the value of macrodispersivity    of experimental results and simulations are 

the same. The results illustrate that for              and              (slightly and 

moderately saline respectively) inverse of            (Tracer) the variance of concentration 

distribution (macrodispersivity) for SUTRA simulation is more than experimental measurements. 

The numerical investigations showed that the uncertainty of the model in density dependent model 

was primarily due to uncertainty in the boundary conditions. On the other hand, it is not known how 

slight temporal fluctuations of the flow velocity affect the entire transport process. 
 

One notes that, in spite of theoretical equation           and          , for the tracer 

experiment           , in all of the columns with increasing flow velocity, the width of mixing 

zone decreases, except beginning of the tank, which the width of mixing layer has no change, similar 

to what is observed in the experiments. For            , in all of the columns, with increasing 

velocity, the width of mixing layer decreases, except in beginning of the tank, no change of width 

can be recognized, exactly opposite of the experiment results. For              , the same trend 

like            and             occurs i.e. with increasing in velocity, the width of mixing 

layer decreases, but in first half of the tank, no visible change of width could be seen, although in 

experiments, no systematic trend was found. However, for the strongly density-dependent 

experiment              the opposite is true i.e. as expected according to theoretical equations 

          and          , the width of mixing layer becomes broader with increasing inflow 

velocity  . Inversely, for             , the experimental results show the opposite trend i.e. 

with increase in velocity, the width of mixing layer decreases. The stability of the plume should go 

in parallel with less sinking of its center and a larger dispersion width. Although there are some 
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contradictory results, however, a possible reason for this apparent discrepancy may be searched in 

the particular local vertical permeability distributions of the tank at the positions of the sampling 

sections, which appear to have a significant impact on the apparent lateral dispersion there. In order 

to analyze this phenomenon further, numerical Monte-Carlo simulations of the macrodispersion of 

the density-dependent transport problem, using different stochastic realizations of a random medium 

within the tank were carried out. 

 

SUTRA simulation results illustrate that for the experiment           , with increasing inflow 

velocity, appears less sinking, similar to what is observed in experimental trend except some of the 

columns, which do not follow a systematic trend in experiment. The major reason for this may be 

due to the way the experiments were run, namely, that the piezometric pressure heights     and     

in the fresh- and saltwater inflow chambers respectively, had to be slightly varied from experiment 

to experiment to ensure approximately identical inflow for fresh- and saltwater. These inflow 

fluctuations are probably a consequence of minor changes in the permeabilities, due to settling and 

maybe bio-clogging of the pores, particularly in the lower saltwater half-section of the tank, over the 

25-months course of the experiments. Therefore, unlike in the SUTRA model where Dirichlet 

boundary conditions of constant pressure are used for convenience, those in the experiments are, in 

reality, of the Neuman kind (constant inflow). In case of            , the greater  , results in a 

less sinking of plume center. Unlike the ones from SUTRA model, experimental investigations show 

that with increasing seepage velocity, the sinking of plume center will be larger. For    
         , as the seepage velocity increases, it is mostly less sinking of plateau observed in tank 

length  , it is in full agreement with the experimental results in this concentration. Finally, for the 

strongly density-dependent experiment             , from the numerical model can be deduced 

that with positive slope of velocity, no sinking of centroid of dispersion zone is seen, while 

experimental relative concentration profiles illustrate larger sinking of the plume center. 

 

Also it was found in another comprehensive manner that the      -curves obtained at port columns 

1 through 47 for the various tank experiments simulated with SUTRA. Surprisingly, the trend of 

lowering and raising of the center of dispersion zone of simulations and experiments is in agreement 

with each other, in other word, for all of three seepage velocities (      and 12    ), in each 

column, with increasing concentration (density gradient), if the experimental plateau of      -curve 

subsides, the simulated plateau subsides as well and when the experimental plateau raises, the 

simulated plateau raises accordingly. For        , for both simulation and experiment, in 

columns          and   . The increasing density effect    is clearly indicated by the lowering of 

the center of dispersion zone, as    is augmented from         (Tracer) to           

(moderately saline). In columns           and   , with increasing of concentration, the plume 

center raises. For        , for both simulation and experiment, in columns          and   , 

with increasing in concentration, the center of plume center subsides. In columns      and   , as 

the concentration increases, the center of mixing layer raises. In column   , for both simulation and 

experiment, with concentration increase, no change of location of the plume center is observed. In 

column   for experiment results, there is no systematic trend in position of plateau. For the last 

velocity         , for both experiments and simulations, in columns          and   , with 

increase in concentration, a larger sinking of mixing layer is observed. In columns      and   , as 

the concentration increases, the dispersive mixing zone raises. In columns   and   , for simulations 

with increasing concentration, no change in location of plateau is observed. In columns        and 

  , for experiments, there is no systematic trend in location of plateau as the concentration increases. 
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Interestingly, for all three seepage velocities (      and         ), in columns          and 

  , the same behavior can be observed i.e. the increasing density effect    is clearly indicated by the 

lowering of the center of dispersion zone, as    is augmented from         (Tracer) to 

          (moderately saline) and almost in other columns raising of the plateau is observed. 

 

Regarding the width   of the dispersive mixing zone, for          , in both simulation and 

experiment, with increase in concentration at the rear columns of tank, the width of the mixing layer 

increases in the middle of the tank, in both simulation and experimental results, as the concentration 

increases, no specific change of   is seen. For           and           , in the rear and 

middle of the tank, the simulation results indicate that, as the concentration increases, the width of 

dispersion zone raises and for the experimental results, increase in concentration result in no 

considerable change in  . 

 

With the    and    values for the micro longitudinal and transverse dispersivity (   
                     ), which is calibrated in the thesis 15 deterministic SUTRA models, and 

15 deterministic homogeneous models (experimentally equivalent hydraulic conductivity   
        ) were simulated and run. According to simulation results, macrodispersivity    is 

calculated using simulation outputs of the last time steps in each simulation (extracted from tank.nod 

file using a MATLAB script). 

 

The following deductions are extracted based on above SUTRA analysis: 

 

 In all of the concentrations, except         , with increasing flow velocity 𝒖, the 

SUTRA    values decrease, i.e.   ↓ when 𝒖 ↑. 

 

 Except for 𝒖    𝒎  , with increasing concentration, macrodispersivity will increase 

significantly, i.e.   ↑ when    ↑. In 𝒖    𝒎   with increasing concentration up to 

         𝒑𝒑𝒎, macrodispersivity will increase significantly but for          𝒑𝒑𝒎 

decreases. Also, the experimental macrodispersivity values are mostly less than SUTRA 

macrodispersivity values. 

 

 The    values for homogeneous simulations are significantly less than    values for 

SUTRA simulation and experimental simulations of real sandpack with stochastic 

heterogeneous permeability distribution. Logically, it makes sense, because in 

homogeneous simulation, the solute will be propagated constantly, with the least standard 

deviation. 

 

 Referring to vertical relative concentration profiles of 9 columns of tank in homogeneous 

SUTRA simulation, the width of the dispersion zone in all tank length is approximately 

constant and increases slightly and linearly with a small slope; because of that,    for 

homogeneous simulation owns high values. 

 

 The plateaus of concentration profiles or salt water plume sink significantly in homogeneous 

simulations in comparison with real heterogeneous sandpack. In the other words, height of 

the center of mixing zone in homogeneous medium is less than heterogeneous medium. 
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Moreover, the salt water plume movements were plotted by the Model Viewer post processing 

visualization program, after 15 SUTRA simulation runs in homogeneous mode with experimentally 

equivalent hydraulic conductivity            for tracer and saline experiment for u = 4 m/day. It 

is found that for             , the solute transport has reached the steady state faster than for 

          . Also, the salt water plume for            sinks more than that for    
         . 

 

9.1.4 SUTRA stochastic (Monte-Carlo) modeling 
 

Finally, Monte-Carlo analysis was used as a non-deterministic model to investigate the effects of 

other sandpacks with different statistical characteristics on the macrodispersion process.  

 

More specifically, four different representative sandpack families with the geostatistical properties of 

the ln(k) – hydraulic conductivity distribution namely, different variances     
  and correlation 

lengths   and   , are simulated, each with five different saltwater concentrations    

                    and           and three different seepage velocities       and 

       , resulting in 5x3=15 flow and transport model combinations, i.e. a total of 4x15 = 60 

different simulation cases. Note that the sandpack #4 family includes the stochastics of the present 

sand-packing of the laboratory tank, or in other words, the real tank sand pack is one! member of this 

family. For each of the four stochastic sandpack families with the given lognormal hydraulic 

conductivity (ln(k)) distribution (mean, variance and correlation lengths) a stochastic TBM-

realization is generated and used as input in the SUTRA-model for one MC-simulation. The output 

of the flow and solute transport model is processed in the usual way to determine the transverse 

macrodispersivity AT in steady-state mode. 

 

It should be noted that the number of realizations is unknown and when the mean value of the 

dispersivity is achieved asymptotically i.e. the variance of its deviations becomes zero.  (    as a 

function of the number N of MC-simulations was plotted to see the effective number N is needed for 

the convergence of the simulation. Interestingly, convergence is reached earlier for the lower 

variances (       than for the higher variances (      , with correlation length (          

     ) for tracer cases. In the realized sandpack by Iranpour (Author), having predefined stochastic 

properties (                    , it can be deduced that with increasing seepage velocity, 

the number of simulations, which should be done in order that the results become converged, 

reduces. It was found that, in general, the running mean  (    converges asymptotically after 

N=200-300 MC-simulations, with the differences as noted above. Interestingly, but not too much of 

a surprise, for all flow and transport cases simulated asymptotic convergence of  (    is reached 

earlier for the stochastic sandpack families with lower variances     than for those with higher 

variances, i.e. N ↓ when    ↓. Also, when comparing the various panels for the different flow 

velocities, one notices further that the number N of MC-simulations to reach convergence of 

 (    decreases, as the seepage velocity u increases, i.e. N ↓ when u ↑. There is significant 

stabilizing effect of the density, as the number of MC- simulations decreases as the concentration 

   is increased, i.e. N ↓ when    ↑. 

