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Abstract

We introduce a new family of simulation relations between two non-deterministic Biichi
automata (NBA) called buffered simulation. We extend the game framework of the stan-
dard fair simulation such that DupLicaTOR can skip her turn and store the letter that is read
by SpoiLER temporarily to a buffer. DupLicaToR then can execute the letters in the buffer in
some later round. In this way, she has a preview of SpoiLER’s move and has more chances
to mimic SPOILER’s run correctly than in the standard fair simulation game. We generalise
such a simulation to the case where multiple buffers are involved. In such a case, a rule
that tells us to which buffers a letter should be stored is given. Once SpoILER reads a letter,
DupLicATOR stores it to all the associated buffers, and when she wants to execute the letter,
she has to pop it from all the associated buffers.

We study the decidability and complexity of buffered simulation with one or mul-
tiple buffers. We show that buffered simulation is undecidable if some of the buffers
are unbounded. It is even already highly undecidable in the case of two buffers where
one is unbounded and the other one is of capacity 0. In the case where all buffers are
bounded, buffered simulation is decidable in polynomial time. In the case of a single,
but unbounded buffer, buffered simulation is PSPACE-complete for a variant that requires
DupLicator to pop all the letters from the buffer each time she decides to move. It is,
however, EXPTIME-complete for the general case.

We further show that buffered simulation with one buffer can be used to incremen-
tally approximate language inclusion between two NBA. In the case of multiple buffers,
it can be used to approximate a more general problem, namely the trace closure inclusion
problem, which is known to be highly undecidable. We give a theoretical justification of
buffered simulation by giving a characterisation using the notion of continuity. Buffered
simulation with unbounded buffers can be characterised by the existence of a continu-
ous function that witnesses the language or trace closure inclusion between the input au-
tomata. We can lift such a characterisation to the case of bounded buffers by considering
a Lipschitz continuous function instead of just a continuous one. Such a characterisation,
however, only holds for some restricted automata called cyclic-path-connected automata.



Zusammenfassung

Wir stellen eine neue Familie von Simulationsrelationen zwischen zwei nicht determi-
nistischen Biichi Automaten (NBA), genannt gepufferte Simulation vor. Wir erweitern
das Spiel-Framework der iiblichen fairen Simulation, so dass DupLicaTor ihren Spiel-
zug iiberspringen und die Buchstaben, die SpoiLErR gelesenen hat, voriibergehend in ei-
nem Puffer speichern kann. DupLicator kann diese Buchstaben in ihrer Struktur dann
spéter ausfithren. DupLicaTOR hat damit eine Vorschau in die Bewegungen von SPOILER
und somit mehr Chancen, den Lauf SpoiLers korrekt nachzuahmen als im Standard-
Simulationsspiel. Wir verallgemeinern dann diese Simulationsrelationen auf mehrere Puf-
fer. In einem solchen Fall gibt es eine Regel, die angibt, in welchen Puffern ein Buchsta-
be gespeichert werden soll. Sobald SpoiLER einen Buchstaben liest, speichert DupLicaTOR
ihn in jedem zugeordneten Puffer und wenn DupLicaror ihn in ihrer Struktur ausfiihren
mochte, muss sie den Buchstaben von jedem zugehorigen Puffer 16schen.

Wir untersuchen die Entscheidbarkeit und Komplexitit von gepufferten Simulatio-
nen mit einem oder mehreren Puffern. Wir zeigen, dass gepufferte Simulation nicht mehr
entscheidbar ist, wenn einige Puffer unbegrenzt sind. Es ist tatsidchlich sogar schon hoch-
gradig unentscheidbar bei zwei Puffern, in denen einer unbegrenzt ist und der andere die
Kapazitit O hat. In dem Fall, in dem alle Puffer begrenzt sind, ist gepufferte Simulation
in polynomieller Zeit entscheidbar. Fiir die Simulation mit einem einzelnen, aber unbe-
schriankten Puffer ist die gepufferte Simulation PSPACE-vollstindig fiir eine Variante, bei
der DupLicaror alle Buchstaben aus dem Puffer 16schen muss, jedes Mal wenn sie sich
bewegt. Es ist jedoch EXPTIME-vollstédndig fiir den allgemeinen Fall.

Wir zeigen weiterhin, dass gepufferte Simulation mit einem Puffer Spracheinklusi-
on zwischen zwei NBA schrittweise approximiert. Mit mehreren Puffern kann gepufferte
Simulation die Inklusion des Spurabschlusses zweier NBA approximieren, welche be-
kanntermafBlen hochgradig unentscheidbar ist. Wir formulieren eine theoretische Unter-
mauerung fiir gepufferte Simulation, indem wir sie als Stetigkeitsfrage in einem geeig-
neten topologischen Raum auffassen. Gepufferte Simulation mit unbeschrinkten Puffern
kann durch die Existenz einer stetigen Funktion, die die Sprache oder die Spurabschluss
Inklusion zwischen den beiden Automaten bezeugt, charakterisiert werden. Wir konnen
diese Charakterisierung auf gepufferte Simulation mit begrenzten Puffern erweitern, in-
dem wir sogar Lipschitz-Stetigkeit der Funktion verlangen. Eine solche Charakterisierung
gilt allerdings nur fiir eine beschridnkte Klassen von Automaten, die wir zyklisch-pfad-
verbunden nennen.
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Chapter 1

Introduction

Automata. Automata play an important role in computer science. They are known to
have many applications in diverse area such as in compiler design for parsing and lexical
analysis [ASU86, HMUO6], in XML processing for document validation and query pro-
cessing [Sch07, [Koc09], in system verification and static program analysis for modelling
the system and properties that want to be verified [VW86, NNH99], in classical logic to
obtain a decision procedure for monadic-second-order logic [Biic62]], in natural language
processing to represent natural language [KK94, [LK93]], in DNA sequence analysis to
model the evolution and role of DNA sequences [BE84, TPKCQ7], and many more. This
is because automata are one of the most basic models of computation. We can model
systems or programs as automata and then analyse their computation and behaviour by
looking at the automata model.

For systems or programs that always terminate, such as parsers, search engines, or
compilers, one uses the notion of finite automata. However nowadays there are also many
systems that no longer transform an input to output and then terminate. Instead, they
continuously interact with the user or environment. Some examples of such systems are
web servers, communication protocols, or operating systems. For such non-terminating
reactive systems, one often uses the notion of w-automata.

One of the simplest forms of w-automata are Biichi automata. They are widely used
to model reactive systems and to specify their non-terminating behaviour [EHOO, [HolO4].
Intuitively, a Biichi automaton can be seen as a directed graph where the edges are labeled,
and some nodes are considered to be final or accepting. The nodes represent the states
of the system and an a-labeled edge represents the state-changing of the system when
the action a is executed. A Biichi automaton runs on a given input word that has an
infinite length. The run goes through an infinite sequence of states and the input word is
considered to be valid or accepted if the run visits a final state infinitely often. A Biichi
automaton can be seen as an acceptor of a language over infinite words. For example, the
Biichi automaton A that is depicted in Figure|1.1|accepts the language L(A) that consists
of two infinite words: aba® and aca®.

Language Inclusion. By considering the automaton-model, we can reduce many prob-
lems regarding the analysis of system design to the problems over automata, which then
can be solved using some algorithms on graph. For example, one of the most important
problems in computer science is the problem of checking whether a system behaves ac-
cordingly with respect to a given specification, e.g. never reaches a deadlock, is logically
correct, etc. Such a problem becomes undoubtedly important especially in a life-critical
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Figure 1.1: A pair of Biichi automata A (left) and B (right) in which A ZB.

system where some occurrence of errors can have an extremely expensive cost to repair
or even threaten our life. For example, in programs that control part of medical system,
or in flight control programs. For such reactive non-terminating systems, testing is not
enough and one needs to formally verify the systems.

The problem of verifying whether such systems meet the desired specification can
be reduced to the problem of deciding language inclusion L(A) C L($B) between two
Biichi automata A and B. The automaton A represents the computation of the system
and the automaton 8 represents the desired computation given by the specification. Un-
fortunately, the problem of deciding language inclusion between two Biichi automata is
computationally hard. It is PSPACE-complete [MS73]. Hence one of the major chal-
lenges in the field of automata theory is to find a good and decent approximation for
language inclusion.

Simulation. Simulation is a preorder relation between the states of an automaton. We
say that a state p simulates a state g if p can mimic all stepwise behaviours of g. We can
use simulation to approximate language inclusion between two Biichi automata A, B, by
looking at how their initial states relate [DHWT92]. If the initial state of 8 simulates the
initial state of ‘A then we can conclude that L(A) C L(B).

There is a game characterisation for simulation. The game is played by two players
called SpoiLEr (male) and DupLicaTor (female). Initially, two pebbles are placed each in
the initial states of A and B. In each round, SpoiLER moves the pebble in A one step
by reading a letter and DupLICATOR tries to mimic this move by moving the pebble in 8
one step by reading the same letter. This continues round by round. If one of the players
eventually gets stuck then the opponent wins, otherwise DupLicaTorR wins if whenever
SpoILER visits a final state infinitely often, she also visits a final state infinitely often. If
DupLicaTorR Wins no matter how SpoiLER plays then we say that the automaton 8 simulates
A, ie. AC B, and hence L(A) C L(B) holds.

For any two Biichi automata (A, B, unlike language inclusion, deciding whether Du-
PLICATOR Wins the simulation game can be done in polynomial time. This, however, comes
at price. There are many pairs of automata where simulation fails to show language in-
clusion. For example, consider the two Biichi automata A, B depicted in Figure[I.I] This
is a standard example where simulation fails to show language inclusion. First note that
L(A) € L(B). The languages of A and B are indeed the same. DupLicaTor, however,
loses the simulation game. In the first round, after SpoiLEr reads a, DupLicaTOR has to
move the pebble to one of the successors of the initial state of 8. Without loss of general-
ity, suppose to the one with a b-transition. In the next round, SpoILER can choose to read
¢ and make DupLicaTor get stuck. Hence DupLicaTor loses the simulation game.

The reason why simulation fails to show language inclusion is because DupLICATOR
is too weak to guess the run that will be formed by SpoiLer. DupLicaTorR might move the
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pebble to some successor which prevents him to form a corresponding run in the future. In
the literature, there are many attempts that try to extend simulation by adding more power
to DupLicATOR or by restricting the move of SpoiLer such that simulation gets closer to
language inclusion.

e In the static k-letter simulation that is introduced in [HLL13l], instead of only one
step, SpoILER is forced to move the pebble k£ > 0 steps in each round. DupLicaTOR
then has more information about SpoiLER’s run in each round. For example, con-
sider again the two automata A, B from Figure [[.I, DupLicaTor wins the static
2-letter simulation game. In the first round, SpoiLer is forced to read either ab or
ac. DupLicATOR then can mimic this move by going to one of the accepting states in
8B by reading the same word. From the accepting state, DupLICATOR can mimic any
of SpoiLErR’s move and win the game. By considering such an extended simulation,
we can show language inclusion in cases which cannot be shown by the standard
simulation.

o In the k-pebble simulation, the standard simulation game is extended such that Du-
PLICATOR has more power [Ete02]. She can control k > O pebbles, and hence has
more chances to correctly mimic SporLEr’s move. For example, if we consider again
the two automata (A, B given by Figure|l.1|then DupLicaToR wins the 2-pebble sim-
ulation game. In the first round, after SpoiLER reads a, DupLICATOR moves her two
pebbles each to the a-successors of the initial state of A. In the second round, after
SpoiLER reads b or ¢, DupLicaTOR moves one of her pebbles to reach the final state
and drops the other one. From this state, DupLicATOR can play accordingly and show
language inclusion.

e In the k-lookahead and dynamic k-letter simulations that are introduced indepen-
dently in [[CM13] and in [HLLI13]], in each round i, DupLicATOR chooses ¢; < k
and SpoILER is forced to move ¢; steps. Such a simulation indeed extends the static
k-letter simulation. The static k-letter simulation game is a special case of the dy-
namic one where in each round i, DupLicaTOR always chooses £; = k. It is shown
that the dynamic k-letter simulation game has more advantages. It can show more
language inclusions than the static one and admits a hierarchy, i.e. whenever Du-
PLICATOR Wins the k-lookahead or dynamic k-letter simulation game, she also wins
the one with parameter k¥’ > k. This property does not hold for the static k-letter
simulation.

e In the delay simulation that is introduced in [HKT10], the extended simulation
game is played on a language L of pairs of infinite words with respect to a delay
function f : N* — N*. In every round i > 0, SpoiLEr chooses a word of length f(i)
and DupLicator chooses a letter. The play goes on for infinitely many rounds and
DupLicator wins iff the pair of infinite words formed by SpoiLEr and DupLicATOR
belongs to L. Such a simulation generalises the one over automata. For example,
we can see the standard simulation between two Biichi automata A, B as a special
case of delay simulation in which L consists of pairs of accepting runs of A, B that
are over the same word and f(i) = 1 for all i > 0.

Buffered Simulation. In this work, we extend the underlying idea of the k-lookahead
or the dynamic k-letter simulations. We extend the game framework of the standard sim-
ulation with a FIFO buffer such that DupLicaTor can skip her turn and use the buffer to
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Figure 1.2: A pair of Biichi automata A and 8.

temporarily store the letter that is read by SpoiLER. DupLicATOR can pop some or all the
letters from the buffer in some later round to continue her move. The buffer can have a
bounded or an unbounded capacity.

For example, consider the automata A, B in Figure[I.2] In this case, DupLIcATOR loses
the k-lookahead or the dynamic k-letter simulation for any k € N. At the end of the first
round, SPoILER’s pebble is in the accepting state of A and DupLicaToR’s pebble is in one
of the accepting states of B. Let us assume that DupLicaToR’s pebble is in the accepting
state with b-transition. In the second round, SpoiLER can make DupLicaTor get stuck by
reading c¢. Hence DupLicaTOR loses k-lookahead or dynamic k-letter simulation games for
any k > 0. DupLicaTor, however, wins the simulation game with a buffer of size 1. In
the first round, after SpoiLER reads a, DupLicATOR skips her turn and puts a to the buffer.
In the second round, after SpoiLER reads b or ¢, DupLicaTOR pushes it to the buffer. She
then pops a and moves the pebble to the accepting state with b-transition if SPOILER reads
b, and to the one with c-transition if SpoiLER reads c. In this way, she will not get stuck
in the next round. DupLicaTor does this similarly for the rest of the play, i.e. she always
keeps her run one step behind SpoiLER’s run. She uses the buffer to store the last letter
that is read by SpoiLErR. DupLIcATOR Wins the game with a buffer of capacity 1 and shows
language inclusion between A, B which cannot be shown with the lookahead or dynamic
multi-letter simulations.

In the field of formal languages, there is a theory that extends the concept of words
and languages to model concurrent computations. Recall that in concurrent computations,
some actions or processes can be executed simultaneously. The actions or processes that
are executed simultaneously are considered to be independent of each other. The theory
of Mazurkiewicz traces has been introduced to model such computations [Maz89, [DR93]].
Mazurkiewicz traces or just traces basically extend the concept of words in which some
letters are allowed to commute. The letters that can commute model the processes that
are independent of each other, and the letters that cannot commute model the ones that
are dependent on each other. Intuitively, if two processes are independent of each other,
the order of which process should be executed first or later does not matter. For example,
if we consider traces over the letters a, b, ¢ in which a, b are independent of each other,
but not with ¢ then the word caba® is considered to be trace equivalent to the word chaa®.
This is because the second and the third letters, 1.e. a and b, i1s allowed to commute with
each other. In fact, the letter b is allowed to commute with any a in the word caba®.
Hence caba® is also trace equivalent to any word of the form ca*ba®.

For any language L, the trace closure of L is denoted with [L]. It consists of any
words that are trace equivalent to some word in L. For example, consider the automaton
A in Figure [1.3] and suppose the letters a, b are independent of each other, but not with
c. The language of A then is L(A) = {caba®} and its trace closure is [L(A)] = ca*ba®.
The trace closure [L(A)] intuitively represents any possible sequential computations that
can be executed by the concurrent system modeled by A. Given two automata (A, B, the
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Figure 1.3: A pair of Biichi automata A and 8.

problem of checking whether [L(A)] C [L($B)] then models the verification of systems
that admit concurrency [Sak92, MSB*16]. The system and the specification that we want
to check are modeled respectively by the automata ‘A and B. Unfortunately, checking

trace closure inclusion between two Biichi automata is known to be highly undecidable
[Sak92! [Fin12].