 

It could be seen that the macrodispersivity of each stochastic class slightly decreases with increasing 

seepage velocity. Additionally, for MC-sandpacks1 and 2,    approaches an asymptotic value. This 
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confirms, as already discussed in previous sections, that the high velocity influence on the 

dispersivity of tracer transport is only present in the low molecular Peclet and is negligible with 

increasing value. This also agrees with the findings of (Thiele, 1997), which means that in the pure 

dispersion model (         the seepage velocity   in the stationary equilibrium state (     
has no influence on the form of a concentration curve. In contrast, the stochastic properties (variance 

    
 and correlation lengths    and    ) of the porous medium have a considerably greater influence 

on the macrodispersion length than the seepage velocity and will be discussed in the future sections.  

 

In all panels, for all concentrations and all four sandpacks,    decreases, as the pore velocity u 

increases, i.e.    ↓ when u ↑. For all concentration panels, regardless of the pore velocities,    

increases when going from sandpack #1 to sandpack #4, i.e as the ln(k)- variance  𝒍𝒏𝒌
  and/or the 

correlation length   increases, i.e.    ↑ when  𝒍𝒏𝒌
     ↑. 

 

Moreover, in each seepage velocity and for all source of salt concentrations, the results show the 

variation of transverse macrodispersivity over the correlation length in x and y-directions, 

respectively. It is worth noting that the expected value of the transverse macrodispersivity    

increases with increasing correlation length    and   ; i.e.    ↑ when       ↑. Interestingly, there 

exists just one exception in       m where the transverse macrodispersivity experiences a 

domestic drop. Actually, that is because of the fact that all the parameters such as correlation lengths 

in both directions as well as the variance plays significant role in estimation of transverse 

macrodispersivity. In fact, one easily can find out that by increasing the variance of the sandpacks 

from sandpack #1 to sandpack #4, the correlation length in x-direction will be decrease by switching 

from sandpack #2 to sandpack #3. Therefore, considering the accumulated effects of all the 

parameters like       and variance on   , one can find that the variance has the most dominant 

influence on the transverse macrodispersivity. In the other word, the effect of variance is greater than 

the effects of    and the effects of    are much more dominant than the effects of   . Also, it can be 

seen that by increasing the seepage velocity for such a constant correlation length, the values of 

transverse macrodispersivity will be decreased. That is, i.e.    ↓ when u ↑. 

 

Also, the effect of variance of the permeability distribution of the sandpack (     
 ) on the transverse 

macrodispersivity was studied and as it is seen, transverse macrodispersivity will be increased by 

increasing the variance. It means, i.e.    ↑ when  𝒍𝒏𝒌
  ↑. Interestingly, it can be seen that by 

increasing the seepage velocity the macrodispersivity will be decreased again; that is, i.e.    ↓ 

when u ↑. 

 

Rather than the mentioned variables like seepage velocity, correlation lengths and variance which 

play such important roles on estimation of the transverse macrodispersivity, there are also other 

parameters like heterogeneity factor of the porous medium which can have such drastic effects on 

the calculation of the values of transverse macrodispersivity. Literally, heterogeneity factor can be 

defined as        
    which means the multiplication of correlation length in x-direction by the 

variance of the permeability distribution of the sandpack. It was shown that by increasing the 

heterogeneity factor, the transverse macrodispersivity is somehow increasing. It means that, i.e. 

   ↑ when H ↑. 
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Finally, it was shown that for all seepage velocities and all four sandpacks,    is mostly 

increasing, as the concentration    increases, i.e.    ↑ when    ↑. Also, it was found that by 

increasing the seepage velocity, mostly the transverse dispersivity is going to be decreased. That is, 

   ↓ when u ↑. 

 

9.1.5 Comparison of the findings of current work with those of Starke 2005 
 

The tank was used here in the current work to study the macrodispersion in heterogeneous sandpack 

was previously used by (Starke, 2005) but there exist some differences in the methodology used to 

run the experiments. Here in the following section we decide to emphasize on the discrepancies 

between the current results and those obtained by (Starke, 2005). Also, within the tank used for the 

experiment we have added three measurement columns in which there exist eleven observation ports 

to be able to record more concentration values and control the trend of changing the concentration 

profile along the tank. Furthermore, during the current work, we ran the experiments with three 

different seepage velocities which are assumed to be larger than those considered by Starke‘s 

experiment, i.e. we ran the experiments at velocities 4, 8 and 12 m/day while Starke (2005) used 

smaller values like 1, 4 and 8 m/day as well. Moreover, four extra piezometers installed on the tank 

used in our experiment to control the head at the tank boundaries during the experiment. 

 

To do so, we first start explaining the difference in the methodologies in both experimental 

approaches and then compare the findings based upon the measurements. 

 

It should be noted that during the current experiment, attempts are made to keep the inflow head 

boundary conditions constant. This is achieved by meticulously adjusting the heights of the inlet 

overflow containers, from time to time, in order to avoid too large differences in the fresh- and 

saltwater inflows that would cause corresponding large changes in the pressure equilibrium of the 

fresh- and saltwater interface. Experiments are also carried out with Dirichlet constant head 

boundary conditions imposed at the inflow and outflow chambers of the tank, which are 

experimentally easier to sustain and easier to implement into the numerical model SUTRA. 

However, during the experiments done by (Starke, 2005) there was no head adjustment during the 

experiments. Adjustment of the head during the experiment caused much more consistent results 

compared to those obtained by previous investigators. 

 

During the current experimental approach, normally the concentration of the outlet increases, 

causing the density   to increase. Despite, the pressure at the outlet must remain constant, resulting 

in constant outlet boundary conditions. However, the outlet concentration increases with time, so 

that the density  (C) increases, i.e. the pressure increases which must be compensated by lowering 

the outlet container head. Interestingly, the boundary conditions were changed to      which was 

the equal mixture of the salt and fresh water at the outlet of the tank. Meanwhile, in the experiments 

run by (Starke, 2005) the boundary conditions were considered to be the same as current experiment 

just without adjusting the head. 

 

Consequently, the differences in the methodology used in both approaches caused some 

discrepancies between the findings of the current work with those of (Starke, 2005). In summary, the 

following general conculusions can be made for the flow and transport processes in a stochasticly 
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heterogeneous porous media from the experimental and numerical investigations of the current 

work: 

 

 The transverse macrodispersivity was found to be theoretically and experimentally 

proportional to the variance and correlation length of the permeability distribution of the 

sandpack. These findings were exactly the same with those obtained by (Starke, 2005). 

Further, other parameters such as seepage velocity, source of salt concentration as well as the 

heterogeneity factor will indirectly affect the calculated transverse macrodispersivity during 

the experiments. Interestingly, it was found from the current work that the variance of the 

permeability distribution will play the most dominant role in changing the value of the 

transverse macrodispersion during the tank experiment. 

 

 It was found that in heterogeneous sandpack, the effective transverse macrodispersion AT 

is inversely proportional to the seepage velocity u and approaches a velocity-independent 

effective value, which is only dependent on the density and the heterogeneity (variance of the 

permeability distribution as well as correlation lengths in x - and y-directions). These findings 

can be verified by findings obtained by (Starke, 2005). However, in the current work it was 

seen that increasing the source of salt concentration will directly increase the calculated 

values for transverse macrodispersivity within the tank experiment. Meanwhile, Starke 

(2005) found that the calculated macrodispersivity is inversely proportional to the 

concentration. 

 

 The transverse macrodispersivity AT is proportional to the variance and correlation of the 

permeability distribution. Amazingly, increasing the heterogeneity of the aquifer plays 

such a profound role in enhancement of the transverse macrodispersivity in any seepage 

velocities and source of concentrations. Interestingly, Starke (2005) obtained the same 

conclusion like the current work for her different sandpacks. Since the sandpacks used in 

Starke‘s experiments was not as heterogeneous as the sandpack used in the current 

experiment, but she showed that by gradually increasing the heterogeneity of the sandpacks 

in her experiments, the calculated transverse macrodispersivity was going to be increased. 

 

 Since in large seepage velocities one can neglect the diffusion effects during the 

macrodispersion process, in such conditions it was found that reduction in AT corresponds 

to the decreasing contribution of diffusion in the total dispersivity. This findings are 

completely consistent with those of (Starke, 2005). It should be noted that the pore velocities 

considered in the current set of experiments are quite larger than those assumed by (Starke, 

2005) emphasizing on this fact that in our experiment the diffusion effects are totally 

negligible. 
 

 In the case of large molecular Peclet numbers, the diffusion is negligible, with large 

heterogeneity of the porous medium, as this research work, the diffusion is negligible. 

However, if the heterogeneity and the number of Peclet are small, the diffusion must be 

taken into account for the calculation. Again, it shows that the diffusion does not play an 

important role on the macrodispersion process in the current work rather than the Starke‘s 

research. 
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 For all concentration panels, regardless of the seepage velocities,    increases when going 

from low heterogeneous sandpacks to the high heterogeneous one, i.e as the ln(k)- 

variance  𝒍𝒏𝒌
  and/or the correlation length   increases the transverse macrodispersivity 

starts increasing. Our results in the current work strongly emphasizes on this fact that 

heterogeneity will drastically increase the calculated macrodispersivity during the transport 

process. 
 

 In the current experiment one notices a larger sinking of the plume center with increasing 

pore velocity u , i.e. the density effect is more prominent, the larger the transport velocity, 

i.e. hs ↓ when u ↑. However, in the experiment done by (Starke, 2005) it was shown that by 

decreasing the pore velocity the height of the center of the dispersion zone is going to be 

decreased, that is i.e. hs ↓ when u ↓. 

 

 In this work four different sandpacks were considered for each of the four stochastic 

sandpack families with the given lognormal hydraulic conductivity (ln(k)) distribution (mean, 

variance and correlation lengths) a stochastic TBM-realization was generated and used as 

input in the SUTRA-model for one MC-simulation. The output of the flow and solute 

transport model is processed in the usual way to determine the transverse macrodispersivity 

AT in steady-state mode. The mean values for a two-dimensional density-independent 

simulation for low variance and correlation of the permeability distribution converged 

after approx. 350 realizations, whereby the number of necessary realizations increased 

with increasing variance and correlation of the model. This comparison was done by the 

current work for the first time. We used three assumed sandpacks used by (Starke, 2005) 

during her experiment with their respective characteristics to compare with sandpack#4 (real 

sandpack used in the current experiment). The Monte-Carlo simulations vividly showed the 

effect of heterogeneity of the sandpack on the calculated transverse macrodispersivity. 

 

 The current Monte-Carlo simulations showed that for the characteristics of sandpack#4 

(here the real sandpack was used to fill the experimental thank) there exists quite large 

deviations between the SUTRA stochastic simulation and experimental results. Therefore, 

one can readily found that the characteristics of sandpack #4 is such a specific sample 

with really high heterogeneity values that causes large deviations between the experiment 

and simulation results. 
 

 Starke (2005) found within the stochastic simulations, in contrast to the transverse correlation 

length    and the variance, the longitudinal correlation length    has an inversely 

proportional influence on the macrodispersion length: if the correlation increases in the 

horizontal direction or in the main flow direction, the transversal macrodispersion AT 

decreases. However, in the current work we found that the expected value of the transverse 

macrodispersivity    increases with increasing correlation length    and   ; i.e.    ↑ 

when       ↑. 

 

 Comparing all the transverse macrodisperivity calculated from Starke‘s three different 

sandpacks and the current sandpack used in our experiment, one can readily find that the 
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calculated macrodispersivity for the current investigation is larger than those calculated by 

Starke and that is due to high heterogeneous sand pack used in our experiments. For 

example, one can see that the average value for the transverse macrodispersivity in Starke‘s 

sandpack 1 is around 0.183 [mm]. However, the average value for both sandpack 2 and 3 are 

0.647 [mm] and 0.832 [mm], respectively. On the other hand, for sandpack 4 of the current 

work which is the most heterogeneous sandpack between all assumed sandpacks, the 

average calculated value for the transverse macrodispersivity    is roughly around 2.268 

[mm] which is twice than the macrodispersivity calculated from Starke’s investigation 

(Starke, 2005). Consequently, in agreement with the predictions of the stochastic theory of 

macrodispersion as discussed in the previous Chapter 4, e,g, (Gelhar, 1993) the higher is 

the heterogeneity of the porous medium formation (sandpack) the higher is the transverse 

macrodispersivity    . 
 

The experimental investigations, SUTRA and Monte Carlo simulations of transport processes of 

high density gradients in highly heterogeneous media carried out in this work have shown that the 

discrepancies of the numerically deterministic findings from the experimental results are due to pre-

asymptotic processes in the deterministic model. However, the higher expectations of the MC 

simulations in comparison with the numerical dispersion obtained from the deterministic approach 

will be increased more by increasing the density and heterogeneity. 

 

9.2 Future research prospects 
 

The research on the macrodispersion process in a heterogeneous porous media is still such a hot 

subject and is the main focus of lots of scientists for their research works. It would be quite 

innovative to develop a simple and general model that could consider the complexity of dispersion 

processes. To achieve this goal, more precise experimental and numerical investigations should be 

done to overcome the limitations in the field. A list of recommendations will be suggested in the 

following for future studies: 

 

 Experiments should be carried out to study the effects of homogeneous sandpack first where 

influence of density is independent of the heterogeneity. This may help researchers to feel the 

problems and difficulties of the transport process in the heterogeneous media and let them to 

control the transport process by comparing their findings with the homogeneous case. 

 

 Additionally, it should be verified whether the transverse macrodispersivity is independent of 

the granular structure according to Welty et al. (Welty et al., 2003) or according to Zhan and 

Wheatcraft (Zhan and Wheatcraft, 1996), it is dependent of granular structure. Here in the 

current work, our findings showed that the tranverse macrodispersivity is dependent of the 

heterogeneity and the granular structure of the sandpack. 

 

 Due to the high pressure sensitivity at the boundaries of the tank, it would be essential to 

continuously record the pressure levels using digitized pressure probes, which should be 

logged automatically. This will save the time for doing more rounds of experiments and will 

increase the accuracy of the experimental measurements. 
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 In order to get the transport behavior data consistently everywhere in the tank and to prevent 

systematic errors, it‘s reasonable to record the spatial and temporal concentration process of 

water constituent (solute) with photometric and digital methods. 

 

 It is quite crucial to increase the number of the observation ports in each column of 

measurement within the tank structure. It will help to plot the concentration profiles in such 

smooth and precise graphs which will help to accurately calculate the transverse 

macrodispersivity within the sandpack. 

 

 Because of the dimensions of the current tank, we were not able to study the macrodispersion 

effects in the direction of the tank thickness. It would be helpful to design a three-

dimensional tank to be able to study the effects of heterogeneity on the whole components of 

dispersivity within the tank. 
 

 It is recommended to do some pretests before performing the main experiment to be aware of 

the difficulties as well as the correct methodology should be used during the experiment. For 

example, in the current work, we‘ve done about 30 main experiments but only the results of 

12 of them were consistent to be able to work on. That was due to the methodology 

improvement by running more experiments, i.e. we found during the experiments that it is 

necessary to lowering down the head of output overflow container with respect to 

concentration enhancement to be able to adjust same head difference in the input and output 

piezometers during the experiment to have consistent methodology. Having a correct 

approach will help the investigator to save time and perform consistent experimental runs. 
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Appendix 
A. Sieve analysis of all classes of sands employed in the thesis work 

 
Figure A.1: Grain size distribution curve for grain class 7. 

 
Figure A.2: Grain size distribution curve for grain class 9H. 
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Figure A.3: Grain size distribution curve for grain class 9S. 

 
Figure A.4: Grain size distribution curve for grain class 11. 
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Figure A.5: Grain size distribution curve for grain class 2F. 

 
Figure A.6: Grain size distribution curve for grain class 2G. 
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Figure A.7: Grain size distribution curve for grain class 3New. 

 
Figure A.8: Grain size distribution curve for grain class 3Old. 
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Figure A.9: Grain size distribution curve for grain class 5F. 

 
Figure A.10: Grain size distribution curve for grain class 5G new. 



APPENDIX 

 

254 

 

 
Figure A.11: Grain size distribution curve for grain class 5G old. 

  



APPENDIX 

 

255 

 

B. Measured hydraulic conductivity of different classes of sands -

constant head method 
 

Table B.1: Results of the Darcy experiment with constant head for sand 2G when the head loss is 

          𝒎. 

                      
  

  
                    

           
  

 
              0.0057224   

 

 [ ]  [  ]  [  ]  *
  

 
+  *

 

 
+ Re 

92.4 0.271 2.712e-4 2.935e-6 1.057e-4 1.279 

67.7 0.199 1.991e-4 2.941e-6 1.060e-4 1.282 

66 0.195 1.951e-4 2.957e-6 1.065e-4 1.289 

120.8 0.344 3.442e-4 2.850e-6 1.027e-4 1.242 

109.1 0.308 3.082e-4 2.825e-6 1.018e-4 1.231 

77.1 0.216 2.161e-4 2.803e-6 1.010e-4 1.222 

89.1 0.249 2.492e-4 2.796e-6 1.007e-4 1.219 

124.5 0.348 3.482e-4 2.797e-6 1.008e-4 1.219 

79.8 0.224 2.242e-4 2.809e-6 1.012e-4 1.224 

89.2 0.247 2.472e-4 2.771e-6 9.982e-5 1.208 

sum 915.7 2.601 2.603e-3 2.848e-5 1.026e-3 12.416 

Mean 91.57 0.2601 2.603e-4 2.848e-6 1.026e-4 1.242 

Standard deviation 5.646e-2 5.650e-5 6.935e-8 2.498e-6 3.023e-2 
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Table B.2: Results of the Darcy experiment with constant head for sand 2G when the head loss is 

           𝒎. 

                       
  

  
                    

           
  

 
              0.0057224   

 

 [ ]  [  ]  [  ]  *
  

 
+  *

 

 
+ Re 

47.5 0.863 8.636e-4 1.818e-5 6.549e-4 7.925 

42 0.76 7.605e-4 1.811e-5 6.523e-4 7.893 

47.2 0.86 8.606e-4 1.823e-5 6.568e-4 7.948 

47.1 0.854 8.546e-4 1.814e-5 6.536e-4 7.909 

45.8 0.831 8.316e-4 1.816e-5 6.541e-4 7.914 

43.2 0.784 7.845e-4 1.816e-5 6.542e-4 7.916 

42.3 0.768 7.685e-4 1.817e-5 6.545e-4 7.920 

42.8 0.774 7.745e-4 1.810e-5 6.519e-4 7.888 

48.4 0.875 8.756e-4 1.809e-5 6.517e-4 7.886 

42.2 0.763 7.635e-4 1.809e-5 6.518e-4 7.887 

sum 448.5 8.132 8.137e-3 1.814e-4 6.536e-3 79.086 

Mean 44.85 0.8132 8.137e-4 1.814e-5 6.536e-4 7.909 

Standard deviation 4.744e-2 4.747e-5 4.628e-8 1.667e-6 2.017e-2 
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Table B.3: Results of the Darcy experiment with constant head for sand 2G when the head loss is 

           𝒎. 