We can slightly extend the framework of buffered simulation to approximate the trace
closure inclusion. Consider a game where instead of only one FIFO buffer, DupLicaTorR
can use multiple FIFO buffers to temporarily store SpoiLer’s letters. Unlike in the case
where only one buffer is involved, in this case, we assume that there is a rule that asso-
ciates each letter to one or several buffers. Once SpoILER reads a letter, a copy of this letter
gets pushed into all of the associated buffers. However if DupLicaror would like to read
the letter, she also has to pop it from all the associated buffers. Such a simulation can
be used to approximate trace closure inclusion. Intuitively, we model the independence
between letters via the rule that associates letters to buffers. A pair of independent letters
should not share a buffer and a pair of dependent letters should share at least one buffer.
For example, consider the two Biichi automata (A, B as in Figure 1.3|in which the letters
a, b are independent of each other, but not with c. In this case, we consider a game with
two buffers in which the first one is associated with a, ¢ and the second one with b, c.

In the first round, after SpoiLER reads ¢ and pushes a copy of c to the first and second
buffers, DupLicaTOR reads ¢ and pops them immediately from the first and the second
buffers. In the second round, SpoiLer will read a and pushes a copy of it to the first buffer.
DupLicator cannot do anything except to skip her turn and let a go to the first buffer. In
the third round, after SporLEr reads b and pushes it to the second buffer, DupLicATOR pops
b then a and reads ba. She then reaches the accepting state from which she can simulate
any of SpoiLER’s move and win the game. Thus SpoiLeEr produces the word caba® and
DupLicaror produces cba®, a word that is trace equivalent to SpoiLErR’s word. In general, if
DupLicator wins the corresponding buffered simulation game then we have the inclusion
L(A) C [L(B)] which is equivalent to the trace closure inclusion [L(A)] C [L(B)].

Despite of its simple and natural definition, the decidability and complexity of buffered
simulation however is not trivial. This is true even in the case where we only have one
buffer with bounded capacity. In the case of static, dynamic, and lookahead simulation
games, the problem of deciding whether DupLicATOR Wins can be done in polynomial time
for a fixed parameter k. However, we cannot simply use this result for buffered simulation
since we have seen that simulation with one buffer of capacity 1 is even more expressive
than any k-lookahead or dynamic k-letter simulation. In the case where we consider an
unbounded buffer, the decidability and complexity of buffered simulation then becomes
even harder. Many questions regarding systems with an unbounded FIFO buffer are often
undecidable [CEOS]]. Decidability of buffered simulation with an unbounded buffer may
therefore be seen as surprising. The decidability question also gets more non-trivial in
the case of multiple buffers. It is not obvious whether deciding buffered simulation with
multiple buffers is still possible. If yes then we have a decidable approximation for a
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highly undecidable problem. However, if not then it would also be interesting to know
how undecidable it is and whether there are some decidable instances.

It is interesting to know how good buffered simulation is to approximate trace closure
or language inclusion, i.e. whether there are pairs of automata A, B in which buffered
simulation fails to show their inclusion. If there are such pairs, it is also interesting to
know whether we can classify such automata and find their characteristics.

Thesis Outline. This thesis studies buffered simulation together with its decidability
and complexity. We will consider both of the cases where only one buffer is involved
and where multiple buffers are involved. The first one is basically a natural extension of
the standard simulation which approximates language inclusion. The second one approxi-
mates a more general problem than language inclusion namely the trace closure inclusion.
This thesis is presented as follows.

In Chapter 2], we recall the basic notions regarding words, languages, automata, deci-
sion problems, games, and simulation. We use the standard definitions and notations as
in the literature. We also list some extended simulation that are available in the literature.
We show their basic definitions and recall their important property.

In Chapter [3| we give the formal definition of buffered simulation. We first show
the framework of buffered simulation with one buffer and then consider its natural exten-
sion to the case where multiple buffers are involved. We present the expressive power
of buffered simulation and consider some of its restricted variants called the flushing
variants. We compare simulation with one buffer to the extended simulations that are
mentioned in Chapter 2]

Chapter []is the main part of this work. In this chapter, we give the complexity results
regarding buffered simulation. We start with the case where all buffers are bounded. We
then continue to the case where some buffers are unbounded. If there is only a single
buffer and the capacity is unbounded, solving buffered simulation is still decidable. The
complexity even gets better when we consider its flushing variant. However, in the case
where multiple buffers are involved and one of them is unbounded, buffered simulation is
undecidable. We then show how undecidable such a problem is.

In Chapter[5] we give the application of buffered simulation in the field of formal lan-
guages. Buffered simulation and its flushing variant can be used to incrementally approxi-
mate language and trace closure inclusion. We further show a characterisation of buffered
simulation. Buffered simulation, in general, can be characterised by the existence of a
continuous function that witnesses the trace closure inclusion between the given two au-
tomata A, B. This allows us to classify pairs of Biichi automata in which their language
or trace closure inclusion cannot be shown with buffered simulation. We can even refine
the characterisation of buffered simulation to the case of bounded buffers by considering
a Lipschitz continuous function. However, such a refined characterisation only holds for
some restricted class of automata called cyclic-path-connected automata.

In Chapter [6] we give the conclusion of our work. We list some open problems re-
garding buffered simulation for further works.

Publications Parts of this thesis have been published in some refereed proceedings. A
slightly different version of Section [3.1] and Section [3.2] can be found in [HLLI13|] and
[HLL14]. Some preliminary works of Section [3.4] and Section [3.5] have appeared in
[HHK*164] and [HHK"16b]]. Section and Section have appeared in [HHK"18]
and Section [5.3|has been published in [Hut17].



Chapter 2

Preliminaries

We recall the basic notions that will be used throughout this work. We will start by con-
sidering formal languages and decision problems. We then continue with the notion of
automata and consider infinite games, mathematical frameworks that can be used to model
all sorts of interaction. We then recall the notion of simulation and its game characteri-
sation. At the end of this chapter, we list some extended simulations that are available in
the literature.

2.1 Formal Languages

A formal language, or just a language, is defined with respect to an alphabet. An alphabet
is a set of letters that is usually denoted with X. In general, a letter can be any symbol and
an alphabet can contain finitely or infinitely many letters. However in this work, we will
mainly consider the usual letters instead of arbitrary symbols and only consider alphabets
with finitely many letters.

A sequence of letters is called a word and the length of a word is defined as the length
of the sequence. In our context, a word can have a finite or infinite length. The set of all
finite words over X is denoted with £* and the set of all infinite words over X is denoted
with £“. The set of non-empty finite words over X is denoted with £, i.e. £ = X* \ {€}.
We also consider the set of all finite and infinite words over X and denote it with X%, i.e.
¥* = X" UX“ A language of finite or infinite words over X is defined as a subset of £* or
>, respectively. A language of infinite words is also called an w-language.

Example 2.1.1. Consider the alphabet £ = {a,b}. The set L = {ab,abb,abbb, ...} is a
language of finite words over X and L’ = {abbbb ...} is an w-language over X.

Throughout this work, we fix the notation regarding words and languages as follows.
For any word w € X%, we denote by |w| the length of w, and by |w|, the number of
occurrences of the letter a in w. We denote by Pos(w) the set of positions in w, i.e.
Pos(w) ={1,...,|w|} if w € £* and Pos(w) = {1,2,...} if w € X¢. For any i € Pos(w),
we denote by w(i) the letter that occurs at position i in w. For example, if w = abbca then
w(2) = w(3) = b. We denote respectively by suffix(w) and prefix(w) the sets of suffixes
and prefixes of w. We denote by X, the set of letters that occur in w.

One important class of languages that is widely used in many application domains is
the class of regular languages. Given an alphabet X, the set of regular languages £ is
defined as the smallest set that contains the empty set (), the empty string language {€},
the singleton language {a}, for any a € X, and for all L, L’ in £, it contains the union
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L U L', the concatenation L - L', and the Kleene star L*. For example, the language L
from Example [2.1.1]is regular. This is because the languages L, = {a} and L, = {b}" are
regular and hence by definition L = L, - L, is also regular. We will often describe regular
languages with the usual regular expression. For example, we write ab* for the language
L from Example 2.1.1]

For the infinite case we say that the w-language L C X“ is w-regular if L = (L; \ {€})”
and the language L; C X* is regular, or L = L; - L,“ and the languages L,, L, C X* are
regular,or L = L; U ... U L, and the languages L4, ..., L, C X“ are regular. For example,
the language L’ from Example is regular because {a} and {b} are regular, and hence
L' ={a} - {b}* is w-regular.

2.2 Decision Problems

A decision problem is a question that asks whether for some given elements x, . . ., x, that
can be represented with some finite data structure, a property P(xy,..., X,) holds or not
[RJ87,[Sip96| Koz97]. For example, given an integer x € N*, check whether it is a prime
number or not, or given some pairs of words (u, vy), ..., (u,, v,) € {0, 1}* X {0, 1}*, check
whether there are indices i, ...,1i, such that u; ...u;, = v, ...v; . A decision problem
can be decidable or not. By decidable this means there exists an algorithm that always ter-
minates and give us a correct answer. For example, the first problem regarding the prime
number is decidable, whereas the second one, which is known as Post Correspondence
Problem, is not [[Pos46].

2.2.1 Complexity Classes

In the theory of computation, decision problems are classified based on how difficult
they are to solve. By difficult this means the computational resources that are needed by
the algorithm to answer the problem. We refrain from giving the detailed explanation
regarding computational complexity and its hierarchy since we will only use them to
classify the complexity of our buffered simulation. For more detailed explanations, we
refer to the literature [Pap94, S1p96]. The following are the classes and the notations that
we will consider through out this work.

e PTIME: the class of decision problems that can be solved by a deterministic Turing
machine using a polynomial amount of time.

e PSPACE: the class of decision problems that can be solved by a deterministic Turing
machine using a polynomial amount of space.

e NPSPACE: the class of decision problems that can be solved by a non-deterministic
Turing machine using a polynomial amount of space. Due to Savitch’s theorem, this
class coincides with the class PSPACE [Sav70].

e EXPTIME: the class of decision problems that can be solved by a deterministic
Turing machine using an exponential amount of time, i.e. O(27™), where p(n) is a
polynomial function of n.

e 2EXPTIME: the class of decision problems that can be solved by a deterministic
Turing machine using a doubly exponential amount of time, i.e. O(22""), where
p(n) is a polynomial function of n.
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Figure 2.1: The arithmetical and analytical hierarchies.

Recall that the hierarchy of these classes is as follows.
PTIME ¢ PSPACE = NPSPACE c EXPTIME cC 2EXPTIME

Recall also that a problem P is called hard under polynomial-time reduction for some class
C if all problems in C can be reduced in polynomial time to P. A problem P is called com-
plete under polynomial-time reduction for C if it is in C and hard under polynomial-time
reduction for C. In this thesis, since we will only consider polynomial-time reduction, we
will simply call a problem P hard or complete for some class C. Intuitively, if the problem
P is complete for the class C then P is considered as a maximally difficult problem in the
class C.

2.2.2 Undecidability Degree

There is also a classification for undecidable problems, that is, whether one problem is
more undecidable than others [RJ87, Mos80, Jap94]. In recursion theory, the classifica-
tion is based on the complexity of the formula that defines the problem. The first levels
of the hierarchy are called the arithmetical hierarchy, which classifies the undecidable
problems using first order arithmetical formulas. It then continues with the analytical hi-
erarchy, which classifies the undecidable problems using second order formulas. Each of
these hierarchies has infinitely many classes. We illustrate them in Figure 2.1]

The classes in the arithmetical hierarchy are denoted with Z? and H? where i € N.
For any i € N, we denote by A? the intersection of £? and I1%. The lowest level in the
hierarchy is Ag which contains all decidable problems. For any i > 0, the classes H? and
%Y are inductively defined by each time adding the universal and existential quantifiers,
respectively. Hence a problem is in X? | if it can be defined as Jx; ... Jx, ¢ where y is
in I1°. Similarly, a problem is in H?+1 if it can be defined as Vx; ... Vx, ¢ where ¢ is in
%Y. For example, if P(x,y) is a decidable problem or property then Jx P(x, y) is in X and
Vydx P(x,y) is in Hg.

In extension to the arithmetical hierarchy, the analytical hierarchy classifies undecid-
able problems based on second order formulas. The classes are denoted with =! and I}
where i € N. For any i € N, we denote by A! the intersection of X and IT!. The lowest
level in the analytical hierarchy is A(l) that contains all problems in the arithmetical hier-
archy are in this class. For any i > 0, the classes I1! and X! are inductively defined by
each time adding the universal and existential second-order quantifiers, respectively. A
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problem is in X!, if it can be defined as X ... 3X, ¢ where ¢ is in IT!. Similarly, a
problem is in IT), | if it can be defined as VX, ... VX, ¢ where ¢ is in X;.

Note that the class I1; strictly contains the whole arithmetical hierarchy, and hence if
a problem is Hi—complete, it is far more undecidable than the problems that are 2(1) or H(l)—
complete. Any undecidable problem that is hard for some class in the analytical hierarchy
is usually called highly undecidable. In the following, we exemplify the decidability,
undecidability, and high undecidability with the family of tiling problems.

2.2.3 Tiling Problems

Intuitively, we have a finite set of domino-types, i.e. squares where each side is colored
with possibly different colors. For each type, we have infinitely many copies. The prob-
lem is to tile some region of a plane with dominos such that the connecting sides have the
same color.

Formally, a tiling system 7 = (T, H, V) consists of a finite set of tiles 7', a horizontal
compatibility relation H € T X T, and a vertical compatibility relation V € T X T. A
tiling on a region R C N x N is a mapping ¢ : R — T such that (¢, j,7;,;) € H for all
@, )),@@+1,j)eRand (t;,tj+1) € Viorall (G, j),(i,j+ 1) € R.

Example 2.2.1. Let 7 = (T,H, V) be a tiling system where T = {t,,t,,3}, H = V =
{(11, 1), (12, 11), (12, 13), (13, 1)} and R = N* X N*, Lett: R —» T, where

t;, 1if x,yeven
t(x,y) =413, if x,yodd

1, otherwise.

The function ¢ is a tiling on R with respect to 7. The first row is tiled with t;31,3¢, . . ., the
second row with 51,1t . . ., the third row with 531,131, . . ., and so on.

The problem of deciding whether for a given tiling system 7, there exists a tiling
for the first quadrant of Cartesian plane, i.e. N* x N*, is known as the unbounded tiling
problem. This problem was first introduced in [Wan60]. It is known to be undecidable
and complete for the class I10.

Proposition 2.2.2 ((Wan60]). The unbounded tiling problem is I19-complete.

Equivalently, the problem of deciding whether for a given tiling system 7, there exists
a tiling for the octant of Cartesian plane, i.e. {(i, j) € N* X N* | i < j}, is also undecidable
and complete for the class H(l). Such a problem is also known as the octant tiling problem.

Proposition 2.2.3 ((BGGI7|). The octant tiling problem is I1°-complete.

There is a decidable variant of tiling problem called corridor tiling problem. In this
case, we are given a tiling system 7 = (7T, H, V) and a size of corridor n > 0 encoded
unarily. We are then asked whether there exists a tiling ¢ on the region {1,...,n} X N*.
The problem of solving the corridor tiling problem is known to be PSPACE-complete
[Boa97, IChI86].

There is also a variant of corridor tiling where besides the tiling system 7 = (T, H, V)
and a size of corridor n > 0 encoded unarily, we are also given some initial and final tiles



CHAPTER 2. PRELIMINARIES 17

t;,tr € T. We are then asked whether there exists m > 0 such that we have a tiling on
{1,...,n} x{1,...,m} that uses the initial tile #; as the first tile and the final tile 77 as the
last tile, i.e. #t(1, 1) = #; and #(n, m) = tr. Such a variant of corridor tiling is also known to
be PSPACE-complete.

Proposition 2.2.4 ([Boa97, (Chl86]). Both variants of the corridor tiling problem are
PSPACE-complete.

Furthermore, there is a variant of tiling problem that is highly undecidable called
recurrent tiling problem. This problem extends the unbounded and octant tiling problems
by additionally asking for infinite occurrences of a certain tile in the first column. Given a
tiling system 7 = (7T, H, V) with a designated final tile tr € T, the problem asks whether
there exists a tiling t on N* x N*_ or equivalently in {(i, j)) € N* x N* | i < j}, such that
there exist infinitely many j with #(1, j) = tp.

Proposition 2.2.5 ([Har85l). Both the recurrent unbounded and recurrent octant tiling
problems are Zi-complete.

We will use this family of tiling problems later and use them to show the hardness of
buffered simulation.

2.3 Automata

An automaton is a mathematical model that is often used to reason about computations of
a system or program. Intuitively, it is an abstract machine that runs on a given input word
by going through a sequence of states and either accepts or rejects the input word. An
automaton visually can be seen as a directed graph where each edge is labeled and some
nodes are considered to be final or accepting. The node represents the state of the system
and an edge that is labeled with a represents the state-changing of the system when the
action a is executed. Based on the length of the input word, automata are classified into
two kinds: finite or w-automata.

2.3.1 Finite Automata

Formally, a finite automaton is defined as a tuple A = (Q, %, E, q;, F) where Q is a set of
states, X is an alphabet, g; € Q is a starting state, £ C Q X £ X Q is a transition relation,
and F C Q is the set of final states. We usually write p - p’ if (p,a, p) € E. For any

finite word w = a;...a, € X*, a run r of an automaton A is an alternating sequence of
states and letters, i.e. ¥ = qoaq; . . . a,q,, such that for all i € {1,...,n}, gi.1 —> g;. The

run r is called accepting if qo = ¢q; and g, € F, and such a word w = q; ...a, is said to
be accepted by the automaton A. The set of words that are accepted by A 1s denoted
by L(A) and it is called the language of A. The size or cardinality of A is the number of
states in (A and it is denoted by |A|. The automaton A is called deterministic if for any
state ¢ € Q and letter a € X, there is a unique state g’ € Q such that g - ¢’. Moreover,

for any run r = poa,p; . ..a,p,, we denote by word(r) the word a; ... a,.

Example 2.3.1. Consider the following automaton A over the alphabet £ = {a, b, c}.
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@) a
@)oo a

The automaton A is non-deterministic since from g, there is no ¢ € Q% such that gy -2 ¢'.

L b
@—@x

Moreover, r = goaq1bg, and r' = qpaq,cqzaq; are some examples of accepting runs in A.
The language of A is L(A) = aba™ U aca”.

The class of the languages that are accepted by finite automata coincides with the class
of regular languages.

Proposition 2.3.2 ([Kle36]). Let X be an alphabet. A language L C X" is regular iff there
is a finite automaton A such that L = L(A).

This allows many decision problems regarding regular languages such as inclusion
or universality to be solved using algorithms on graphs. For example, one standard way
to check universality of a language L recognised by A is by checking whether its com-
plement, i.e. the automaton A that recognises X* \ L(A), accepts the empty language.
Unfortunately, such an automaton A is exponentially larger than A.

Complementation of NFA

For any NFA A, there is a deterministic finite automaton (DFA) A that recognises the
complement of L with size at most 2", We can constuct such a DFA with the subset
construction which basically converts A to a DFA that recognises the same language L
and then invert its final states [RS59, [ HMUOQG].

Proposition 2.3.3 ([RS39]). For any NFA A over %, there is an NFA A of size O(2") such
that L(A) = £* \ L(A).

This upper bound is known to be optimal. We cannot complement an NFA with a
blow up better than O(2") [SS78| Bir93].

Inclusion of NFA

For any two NFA, deciding language inclusion L(A) C L($B) is computationally hard. Itis
PSPACE-complete [MS73]]. It is in PSPACE since to decide inclusion, we have to check
whether the intersection of the language of A and the complement of the language of 8
is empty, 1.e. whether L(A) N L(B) = 0. Itis possible to construct an NFA that recognises
L(A)N L(B) and by Proposition such an NFA is exponentially larger than 8. We can
then test it for emptiness. Checking the emptiness for finite automata is NLOGSPACE-
complete: we can use the depth-first-search algorithm to check whether there is a final
state that is reachable from the initial state. This then yields an NPSPACE procedure and
by Savitch theorem [Sav’/0], the problem is also in PSPACE.

This upper bound is optimal. Checking language inclusion between two NFA is also
PSPACE-hard. For example, we can polynomially reduce the corridor tiling problem to
the problem of deciding language non-inclusion L(A) € L(B). Given a tiling system 7~
= (T, H,V), initial and final tiles #;, t7, and a width n, we construct two NFA A, B over T
such that the automaton ‘A accepts any word w € (T")* where the first and the last letters
are #; and fp, and B accepts such a word w if there is a vertical or horizontal mismatch.
We have language non-inclusion L(A) € L(B) iff there exists a valid corridor tiling.
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Proposition 2.3.4 ([MS73]]). For any two NFA A, B, deciding L(A) C L(B) is PSPACE-
complete.

Finite automata are suitable to model systems or programs that always terminate such
as compilers, parsers, search engines, etc. [ASU86, HMUOG]. Such a system is designed
to run only for some period of time and then gives an output. For systems that are designed
to run forever such as operating systems, communication protocols, or web servers, one
usually considers w-automata [NW94, [Tho90], an extended notion of finite automata that
accept w-languages.

2.3.2 w-Automata

We will start with the simplest form of w-automata called (non-deterministic) Biichi
automata. Non-deterministic Biichi automata, or shortly NBA, were introduced in the
1960’s as an auxiliary device to obtain a decision procedure for monadic-second-order
logic [Biic62]. However, they are now used in many applications such as in system ver-
ification to model reactive systems and specify their non-terminating behaviour [EHOO,
Hol0O4] and in termination analysis of recursive programs [LIBAOI1, [FVO9]. The defini-
tion of NBA basically does not differ from the definition of finite automata. It is also a
quintuple A = (Q, X, E, q;, F). The difference is that a run is an infinite alternating se-
quence p = goaiq1a, ... where for all i € N, (¢;,a;41,¢i+1) € E. Such a run p is accepting
if go = g; and there exist infinitely many i such that g; € F. Hence we can see NBA as the
acceptors of w-languages. For example, consider again the automaton ‘A from Example
[2.3.1] If we see it as a Biichi automaton instead of a finite automaton, the language of A
is L(A) = aba® U aca®.

Let us denote with Run(A) the set of infinite runs of A and AccRun(A) the set of
accepting runs of A.

The class of languages that are accepted by NBA coincides with the class of w-regular
languages.

Proposition 2.3.5 ([Biic62l]). Let X be an alphabet. For any language L C ¥*, L is w-
regular iff there is a Biichi automaton A over X such that L = L(A).

Many decision problems regarding non-terminating reactive systems can be solved
using an automata-theoretic approach. For example, the problem of checking whether the
behaviour of a reactive system complies to some specification is typically modeled as the
inclusion problem between two NBA in which one represents the system and the other
one represents the specification [VW86, [Var96]]. Unfortunately, the same as in the case of
finite automata, solving language inclusion between two NBA is expensive. We need to
perform complementation for one of the input automata.

Complementation of NBA

Given an NBA A over X, we can construct an NBA A that recognises the complement of
L(A). In general, the automaton A is also exponentially larger than A [Biic62, SVW87.
We will show the complementation procedure for NBA that uses Ramsey’s theorem from
the combinatorics area [Ram30]]. The reason is because in Chapter[d, we will use a similar
approach to show decidability of a special case of buffered simulation.

ap...ay

First let us denote with gy — ¢, if there exists a finite run goa;q;...q, in A

aj...a,

and write go —> g, if such a run goes through an accepting state, i.e. there exists
F
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i € {1,...,n} such that g; € F. We say that two finite words u, v € X* are equivalent
if they behave the same in the automaton A.

Definition 2.3.6 ([Biic62]). Given an NBA A = (Q, %, E, q;, F), two words u,v € X* are
equivalent and we write u = v, if for every p,q € O,

e p—5 qiff p— ¢, and
o p—5yqiff p-5q.
F F

For any word u € X*, we denote by [u] the equivalence class of u, i.e. [u] ={w e X |w =
u}, and with £*/~, the set of all equivalence classes induced by ~.

Example 2.3.7. Consider the following NBA A over X = {a, b, c}.

—@)-A@I> b.c

We have ab =~ ac since by reading ab or ac, we can go from state gq; to ¢g,. We also
see an accepting state whenever we form such paths. In fact, every finite word that is
started with a and followed by finitely many b or c is equivalent to ab and ac. We have
[ab] = [ac] = a(b U ¢)".

For any NBA A and a word u € X7, let us define the transition profile of u as a labeled
graph G = (V, E, f) where the nodes are V = Q7, the edges are E = {(p,q) € Q' x 07|
p—% g}, and for any edge (p, q), the labeling is f(p,q) = 1if p—5q and f(p,q) = 0

F

otherwise.

Example 2.3.8. Consider the NBA A over £ = {a, b, c} from Example Let u; =
ab, u, = bc, and us; = aa. The following are the transition profiles of u,u,, and us,
respectively.

@ @1

Intuitively, the edge in the transition profile of u represents the path that can be formed
by reading u in A and the label tells us whether the path sees a final state or not. Hence for
any two equivalent words u ~ u’, their transition profiles are the same. Any equivalence
class in X¥*/~ is indeed uniquely determined by a transition profile. We can also say that
G, is a transition profile of the class [u] instead of the word u. Moreover, since there are
at most 3" different transition profiles, we have the following proposition.

Proposition 2.3.9. For any NBA A, [*/~| < 3",

Let A be some NBA and [u] in £*/~. We can construct a DFA ‘A’ that recognises [u]
[SVWZS/]]. The technique is similar to the subset construction, but in an extended way.
Suppose Q7 = {q1,...,q,} are the set of states in A. A state in the DFA A’ then is of
the form (P, ..., P,) where P; C Q"' x {0, 1} for all i € {1,...,n}. We remember n-tuples
of sets instead of a single set because we need to capture information about runs that can
start from any state in ‘A. Each component Py, ..., P, in the state of A’ simulates runs
that are started from ¢y, . . ., g, respectively. We then remember whether each run has seen
an accepting state by using O or 1. A run in A’ then is accepting if it represents runs that
start and end in the corresponding state according to the transition profile of [u].
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Proposition 2.3.10 ([SVWS8T7]). Let A be an NBA with n states. For any [u] € X/~, there
is a DFA A’ where |A'| < 4" such that L(A') = [u].

For any infinite word w € X¢, there are two equivalence classes [u], [v] € X"/~ such
that w € [u] - [v] [Bilic62]. We can even find such a proper pair of equivalence classes,
that is, the one that satisfies [uv] = [«] and [vv] = [v] [FV10]. We can show this by using
the well-known Ramsey’s theorem from the combinatorics area. For notational purpose,
let us denote with [[S]]?, the set of all subsets of § with cardinality 2, i.e.

[[S11P = {{i, j}li,jeS,i#j})
We can state Ramsey’s theorem as follows.

Proposition 2.3.11 ([Ram30, Ros81l|). Let (P, ..., P,) be a partition of [[N]]>. There is
an infinite set X CNand i € {1, ...,n} such that [X]* C P..

Intuitively, this proposition says that if we have a complete graph, in which the nodes
are natural numbers, and we color every edge with some number between 1 to n, then
there must be a subgraph over infinitely many nodes where all of its edges have the same
color. We can use this proposition to show the following characterisation of infinite words.

Proposition 2.3.12 ([Biic62]). For every NBA A over £ and w € ¥ there is a proper pair
of equivalence classes [u], [v] € /= such that w € [u] - [v]“.

Proof. Let w = aja, ... Together with the relation =, the word w defines a partition of
[[N]]%. Let =*/~ = {[u;], ..., [u,]} and

Pe={{i,j}li<janda;...a; € [ul},

for k € {1,...,n}. Hence P, contains any pair of i, j where a;...a;_; € [u]. Since any
word a; . ..aj_; belongs to one of [u;],...,[u,] and [u;],. .., [u,] are disjoint, (P, ..., P,)
is a partition of [[N]]%.

By Proposition 2.3.11] there is an infinite set X C N and an equivalence class [v] €
2"/~ such that for all i, j € X, we have a;...a;_; € [v]. Let iy, i,,... be the infinite
increasing sequence in X. Hence the word w is of the form wow;w, ... where w;, =
a; Q41 - - - 4, for k > 0. Let [u] be the equivalence class of wow,. Since wy, ws, ... € [v],
we have w € [u] - [v]“.

To show that the pair [u], [v] is proper, first note that u ~ wyw; and v  w,. Hence
uv = wowiwsy. Since w; ~ wiw, and wow; ~ u, we have uv ~ u. Thus [uv] = [u].
Moreover, note also that w; =~ v, w, = v, and wyw, = v. This nonetheless implies that
vv = v. Thus [vw] = [v]. |

Moreover, if we consider a pair of equivalence classes [u], [v] € £*/~, either the w-
language [u]-[v]“ is included in L(A) or included in the complement of L(A). To illustrate
this, suppose we have a word w € [u] - [v]“. Hence w = wow; ... where wy € [u] and
wi, Wa, ... € [v]. If w € L(A) then there are py, py, ... such that

wo wi
pPo—>pP1r—pP2...

and infinitely many i such that p; =5 p;,;. Now let w’ € [u] - [v]“ be an arbitrary word.
F

We have w' = wyw/ ... where w € [u] and w|,w), ... € [v]. Moreover, since w; ~ w; for
all i > 0, we have

7 ,

o Wi
Po—p1r—>p2...
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and there exist infinitely many i such that p; — p;;;. Thus w’ is also accepted by A.
F

Since w’ is arbitrary, this shows [u] - [v]” C L(A). In the case of w ¢ L(A), we have
[u] - [v]¥ C L(A). Since otherwise, there is a word w” € [u] - [v]¥, but w”’ € L(A). We
have shown that this would imply w € L(A), and contradicts our initial assumption.

Proposition 2.3.13 ([Biic62]). For any [u],[v] € X*/~,
o if[u] - [v]® N L(A) # 0 then [u] - [v]® C L(A).
o if[u] - vl N L(A) # 0 then [u] - [v]” C L(A).

We can construct an NBA that recognises the complement of the language of A as
follows. Suppose X*/~ = {[u;],...,[u,]}. Let A;,..., A, be the corresponding finite
automata that recognise [u], ..., [u,] respectively. By Proposition [2.3.10] each of the
automata at most has 4" states. Now for each [u;], [u;] € X*/~ in which the intersection
of [u;] - [u;]“ with L(A) is empty, we construct an NBA A;; that recognises [u;] - [u;]¢
from A; and A;. We then construct the NBA A that recognises the complement of L(A)
by taking the union of all such NBA.

Proposition 2.3.14 (ISVW87]). For any NBA A, there is an NBA A of size O16) such
that L(A) = L(A).

This upper bound, however, is not the optimal one. In the literature, there is a more
involved procedure that constructs the complement of an NBA ‘A with the blow-up of
0((0.76 - | AN [Sch09] which is known to be the optimal one [Yan08]. Nevertheless,
we cannot avoid the exponential blow-up when complementing an NBA [Sat88, HL11].

Language Inclusion of NBA

As in the case of finite automata, checking language inclusion L(A) C L(B) between
two NBA A, B is also PSPACE-complete. We have to check whether the intersection of
the language of A and the complement of the language of B is empty. The NBA that
recognises L(A) N L(B) is exponentially larger than 8. However, checking emptiness
for an NBA is NLOGSPACE-complete. We can check with a depth-first-search whether
there is a final state p that is reachable from the initial state and reachable from itself. This
yields an NPSPACE procedure and by Savitch’s theorem [Sav’/0], solving such a problem
is also in PSPACE.

Checking language inclusion between two NBA is also PSPACE-hard. We can lift the
hardness of solving language inclusion problem between the NFA.

Proposition 2.3.15 ([Biic62, SVW&T)). For any two NBA ‘A, B, deciding L(A) C L(B) is
PSPACE-complete.

Other w-Regular Automata

Besides Biichi automata, there are also other w-automata that coincide with the w-regular
languages such as generalised Biichi automata (GNBA) and parity automata [[Tho90].
Their definitions do not differ significantly from Biichi automata. The only difference is
in the last component that defines the acceptance of a run. Before we give their definition,
first for any infinite sequence aa; ... where aj, a,, ... € S, let us denote with inf(a1a; . . .)
the set of elements of S that infinitely occur in a;a, . . ..
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e In a GNBA, instead of a set of final states F C Q, the acceptance is defined with
respect to a set of sets of states {Fy,..., F,} C 22 We say thatarunr = qoa;qia; . . .
is accepting iff for each i € {1,...,n}, there is a state g € F; that is seen infinitely
often in r, i.e. inf(qoq; ...) N F; # 0.

e In a parity automaton, the acceptance is defined with respect to a priority function
Q : Q — N that assigns a priority to each state. We say that a run r = gpa;qa; . ..
is accepting iff the highest priority that is seen infinitely often in r is even, i.e.
max(inf(Q(go)Q(g1) . . .)) is even.

These are w-automata other than Biichi automata that we will consider in this work. Note
that Biichi automata can be seen as a special case of GNBA and parity automata. A Biichi
automaton A with the set of final states F can be seen as a parity automaton with a priority
function Q : Q — {1,2} where Q(q) = 2ifg € F and 1if g ¢ F, and as a GNBA with
acceptance {F'}.