                       
  

  
                    

           
  

 
              0.0057224   

 

 [ ]  [  ]  [  ]  *
  

 
+  *

 

 
+ Re 

31.2 1.078 1.079e-3 3.457e-5 1.246e-3 15.071 

29.2 1.004 1.005e-3 3.441e-5 1.239e-3 14.998 

33 1.132 1.133e-3 3.433e-5 1.237e-3 14.963 

32.8 1.129 1.130e-3 3.444e-5 1.241e-3 15.014 

35.8 1.232 1.233e-3 3.444e-5 1.241e-3 15.011 

29.8 1.027 1.028e-3 3.449e-5 1.242e-3 15.033 

32 1.092 1.093e-3 3.415e-5 1.230e-3 14.885 

32.9 1.124 1.125e-3 3.419e-5 1.232e-3 14.902 

32.4 1.111 1.112e-3 3.431e-5 1.236e-3 14.957 

30.9 1.058 1.059e-3 3.426e-5 1.234e-3 14.935 

sum 320 10.987 1.099e-2 3.436e-4 1.238e-2 149.770 

Mean 32 1.0987 1.099e-3 3.436e-5 1.238e-3 14.977 

Standard deviation 6.40e-2 6.401e-5 1.353e-7 4.873e-6 5.897e-2 
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Table B.4: Results of the Darcy experiment with constant head for sand 2G when the head loss is 

           𝒎 

                       
  

  
                    

           
  

 
              0.0057224   

 

 [ ]  [  ]  [  ]  *
  

 
+  *

 

 
+ Re 

24.2 1.297 1.298e-3 5.363e-5 1.932e-3 23.378 

24 1.286 1.287e-3 5.362e-5 1.932e-3 23.373 

26.3 1.404 1.405e-3 5.342e-5 1.924e-3 23.286 

24.2 1.292 1.293e-3 5.342e-5 1.925e-3 23.288 

25.7 1.357 1.358e-3 5.284e-5 1.903e-3 23.032 

23.5 1.252 1.253e-3 5.331e-5 1.921e-3 23.239 

28.3 1.508 1.509e-3 5.332e-5 1.921e-3 23.243 

24.1 1.29 1.291e-3 5.356e-5 1.930e-3 23.348 

21 1.11 1.111e-3 5.289e-5 1.905e-3 23.056 

23.8 1.269 1.270e-3 5.336e-5 1.922e-3 23.378 

sum 245.1 13.065 1.307e-2 5.334e-4 1.921e-2 232.502 

Mean 24.51 1.3065 1.307e-3 5.334e-5 1.921e-3 23.250 

Standard deviation 1.036e-1 1.037e-4 2.749e-7 9.904e-6 1.198e-1 
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Figure B.1: Specific discharge as a function of hydraulic gradient for sand 2G in Darcy’s 

experiment. 
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Table B.5: Results of the Darcy experiment with constant head for sand 2F when the head loss is 

           𝒎. 

                      
  

  
                    

           
  

 
                       

 

 [ ]  [  ]  [  ]  *
  

 
+  *

 

 
+ Re 

30.5 0.85 8.513e-4 2.791e-5 1.005e-3 13.863 

30.4 0.847 8.483e-4 2.790e-5 1.005e-3 13.860 

29.9 0.828 8.293e-4 2.773e-5 9.991e-4 13.775 

31 0.856 8.573e-4 2.765e-5 9.962e-4 13.736 

30.5 0.844 8.453e-4 2.771e-5 9.984e-4 13.765 

30.4 0.842 8.433e-4 2.774e-5 9.993e-4 13.778 

29.9 0.825 8.262e-4 2.763e-5 9.955e-4 13.726 

32 0.887 8.883e-4 2.776e-5 1.000e-3 13.789 

32.1 0.883 8.843e-4 2.755e-5 9.924e-4 13.684 

30.3 0.836 8.373e-4 2.763e-5 9.954e-4 13.725 

sum 307 8.498 8.511e-3 2.772e-4 9.987e-3 137.701 

Mean 30.7 0.8498 8.511e-4 2.772e-5 9.987e-4 13.770 

Standard deviation 2.084e-2 2.087e-5 1.159e-7 4.176e-6 5.758e-2 
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Table B.6: Results of the Darcy experiment with constant head for sand 2F when the head loss is 

           𝒎. 

                      
  

  
                    

           
  

 
                       

 

 [ ]  [  ]  [  ]  *
  

 
+  *

 

 
+ Re 

20.5 0.754 7.551e-4 3.684e-5 1.327e-3 18.296 

20.8 0.766 7.672e-4 3.688e-5 1.329e-3 18.319 

20.5 0.754 7.551e-4 3.684e-5 1.327e-3 18.296 

20.3 0.748 7.491e-4 3.690e-5 1.329e-3 18.330 

23.5 0.87 8.713e-4 3.708e-5 1.336e-3 18.416 

19.7 0.726 7.271e-4 3.691e-5 1.330e-3 18.332 

21.3 0.788 7.892e-4 3.705e-5 1.335e-3 18.403 

22.4 0.827 8.283e-4 3.698e-5 1.332e-3 18.366 

20.7 0.767 7.682e-4 3.711e-5 1.337e-3 18.432 

24.9 0.924 9.254e-4 3.716e-5 1.339e-3 18.296 

sum 214.6 7.924 7.936e-3 3.697e-4 1.332e-2 183.651 

Mean 21.46 0.7924 7.936e-4 3.697e-5 1.332e-3 18.365 

Standard deviation 6.256e-2 6.266e-5 1.188e-7 4.278e-6 5.898e-2 
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Figure B.2: Specific discharge as a function of hydraulic gradient for sand 2F in Darcy’s 

experiment. 
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Table B.7: Results of the Darcy experiment with constant head for sand 3-New when the head loss is 

           𝒎. 

                     
  

  
                    

           
  

 
                       

 

 [ ]  [  ]  [  ]  *
  

 
+  *

 

 
+ Re 

21.09 2.07 e-1 2.07313 e-4 9.82992e-6 3.54115 e-4 2.46 

36.56 3.6 e-1 3.60544 e-4 9.86172e-6 3.55261 e-4 2.47 

21.43 2.07 e-1 2.07313 e-4 9.67396e-6 3.48497 e-4 2.42 

26.78 2.6 e-1 2.60393 e-4 9.72342e-6 3.50279 e-4 2.43 

34.56 3.39 e-1 3.39513 e-4 9.82386e-6 3.53897 e-4 2.46 

31.37 3.05 e-1 3.05461 e-4 9.73737e-6 3.50781 e-4 2.44 

22.65 2.22 e-1 2.22336 e-4 9.81615e-6 3.53619 e-4 2.46 

22.12 2.22 e-1 2.22336 e-4 1.00513e-5 3.62092 e-4 2.51 

20.74 1.6 e-1 1.60242 e-4 7.72623e-6 2.78331 e-4 1.93 

71.74 7.04 e-1 7.05065 e-4 9.82805e-6 3.54048 e-4 2.46 

sum 309.04 2.986 2.990516 e-3 9.6072e-5 3.46e-3 24.03 

Mean 30.904 2.986 e-1 2.99052 e-4 9.6072e-6 3.46092 e-4 2.40 

Standard deviation 1.559944 e-1 1.5623 e-4 6.68663e-7 2.40881e-5 1.67e-1 
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Table B.8: Results of the Darcy experiment with constant head for sand 3-New when the head loss is 

           𝒎. 

                     
  

  
                    

           
  

 
                       

 

 [ ]  [  ]  [  ]  *
  

 
+  *

 

 
+ Re 

25 7.93 e-1 7.94199 e-4 3.1768e-5 1.144417 e-3 7.95 

26.06 8.28 e-1 8.29252 e-4 3.18209e-5 1.146323 e-3 7.96 

25.36 8.09 e-1 8.10223 e-4 3.19489e-5 1.150934 e-3 7.99 

28.65 9.13 e-1 9.14381 e-4 3.19156e-5 1.149734 e-3 7.98 

25.16 8.1 e-1 8.11225 e-4 3.22426e-5 1.161517 e-3 8.07 

25.37 8.15 e-1 8.16233 e-4 3.21731e-5 1.159013 e-3 8.049 

20.31 6.48 e-1 6.4898 e-4 3.19537e-5 1.151108 e-3 7.99 

23.93 7.67 e-1 7.6816 e-4 3.21003e-5 1.156388 e-3 8.03 

25.18 8.12 e-1 8.13228 e-4 3.22966e-5 1.16346 e-3 8.08 

27.43 8.89 e-1 8.90344 e-4 3.24588e-5 1.169303 e-3 8.12 

sum 252.5 8.084 8.096225 e-3 3.20678 e-4 1.16e-2 80.22 

Mean 25.25 8.084 e-1 8.09623 e-4 3.20678e-5 3.46092 e-4 8.02 

Standard deviation 
7.114961 
e-2 

7.12572e-5 2.23392e-7 8.04753e-6 5.59e-2 
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Table B.9: Results of the Darcy experiment with constant head for sand 3-New when the head loss is 

           𝒎. 

                     
  

  
                    

           
  

 
                       

 

 [ ]  [  ]  [  ]  *
  

 
+  *

 

 
+ Re 

29.72 1.514 1.51629 e-3 5.10192e-5 1.837926 e-3 12.80 

34.1 1.742 1.744634 e-3 5.11623e-5 1.843083 e-3 12.92 

38.63 1.992 1.995012 e-3 5.16441e-5 1.860440 e-3 12.92 

26.19 1.351 1.353043 e-3 5.16626e-5 1.861105 e-3 12.73 

25.32 1.287 1.288946 e-3 5.09063e-5 1.833859 e-3 12.94 

25.54 1.319 1.320995 e-3 5.17226e-5 1.863266 e-3 12.87 

27.06 1.39 1.392102 e-3 5.1445e-5 1.853267 e-3 12.90 

27.81 1.432 1.434166 e-3 5.15701e-5 1.857775 e-3 12.92 

26.41 1.362 1.36406 e-3 5.16494e-5 1.860629 e-3 12.96 

29.98 1.551 1.553346 e-3 5.18127e-5 1.866514 e-3 12.80 

sum 290.8 18.866 1.8894531 e-2 6.67878 e-4 2.41e-2 128.73 

Mean 29.08 1.451230769 1.453425 e-3 5.13752e-5 1.850754 e-3 12.87 

Standard deviation 2.20898167 e-1 2.21232 e-4 3.173e-7 1.14305e-5 7.94e-2 
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Figure B.3: Specific discharge as a function of hydraulic gradient for sand 3 New in Darcy’s 

experiment. 
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Table B.10: Results of the Darcy experiment with constant head for sand 5G when the head loss is 

        . 
       

                   
  

  
                    

          
  

 
                       

 

 [ ] 
 [  ]  [  ] 

 *
  

 
+  *

 

 
+ Re 

60 2.415 2.419495 e-3 4.03249e-5 1.452675 e-3 3.559 

60 2.43 2.434523 e-3 4.05754e-5 1.461697 e-3 3.582 

60 2.422 2.426508 e-3 4.04418e-5 1.456885 e-3 3.570 

60 2.425 2.429514 e-3 4.04919e-5 1.45869 e-3 3.574 

60 2.429 2.433521 e-3 4.05587e-5 1.461096 e-3 3.580 

60 2.432 2.436527 e-3 4.06088e-5 1.4629 e-3 3.585 

60 2.435 2.439533 e-3 4.06589e-5 1.464705 e-3 3.589 

60 2.428 2.43252 e-3 4.0542e-5 1.460494 e-3 3.579 

60 2.422 2.426508 e-3 4.04418e-5 1.456885 e-3 3.570 

60 2.43 2.434523 e-3 4.05754e-5 1.461697 e-3 3.582 

sum 600 24.268 2.4313174 e-2 4.0522 e-4 1.46e-2 35.769 

Mean 60 2.4268 2.431317 e-3 4.0522e-5 1.459773 e-3 3.577 

Standard deviation 5.8652 e-3 5.87607e-6 9.79345e-8 3.52802e-6 8.64e-3 
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Table B.11: Results of the Darcy experiment with constant head for sand 5G when the head loss is 

          𝒎. 

                    
  

  
                    

          
  

 
                       

 

 [ ] 
 [  ]  [  ] 

 *
  

 
+  *

 

 
+ Re 

60 1.833 1.836412 e-3 3.06069e-5 1.10259 e-3 2.702 

60 1.822 1.825392 e-3 3.04232e-5 1.09597 e-3 2.685 

60 1.823 1.826393 e-3 3.04399e-5 1.09657 e-3 2.687 

60 1.827 1.830401 e-3 3.05067e-5 1.09898 e-3 2.693 

60 1.83 1.833406 e-3 3.05568e-5 1.10078 e-3 2.697 

60 1.825 1.828397 e-3 3.04733e-5 1.09778 e-3 2.690 

60 1.836 1.839418 e-3 3.0657e-5 1.10439 e-3 2.706 

60 1.822 1.825392 e-3 3.04232e-5 1.09597 e-3 2.685 

60 1.834 1.837414 e-3 3.06236e-5 1.10319 e-3 2.703 

60 1.825 1.828397 e-3 3.04733e-5 1.09778 e-3 2.690 

sum 600 18.277 1.8311022 e-2 3.05184 e-4 1.10e-2 26.939 

Mean 60 1.8277 1.831102 e-3 3.05184e-5 1.09940 e-3 2.694 

Standard deviation 0.0052079 5.21759e-6 8.69599e-8 3.13266e-6 7.68e-3 
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Figure B.4: Specific discharge as a function of hydraulic gradient for sand 5G in Darcy’s 

experiment. 
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Table B.12: Results of the Darcy experiment with constant head for sand 3-old when the head loss is 

           𝒎. 

                      
  

  
                    

          
  

 
                        

 

 [ ]  [  ]  [  ]  *
  

 
+  *

 

 
+ Re 

45.4 0.296 2.964e-4 6.530e-6 2.352e-4 8.424e-1 

45.4 0.295 2.954e-4 6.508e-6 2.344e-4 8.395e-1 

46 0.3 3.005e-4 6.532e-6 2.353e-4 8.426e-1 

45.5 0.3 3.005e-4 6.603e-6 2.379e-4 8.519e-1 

46 0.3 3.005e-4 6.532e-6 2.353e-4 8.426e-1 

45.8 0.301 3.015e-4 6.582e-6 2.371e-4 8.491e-1 

45.9 0.299 2.995e-4 6.524e-6 2.350e-4 8.416e-1 

45.3 0.298 2.985e-4 6.588e-6 2.373e-4 8.499e-1 

45.8 0.3 3.005e-4 6.560e-6 2.363e-4 8.463e-1 

45.5 0.297 2.974e-4 6.537e-6 2.355e-4 8.434e-1 

sum 456.6 2.986 2.991e-3 6.550e-5 2.359e-3 8.449 

Mean 45.66 0.2986 2.991e-4 6.550e-6 2.359e-4 8.449e-1 

Standard deviation 2.011e-3 2.014e-6 3.191e-8 1.149e-6 4.116e-3 
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Table B.13: Results of the Darcy experiment with constant head for sand 3-old when the head loss is 

           𝒎. 

                      
  

  
                    

          
  

 
                        

 

 [ ]  [  ]  [  ]  *
  

 
+  *

 

 
+ Re 

30.3 0.401 4.016e-4 1.325e-5 4.775e-4 1.7099 

30.3 0.4 4.006e-4 1.322e-5 4.763e-4 1.7056 

30.6 0.403 4.036e-4 1.319e-5 4.752e-4 1.7016 

30.2 0.401 4.016e-4 1.330e-5 4.791e-4 1.7156 

31 0.41 4.106e-4 1.325e-5 4.772e-4 1.7088 

30.4 0.402 4.026e-4 1.324e-5 4.771e-4 1.7085 

30.6 0.405 4.056e-4 1.326e-5 4.775e-4 1.7100 

30.6 0.405 4.056e-4 1.326e-5 4.775e-4 1.7100 

30.4 0.401 4.016e-4 1.321e-5 4.759e-4 1.7043 

30.6 0.403 4.036e-4 1.319e-5 4.752e-4 1.7016 

sum 456.6 4.031 4.037e-3 1.324e-4 4.768e-3 1.708e-1 

Mean 45.66 0.4031 4.037e-4 1.324e-5 4.768e-4 1.708 

Standard deviation 2.961e-3 2.965e-6 3.370e-8 1.214e-6 4.348e-3 
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Table B.14: Results of the Darcy experiment with constant head for sand 3-old when the head loss is 

           𝒎. 

                      
  

  
                    

          
  

 
                        

 

 [ ]  [  ]  [  ]  *
  

 
+  *

 

 
+ Re 

30.3 0.939 9.404e-4 3.104e-5 1.118e-3 4.004 

30.5 0.94 9.414e-4 3.087e-5 1.112e-3 3.982 

30.8 0.953 9.544e-4 3.099e-5 1.116e-3 3.998 

30.6 0.948 9.494e-4 3.103e-5 1.118e-3 4.003 

30.9 0.958 9.594e-4 3.105e-5 1.119e-3 4.006 

30.4 0.941 9.424e-4 3.100e-5 1.117e-3 3.999 

29.8 0.925 9.264e-4 3.109e-5 1.120e-3 4.010 

30.5 0.944 9.454e-4 3.100e-5 1.117e-3 3.999 

30.3 0.941 9.424e-4 3.110e-5 1.120e-3 4.013 

30.4 0.944 9.454e-4 3.110e-5 1.120e-3 4.012 

sum 456.6 9.433 9.447e-3 3.103e-4 1.118e-2 4.003e-1 

Mean 45.66 0.9433 9.447e-4 3.103e-5 1.118e-3 4.003 

Standard deviation 8.870e-3 8.883-6 7.006e-8 2.524e-6 9.038e-3 
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Figure B.5: Specific discharge as a function of hydraulic gradient for sand 3 Old in Darcy’s 

experiment. 
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Table B.15: Results of the Darcy experiment with constant head for sand 5F when the head loss is 

          𝒎. 

                     
  

  
                    

          
  

 
                        

 

 [ ]  [  ]  [  ]  *
  

 
+  *

 

 
+ Re 

60 2.747 2.752e-3 4.58695e-5 1.652e-3 2.364 

60 2.726 2.731e-3 4.55189e-5 1.640e-3 2.346 

60 2.746 2.751e-3 4.58529e-5 1.652e-3 2.363 

60 2.722 2.727e-3 4.54521e-5 1.637e-3 2.342 

60 2.74 2.745e-3 4.57527e-5 1.648e-3 2.358 

60 2.736 2.741e-3 4.56859e-5 1.646e-3 2.354 

60 2.742 2.747e-3 4.57861e-5 1.649e-3 2.360 

60 2.728 2.733e-3 4.55523e-5 1.641e-3 2.348 

60 2.733 2.738e-3 4.56358e-5 1.644e-3 2.352 

60 2.746 2.751e-3 4.58529e-5 1.652e-3 2.363 

sum 600 27.366 2.742e-2 4.570e-4 1.646e-2 23.549 

Mean 60 2.7366 2.742e-3 4.56959e-5 1.646e-3 2.355 

Standard deviation 9.06e-3 9.075e-6 1.51248e-7 5.4486e-6 7.7946e-3 
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Table B.16: Results of the Darcy experiment with constant head for sand 5F when the head loss is 

          𝒎. 

                     
  

  
                    

          
  

 
                        

 

 [ ]  [  ]  [  ]  *
  

 
+  *

 

 
+ Re 

60 2.253 2.257e-3 3.762e-5 1.355e-3 1.939 

60 2.242 2.246e-3 3.744e-5 1.349e-3 1.929 

60 2.245 2.249e-3 3.749e-5 1.350e-3 1.932 

60 2.25 2.254e-3 3.757e-5 1.353e-3 1.936 

60 2.255 2.259e-3 3.765e-5 1.356e-3 1.941 

60 2.247 2.251e-3 3.752e-5 1.352e-3 1.934 

60 2.238 2.242e-3 3.737e-5 1.346e-3 1.926 

60 2.25 2.254e-3 3.757e-5 1.353e-3 1.936 

60 2.248 2.252e-3 3.754e-5 1.352e-3 1.934 

60 2.233 2.237e-3 3.729e-5 1.343e-3 1.922 

sum 600 22.461 2.250e-2 3.751e-4 1.351e-2 19.329 

Mean 60 2.2461 2.250e-3 3.751e-5 1.351e-3 1.933 

Standard deviation 6.81e-3 6.819e-6 1.136e-7 4.094e-6 5.86e-3 
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Figure B.6: Specific discharge as a function of hydraulic gradient for sand 5F in Darcy’s 

experiment. 
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Table B.17: Results of the Darcy experiment with constant head for sand 7 when the head loss is 

         𝒎. 