We can also translate both GNBA and parity automata to Biichi automata. For any
GNBA A with acceptance {Fy,..., F,}, we can construct an NBA A’ that is obtained
from A by additionally having a counter ¢ € {1,...,n, T} in its state space. The counter
is used to remember whether we have seen at least one state from F,...,F,. Once we
have seen all of them then we reset the counter. In the automaton A’, the states where we
reset the counter are considered to be accepting. Hence an accepting run in the NBA A’
simulates the one in GNBA A.

Proposition 2.3.16 ([Tho90l]). For any GNBA A with n states, there is an NBA A’ of size
O(n?) such that L(A) = L(A).

For a parity automaton A with priority O, 1, ..., n, we can construct an NBA A’ that
guesses the maximal priority that will be seen infinitely often. Intuitively, the automaton
A’ consists of the original states from A and [ 5] + 1 copies of A, namely Ay, ..., Az,
that are reachable from the original states of A. Each A; contains states with priority
at most i and the states in A; with priority i are considered to be accepting. Hence to
simulate an accepting run p of A in which i is the maximal priority that is seen infinitely
often, we first go through the states in the original copy of A. Since after some k steps,
we will never visit a state with priority more than i, then after k steps, we move to A; and
simulate p from there. Such a run is accepting in A’. We can simulate any accepting run
in the parity automaton A in the NBA A'".

Proposition 2.3.17 ([Tho90]). For any parity automaton A with n states and m priorities,
there is an NBA A’ of size O(nm) such that L(A) = L(A’).

Proposition and Proposition show that we can polynomially translate
GNBA and parity automata to Biichi automata. Hence the inclusion problem between
GNBA or parity automata can be reduced to the one between Biichi automata. Deciding
language inclusion between such automata is in PSPACE. It is also PSPACE-hard since
Biichi automata are a special case of GNBA and parity automata.

Proposition 2.3.18 ([IMS73])). For any two GNBA or parity automata A, B, the problem
of deciding whether L(A) C L(B) is PSPACE-complete.

Through out this work, we will mostly consider Biichi automata. However in some
part of this work, we will consider language inclusion between GNBA and parity au-
tomata.
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2.4 Infinite Games

An infinite two-player game is a mathematical framework that models the ongoing inter-
action between two agents that possibly lasts in infinite duration. An infinite two-player
game or just game is basically composed of two components: a configuration graph and
a winning condition. A configuration graph is the arena where the game takes place and a
winning condition is the component that determines the winner of the game.

In its formal definition, a game is a tuple G = (G, vy, Win) where G = (V, V, V1, E) is
a configuration graph, (V, E) is a finite or infinite directed graph, (Vy, V) is a partition of
V into nodes that belong to player 0 and player 1, v, is the starting node, and Win is the
winning condition. The game is played by two players, usually called player O (female)
and player 1 (male). Intuitively, a play proceeds as follows. Initially, a pebble is placed in
the starting node. In each round, if the pebble is in the node of player i € {0, 1} then player
i moves the pebble one step to some successor node. If he or she cannot do so then the
opponent wins. Otherwise we proceed to the next round. Hence either eventually one of
the players gets stuck, and in this case the opponent wins, or the play goes on for infinitely
many rounds and both of the players form an infinite path in the configuration graph. We
formally call such a path a play. The set of plays in G is denoted by Play(G), or simply
Play, and it consists of all infinite words 7 = vyv; ... € V¥ such that (v;, v;;;) € E for all
i > 0. We determine whether player O wins the play 7 by looking at the winning condition
Win. In general, the winning condition Win is a subset of Play. Player O wins an infinite
play 7 iff wis in Win.

We can also consider some well-known w-regular conditions to define the winning
condition of a game. For example, we can consider Biichi or parity conditions that are
explicitly defined in the previous section. With a Biichi condition, Winis a set F C V, and
player O wins the play 7 = vyv; ... iff there exist infinitely many i such that v; € F. With
parity condition, Win is a priority function Q : V — N that assigns a priority to each node
and player O wins the play 7 = vyv; ... iff the maximum priority that is seen infinitely
often in r is even.

We say that a player wins the game G if no matter how the opponent plays, he or she
can win the play in G. One often uses the notion of strategy in order to formally define
this. A strategy of player i € {0, 1} is a partial function o; : V* - V; — V such that for
every finite play r = vy ...v,, we have (v,, o(r)) € E. Intuitively, a strategy o; tells player
i where to move the pebble. We say a play vyv; ... is played according to o; if for every
J € N, whenever v; € V;, we have oi(vy...v;) = vji. A strategy o; of player i is called
winning if player i wins any play x that is played according to o;. If a player has a winning
strategy then he or she wins the game G.

Example 2.4.1. Consider a parity game G = ((V, Vo, V1, E), vy, ) where the game graph
is depicted as follows.

o D )

We denote the nodes that belong to player 0 by circle and the ones that belong to player 1
by square. Consider a priority function Q : V — {0, 1, 2} where Q(v;) = i. Player 1 wins
the game G since he has a winning strategy o, where for every finite play r, o (rvo) = v;.
In other words, whenever the pebble arrives in vy, player 1 moves it to v;. No matter how
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player O plays, we always obtain a play in which the highest priority that is seen infinitely
often is 1. Thus player 1 wins the game G.

The winning strategy for Player 1 that we have given in Example [2.4.1]is of a special
kind. Player 1 basically decides where to move the pebble based only on the current
position of the pebble and not from the history of the play. Such a strategy is called
memoryless. Formally, a strategy o; for player i € {0, 1} is called memoryless if for any
v € V; and two finite plays that end in v, i.e. r = vov...v and ' = vyv|...v, we have
oi(r) = o(r').

There is a nice result regarding the determinacy of parity games. Parity games are
memoryless-determined [EJ91]. Determined means that either player O or player 1 wins
the game, and memoryless means that the player that wins has a memoryless winning
strategy. Furthermore, in the case where the parity game is played on a finite graph, the
problem of deciding the winner of a parity game can be solved in time polynomially in its
size and exponentially in the number of priorities [JurOQ].

In this work, we will mostly consider parity games with three priorities O, 1, and 2.
Such a parity game G with |V| many nodes and |E| many edges can be solved in time

O(VI - |E).

Proposition 2.4.2 ([JurOQ)). Let G = ((V, Vo, V1, E), vy, Q) be a parity game with priorities
0, 1, and 2. The problem of deciding whether player 0 wins G can be done in time
O(IV| - |E]).

Throughout this work, we will frequently refer to this proposition. We will often
reduce some decidability questions of buffered simulation to the problem of deciding the
winner of a parity game with priorities 0, 1, and 2.

2.5 Simulation

Originally, simulation was introduced as a pre-order relation between states in a labeled
transition system [Mil71]. Recall that a labeled transition system (LTS) is a labeled di-
rected graph L = (S, 1, Act,—) where § is a set of states, / C § is a set of initial states,
Act is a set of actions, and —» C § X Act X S is an edge relation. We write s — ¢ if

(s,a, s") € —. Intuitively, simulation relates two states s, s" in an LTS if s can mimic all
stepwise behaviour of s. For an LTS L = (S, 1, Act, =), let R C S X S be a binary relation
such that for any pair (s1, s2) € R, action a € Act, and state s;” € S, if 51 = 51’ then there
is s, € S such that s, = s,” and (s}, 55) € R. Simulation then is defined as the greatest
such relation R.

Example 2.5.1. Consider the following LTS L = (S, 1, Act, —») where S = {sy, 52, 53},

I = {s,}, Act = {a, b}, and the relation — is illustrated as follows.

o@CEo

N
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In this case, the simulation relation is R = {(sy, 1), (51, $3), (82, 52), (53, 1), (53, $3)}.

There is a simple game characterisation to check whether a state s” simulates a state s.
The game is played between two players called SpoiLEr (male) and DupLicaTor (female).
Initially, two pebbles, owned by SporLer and DupLicaToRr, are placed each in s and s’,
respectively. In every round, SpoiLER moves his pebble one step by reading an action
and DupLicATOR tries to mimic this by moving her pebble one step and reading the same
action. This then continues round by round. If one of the players eventually gets stuck
then we declare the opponent to be the winner. Otherwise, the play goes on infinitely
many rounds, and in this case DupLicaToR wins. It is not hard to see that the state s’
simulates s, i.e. (s, s") € R, iff DupLicATOR Wins the simulation game.

The notion of simulation can be adapted to relate the states of an automaton. We
can extend the notion of simulation and use it for quotienting automata [BGO03|, (GBS02,
EWSO01]], approximating language inclusion [DHWT92| [FW05, ABH*08]], pruning tran-
sitions [ACC™11, IACC™10], and improving existing decision procedures on NBA like
the Ramsey-based one [FVQ9] or the antichain algorithm for inclusion and universality
checking [DRO9].

In this work, we will consider simulation for approximating language inclusion be-
tween two NBA A and 8. We check whether the initial state of B simulates the one
of A. We will consider the simulation game where SpoiLER’s and DupLIcATOR’s pebbles
are initially placed in the initial state of A and B, respectively. The players then move
their pebbles alternatingly as we have described before. However in this case, if we ob-
tain an infinite play, DupLicATOR does not immediately win. The winning condition for
DupLicaTor is also defined with respect to the acceptance of A and B. There are several
possibilities to define this.

e If we consider the direct winning condition as in [DHWT92]], DupLicaTor wins iff
for each round i > 0, whenever SpOILER visits an accepting state in A then she also
visits an accepting state 5.

o [f we consider the delay winning condition as in [EWSO01], DupLicaTor wins iff for
each round i > 0, whenever SPoILER visits an accepting state in A, DUPLICATOR also
visits an accepting state in $ in some round i’ > i.

o If we consider the fair winning condition as in [HKRO2]], DupLicaTor wins iff when-
ever SPOILER Visits an accepting state in A infinitely often, DupLIcATOR also visits an
accepting state in 8 infinitely often.

Note that if DupLicaTor wins with the direct winning condition then she also wins with
the delay winning condition. Furthermore, if DupLicaTorR wins with the delay winning
condition then she also wins with the fair winning condition. The converses of these two
properties however do not hold.

Example 2.5.2. Consider the following two NBA A, 8.

In this case, DupLicaTOR can play such that the play goes on for infinitely many rounds.
Note that if we consider the direct winning condition, DupLIcATOR loses the simulation
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game. In the first round, SPoiLER moves his pebble to an accepting state, but DupLICATOR
does not. Hence DupLicaTor loses. However, if we consider the delay winning condition
then DupLicaTorR Wins. In the second round, DupLicaTOR moves her pebble to an accepting
state, and after this round, SPOILER never visits an accepting state anymore. Moreover, if
we consider the fair winning condition, DupLicaTOR also wins since SPOILER does not visit
an accepting state infinitely often.

If we swap the automata, that is, SPOILER now controls the pebble in B and DupLicaTOR
in A, then DupLIcATOR loses if we consider the direct and delay winning conditions. This
is because SPOILER sees an accepting state in the second round, but started from this round,
DupLicator does not see any accepting state. DupLicaTor however still wins the simulation
game if we consider the fair winning condition since SpoILER does not see an accepting
state infinitely often.

Simulation with the direct, delay, or fair winning conditions can be used to approxi-
mate language inclusion, in the sense that, language inclusion holds if DupLicaTOR wins
the simulation game. However, simulation with the fair winning condition provides a bet-
ter approximation. There might be a case where language inclusion holds and DupLicATOR
loses the simulation game with the direct or delay winning condition, but wins with the
fair winning condition.

Example 2.5.3. Consider again the NBA A, B in Example We have L(A) =
L(B) = 0, and hence we have language inclusion L(B) C L(A). In the game where
SpoiLER controls the pebble in 8 and DupLicaTor in A, we have seen that DupLicATOR
loses if we consider direct or delay condition, but wins with the fair condition.

The direct and delay winning conditions are simply too strong for approximating lan-
guage inclusion. Through out this work we will only consider simulation with the fair
winning condition. We formally define the simulation game that we will refer throughout
this work in the framework of two-player game as in Section [2.4}

Definition 2.5.4 ((HKRO02]]). Let A, B be two NBA over X. The (fair) simulation game
is G(A,B) = (V,Vy, V1, E), vy, Win) where V = V,; U Vi, SpoiLER’s and DUPLICATOR’S
configurations are respectively

Vi= 0" x 0% x {8},
Vo= 0" xZx Q% x (D},
the edge relation E is defined as
(r.4.S) = (p',a,q,D)in E iff p—p,
(p,a,q,D) — (p,q’,S)in E iff q9->q,

the initial configuration is vy = (po, o, S) where py, qq is the pair of the initial states of
A, B, and an infinite play vovyv ... € Win iff either there exist infinitely many i such that
v; = (p,q,S) with ¢ € F® or there are only finitely many i such that v; = (p, ¢, D) with
p € F'. We write A C B if DupLIcaTOR Wins G(A, B).

If DupLicaTor wins the simulation game G(A, B) then we have language inclusion
L(A) € L(B). Every accepting word that can be produced by SpoiLER in A can be mim-
icked by DupLicaTor in 8. We formally show this as follows.
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Proposition 2.5.5. If AC B then L(A) C L(B).

Proof. Suppose DupLicator wins G(A, B). Let w = a1a, ... € L(A) be some arbitrary
accepting word in A and p = ppa, p; ... an accepting run over w in A. Consider the game
G (A, B) where SpoiLER plays p and DupLicaTor plays according to the winning strategy.
Suppose we obtain a play vjvv|... in G(A,B). Hence vj = (po,qo,S) is the initial
configuration of G(A, B) and for all i > 0, we have v; = (p;, a;,qi-1,D) and v} = (p;, i, S)
where g;_1, g; € QF. The state g is the initial state of B and by definition of the edge
relation in G(A, B), we have

qO—al—)ql—az—)qz... (21)
Moreover, since DupLicaTor wins the play vjv,v] ..., there are infinitely many i such that
gi € FB. Hence the run in (2.1)) is accepting and w € L(B). Since we consider an arbitrary
w, we have L(A) C L(B). O

The converse of this proposition, however, does not hold. We can simply construct
two NBA where language inclusion holds, but simulation does not.

Example 2.5.6. Consider again the following two NBA A (left) and B (right) over the
alphabet X = {a, b, c} that we have presented in Figure[I.1] For convenience, we present
them again as follows.

In this case, we have L(A) C L(B) and indeed L(A) = L(B). However, SPOILER wins
G(A, B) with the following winning strategy. Initially, he moves his pebble from p, to
p1 by reading a, i.e. he proceeds from the initial configuration (py, o, S) to (p1, a, qo, D).
DupLicaror then will move her pebble from g, to some g, where x € {b, ¢} and proceed to
the configuration (py, g., S). From such a configuration, SpoiLer reads x € {b, c} \ {x} by
moving his pebble from p; to pz. Hence we reach the configuration

(P% X, qx, D). 2.2)

Such a configuration does not have a valid successor since from the state g, there is no
x-transition. Hence DupLicaTor gets stuck in the second round and loses the simulation
game G(A, B).

The simulation game that is defined in Definition can be seen as a parity game.
DupLicaror corresponds to player 0 and SpoILer to player 1. It is not hard to see that the
winning condition of the simulation game can be expressed as a parity condition.

Proposition 2.5.7. For any two NBA A, B over Z, there is a parity game G with priorities
0, 1, and 2 where the numbers of nodes and edges are respectively

IVl =0(Al - 18] - IZ)),
E| = O(AP - 18I - [Z])

such that DupLicaTOR wins G(A, B) iff player 0 wins the parity game G.
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Proof. Let G = (V,V,, V1, E) be the configuration graph of G(A, B) and v, the initial
configuration of G(A, B). Consider the parity game G = (G, vy, 2) where Q is a priority
function that mimics the winning condition of DupLicATOR in the game G(A, B), i.e.

2, ifv=(p,q,S)andqge F?
Qv) =11, ifv=(p,a,q,D)and p € FA
0, otherwise.

Suppose DupLicaTorR wins G(A, B). In the parity game G, player 0 plays according to the
winning strategy for DupLICATOR in G(A, B). Suppose we obtain a play 7 = vy, .... Since
DupLicaTor wins G(A, B), either there exist infinitely many 7 such that v; = (p, g, S) with
g € F® or there are only finitely many i such that v; = (p, a, g, D) with p € F*. In the first
case, the highest priority that is seen infinitely often is 2 and in the second case, it is 0.
Hence player 0 wins G. We can also show the other direction similarly.

The size of the constructed parity game G is the same as the size of the configuration
graph of G(A, B). It has at most |A| - |B| - (|Z| + 1) many nodes and |A|* - |B[* -|Z| many
edges. O

Since by Proposition [2.4.2] deciding the winner of a parity game with n nodes, m
edges, and priorities 0, 1, and 2 can be done in time O(nm), we have the following propo-
sition.

Proposition 2.5.8. For any two NBA ‘A, B, deciding AL B is in time O(A]® - |B® - [Z).

This shows that deciding simulation can be done in polynomial time. We have a
polynomial approximation for language inclusion. Such a cheap approximation, however,
comes at price. We have seen in Example [2.5.6] that simulation is too weak to show
language inclusion. There are even simple NBA A, B in which their language inclusion
cannot be shown by simulation. One reasonable question then is to ask whether we can
extend simulation such that it can capture more language inclusion. In the next section,
we give some extended simulations that are available in the literature.

2.6 Extended Simulations

One simple reason why the standard fair simulation fails to show language inclusion is
because DupLIcATOR’s power is very limited. DupLicATOR only sees the accepting run that is
formed by SpoILER in (A step by step, but has to guess the corresponding run in 8 correctly.
This is in contrast to language inclusion in which one can see the whole accepting run in
A and then decide whether there is a corresponding run in 8. Hence the typical extension
of simulation is to modify the game framework such that either DupLicaTor has more
power or SPOILER has less power.

2.6.1 Static Multi-Letter Simulation

In the static multi-letter simulation, the game framework is modified such that SpoiLEr
is weaker than in the standard fair simulation game. He is forced to read more than one
letter in each round. More precisely, in the static k-letter simulation, where k > 0, in each
round, SpoiLER moves the pebble k steps over some word a; . . . a; and DUPLICATOR ftries to
mimic this move by moving the pebble & steps over the same word. The winning condition
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Figure 2.2: NBA A, B in which AL, B.

is the same as in the standard fair simulation. DupLicaTOR Wins iff SPOILER eventually gets
stuck or whenever SporLER forms an accepting run, DupLIcATOR also forms an accepting
run.

Definition 2.6.1 ([HLL13]]). Let A, B be two NBA over X and k > 0. The static k-letter
simulation game is Qgtat(ﬂ, B) = (V,Vy, V1, E), vo, Win) where SpoiLEr’s and DupLIcA-
TOR’s configurations are respectively

Vi=Q"x 0f x{T, 1} x{S},
Vo= 0 x 2k x 08 x{T, 1} x{D},

V =V, U Vi, the edge relation E is defined as

T ifp-5p
(p,4:b,8) = (p',w,q,b',\D)inE iff p—>pandd = F
1 otherwise,

ifg—>¢q
(p,w,q,b,D) = (p,¢',b',S)inE iff g-—>q andb’ = F
1 otherwise,

the initial configuration is vy = (po, qo, L, S) where py, g is the pair of the initial states of
A, B, and an infinite play vyv; ... € Win iff either there exist infinitely many i such that
vi = (pi,qi, T, S) or there are only finitely many i such that v; = (p;, q;, T, D). We write

A E’état B if DUPLICATOR Wins Q’état(ﬂ, B).

Example 2.6.2. Consider again the two NBA A, B from Example We have A Eétat
B. In the first round of the game Qétat(ﬂ, B), initially SpoiLer will move his pebble two
steps from pg to some state p, where x € {b, c} by reading ax, i.e. he proceeds from the
initial configuration (py, qo, L, S) to (py,ax, qo, T, D). DupLicaTOR then responds to this
by moving her pebble from g to g, i.e. she proceeds to

(Px:qx: T, S). (2.3)

From such a configuration, after SpoiLer reads aa by looping in p, and proceeding to
(px» aa, qy, T,D), DupLIicATOR reads aa by looping in ¢, and proceeding back to (2.3).
DupLicaror repeats this procedure indefinitely. Hence DupLicaTOR visits an accepting state
infinitely often. She forms an accepting run. We obtain a play vyv; ... where there are
infinitely many i such that v; = (p, g, T, S). DupLIcATOR Wins the game Qétat(ﬂ, B).
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Example 2.6.3. Consider the two NBA (A, B in Figure We have A ;t_état B. SPOILER
wins the game Gg,. (A, B) with the following winning strategy. Initially, he reads aa and
hence the play proceeds from the initial configuration (py, €, g9, L, S) to (p,, aa, qo, L, D).
DuprLicator does not have any choice except to read aa by going to g, and reaching the
configuration (p,, ¢», L, S). From this configuration, SpoILER again reads aa and proceeds
to (p4,aa, q,, L, D). DupLIcATOR again does not have any choice except to read aa by going
to some state g, where x € {b, c}. The play then reaches the configuration (py, g, L, S).
In the next round, SpoiLEr reads Xa where X € {b, c} \{x} and proceeds to the configuration
(ps, Xa, gy, T,D). Such a configuration, however, does not have a valid successor since
there is no x-transition from ¢,. Hence in the third round, DupLicaTOR gets stuck and loses
the play. SpoiLER wins the game Gg,, (A, B).

Note that if k = 1, the static k-letter simulation game is equivalent to the standard fair
simulation game. SpoiLErR and DupLicaTOR only move one step in each round. DupLicATOR
wins GX(A, B) iff she wins the static k-letter simulation game ggm(ﬂ, B).

Proposition 2.6.4 (JHLL13]). Cg,, =C.

Similarly to the ordinary fair simulation, static k-letter simulation also approximates
language inclusion. If we have A E’état 8B for some k € N then we also have language
inclusion L(A) C L(B). The reason is also similar to the of the standard fair simula-
tion. Every accepted word that can be produced by SpoiLer in A can be mimicked by
DupLicator in B by playing according to the winning strategy in G§,. (A, B).

Proposition 2.6.5 ([HLL13l]). For any two NBA A, B, if there is k € N such that ‘A Egtat
B then L(A) C L(B).

Note that the reverse direction of this theorem does not hold. Similarly to ordinary
simulation, language inclusion does not imply static multi-letter simulation. There are
some cases in which language inclusion holds, but static k-letter simulation does not hold.

Corollary 2.6.6. There are two NBA A, B such that L(A) C L(B), but A ;t_létat B for all
k> 0.

Proof. Consider the following two NBA A, 8.
a b

We have L(A) C L(B), but A Z’état 8 for any k > 0. SPoILER has a winning strategy in the
game Q’état(ﬂ, B). He reads d* indefinitely by looping in p, until DupLICATOR moVes to g,
i.e. from any configuration (py, g, b,S) where ¢ # ¢, and b € {L, T}, SPoiLER proceeds
to (po,d~, g, T, D) by reading a*. However if DupLIcATOR eventually moves to ¢; then he
moves to py, i.e. from the configuration (py, g1, T, S), SPOILER proceeds to

(p19bk9 (]l,T» D) (2'4)

by reading b*.
Now suppose DupLicATOR never moves to ¢;. Hence she does not form an accepting
run. We obtain a play vjv,v|... where for all i > 0, v; = (po,a*, qo, T,D) and Vi =

(po» g0, L, S). Hence SpoiLer wins. However, if DupLicaTor eventually moves to g, then
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in the next round, the play proceeds to (2.4). Since there is no b-transition from ¢, such a
configuration does not have a valid successor. DupLicaTOR gets stuck and hence loses the
play. SpoiLer wins the game G§, (A, B) for all k > 0. O

We can also see the static k-letter simulation as a parity game similarly as in the case
of the fair simulation. We can consider the same priority function as in (3.6). However the
size of the configuration graph of Q’état(ﬂ, B) is slightly bigger than the one of G(A, B),
Recall from Deﬁnitionthat SporLEr’s and DupLIcATOR 'S configurations in Qgtat(ﬂ, B)
are of the form (p, q,b,S) and (p,w,q,b,D) where p € 0™, g € Q%, w € ¥, and b €
{1, T}. Hence there are 2 - |A| - |B| - (IZ|F + 1) many configurations. Moreover, the edges
in the configuration graph of Q’état(ﬂ, ®) are of the form

(p,q,b,S) = (p’,w,q,b",D) or
(p.w,q,b,D) > (p,q'.b",S).

where p,p’ € 07, ¢, ¢’ € Q%, w € ZX, and b, b’ € {1, T}. Hence the number of edges in
the corresponding parity game is at most 4 - |A|* - | B> -|Z|F.

Proposition 2.6.7 (([HLL13l]). For any two NBA A, B and k > 0, there is a parity game
G with priorities 0, 1, and 2 where the numbers of nodes and edges are

VI =0(Al - 18| - =),
E| = O(AP - 18I - (1Z1)

such that DUPLICATOR wins Qgtat(ﬂ, B) iff player 0 wins the parity game G.

By Proposition [2.4.2] since deciding the winner of a parity game with n nodes, m
edges, and priorities 0, 1, and 2 can be done in time O(nm), we have the following propo-
sition.

Proposition 2.6.8 ((HLL13]]). For any two NBA A, B over X, deciding whether A Egtat B
is in time O(|AL - |BP - [ZI%).

2.6.2 Dynamic Multi-Letter Simulation

Another extension of simulation game that is introduced in [HLL13] is the dynamic k-
letter simulation game. This simulation is also independently introduced in [CM13].
Intuitively the game proceeds as follows. In the beginning of each round i > 0, DupLICATOR
first chooses some ¢; < k. SpoiLER then moves his pebble ¢; steps by reading some word
w of length £; and DupLIcATOR tries to mimic this move by moving her pebble ¢; steps by
reading the same word w. The winning condition of the game does not differ from the
static multi-letter or the standard fair simulation. If one of the players gets stuck then the
opponent wins, otherwise DupLicaTorR wins iff whenever SpoiLEr forms an accepting run,
she also forms one. Note that the static k-letter simulation is indeed a special case of the
dynamic one where DupLicaTOR always chooses ¢; = k for each round.

Let us denote by X=f the set of finite words over X of length at most k. The game is
formally defined as follows.

Definition 2.6.9 ([CM13, HLL13]]). Let A, B be two NBA over £ and k > 0. The
dynamic k-letter simulation game is g’gyn(ﬂ, B)=((V,Vy, Vi, E), vy, Win) where SPOILER’S
and DupLIcATOR’S configurations are respectively

Vi=0"x 0% x{l,...,k} x{T, L} x{S},
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Vo= 0 x T x 0% x{T, 1} x {D},
V =V, U Vi, the edge relation E is defined as
wel, p%p, and

(P,q,f,b,S)%(p’,w,q,b’,D)inE iff . T lfp%)p/
1 otherwise,

qg—>q,{ <k, and

(pawaq’b,D)_)(p’qlag,b,as)inE lﬁ T lfql>q,
b’ = F
1 otherwise,

the initial configuration is vy = (po, €, g0, L, D) where py, qo is the pair of the initial states
of A, B, and an infinite play vyv; ... € Win iff either there exist infinitely many i such that
v = (pi, Wi, qi, T,S) or there are only finitely many i such that v; = (p;, ¢;, €;, T,D). We

. k . . k
write (A Cbyn B if DuPLICATOR wWins QDyn(.?l, B).

Example 2.6.10. Consider again the two NBA A, 8B in Figure We have A Eszn B.

DupLicaTorR wins the game Qszn (A, B) with the following winning strategy. Initially she
asks SpoILER to move the pebble two steps, i.e. she proceeds from the initial configuration
(po, €, q0, L, D) to (po, o, 2, L, S). SpoiLER then does not have any choice except to read aa
and reach the configuration (p,, aa, gy, L, D). From this configuration, DupLICATOR reads
aa, moves her pebble from ¢, to ¢,, and asks SpoiLER to move her pebble one step for
the next round, i.e. DupLIcATOR proceeds to (p», g2, 1, L, S). SPoILER again does not have
any choice except to read a and continue to the configuration (ps, a, g, L, D). DupLICATOR
reads a, moves her pebble from ¢, to g3, and asks SpoILER to move two steps for the next
round. She proceeds to (ps,g3,2,L,S). From this configuration, SpoiLErR might either
read ab or ac, i.e. he proceeds to some configuration (p,, ax, g3, T,D) where x € {b, c}.
DupLicaTor then responds to this by reading ax, moving her pebble from g3 to ¢,, and
asking SpoILER to move one step for the next round. She proceeds to

(Px, 4, 1, T, S). (2.5)

From this configuration, whenever SPoILER continues to (p,, a, g, T, D), DupLIcATOR pro-
ceeds back to (2.5). She repeats this procedure indefinitely. Hence DupLicator forms
an accepting run. We obtain a play vgv; ... in which there exist infinitely many i such
that v; = (p,q,¢, T,S). By definition, DupLicaTorR wins the play. She wins the game

2 (A B).

Similarly to static k-letter simulation, in the case where k = 1, dynamic k-letter sim-
ulation is equivalent to the fair simulation. DupLIcATOR Wins the game g’g,yn (A, B) iff she
wins the game G(A, B).

Proposition 2.6.11 ([CM 13|, HLL13l]). ElDyn =L.

It is not hard to see that if DupLicaTOR wins the static k-letter simulation game, she
also wins the dynamic k-letter simulation game. She simply chooses ¢; = k in every round
i > 0 and moves exactly as in the static k-letter simulation game.
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Proposition 2.6.12 ([HLLI3]). Forall k > 0, C,_, C E'Byn.

The other direction, however, does not hold. DupLicaTor might lose the static k-letter
simulation game even though she wins the dynamic one. Consider again the two NBA
A and B in Figure [2.2] We have seen in Example [2.6.10] that DupLicaTOR Wins the game

ZDyn(ﬂ, B). However, she loses the game ggm(ﬂ, B) as we have seen in Example [2.6.3

However, similarly to the static multi-letter simulation, dynamic multi-letter stmula-
tion also approximates language inclusion. If there exists k > 0 such that A EEYHB then
we have language inclusion L(A) € L(B). The reason is similar to the case of the fair
simulation and the static k-letter simulation. If DupLicATOR Wins g{gyn(ﬂ, B) for some
k > 0 then for every accepting word that can be produced by SpoiLEr in A, DupLICATOR

can mimic it in B by playing according to the winning strategy in Q’E)yn(&*’l, B).

Proposition 2.6.13 ([CM 13, HLL13]). For any two NBA A, B if there is k > 0 such that

ALE,, B then L(A) C L(B).

The approximation of language inclusion with dynamic k-letter simulation is not com-
plete. There are some cases in which language inclusion holds, but dynamic k-letter sim-
ulation does not hold for any k£ > 0. We can consider the same NBA ‘A, B as in the static
case.

Proposition 2.6.14. There are two NBA ‘A, B such that L(A) C L(B), but A ;t_]ijn B for
all k > 0.

Proof. Consider the two NBA A, B as in the proof of Proposition[2.6.6] We have L(A) C
L(8B), but A ;t_’l‘)yn B for any k > 0. In the game Q’lgyn(ﬂ, ), SPoILER Wins by considering a
similar winning strategy as in the proof of Proposition i.e. he reads a‘ for any length
¢ that is chosen by DupLicaTor. He reads a’ by looping in py until DUPLICATOR moves to g;.
Formally, from any configuration (py, g, ¢, b, S) where £ < kand b € {L, T}, if ¢ # ¢; then
SpoILER proceeds to (po,a’, g, T,D), and if g = g, then he proceeds to (p, b’, g1, T, S).
We can show similarly as in the proof of Proposition that SporLER wins G~ (A, B)

O

Dyn
by using such a strategy.

We can also see the dynamic k-letter simulation game as a parity game in the same way
as in the case of the static k-letter simulation. The size of the parity game that corresponds
to the dynamic k-letter simulation game is slightly bigger than the static one. Recall from
Definition that SporLER’s and DupLIcATOR’s configurations in g{gyn(ﬂ, B) are of the
forms (p,q,¢,b,S) and (p,w,q,b,D) where p € O, g € 0%, ¢ € {1,...,k}, w € ==k,
and b € {1, T}. Since [Z%F| = |Z!] + ... + [Z¥| = O(Z[**"), we will obtain a parity game
with 2 - |A| - |B| - (k + [Z[**1) nodes. Moreover, the edges in the configuration graph of

byn(A, B) are of the form

(p,q,t,b,S) > (p',w,q,b’,D) or
(p,w,q,b,D) = (p,q',(,b",S).

where p,p’ € 0%, q,q € O, we Xk te{l,...,k},and b,b’ € {L, T}. Hence the number
of edges in the corresponding parity game is at most 4k - |A* - |B|* - |[Z[F*1.

Proposition 2.6.15 ([HLL13l). For any two NBA A, B and k > 0, there is a parity game
G with priorities 0, 1, and 2 where the number of nodes and edges are respectively

IVl = O(Al- 18] - [ZI“),
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E| = O(AP - 18P - [2[)

k

such that DUPLICATOR wins QDyn

(A, B) iff player 0 wins the parity game G.