                    
  

  
                    

          
  

 
                        

 

 [ ]  [  ]  [  ]  *
  

 
+  *

 

 
+ Re 

60 2.845 2.849e-3 4.748e-5 1.710e-3 3.487 

60 2.846 2.850e-3 4.749e-5 1.711e-3 3.488 

60 2.843 2.847e-3 4.744e-5 1.709e-3 3.484 

60 2.856 2.860e-3 4.766e-5 1.717e-3 3.500 

60 2.848 2.852e-3 4.753e-5 1.712e-3 3.490 

60 2.851 2.855e-3 4.758e-5 1.714e-3 3.494 

60 2.848 2.852e-3 4.753e-5 1.712e-3 3.490 

60 2.838 2.842e-3 4.736e-5 1.706e-3 3.478 

60 2.826 2.830e-3 4.716e-5 1.699e-3 3.463 

60 2.837 2.841e-3 4.734e-5 1.705e-3 3.477 

sum 600 28.438 2.847e-2 4.746e-4 1.710e-2 3.485e-1 

Mean 60 2.8438 2.847e-3 4.746e-5 1.710e-3 3.485 

Standard deviation 8.430e-3 8.441e-6 1.407e-7 5.068e-6 1.033e-2 
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Table B.18: Results of the Darcy experiment with constant head for sand 7 when the head loss is 

         𝒎. 

                     
  

  
                    

          
  

 
                        

 

 [ ]  [  ]  [  ]  *
  

 
+  *

 

 
+ Re 

60 1.835 1.837e-3 3.062e-5 1.103e-3 2.249 

60 1.84 1.842e-3 3.071e-5 1.106e-3 2.255 

60 1.849 1.851e-3 3.086e-5 1.112e-3 2.266 

60 1.846 1.848e-3 3.081e-5 1.110e-3 2.262 

60 1.845 1.847e-3 3.079e-5 1.109e-3 2.261 

60 1.838 1.840e-3 3.067e-5 1.105e-3 2.253 

60 1.84 1.842e-3 3.071e-5 1.106e-3 2.255 

60 1.833 1.835e-3 3.059e-5 1.102e-3 2.246 

60 1.834 1.836e-3 3.061e-5 1.103e-3 2.248 

60 1.836 1.838e-3 3.064e-5 1.104e-3 2.250 

sum 600 18.396 1.842e-2 3.070e-4 1.106e-2 22.546 

Mean 60 1.8396 1.842e-3 3.070e-5 1.106e-3 2.255 

Standard deviation 5.481e-3 5.48817e-6 9.14695e-8 3.29512e-6 6.718e-3 
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Table B.19: Results of the Darcy experiment with constant head for sand 7 when the head loss is 

          𝒎. 

                     
  

  
                    

          
  

 
                        

 

 [ ]  [  ]  [  ]  *
  

 
+  *

 

 
+ Re 

60 1.345 1.347e-3 2.244e-5 8.086e-4 1.648 

60 1.343 1.345e-3 2.241e-5 8.074e-4 1.646 

60 1.346 1.348e-3 2.246e-5 8.092e-4 1.650 

60 1.347 1.349e-3 2.248e-5 8.098e-4 1.651 

60 1.344 1.346e-3 2.243e-5 8.080e-4 1.647 

60 1.345 1.347e-3 2.244e-5 8.086e-4 1.648 

60 1.342 1.344e-3 2.239e-5 8.068e-4 1.645 

60 1.342 1.344e-3 2.239e-5 8.068e-4 1.645 

60 1.347 1.349e-3 2.248e-5 8.098e-4 1.651 

60 1.346 1.348e-3 2.246e-5 8.092e-4 1.650 

sum 600 13.447 1.346e-2 2.244e-4 8.084e-3 16.480 

Mean 60 1.3447 1.346e-3 2.244e-5 8.084e-4 1.648 

Standard deviation 1.889e-3 1.891e-6 3.152e-8 1.135e-6 2.315e-3 
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Table B.20: Results of the Darcy experiment with constant head for sand 7 when the head loss is 

          𝒎. 
 

                      
  

  
                    

          
  

 
                        

 

 [ ]  [  ]  [  ]  *
  

 
+  *

 

 
+ Re 

60 0.238 2.383e-4 3.972e-6 1.431e-4 0.292 

60 0.24 2.403e-4 4.005e-6 1.443e-4 0.294 

60 0.244 2.443e-4 4.072e-6 1.467e-4 0.299 

60 0.243 2.433e-4 4.055e-6 1.461e-4 0.298 

60 0.239 2.393e-4 3.988e-6 1.437e-4 0.293 

60 0.243 2.433e-4 4.055e-6 1.461e-4 0.298 

60 0.24 2.403e-4 4.005e-6 1.443e-4 0.294 

60 0.239 2.393e-4 3.988e-6 1.437e-4 0.293 

60 0.239 2.393e-4 3.988e-6 1.437e-4 0.293 

60 0.241 2.413e-4 4.022e-6 1.449e-4 0.295 

sum 600 2.406 2.409e-3 4.015e-5 1.446e-3 2.949 

Mean 60 0.2406 2.409e-4 4.015e-6 1.446e-4 0.295 

Standard deviation 2.066e-3 2.068e-6 3.447e-8 1.242e-6 2.532e-3 
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Figure B.7: Specific discharge as a function of hydraulic gradient for sand 7 in Darcy’s experiment. 
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Table B.21: Results of the Darcy experiment with constant head for sand 9H when the head loss is 

          𝒎. 

                    
  

  
                    

          
  

 
                         

 

 [ ]  [  ]  [  ]  *
  

 
+  *

 

 
+ Re 

60 0.558 5.592e-4 9.31954e-6 3.357e-4 1.052e-1 

60 0.558 5.592e-4 9.31954e-6 3.357e-4 1.052e-1 

60 0.554 5.552e-4 9.25273e-6 3.333e-4 1.045e-1 

60 0.557 5.582e-4 9.30284e-6 3.351e-4 1.050e-1 

60 0.558 5.592e-4 9.31954e-6 3.357e-4 1.052e-1 

60 0.555 5.562e-4 9.26943e-6 3.339e-4 1.047e-1 

60 0.555 5.562e-4 9.26943e-6 3.339e-4 1.047e-1 

60 0.556 5.572e-4 9.28613e-6 3.345e-4 1.049e-1 

60 0.554 5.552e-4 9.25273e-6 3.333e-4 1.045e-1 

60 0.555 5.562e-4 9.26943e-6 3.339e-4 1.047e-1 

sum 600 5.56 5.572e-3 9.28613e-5 3.345e-3 1.049 

Mean 60 0.556 5.572e-4 9.28613e-6 3.345e-4 1.049e-1 

Standard deviation 1.633e-3 1.636e-6 2.72737e-8 9.825e-7 3.080e-4 
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Table B.22: Results of the Darcy experiment with constant head for sand 9H when the head loss is 

          𝒎. 

                    
  

  
                    

          
  

 
                         

 

 [ ]  [  ]  [  ]  *
  

 
+  *

 

 
+ Re 

60 0.729 7.305e-4 1.218e-5 4.386e-4 1.37e-1 

60 0.729 7.305e-4 1.218e-5 4.386e-4 1.37e-1 

60 0.726 7.275e-4 1.213e-5 4.368e-4 1.37e-1 

60 0.728 7.295e-4 1.216e-5 4.380e-4 1.37e-1 

60 0.726 7.275e-4 1.213e-5 4.368e-4 1.37e-1 

60 0.728 7.295e-4 1.216e-5 4.380e-4 1.37e-1 

60 0.726 7.275e-4 1.213e-5 4.368e-4 1.37e-1 

60 0.726 7.275e-4 1.213e-5 4.368e-4 1.37e-1 

60 0.723 7.245e-4 1.208e-5 4.350e-4 1.36e-1 

60 0.724 7.255e-4 1.209e-5 4.356e-4 1.37e-1 

sum 600 7.265 7.280e-3 1.213e-4 4.371e-3 1.370 

Mean 60 0.7265 7.280e-4 1.213e-5 4.371e-4 1.370e-1 

Standard deviation 2.014e-3 2.018e-6 3.363e-8 1.212e-6 3.798e-4 
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Table B.23: Results of the Darcy experiment with constant head for sand 9H when the head loss is 

         𝒎. 

                   
  

  
                    

          
  

 
                         

 

 [ ]  [  ]  [  ]  *
  

 
+  *

 

 
+ Re 

60 0.454 4.550e-4 7.583e-6 2.732e-4 8.56e-2 

60 0.455 4.560e-4 7.599e-6 2.738e-4 8.58e-2 

60 0.453 4.540e-4 7.566e-6 2.726e-4 8.54e-2 

60 0.453 4.540e-4 7.566e-6 2.726e-4 8.54e-2 

60 0.453 4.540e-4 7.566e-6 2.726e-4 8.54e-2 

60 0.456 4.570e-4 7.616e-6 2.744e-4 8.60e-2 

60 0.453 4.540e-4 7.566e-6 2.726e-4 8.54e-2 

60 0.453 4.540e-4 7.566e-6 2.726e-4 8.54e-2 

60 0.452 4.529e-4 7.549e-6 2.720e-4 8.52e-2 

60 0.452 4.529e-4 7.549e-6 2.720e-4 8.52e-2 

sum 600 4.534 4.544e-3 7.573e-5 2.728e-3 8.551e-1 

Mean 60 0.4534 4.544e-4 7.573e-6 2.728e-4 8.551e-2 

Standard deviation 1.265e-3 1.268e-6 2.113e-8 7.611e-7 2.386e-4 
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Table B.24: Results of the Darcy experiment with constant head for sand 9H when the head loss is 

         𝒎. 

                    
  

  
                    

          
  

 
                         

 

 [ ]  [  ]  [  ]  *
  

 
+  *

 

 
+ Re 

60 0.326 3.267e-4 5.44475e-6 1.961e-4 6.15e-2 

60 0.328 3.287e-4 5.47815e-6 1.973e-4 6.19e-2 

60 0.328 3.287e-4 5.47815e-6 1.973e-4 6.19e-2 

60 0.326 3.267e-4 5.44475e-6 1.961e-4 6.15e-2 

60 0.328 3.287e-4 5.47815e-6 1.973e-4 6.19e-2 

60 0.327 3.277e-4 5.46145e-6 1.967e-4 6.17e-2 

60 0.327 3.277e-4 5.46145e-6 1.967e-4 6.17e-2 

60 0.328 3.287e-4 5.47815e-6 1.973e-4 6.19e-2 

60 0.327 3.277e-4 5.46145e-6 1.967e-4 6.17e-2 

60 0.326 3.267e-4 5.44475e-6 1.961e-4 6.15e-2 

sum 600 3.271 3.278e-3 5.46312e-5 1.968e-3 6.169e-1 

Mean 60 0.3271 3.278e-4 5.46312e-6 1.968e-4 6.169e-2 

Standard deviation 8.756e-4 8.774e-7 1.46239e-8 5.268e-7 1.651e-4 
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Figure B.8: Specific discharge as a function of hydraulic gradient for sand 9H in Darcy’s 

experiment. 
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Table B.25: Results of the Darcy experiment with constant head for sand GEBA when the head loss 

is            𝒎. 

                       
  

  
                    

          
  

 
                         

 

 [ ] 
 [  ]  [  ] 

 *
  

 
+  *

 

 
+ Re 

60.3 1.410e-1 1.412e-4 2.342e-6 8.436e-5 2.673e-2 

60 1.410e-1 1.412e-4 2.354e-6 8.478e-5 2.686e-2 

60.1 1.410e-1 1.412e-4 2.350e-6 8.464e-5 2.681e-2 

60.8 1.430e-1 1.432e-4 2.356e-6 8.486e-5 2.688e-2 

60.6 1.420e-1 1.422e-4 2.347e-6 8.454e-5 2.678e-2 

60.2 1.410e-1 1.412e-4 2.346e-6 8.450e-5 2.677e-2 

sum 362 8.490e-1 8.503e-4 1.409e-5 5.077e-4 1.608e-1 

Mean 60.333 1.415e-1 1.417e-4 2.349e-6 8.462e-5 2.681e-2 

Standard deviation 8.367e-4 8.379e-7 5.108e-9 1.840e-7 5.829e-5 
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Table B.26: Results of the Darcy experiment with constant head for sand GEBA when the head loss 

is           𝒎. 

                      
  

  
                    

          
  

 
                         

 

 [ ] 
 [  ]  [  ] 

 *
  

 
+  *

 

 
+ Re 

60.5 1.030e-1 1.032e-4 1.705e-6 6.142e-5 1.946e-2 

60.4 1.020e-1 1.022e-4 1.691e-6 6.093e-5 1.930e-2 

60.5 1.030e-1 1.032e-4 1.705e-6 6.142e-5 1.946e-2 

60.5 1.030e-1 1.032e-4 1.705e-6 6.142e-5 1.946e-2 

60 1.010e-1 1.012e-4 1.686e-6 6.073e-5 1.924e-2 

60.4 1.020e-1 1.022e-4 1.691e-6 6.093e-5 1.930e-2 

60.4 1.020e-1 1.022e-4 1.691e-6 6.093e-5 1.930e-2 

60.4 1.030e-1 1.032e-4 1.708e-6 6.152e-5 1.949e-2 

60.3 1.020e-1 1.022e-4 1.694e-6 6.103e-5 1.933e-2 

60.3 1.020e-1 1.022e-4 1.694e-6 6.103e-5 1.933e-2 

sum 603.7 1.023 1.025e-3 1.697e-5 6.114e-4 1.937e-1 

Mean 60.37 1.023e-1 1.025e-4 1.697e-6 6.114e-5 1.937e-2 

Standard deviation 6.749e-4 6.760e-7 7.824e-9 2.818e-7 8.929e-5 
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Table B.27: Results of the Darcy experiment with constant head for sand GEBA when the head loss 

is            𝒎. 

                        
  

  
                    

          
  

 
                         

 

 [ ] 
 [  ]  [  ] 

 *
  

 
+  *

 

 
+ Re 

60.3 7.000e-2 7.011e-5 1.163e-6 4.188e-5 1.327e-2 

60 6.900e-2 6.910e-5 1.152e-6 4.149e-5 1.314e-2 

60.6 7.000e-2 7.011e-5 1.157e-6 4.168e-5 1.320e-2 

60.3 7.000e-2 7.011e-5 1.163e-6 4.188e-5 1.327e-2 

61.3 7.100e-2 7.111e-5 1.160e-6 4.179e-5 1.324e-2 

60.4 7.100e-2 7.111e-5 1.177e-6 4.241e-5 1.344e-2 

60.3 6.900e-2 6.910e-5 1.146e-6 4.128e-5 1.308e-2 

60.6 7.000e-2 7.011e-5 1.157e-6 4.168e-5 1.320e-2 

61 7.100e-2 7.111e-5 1.166e-6 4.199e-5 1.330e-2 

60 6.900e-2 6.910e-5 1.152e-6 4.149e-5 1.314e-2 

sum 604.8 7.000e-1 7.011e-4 1.159e-5 4.176e-4 1.323e-1 

Mean 60.48 7.000e-2 7.011e-5 1.159e-6 4.176e-5 1.323e-2 

Standard deviation 8.165e-4 8.177e-7 8.750e-9 3.152e-7 9.986e-5 
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Figure B.9: Specific discharge as a function of hydraulic gradient for sand GEBA in Darcy’s 

experiment. 
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C. Measured Hydraulic Conductivity of sand GEBA – Falling head 

method 
 

Table C.1: Calculation of hydraulic conductivity of first sample of sand GEBA where   
       𝒎,         𝒎,       𝒎,       𝒎,         𝒎 ,         ,   
      𝒎  and       . 

Date time                            

  
                      

 

 
 

 

 
 

11/12/13 10:00:00 92.20 5.10 0.00 0.00 
    

11/12/13 10:00:30 69.60 27.40 0.00 0.00 159.75 157.63 2.86e-04 2.10e-04 
 

Table C.2: Calculation of hydraulic conductivity of second sample of sand GEBA where   
       𝒎,         𝒎,       𝒎,       𝒎,         𝒎 ,         ,   
      𝒎  and       . 

Date time                            

  
                      

 

 
 

 

 
 

11/12/13 10:00:00 92.35 2.45 0.00 0.00 
    

11/12/13 10:00:30 69.15 25.55 0.00 0.00 163.99 163.28 2.86e-04 2.10e-04 
 

Table C.3: Calculation of hydraulic conductivity of third sample of sand GEBA where   
       𝒎,         𝒎,       𝒎,       𝒎,         𝒎 ,         ,   
      𝒎  and       . 

Date time                            

  
                      

 

 
 

 

 
 

11/12/13 10:00:00 92.70 3.20 0.00 0.00 
    

11/12/13 10:00:30 70.35 25.30 0.00 0.00 157.98 156.22 2.71e-04 1.99e-04 
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D. Measured parameters from the experiment for         𝒑𝒑𝒎 

and 𝒖   
𝒎

   
 

 

Table D.1 Calculated parameters of the experiment (        𝒑𝒑𝒎 and 𝒖   
𝒎

   
), based on the 

input data. 

    [    ]    [   ] 
Temperature 

[  ] 
   [     ] 

7846 5000.349794 21.5 998.349 

   [  ]       [ ]   [  ] 

0.420175 0.35 9.8 0.1225 

  [   ]   [   ]   [   ]   [   ] 

2.94557E-05 2.544972969 8.41592E-05 7.271351341 

  inflow long sum 
  impulse logger 

outflow 
     [ ]      [   ] 

3.80419E-06 [m³/s] 3.60832E-06 [m³/s] 0.030457144 0.00953742 

13.69508361 [l/hr] 13.207 [l/hr]  

   [     ] for    
     

           
  (between   and 

     ) 

1001.700245 1.225 0.023 0 

Table D.1 (Continued): Calculated parameters of the experiment (            and    
 

   
), 

based on the input data. 

elapsed days 

[ ] 
abs time [  ] abs time [ ] 

Summation Inflow 

[     ] 

0 0.00 0 0.234 

0 9.67 34800 0.17 

1 27.03 97320 0.1913 

2 49.95 179820 0.1944 

3 74.75 269100 0.1919 

4 96.12 346020 0.2256 

5 119.42 429900 0.2119 

6 152.90 550440 0.1786 

7 169.15 608940 0.2871 

8 191.33 688800 0.2143 

9 225.27 810960 0.2294 

10 244.23 879240 0.2293 

11 263.05 946980 0.2589 

Table D.1 (Continued): Calculated parameters of the experiment (            and    
 

   
), 

based on the input data. 

Pore Volumes Concentration Pore Velocity Pore Velocity 
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       [   ] Inflow [   ] Outflow [   ] 

0 1.24827871 7.859125364 7.519255037 

0.298850891 14.00430204 5.709620991 7.07073807 

0.835751975 13.44883836 6.425002915 7.463556851 

1.544234692 1108.218758 6.529119534 6.356972712 

2.310941806 2285.016418 6.445154519 6.419752628 

2.971505328 2476.405576 7.577002915 7.49241653 

3.691839027 1979.825273 7.116874636 7.019263471 

4.726996684 2176.782694 5.998460641 7.034209543 

5.229375337 2501.9616 9.642542274 8.323669351 

5.915186607 2879.937022 7.19748105 7.509447922 

6.964256287 2316.880172 7.704629738 7.159668691 

7.550622346 2387.028921 7.701271137 7.520938829 

8.132351064 2604.273859 8.69541691 7.88558149 

Table D.1 (Continued): Calculated parameters of the experiment (            and    
 

   
), 

based on the input data. 

ratio mom. salt part mom.  delta time [ ] 
Q long salt 

[   ] 
Q long fresh 

[   ] 

0.918032787 0.521367521 0 

  1.151898734 0.464705882 34800 0.001588218 0.001652011 

0.988565489 0.502875065 62520 0.001817658 0.001735285 

0.905882353 0.524691358 82500 0.001939394 0.001674182 

0.776851852 0.562793121 89280 0.002071461 0.00149776 

1.05277525 0.48714539 76920 0.00200715 0.0020117 

1.338852097 0.42756017 83880 0.001755842 0.002159633 

1.429931973 0.411534155 120540 0.001271445 0.001884852 

0.656664743 0.603622431 58500 0.002835897 0.001883077 

1.413288288 0.414372375 79860 0.001727398 0.002090533 

1.269040554 0.440714908 122160 0.001852898 0.002318517 

0.887242798 0.529873528 68280 0.00211365 0.001957528 

1.062948207 0.484743144 67740 0.548496457 0.002238412 

Table D.1 (Continued): Calculated parameters of the experiment (            and    
 

   
), 

based on the input data. 

ratio long  salt part long  

Q_Inflow_long_Sum 

[   ] 

1.040166456 0.490156084 0.00324023 

0.95468145 0.511592311 0.003552943 

0.86325 0.536696632 0.003613576 

0.723045312 0.58036779 0.00356922 

1.002266986 0.499433895 0.004018851 
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1.229970125 0.448436501 0.003915474 

1.482448127 0.402828155 0.003156297 

0.664014467 0.600956314 0.004718974 

1.210221095 0.452443424 0.003817931 

1.251292247 0.444189332 0.004171415 

0.926136364 0.519174041 0.004071178 

-0.004080996 1.004097718 -0.546258045 

Table D.1 (Continued): Calculated parameters of the experiment (            and    
 

   
), 

based on the input data. 