Since deciding the winner of a parity game with |V| many nodes, |E| many edges, and
priorities 0, 1, and 2 can be done in time O(|V| - |E|), we have the following proposition.

Proposition 2.6.16 ([CM 13, HLL13]). For any two NBA A, B over X and k € N, deciding

A E'E)yn B is in time O(|A]® - |B? - |Z|**2).

2.6.3 Multi-Pebble Simulation

Multi-pebble simulation is a bit different from the static and dynamic multi-letter simula-
tions. The players move alternatingly one step in each round as in the ordinary simulation
game. However in this case, DupLicaTor is allowed to control several pebbles [Ete02].
In the k-pebble simulation game, where k > 0, DupLicaTOR controls k pebbles. Initially,
SpoiLER’s pebble is placed in the initial state of A and all of DupLicaTOR’s pebbles are
placed in the initial state of 8. The play then proceeds as follows. In each round i > 0,
SpoiLER moves his pebble in A one step by reading some letter a. DupLicaTor chooses
some a-successors of the states which are currently occupied by her pebbles in 8. She
then moves her pebbles to the chosen successors by reading a. Note that there might be
a case where some of DupLIcATOR’s pebbles cannot be moved, e.g. suppose DupPLICATOR
controls 2 pebbles which are currently in the states g; and ¢, ¢; has an a-successor, but
q» does not. In such a case, DupLicaror drops the pebbles that cannot be moved, dupli-
cates the remaining ones so she has k pebbles again, and then moves them to the chosen
successors. DupLIcATOR wins an infinite play iff either SporLer’s pebble does not form an
accepting run or all of her pebbles that survive infinitely many rounds see some accepting
state infinitely often.

Let us denote by P.(S) the set of all subsets of S of size at most k. Hence if |S| = n
then |P<(S)| < (n + 1)*. The game is formally defined as follows.

Definition 2.6.17 ([Ete02]). Let A, B be two NBA over X and k > 0. The k-pebble sim-
ulation game 1is g’,;eb(fﬂ, B) = (V,Vy, Vi, E), vy, Win) where SporLER’s and DUPLICATOR’S
configurations are respectively

Vi = Qa X (P«(Q%)\ 0}) X P(Q®) x {S},
Vo= QaxZx (Pu4(Q%)\ {0}) x Pi(Q®) x {D},
V =V, U Vi, the edge relation E is defined as

(p,O,R,S) = (p/,a,Q,R,D)inE iff PPV

Yq' € Q' Aq € Q such that g - ¢’ and
(p,a,Q,R,D) —» (p,Q',R',S)in E iff R ={eQ\F?|3reR:r-% r}ifR +0,
R = Q\F?ifR =0,

the initial configuration is vy = (po, {go}, 0, S) where py, qo is the pair of the initial states
of A, B, and an infinite play vyv; ... € Win iff either there exist infinitely many i such that
v; = (p, Q,0,S) or there are only finitely many i such that v; = (p, Q, R, D) with p € F".

We write A E’,;eb B if DUPLICATOR Wins Q’,;eb(ﬂ, B).
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The first and the third components in the configuration tell us the position of SPOILER’S
and DupLicaTOR’s pebbles. Since DupLicaToR uses k many pebbles, instead of one state,
the third component is a set of at most kK many states. The third component is used to
define the winning condition of DupLicaTor. It remembers which pebbles that have not
seen an accepting state since the last reset. Each time DupLicaTorR moves her pebbles, we
also update this component. Once it becomes empty then we reset. We put back again
the current position of all DupLicaTor’s pebbles. Hence if we visit infinitely often config-
urations in which the third component is empty then all DupLicaTOR’s pebbles that survive
infinitely many rounds see an accepting state infinitely often. The second component in
DupLicator’s configuration is the letter that has been read by SpoiLEr and has to be read
by DupLicator, whereas the last component, as in the other simulation games we have
described before, tells us which player that has the next turn.

Example 2.6.18. Consider again the NBA A, B from Example We have A E,%eb B.
In the game Qﬁeb(ﬂ, 8), DupLicaTor has the following winning strategy. In the first round,
after SporLER moves his pebble from p, to p; by reading a, i.e. proceeds from the initial
configuration (po, {go}, 0, S) to (p1,a,{qo}, D, D), DupLIcATOR moves her two pebbles from
qo each to g, and g.. She proceeds to (p1,{qp, gc}, {gp, g}, S). In the second round, after
SpoiLEr moves his pebble from p; to some p, where x € {b, c}, by reading x, we reach
the configuration (p., X, {g», 4.}, {q», g}, D). DuPLICATOR then drops the pebble in gz where
x € {b, c} \ {x}, duplicates the one at g, once, and moves them to ¢, i.e. she continues to
(px14.}, 0,S). From this configuration, for the rest of the play, whenever SpoILER reads a
and proceeds to (p,, a, {q}, 0, D), DupLicaToR also reads a by moving her pebbles through
the loop in ¢, and proceeding back to (p,,{q’},0,S). All DupLicaTor pebbles form an
accepting run. We obtain a play vgv; ... in which there are infinitely many i such that
v=(p, 0,0,S). Hence DupLicaTOR Wins the play. She wins the game Qéeb(ﬂ, B).

Note that if k = 1 then it is not hard to see that the k-pebble game is equivalent to
the fair simulation game since DupLicATOR only controls one pebble. DupLicaTOR wins the
game Gp., (A, B) iff she wins G(A, B).

Proposition 2.6.19 ([Ete02]). Cp,

=L.
Intuitively, the multi-pebble game extends the fair simulation game by giving DupLI-
CATOR more power by controlling k many pebbles. Such a simulation also approximates

language inclusion in the same sense as the static and dynamic multi-letter simulations.

Proposition 2.6.20 ([Ete02]). For any two NBA A, B, if there is k > 0 such that ‘A E’,;eb
B then L(A) C L(B).

The reverse direction of this proposition, however, does not hold. Similarly to static
and dynamic multi-letter simulations, the approximation for language inclusion with multi-
pebble simulation is also not complete. There is an example of a language inclusion which
cannot be shown by multi-pebble simulation. We can even consider the same pair of NBA
as in the case of static and dynamic multi-letter simulations.

Corollary 2.6.21. There are two NBA A, B such that L(A) C L(B), but A ;I_’,;eb B for all
k> 0.

Proof. Consider again the two NBA A, B in the proof of Proposition We have
L(A) = L(B)but A ;I_’,;eb B for any k € N. In the game g’;,eb(ﬂ, B), SPoILER has a winning
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strategy as follows. She reads a indefinitely by looping in p, until DupLIcATOR moves all
her pebbles from the initial state to g;, i.e. from any configuration (py, Q, R, S) where
0O # {q1}, SpoiLER proceeds to (pg, a, O, R, D). However if DupLicaTOR eventually moves
all her pebbles to g; then SpoiLER moves to p; by reading b, i.e. from the configuration
(po,{q1},0,S), SporLER proceeds to

(p1.b.{q:},0,D). (2.6)

Now suppose DupLicaTor eventually moves all her pebbles from the initial state to g;.
In the next round, the play then proceeds to the configuration (2.6). Such a configuration
does not have a valid successor since there is no b-transition from g;. Hence DupLIcATOR
loses the play. In the case where DupLicaToR never moves all of her pebbles from the
initial state to ¢; then one of her pebbles, namely the one that is in gy, does not form
an accepting run. We obtain a play v(v,v| ... in which for all i > 0, v! = {po, Q;, R;, S},
0: € {q0,q1}, and gy € R;. Since R; # 0 for all i > 1, by definition, DupLICATOR loses the
play. SpoiLEr wins the game G, (A, B). O

We can see the multi-pebble simulation game Gp,, (A, B) as a parity game where
player 1 corresponds to SpoiLER and player O to DupLicaTor. It is not hard to see that the
winning condition of the multi-pebble simulation game can be expressed as a parity con-
dition. We can simply consider a parity game G that is played in the same configuration
graph as g’,;eb(ﬂ, $) with a priority function that assigns priority 2 to any configuration
(p, O,R,S) with R = 0, priority 1 to any configuration (p, a, Q, R, D) with p € F#, and
priority O to other configurations. In this way, a play in the parity game G is won by
player 0 iff it is won by DupLicaToR in the multi-pebble simulation game Gf,, (A, B).
Moreover, by the definition of Q',;eb(.?l, B), it is not hard to see that the configuration
graph of G§, (A, B) has at most |A| - (18] + 1)* - (=] + 1) nodes and | AP - (18] + D* - 3]
edges.

Proposition 2.6.22 ([Ete02]]). For any two NBA A, B and k € N, there is a parity game
G with priorities 0, 1, and 2 where the numbers of nodes and edges are respectively

VI = O(Al - 1B - [Z)),
E| = O(AP - 18" - [Z])

such that DUPLICATOR wins gﬁeb(ﬂ, B) iff player 0 wins the parity game G.

Since deciding the winner of such a parity game can be done in time linearly in the
products of the number of its nodes and edges, we have the following property.

Proposition 2.6.23 ([Ete02]). For any two NBA A, B over X, deciding &ZIEI,S,eb Bis in time
O( AP -|B* [Z).

2.6.4 Delay Simulation

Delay simulation is introduced in [HKT10] and it is a bit different than the other extended
simulations that have been mentioned before. SporLer and DupLicaTor do not play on two
automata, but on a regular language L C (X, XX,)“ with respect to a function f : N* — N*
called delay function. In every round i > 0, SpoiLER chooses some word w over X; of
length f(i) and DupLicaTOR chooses some letter from X,. The play goes on for infinitely
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many rounds and each of the players forms an infinite word. SporLErR forms an infinite
word over X; and DupLICATOR over X,. DupLicaTor wins the play iff the pair of the infinite
words that are formed by SpoiLEr and DupLicaTor is in the language L. The game is
formally defined as follows.

Definition 2.6.24 ([HKT10]). Let L C (£; X X;)“ be a regular language over X£; X ¥, and
f : N* — N*. The delay simulation game over the language L and delay function f
is Qéel(L) = ((V, Vo, V1, E), vy, Win) where SpoiLEr’s and DupLIcATOR’s configurations are
respectively

V, =N"x X, Ule} x {S}
Vo = N* x X} x {D},

V =V, U Vi, the edge relation E is defined as
(i,b,S) > (i,ay...a,,D)in E iff n=f()anda ...a, €X]
(i,w,D) - (i+1,b,S)in E iff bex,,
the initial configuration is vy = (1, €, S), and an infinite play
(1,€,S)(1,b,,D)(2,a; ...a,,S)(1,b,,D)...

is in Win iff (ay, by)(az, b,) ... € L. We say that L is solvable with f if DupPLICATOR wins
Ghe(L).

Example 2.6.25. Consider the language L over £ = {0, 1} X {0, 1} that is given by the
following NBA.

) (0, %)
O Op =

¢+, 1)

)
> e QOox

By * we mean any bit of {0,1}. Hence (a;,b1)(as,b;)... € X is in L iff by = a;s.
For any delay function f where f(1) > 3, the language L is solvable with f. DupLi-
CATOR has a winning strategy in the game Qéel(L). In the first round, SpoiLEr will choose
a word a;...az; € {0,1}, i.e. he proceeds from the initial configuration (1,€,S) to
(1,a; ...azq), D). Since f(1) > 3, DupLicaTor then responds to this by choosing the letter
as, 1.e. she proceeds to (1, a3, S). Furthermore, started from the second round, no matter
what SpoILErR does, DupLicaTOR simply extends her word with 0. From any configuration
(i,w,D) where i > 1, DupLicaTorR proceeds to (i + 1,0,S). In this way, SpoiLEr forms
aja, ... while DupLicaTOR forms a3;0“. Since the word (a;, as)(a,,0)(az,0)... is in the
language L, DupLicATOR Wins the play. She wins the game Q{;el(L).

In [HKT10], it is shown that if L is solvable with some arbitrary delay function f then
it is also solvable with a special kind of delay function f” in which f’(1) = d for some
constant d € N and f(i) = 1 for all i > 1. Such a special delay function is called constant
delay function. If the language L can be represented by a deterministic parity automaton
A and is solvable with some delay function f then it is also solvable with a constant
delay function where the constant is doubly exponential in the size of the automaton and
exponential in the number of priorities.
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Proposition 2.6.26 ([HKT10]). Given a language L C (£, X X,)* that can be represented
by a DPA with n states and m priorities, let d = 2>™"*'mn. The language L is solvable
with some f iff L is solvable with a constant delay function with constant d.

Therefore for any regular language L that can be represented by a DPA with n states
and m priorities, the problem of deciding whether there is a delay function f such that
DupLicaTor wins delay simulation Q‘éel(L) is decidable in doubly exponential time. The
following is the main result in [HKT10].

Proposition 2.6.27 ([HKT10]). For any w-regular language L C (X, X X,)“ that can be
represented by a DPA with n states and m priorities, deciding whether there exists a delay
function f such that L is solvable with f is decidable in 2EXPTIME.

Now one might wonder how delay simulation relates to the fair simulation game. A
fair simulation game is indeed a special case of delay simulation game. For any two NBA
A and B, we can reduce the game G(A, B) to a game Q{;el(L) where f is a constant delay
function with constant 1. The language L is defined over the pairs of transitions of ‘A and
B such that (e, €})(es, €}) ... € L iff either eje, ... does not express a valid run in A, it
expresses a valid run in A but not accepting, or it expresses a valid accepting run in A
but e}¢] ... expresses a valid accepting run in 8 over the same word. In the game Q’,;el(L),
SpoILER has to form a valid accepting run in (A since otherwise he loses, and DupLicATOR
has to mimic it in 8B stepwise by forming a corresponding accepting run. If DupLicATOR
fails to do so then the players form a word that is not in L, and she loses the play. We

show this formally as follows.

Lemma 2.6.28. For any two NBA A, BoverZ, let Lag C (EAXE®) such that ((po, a, 19}
(40, b1,4)) (p1, a2, ), (q1, a2, 4)) ... € (E* X E®)* is in L iff either

e p! # p;for somei> 0,

e pi=pjforalli>0and pya,p; ... ¢ AccRun(A), or

® g =q;, a; = b, foralli > 0and qob,q, ... € AccRun(8).
La g is solvable with a delay function with constant 1 iff AC B.

Proof. Suppose DupLicator wins the game G(A, B). Let f be a delay function with
constant 1, i.e. f(i) = 1 for all i € N. In the delay simulation game Q{;el(Lﬂg), Du-
PLICATOR plays as follows. Suppose in the beginning of round i + 1, SpoiLer and Du-
PLICATOR have formed the words (po, ai, p}) ... (pi-1,a;, p}) € (E™Y* and (qo0,b1,q)) ...
(qi-1,bi,q)) € (E®)*, and SpoiLer extends his word with (p;, a1, p),,) € E”. Hence we
reach the configuration (i+1, (p;, ajs1, p},,), D). In the case where there is j, 1 < j < i, such
that p. # p;, DupLicator simply extends her word by choosing some arbitrary transition
(q,b,q") € EB. Otherwise, we have py=pjforalll < j<iandr= poaipi...piaip;
is a valid run in A. In this case, DupLicATOR considers what she would do in G(A, B) if
SpoiLER has formed the run r and she has formed the run ' = gyb1q; . . . g;. If DupLICATOR
extends her run to ¢, by reading a;,; then in the game Qgel(Lﬂg), DupLIcATOR continues
by extending her word with (g/, a1, git1), i.€. she proceeds to (i + 2, (q’, ajs1,gi+1), S).
Now suppose SpoiLer and DupLicaTor have formed infinite words p = (po, ai, p})
(p1,az, p5)...and p" = (qo,b1,q))(q1,b2,q5) ... There are three cases: either p does
not correspond to a valid run, i.e. there is i > 0 such that p; # p;, p corresponds to a
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valid run but not accepting, i.e. p; = p; for all i € N, but poa;p; ... ¢ AccCRun(A), or
p corresponds to a valid and accepting run in A. In the first two cases, by definition of
L4 s, DupLicaTOR Wins. In the third case, since DupLicaTOR plays according to the wining
strategy in G(A, B), we have a; = b; for all i € N and gyb;q; ... is accepting. Hence
((po, a1, p)), (qo. b1, q7) ((p1,az2, py), (q1,b2,45)) ... is in Lz g. DupLICATOR also wins the
game géel(l{}[’g). We can also show similarly that DupLicaTor wins G(A, B) if she wins
the game Q‘éel(Lﬂg). O

Delay simulation can be used to approximate language inclusion. If there exists d € N
such that the language L # g 1s solvable with a delay function with constant d then language
inclusion holds.