SUTRA INPUT 

Time step [      ]    salt inside [ ]    fresh inside [ ] 

0 0.0754 0.078 

58 0.0778 0.0812 

162 0.0725 0.0751 

300 0.0733 0.0752 

449 0.074 0.0755 

577 0.0759 0.0784 

717 0.0738 0.0773 

917 0.0686 0.072 

1015 0.0841 0.084 

1148 0.0735 0.077 

1352 0.0761 0.0808 

1465 0.0748 0.0759 

1578 0.0805 0.0823 

Table D.1 (Continued): Calculated parameters of the experiment (            and    
 

   
), 

based on the input data. 

          [  
   ] 

                  

[  ]              [ ]             [ ] 

998.3498738 4.640004061 0.031599959 0.0754 

998.358803 4.750046641 0.033699534 0.0778 

998.3584142 4.740044697 0.027699553 0.0725 

999.1247531 4.73367538 0.027863246 0.0733 

999.9485115 4.827722395 0.027222776 0.074 

1000.082484 4.758247665 0.030817523 0.0759 

999.7348777 4.756593805 0.029734062 0.0738 

999.8727479 4.737219246 0.024627808 0.0686 

1000.100373 4.748315237 0.036516848 0.0841 
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1000.364956 4.749571433 0.029504286 0.0735 

999.9708161 4.737683876 0.033423161 0.0761 

1000.01992 4.74793326 0.028420667 0.0748 

1000.171992 4.748655271 0.034813447 0.0805 

Table D.1 (Continued): Calculated parameters of the experiment (            and    
 

   
), 

based on the input data. Table 3 of Fresh Water and Seawater Properties(Kestin et al., 1981) has 

been used for calculating   intrinsic permeability. 

         [ ]               [  ]   [   ]   intrinsic perm. 

0.0303 0.000394999 0.009446451 9.66608E-10 

0.032 0.000421244 0.008329544 8.52333E-10 

0.0264 0.000346244 0.01069679 1.09456E-09 

0.02695 0.000348291 0.009057305 9.27962E-10 

0.02655 0.000340285 0.009361949 9.60451E-10 

0.02965 0.000385219 0.009651717 9.90391E-10 

0.02805 0.000371676 0.009371685 9.61119E-10 

0.023 0.000307848 0.011338874 1.16312E-09 

0.03665 0.000456461 0.009049028 9.28574E-10 

0.02785 0.000368804 0.010104231 1.03729E-09 

0.03115 0.00041779 0.00850405 8.72469E-10 

0.02795 0.000355258 0.010505535 1.0779E-09 

0.034 0.000435168 0.008992223 9.22851E-10 

Table D.1 (Continued): Calculated parameters of the experiment (            and    
 

   
), 

based on the input data. 

           [    ] 
               [  

  ] 
  [(     
   ]   [   ]   [   ] 

0 0 0 0 0 

3.62006E-06 3.24023E-06 2.95515E-05 2.553248794 7.294996553 

3.60624E-06 3.55294E-06 2.94387E-05 2.543501611 7.26714746 

3.42914E-06 3.61358E-06 2.7993E-05 2.418592674 6.910264782 

3.17015E-06 3.56922E-06 2.58788E-05 2.235926935 6.38836267 

3.45188E-06 4.01885E-06 2.81786E-05 2.434629603 6.956084579 

3.60063E-06 3.91547E-06 2.93929E-05 2.539544 7.25584 

3.48694E-06 3.1563E-06 2.84648E-05 2.459357777 7.026736507 

3.81058E-06 4.71897E-06 3.11068E-05 2.687628806 7.678939447 

3.9285E-06 3.81793E-06 3.20694E-05 2.770795523 7.916558636 

3.63969E-06 4.17141E-06 2.97118E-05 2.567095407 7.334558307 

3.64254E-06 4.07118E-06 2.9735E-05 2.569106316 7.34030376 

3.82265E-06 -0.000546258 3.12053E-05 2.696141056 7.70326016 

Table D.1 (Continued): Calculated parameters of the experiment (            and    
 

   
), 

based on the input data. 
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                [  ]                          [   ]              

0 0.000249638 0.00 0.918032787 2607.019978 0.000478814 

0.067277156 0.002800664 9.67 0.918032787 2607.019978 0.005371766 

0.067020321 0.00268958 17.37 0.918032787 2607.019978 0.005158702 

0.063729017 0.221628247 22.92 0.95468145 2558.140506 0.433212623 

0.058915843 0.456971314 24.80 0.86325 2683.670894 0.851451802 

0.064151584 0.495246468 21.37 0.723045312 2902.04196 0.853332106 

0.06691604 0.395937355 23.30 1.002266986 2497.344174 0.792772295 

0.064803162 0.435326084 33.48 1.229970125 2242.339365 0.970764162 

0.070818019 0.500357316 16.25 1.482448127 2014.281684 1.242111081 

0.073009431 0.575947112 22.18 0.664014467 3004.99178 0.958384326 

0.067642009 0.463343619 33.93 1.210221095 2262.375382 1.024091842 

0.067694996 0.477372388 18.97 1.251292247 2221.102037 1.074704756 

0.071042314 0.520818336 18.82 1.251292247 2221.102037 1.172514282 

Table D.1 (Continued): Calculated parameters of the experiment (            and    
 

   
), 

based on the input data. 

                   [ ] 
FORMULA 

          

998.200874 1.248 1.247998908 1.09246E-06 0.001002002 

998.209803 1.248 1.247987744 1.22561E-05 0.001002026 

998.209414 1.248 1.24798823 1.177E-05 0.001002025 

998.975753 1.248 1.247030867 0.000969133 0.001004049 

999.799511 1.248 1.246003409 0.001996591 0.001006215 

999.933484 1.248 1.245836468 0.002163532 0.001006566 

999.585878 1.248 1.246269708 0.001730292 0.001005654 

999.723748 1.248 1.246097837 0.001902163 0.001006016 

999.951373 1.248 1.24581418 0.00218582 0.001006613 

1000.21596 1.248 1.24548463 0.00251537 0.001007306 

999.821816 1.248 1.245975613 0.002024387 0.001006273 

999.87092 1.248 1.245914422 0.002085578 0.001006402 

1000.02299 1.248 1.245724959 0.002275041 0.0010068 
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E. SURFER-generated concentration distribution for two rounds of 

sampling for                         𝒑𝒑𝒎 and 𝒖      
𝒎

   
 

 

 

Fig. E- 1 SURFER- generated concentration distribution for two rounds of sampling for experiment 

(       𝒖   𝒎  ,          𝒎𝒎). 

 
 

Fig. E- 2 SURFER- generated concentration distribution for two rounds of sampling for experiment 

(        𝒖   𝒎    ,           𝒎𝒎). 
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Fig. E- 3 SURFER- generated concentration distribution for two rounds of sampling for experiment 

(         𝒖   𝒎  ,        𝒎𝒎). 

 

 

Fig. E- 4 SURFER- generated concentration distribution for one rounds of sampling for experiment 

(         𝒖   𝒎  ,          𝒎𝒎). 
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Fig. E- 5 SURFER- generated concentration distribution for two rounds of sampling for experiment 

(       𝒖    𝒎  ,          𝒎𝒎). 

 

Fig. E- 6 SURFER- generated concentration distribution for two rounds of sampling for experiment 

(        𝒖    𝒎    ,          𝒎𝒎). 
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Fig. E- 7 SURFER- generated concentration distribution for two rounds of sampling for experiment 

(         𝒖    𝒎  ,          𝒎𝒎). 

 

 

Fig. E- 8 SURFER- generated concentration distribution for one rounds of sampling for experiment 

(         𝒖    𝒎  ,       𝒎𝒎). 
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F. Model Viewer plots of transient evolution of salt water plume for 

tank experiments with                         𝒑𝒑𝒎 and 

𝒖      
𝒎

   
 

 

 

 

 
Fig. F- 1 SUTRA-modeled transient evolution of salt water plume for tank experiments with 

      𝒑𝒑𝒎 (tracer), 𝒖   𝒎   after 1,6.25 and 12.5 days. 
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Fig. F- 2 SUTRA-modeled transient evolution of salt water plume for tank experiments with 

       𝒑𝒑𝒎 , 𝒖   𝒎   after 1,6.25 and 12.5 days. 
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Fig. F- 3 SUTRA-modeled transient evolution of salt water plume for tank experiments with 

        𝒑𝒑𝒎 , 𝒖   𝒎   after 1,6.25 and 12.5 days. 
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Fig. F- 4 SUTRA-modeled transient evolution of salt water plume for tank experiments with 

        𝒑𝒑𝒎 , 𝒖   𝒎   after 1,6.25 and 12.5 days. 
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Fig. F- 5 SUTRA-modeled transient evolution of salt water plume for tank experiments with 

      𝒑𝒑𝒎 , 𝒖    𝒎   after 0.86,3.5 and 6.25 days. 
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Fig. F- 6 SUTRA-modeled transient evolution of salt water plume for tank experiments with 

       𝒑𝒑𝒎 , 𝒖    𝒎   after 0.86,3.5 and 6.25 days. 

 

  



APPENDIX 

 

307 

 

 

 

 

 
Fig. F- 7 SUTRA-modeled transient evolution of salt water plume for tank experiments with 

        𝒑𝒑𝒎 , 𝒖    𝒎   after 0.86,3.5 and 6.25 days. 
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Fig. F- 8 SUTRA-modeled transient evolution of salt water plume for tank experiments with 

         𝒑𝒑𝒎 , 𝒖    𝒎   after 0.86,3.5 and 6.25 days. 

 