Corollary 2.6.29. For any two NBA A, B over X if Lag is solvable with some delay
function with constant d then L(A) C L(B).

Proof. For any word w = aja... € L(A), let p = poa;p; ... be an accepting run
over win A. Let f be some delay function with constant d such that L4 g is solvable
with f. We then consider the game Q‘éel(Lﬂ,gg), assuming that SpoiLEr forms a word
(po,ai, p1)(p1,az, p2) . .. and DupLicaTOR plays according to the winning strategy. Since
DupLicaTor wins, she will form (go, ai, ¢1)(q1, a2, q2) - . . such that ((po, a1, p1), (g0, a1, q1))
((p1,a2, P2),(q1,a2,92)) ... € Lag. Since poa;p; ... 1s an accepting run in A, by defini-
tion of La g, qoa14q - .. 1s an accepting run in B. Hence w € L(8B). O

In the next chapter, we will introduce our notion of buffered simulation and compare
it with all the extended simulations that have been mentioned in this chapter. We will
further show the advantage and disadvantage of using the extended simulations when
approximating language inclusion in comparison to buffered simulation in Chapter [5]



Chapter 3

Buffered Simulation

In this chapter, we give the formal definition of buffered simulation which is the main
topic of this work. We will start with a simple case of buffered simulation where only one
buffer is involved. In such a case, buffered simulation is a simple extension of standard
fair simulation. It extends the game framework of the standard fair simulation such that
DupLicator can postpone her move and use the buffer to temporarily store letter that is
read by SpoiLER, before she executes it in her structure. We will consider some variants
of such a simulation game and show how they relate to the extended simulations that we
have listed in the previous chapter.

From the case of one buffer, we will consider its natural extension to the case where
multiple buffers are involved. DupLicaTOR can use several buffers to store SPoILER’s letters
in which each letter determines to which buffers it should be stored. We will show various
examples of buffered simulation with multiple buffers and also its expressive power.

3.1 Simulation with One Buffer

To illustrate buffered simulation with one buffer, consider a simulation game where a
FIFO buffer is available throughout the play. SpoiLer plays by moving his pebble one
step in each round as in the standard fair simulation, but DupLicaTOR is allowed to skip
her turn and use the buffer to store SpoiLer’s letter. For simplicity, let us assume that the
capacity of the buffer is k € N. This simply means that DupLicaTOR can only use the buffer
to store at most k many letters. Intuitively, a play proceeds as follows. In each round,
SpoiLER moves his pebble one step in (A by reading a letter, suppose a, and then pushes a
copy of a to the buffer. DupLicaTOR responds to this by either skipping her turn and doing
nothing, or popping some letters from the buffer, suppose ay, ..., a,, and then moving her
pebble in B, n steps, by reading a; . ..a,. After DupLicaTOR’s turn, the buffer should not
contain more than k many letters, otherwise DupLicaTOR loses immediately. The play then
proceeds to the next round.

The winning condition in the buffered simulation game is the same as in the standard
fair simulation game. DupLicator wins iff SpoiLEr eventually gets stuck or DupLICATOR
forms an accepting run whenever SpoiLEr forms one. We can formally define buffered
simulation with one buffer as follows.

Definition 3.1.1. Let A, 8B be two NBA over X and k € N. The buffered simulation game
with one buffer of capacity k is G*(A, B) = ((V, Vo, V1, E), vy, Win) where SpoILER’s and

41
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DupLicaTOR’s configurations are respectively

Vi = 0" x T x 08 x {T, 1} x {S},
Vo = O x T % 08 x (T, L} x {D},

V =V, U Vi, the edge relation E is defined as

a ’

(p,w,q,b,8) - (p',wa,q,b,D)yinE iff PP,

(p,w,q,b,D) = (p,w',q',b',S)in E iff FJu=a;...a, €X suchthatg—> ¢,
w=uw’, and
T ifu#teandg—>¢
F

b =
1 otherwise,

the initial configuration is vy = (po, €, qo, L, S) where py, qo is the pair of the initial states
of A, B and an infinite play vov, ... € Win iff there exist infinitely many i such that
vi = (p,w,q, T,D) or there are only finitely many i such that v; = (p,w, ¢,b,S) with
p € F?'. We write A CF B if DupLIcaTOR Wins GX(A, B).

In the configuration of G*(A, B), the first and the third components respectively rep-
resent the position of SporLER’s and DupLIicaTOR’s pebbles, the second one represents the
content of the buffer, the fourth one remembers whether DupLicaTOR has moved through
an accepting state, and the last one tells us which player has the next turn. It is not nec-
essary to remember whether SpoiLEr has moved through an accepting state since he only
moves one step in each round. We can simply determine this by looking at SPOILER’s
current state.

Note that we include the requirement where DupLicatror should obey the capacity
restriction by the definition of a valid configuration. SpoiLER’S configuration (p, w, g, b, S)
is only valid if [w| < k. Hence DupLicaTOR can only proceed to a configuration where the
buffer contains at most k many letters. If such a move is not possible then DupLicaTOR
gets stuck and loses the play immediately. However, since we only check the capacity
restriction after DupLICATOR’S move, the configuration (p, w, g, b, D) is valid if |w| < k + 1.
This intuitively means that SPoiLER can push one more letter to a “full” buffer and it is
DupLicator’s responsibility to shorten the buffer again. We illustrate this condition in the
following example.

Example 3.1.2. Consider again the two NBA A, B from Example[2.5.6] For convenience,
we present them again as follows.

We have A C! B since DupLicaTorR wins G'(A, B) with the following winning strategy.
After SPorLER proceeds from the initial configuration (py, €, o, L, S) to (p1, a, g9, L, D) by
reading a, DupLicaTor skips her turn. Hence at the end of the first round, we reach the con-
figuration (p, a, qo, L, S). SPOILER then continues to some configuration (p,, ax, go, L, D)
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Figure 3.1: NBA A;, B, in which A, ! By, but A, Z* B;.

by reading some x € {b,c}. DupLicaTOR responds to this by reading ax and proceeds
to (py, €, 4%, T,S), i.e. she pops ab or ac from the buffer by going to the accepting state
q, or g, respectively. From the configuration (p,, €, ¢, T,S), it is not hard to see that
DupLicaToR can continue accordingly and win the play.

In the game G*(A, B), the capacity constraint has to be satisfied only after DupLICA-
Tor’s turn. Hence it is also possible to consider buffered simulation where the capacity
of the buffer is 0. Intuitively, this just means that DupLicATOR has to pop the letter that is
pushed by SpoiLer immediately. In fact, buffered simulation with one buffer of capacity 0
is equivalent to the ordinary simulation. We formally show this as follows.

Theorem 3.1.3. C = Y.

Proof. Let A, B be two NBA and suppose DupLicaTorR wins G(A, B). In the game
G°(A, B), DupLicaTor plays as follows. In any round i > 0, if we are at some configura-
tion (p, a, g, b, D) then we look at what DupLicaTor would do in the game G(A, B) if she
is at the configuration (p, a, ¢, D). If she reads a by going to ¢’, i.e. proceeds to (p,q’, S),
then in G°(A, B), DupLicaTor does the same. She proceeds to (p,q’,b’,S) where b’ =
iff ¢ € F2. DupLicaTorR moves her pebble in the same way as in in G(A, B).

Let vov; ... be a play that is obtained in the game G°(A, B). Since DUPLICATOR wins
G(A, B), either there exist infinitely many i such that v; = (p;, g;, b;, D) with ¢; € F”, or
there are infinitely many i such that v; = (p;, a;, g;, b;, S) with ¢; € F? and hence b; = T.
Thus DupLIcATOR Wins the play vov; . ... She wins the game G°(A, B) if she wins G(A, B).
The other direction can also be shown similarly. O

In the buffered simulation game G*(A, B), DupLicaTorR has a preview of SPOILER’s
move. The bigger the buffer, the more preview DupLicaTOR can have. Actually, winning
is monotone in the amount of information available about the opponent’s future moves.
Whenever DupLicaTor wins the buffered simulation game G*(A, B), she also wins any
game GX (A, B) in which k' > k.

Theorem 3.14. C° ¢ C' ¢ C2...

Proof. For any k € N, we have ¥ C C**!. DupLicaTor can use the winning strategy in
G*(A, B) for the game G (A, B).

For the strictness part, consider the automata in Figure @ For all £k € N, DupLICATOR
wins the game G (Ay, By). Intuitively, she skips her turn until SPoILER’s pebble reaches
Pr+1- Hence we eventually reach the configuration (py1, a*', qo, L, S). SPoILER then will

read some x € {b,c} and proceed to the configuration (p,,a"*'x, gy, L, D). DupLICATOR
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responds to this by popping all the letters from the buffer and reaches the corresponding
accepting state, i.e. she proceeds to (p,, €, g, T, D). From such a configuration, DupLica-
TOR can play accordingly and win the play.

DupLIcATOR, however, loses the game GX( Ay, By). In GX(Ay, By), the winning strategy
for SpoILER is to initially move his pebble to p;,;. Since the capacity of the buffer is k,
in some round k£’ < k + 1, DupLicaTorR moves her pebble. At the end of round k + 1, we
reach some configuration (py.1,w,qi, L, S) where w € a* and 1 < i < 2k + 2. If i is odd
then SpoILER reads ¢ and proceeds to (p., wc, g;, L, D), otherwise he reads b and proceeds
to (py, wh, q;, L, D). Since from any state g;, if i is odd, there is no c-transition, and if 7 is
even, there is no b-transition, from such configurations, DupLicaTOR eventually gets stuck
and loses the play. O

It is also possible to consider buffered simulation in which the capacity of the buffer
is unbounded. This simply means that there is no bound on how many letters DupLICATOR
can store to the buffer. She can store as many letters as she wants. Let us denote such
a game with G“(A, B). The formal definition of G“(A, B) is basically the same as Def-
inition The only difference is in the definition of SpoiLEr’s and DupLicaToR’s valid
configurations. For the game G“(A, B), we have

V=07 x 2 x 08 x{T, L} x (S}, (3.1)
Vo= 0" %2 x 0% x{T, 1} x{D}. (3.2)
We write A C B if DupLicATOR Wins G“(A, B).

Example 3.1.5. Consider the following two NBA A and 8 that are obtained by slightly
modifying the automata from Example [3.1.2]

We have A C“ B since DupLicaTorR has a winning strategy in the game G“(A, B) as
follows. She skips her turns until SpoiLER moves the pebble to the accepting state p; or
D¢, 1.e. from any configuration

(p,w,qo,L,D) (3.3)

where w € X%, if p € {po, p1}, DupLICATOR proceeds to (p, w, qo, L, S).

If SporLER eventually reaches p;, or p., i.e. reaches the configuration (3.3)) with p = p,
and x € {b,c}, then DupLicaTOR moves her pebble from ¢, to g, or g, respectively, by
popping all the letters from the buffer. She proceeds to

(px, €, q;’ T’ S) (34)

From such a configuration, it is not hard to see that DupLicATOR can continue accordingly
and win the play.

In the case where SpoiLER never moves his pebble to p, or p. then he does not form
an accepting run. We obtain a play vovjv; ... in which for all i > 0, v = (po,w, g, b, D)
and py ¢ F'. In such a case, DupLIcATOR Wins the play. Hence DupLicATOR wins the game
G“ (A, B).
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Buffered simulation with an unbounded buffer includes the one with a bounded buffer.
If DupLicaTOR Wins G¥(A, B) for some k € N then she also wins G“(A, B) with the same
winning strategy. For all k € N, we have CF C C®. This inclusion however is strict. We
formally show this in the following proposition.

Proposition 3.1.6. Forany ke N, cF ¢ rCv.

Proof. For the strictness part, consider the two NBA A, B from Example 3.1.5] For any
k € N, SpoiLErR wins the game GX(A, B). The winning strategy is as follows. He loops in
po by reading a until DupLicATOR moves to g;, or g.. In other words, from any configuration
(po, W, qo, L, S) where w € a=F, SpoILER proceeds to (pg, wa, go, L, D). Since the capacity
of the buffer is bounded by £, there is a round k" < k + 1 where DupLicATOR leaves gy. The
play eventually reaches a configuration (pg, w’, g, L, S) where w’ € a=* and x € {b, ¢}, In
such a case, SPOILER continues to pz where x € {b, c} \ {x} by reading aX, i.e. he proceeds
to (p1,w'a,q., L,D) by reading a, and after DupLIcATOR continues to some configuration
(p1,w”,qx, L,S) by skipping her turn or popping some as from the buffer, he proceeds to

(peW'X,qx, L,S) (3.5)

by reading x.

From such a configuration, SPoILER continues by looping in ps for the rest of the play.
Since from g, there is no X-transition, DupLicaTor eventually will get stuck and lose the
play.

DupLicATOR loses the game G*(A, B) for all k € N. However, from Example 3.1.5] we
have seen that she wins G“(A, 8). Hence we have the desired property. O

Buffered simulation with an unbounded buffer does not characterise language inclu-
sion. There are cases in which DupLicator loses the buffered simulation game with an
unbounded buffer, but language inclusion holds.

Corollary 3.1.7. There are two NBA A, B such that L(A) C L(B), but ALY B.

Proof. Consider the pair of automata A’, $’ that are obtained from A, B from Example
[3.1.5|by considering all states to be accepting. Hence L(A’) = L(B') = a*-(a®U(bUc)-a®).
However, we have A’ Z“ B’. The winning strategy for SPoiLER in the game G“(A’, B')
is similar to the one that we have described in the proof of Proposition [3.1.6 Intuitively,
SpoILER loops in the initial state of A’ indefinitely until DupLicATOR leaves the initial state
of B’. If DupLicaTor eventually leaves the initial state then we can show similarly as in
the proof of Proposition [3.1.6| that she eventually gets stuck and lose the play. However,
if DupLIcATOR never leaves the initial state then she does not form an accepting run, but
SpoiLer forms one. We obtain a play vyv; ... in which there are only finitely many i such
that v; = (p,w, g, T,S), but there are infinitely many i such that v; = (p,w, g, b, D) with
p € F7. Hence SPoILER wins G“(A’, B'). ]

Any buffered simulation game G*(A, B) with k € N U {w}, can be seen as a parity
game. Player 1 corresponds to SpoiLErR and player O to DupLicaTor. It is not hard to see
that the winning condition of the buffered simulation game can be expressed as a parity
condition.

Theorem 3.1.8. For any two NBA A, B over ¥ and k € N U {w}, we can construct in
polynomial time a parity game G with priorities 0, 1, and 2 such that DUPLICATOR wins
G (A, B) iff player 0 wins the parity game G.
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Proof. Let G = (V,V,, V), E) be the configuration graph of GX(A, B) and v, the initial
configuration of G*(A, B). Consider the parity game G = (G, v, ) where Q is a priority
function that mimics the winning condition of DuPLICATOR in the game G*(A, B), i.e.

2 ifv=(p,wqT,S)
Qv)=1{1 ifv=(p,w,q,b,D)and p € F7 (3.6)
0 otherwise.

Suppose DupLicaTor wins GX(A, B). In the parity game G, player 0 plays according to the
winning strategy for DupLicaTOR in GX(A, B). Let 1 = vyv ... be a play that is obtained
in G. Since DupLicATOR wWins GF(A, B), either there exist infinitely many i such that v; =
(p,w,q, T,S) or there are only finitely many 7 such that v; = (p,w, g, T,D). In the first
case, the highest priority that is seen infinitely often is 2 and in the second one, it is 0.
Hence player O wins G. We can also show the other direction similarly. O

This shows that the buffered simulation game G*(A, B), k € N U {w}, can be seen as
a parity game by considering a priority function as in (3.6). Recall that in a parity game,
the winner always has a memoryless strategy. Thus the winner of G*(A, B), k € N U {w},
also has a memoryless winning strategy.

There is also a special kind of winning strategy for DupLicaTor if she ever wins a
buffered simulation game. If DupLicator wins the buffered simulation game G“(A, B)
for some k € N U {w}, she also has a winning strategy in which she only pops at most
one letter in each round. We can convert any winning strategy in the buffered simulation
game to such a special one. Intuitively, if the strategy tells DupLIcATOR to move her pebble
by popping several letters from the buffer then DupLicaTor remembers the path that she
should have taken and moves the pebble in the next rounds by popping the letters one by
one.

To formally show this, let g’(‘)n (A, B) be a variant of buffered simulation game where
in every round, DupLicATOR moves her pebble at most only one step. The formal definition
of ane(ﬂ, B) is basically the same as the one in Definition but with |u| < 1. We

. k . . k
write A T B if DupLicator wins G (A, B).

ko _ ok
Theorem 3.1.9. C, =C"

Proof. The left-to-right direction is trivial since if DupLICATOR wins Q’(‘)ne(ﬂ, $) then Du-
PLICATOR also wins G¥(A, B) by considering the same winning strategy.

For the other direction, suppose DupLicaTorR wins G¥(A, B). Let o be a memory-
less winning strategy for DupLicaTor in the game G*(A, B). In Gf, (A, B), from the
initial configuration, DupLicaTOR plays according to o until at one point the strategy
tells DupLicaTOR to pop n > 1 many letters, i.e. to proceed from some configuration

(p,a,...ay,q,b,D)to

(p»arHl ce Uy, Qn’ b’, 8)9 (37)
by taking some path ga,q; ... a,q,. In the game g’(‘)ne(ﬂ, ), DupLicATOR pops the letters
ai,...,a, one by one. Note that if during such moves, SpoiLER moves his pebble along

the path r = pa,,1p1 ... Guenpy then from the configuration (p, a, ... a,, q, b, D), the play
proceeds successively to the configurations:

(p’aZ .. -am,QI,blaS), (Pl,az e pt15 91 bla D)’ .. -’(pn’an+1 oo s Gk b/ﬁ D)’
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where b; = T iff ¢; € FB foralli € {1,...,k}. DupLicaToR then looks again what she
would do in GX(A, B) if from the configuration , SPOILER continues by moving the
pebble along the path . She then repeats this procedure indefinitely.

Let m = vyv; ... be the play that is obtained in the game Q’éne(ﬂ, $B). Since DupLIcA-
Tor forms the same run that she would have formed in G*(A, B) and she wins the game
GX(A, B), there exist infinitely many i such that v; = (p,w, g, T,D) or there are only
finitely many i such that v; = (p, w, g, b, D) with p € F'. Hence DupLIcATOR also wins the
play m. She wins the game g’éne(ﬂ, B). |

In the case where we consider a game with a bounded buffer, there is even a more
restricted winning strategy for DupLicaToR if she ever wins the buffered simulation game.
If DupLIcATOR Wins the game G*(A, B) in which k € N, there is a winning strategy where
DupLicaror skips her turn for the first k rounds and pops only one letter in each round for
the rest of the play. Note that if DupLicATOR plays according to such a strategy then after
the k-th round, the buffer is always full, i.e. it always contains k many letters at the end
of the round. In each round i > k, DupLicaTOR always forms a run that is k steps behind
SPOILER’S run.

We can convert any DuPLICATOR’S winning strategy in G*(A, B), where k € N, to such
a special one. Intuitively, if the strategy tells DupLicATOR to move her pebble in some
round i < k, DupLicaTOR remembers the path that she should have taken and only moves
the pebble after round k, step by step. To show this formally, let Gf (A, B), k € N, be a
restricted variant of buffered simulation where DupLicaTOR’S move is restricted such that
she has to skip her turn in the first k rounds and move the pebble one step in each round
for the rest of the play. The formal definition of Q’;u”(ﬂ, B) is the same as the one in
Definition but with Ju| = 0if [w| < k and |u| = 1 if |w| = k + 1. We write ACL, B
if DUPLICATOR wins g’,‘:u”(ﬂ, B). In the following, we show that the game g’,‘:u”(ﬂ, $) and
the original buffered simulation game G*(A, B) are indeed equivalent.

Theorem 3.1.10. C£ = C*.

Proof. The left-to-right direction is trivial. For the right-to-left direction, by Theorem
it suffices to show that E’éne C E’,f_u". Now suppose DuUPLICATOR Wins Q’éne(&z{, B).
The winning strategy for DupLICATOR in Q’;u”(ﬂ, B) is as follows. Initially, she skips her
turns for the first k rounds. Suppose in the first £ rounds, SpoiLER moves his pebble along
the run poa;p; ... prx and in round k + 1, he goes to py.; by reading a;,;. Hence in round

k + 1, we are in the configuration

(Pk+15a1 - - . A1, 90, L, D). (3.8)

DupLicaTor then looks at what she would do in Q’éne(ﬂ, ) if from the initial configura-
tion, SPOILER moves the pebble along the path » = poa, p; . .. pr+1. If DUpPLICATOR responds
to this by moving the pebble along gyai4q; . . . g, and proceeding to the configuration

(Pk+1’an+1 e Qiy159n, bn9 D) (39)

then in the game Q’;u”(ﬂ, B), DupLicaTOR pops the letters ay, ..., a, one by one. If during

such moves, SpoiLER moves his pebble along the path ' = piy1@ii2Pis2 - - - Qrentl Prinsl
then from the configuration (3.8)), the play proceeds successively to the configurations:

(Pr+1> A2 - - Aks1, 41,01, S), (Pis1, A2 - . A2, 1, 01, D), oo (P15 Gnt -+ - Qesns 15 Gns by, D),
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where b; = T iff ¢; € F® foralli € {1,..., k}. DupLIcATOR again looks at what she would
do in Q’éne(ﬂ, ) if from configuration , SpoiLER moves along 7. She then repeats
the same procedure for the rest of the play.

Since DupLicaTOR forms the same run that she would have formed in g’éne(ﬂ, $B) and
she wins g’(‘)ne(ﬂ, B), in the play vyv; ... that is formed in Q’;u”(ﬂ, B), there are infinitely
many i with v; = (p,w, ¢, T, S) or finitely many i such that v; = (p, w, g, b, D) with p € F.
DupLicAtor also wins the game G (A, B). O

Hence in the buffered simulation game with one buffer of capacity k € N, if DupLica-
ToR wins the game G*(A, B), we can assume that there is a winning strategy that initially
lets the buffer fill up with k£ many letters and then moves alternatingly with SpoiLErR by
popping one letter in each round for the rest of the play.

3.2 The Flushing Variant

Another interesting variant of buffered simulation game is the one where DUPLICATOR is
required to pop all the letters from the buffer each time she moves the pebble. Hence afer
DupLicaror moves, the buffer is always empty. Let us denote such a game Q’,ilush(fﬂ, B)
and call it the flushing variant. Moreover, let us also call the move where DupLICATOR pops
all the letters from the buffer flushing. The formal definition of g’;lush(ﬂ, B) only differs
from Definition [3.1.1]in the length of the word u that is chosen by DupLicaTor. We either
have |u| = 0 or |u| = |w|. We write A E’,‘:lush 8 if DupLicaTor wins the flushing variant
ll{:lush(ﬂ’ B )

Example 3.2.1. Consider the following two NBA A, B that we have presented in Figure
For convenience, we present the automata again as follows.

b,c

DupLicator loses the flushing variant Q’,‘:lush(ﬂ, B) for any k € N. SpoiLErR wins with the
following winning strategy. He initially goes to p; and loops there by reading b until
at one point DupLicaTor flushes the buffer and leaves the initial state. Formally, from
the initial configuration (py, €, g4, L, S), SPOILER proceeds to (p1, a, ., L, D) and from any
configuration (p, w, g4, L,S) where w # €, he continues to (p;, wb, q,, L, D).

Since the capacity of the buffer is bounded by k, there is some round k" < k + 1 where
DupLicaror flushes the buffer. Hence at round k&’ + 1, we reach some configuration (p, €,
g, T,S) where x € {b, c}. SPoILER then continues by reading x where x € {b, c} \ {x}. He
proceeds to

(p1,%,q., T,D). (3.10)

SpoILER then reads b by looping in p; for the rest of the play. DupLicaTOR eventually gets
stuck because there is no x-transition from ¢g,. Thus SPOILER wins Q',i,ush (A, B).

Similarly to the general case, we can also consider the flushing variant for the case
where we consider an unbounded buffer. For any NBA A, B, let us denote such a game
with G¢, (A, B). The definition of Gf, (A, B) is the same as Q’;lush(ﬂ, $B) where k € N.
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The only difference is in the definition of SpoiLER’s and DupLicATOR’s valid configurations.
They are respectively defined as in (3.1)) and (3.2 . We write A T, , B if DupLICATOR
wins Gf (A, B).

Example 3.2.2. Consider again the two NBA A, B from Example DupLicATOR also
loses the flushing variant G, (A, B). The winning strategy for SPOILER is the same as in
Example[3.2.1] He reads abbb . .. indefinitely until DupLicator flushes the buffer by going
to some state g, where x € {b, c}. SpoiLEr then reads x € {b, c} \ {x} to make DupLICATOR
get stuck.

In this case, DupLicaTor additionally might skip her turn forever and never flushes
the buffer. However SpoiLer still wins in such a case since he forms an accepting run
and DupLicaTor does not. We obtain a play vovjv; ... where for all i > 0, we have v; =
(p1,w,qq, L,S) and Vi = (p1,W,qq, L,D) where w € ab”. Since p; € FA, SPOILER wWins
the play. He wins the game G¢, (A, B).

Unlike the variants QFu”(ﬂ, $B) and g’éne(ﬂ, B), the flushing variant Q’;lush(&z{, $B)isnot
equ1valent to the original buffered simulation game. We do not have the inclusion C* C
L because there are cases in which DupLicator wins the general buffered simulation
game, but loses the corresponding flushing variant.

Theorem 3.2.3. For any k € N* U {w}, CK ¢ Ck.

> =Flush= =

Proof. The inclusion part is trivial since any winning strategy in Q’;lush(ﬂ, B) is also a
winning strategy in GX(A, B). For the strictness part, consider the two NBA A, B in
Example n We have seen that DupLIcATOR loses the flushing variant G Flush (A, B) for
any k € N U {w}. However, she wins the general buffered simulation game G*(A, B)
with £ = 1. Initially, SpoiLer will read a in the first round. He will proceed from the
initial configuration (py, €, q., L, S) to (p1,a, g, L, D). DupLicATOR then skips her turn.
She proceeds to the configuration (p, a, g,, L, S). Now from any configuration

(pl,x7qx’bx’ S) (311)

where x € {a, b, c} and b, € {T, L}, SpoiLer will read b or ¢ and continue to the configura-
tion (py, xb, g, b,, D) or (p1, xc, q., b,, D), respectively. In the first case, DupPLICATOR pops
x from the buffer and proceeds to (p1, b, gp, T, S) and in the second one to (py, ¢, q., T, S).
Hence we are back again to the configuration of the form (3.11). DupLicaTor repeats
this procedure indefinitely. In other words, DupLicaTor skips her turn in the first round
and then moves the pebble one step for the rest of the play according to the letter that
is pushed by SpoiLer to the buffer. If SpoiLErR pushes b then DupLicaTOR pops one letter
from the buffer and moves from her current state to g,. However, if SpoiLER pushes ¢
then she moves to g.. Thus in each round, DupLicaTOR’s has a preview of SPOILER’s move
one step. This enables her to move the pebble accordingly. She will never get stuck.
DupLicator will form an accepting run, i.e. we obtain a play vov;v;v} ... where for all
i > 1, we have v; = (p,w,q, T,S). Hence DupLIcaTOR Wins the play. He wins the game
G'(A, B). By Theorem and Proposition m she also wins the game G*(A, B) for
all k e N* U {w}. O

The flushing variant also admits a hierarchy with respect to the capacity of the buffer
as in the general case. It is not hard to see that the inclusions Cf, € CEL and Cf, , C
C¢usn hold for all k € N. The inclusions are indeed strict since the examples that are used
for the general case in the proof of Theorem [3.1.4{ and Theorem also work for the

flushing variant. Thus we have the following theorem.
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Figure 3.2: NBA A, By in which A Z’,‘:Flush B, but A E’,‘:lush B.

Theorem 3.2.4. Forall k e N,

k k+1
® Triush & Erushe

k w
® Lriush & Erushe

The Full-Flushing Variant

Beside the flushing variant, we can also consider a more restricted variant where DupLI-
caTor is only allowed to flush the buffer after the buffer is full. This variant of course
only makes sense if the capacity of the buffer is bounded. Otherwise, the buffer will never
be full. Let us call such a variant full-flushing variant and denote it with Q’,‘:Flush(ﬂ, B),
k € N. The full-flushing variant proceeds exactly like the flushing variant G, (A, B),
but in every round, DupLicaToR skips her turn if SpoiLER does not push a letter into a full
buffer, otherwise she flushes the buffer. The formal definition of G~ n(A, B) only differs

FFlusl
from Definition [3.1.1|in the length of the word u that is chosen by DupLicaTor. We have
lu| = 01f |w| < k and |u| = |w|if [w| = kK + 1. We write A E’;Flush B if DupLIcATOR Wins the

full-flushing variant Gf, (A, B).

The full-flushing variant is weaker than the ordinary flushing variant. There are cases
where DupLicaTor loses the full-flushing variant but wins the ordinary flushing variant.
We will show this in general, i.e. for any k € N, there is a pair of automata A, B such
that DupLicaToR loses the full-flushing variant Q’;Flush(ﬂ, B), but wins the flushing variant

llczlush(&zl’ B )

k k
Theorem 3.2.5. For any k > 0, Ccr, o & Cruen

Proof. The inclusion is trivial. For the strictness part, let K > 0 and consider two NBA
Ay, By as given in Figure We have Ay ;I_’,‘:F,ush By. SPoILER has a winning strategy in
the game Gr o, (Ar, Br). He first reads a**'. Since DupLicaTor is only allowed to flush
the buffer when the buffer is filled with k + 1 many letters, the play eventually proceeds
to the configuration (py,1,a**!, go, L, D). From this configuration, DupLIcaTOR has no
choice except to flush the buffer. She reads a**! and proceeds to (pi.1, €, Grs1, L, S) or
(Pr+1» € Grs2, L, S). In the first case, SPOILER continues to (p., ¢, gi+1, L, D) by reading
¢ and in the second one to (py, b, grs2, L, D) by reading b. From such configurations,
DupLicator eventually will get stuck since the state g, only has a b-transition and the
state g2, a c-transition. Hence DupLIcATOR loses the game g’;ﬂush(ﬂk, Bo).

DupLicaToR, however, wins the game g’;msh(ﬂk, By). She wins with the following strat-
egy. After SporLER proceeds from the initial configuration (py, €, g9, L, S) to (p1, a, qo, L,
D) by reading a, DupLicaTor immediately pops a from the buffer. She proceeds to (py, €,
g1, L, S). DupLicaTOR then skips her turn until SpoiLer reaches either p, or p.. We even-
tually reach the configuration (p,,d*b, p;, L,D) or (p.,d*c, p;, L,D). In this case, Du-
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pLIcATOR flushes the buffer and proceeds to (py, €, g5, T, S) or (p, €, g., T, S) respectively.
From this configuration, DupLicATOR can play accordingly and win the play. O

Unlike the flushing variant and the general case of buffered simulation, the full-
flushing variant does not admit a hierarchy as the capacity of the buffer grows. If DupLi-
cator wins the full-flushing variant Q’,‘:Flush(ﬂ, B) then it is not necessary that DupLICATOR
also wins Q’;'Flush(.?(, B) for any k' > k.

I:k+1

Theorem 3.2.6. For any k > 0, Cf, . € CFAL o,

Proof. Consider again the NBA given in Figure For any k > 0, we have Ay, E’;F,ush
Bi+1- DupLIcaTOR Wins the game gﬁﬂush(ﬂkﬂ , Bi+1) with the following winning strategy.
She first waits until the buffer is filled with k+1 many letters, i.e. until the play proceeds to
(Pr+1, a1, go, L, D). From this configuration, DupLicaTor flushes the buffer and proceeds
to the configuration (pi,1, €, gk+1, L, S). DupLICATOR then waits again until the buffer is
filled with k + 1 many letters, i.e. until the play proceeds to (py, aba*!, gi.1, L, D) or
(pe,aca!, gi+1, L,D). From such configurations, DupLicaTor again flushes the buffer
and proceeds to the configuration (p,, €, g5, T,S) or (p., €, 4., T,S), respectively. From
this configuration, DupLICATOR can continue accordingly and win the play. DUPLICATOR,

however, loses the game g’;;}ush(ﬂk+1,8k+l) as we have seen in the proof of Theorem

3.2.5 m]

The flushing and the full-flushing variants of buffered simulation with one buffer are
closely related to the static and dynamic multi-letter simulations. We will investigate
their relations, together with the relation of buffered simulation with one buffer to other
extended simulations listed in Chapter 2)in the following section.

3.3 Relation to Other Simulations

3.3.1 Static Multi-Letter Simulation

Let us start with the static multi-letter simulation. Recall that in the static k-letter sim-
ulation game, at each round, SpoiLER moves his pebble k steps and DupLicator follows
this by moving her pebble k steps. This is basically equivalent to the the full-flushing
variant of buffered simulation where DupLicaTOR has to skip her turn until SpoiLER pushes
k many letters to the buffer and then flushes the buffer. The static k-letter simulation is
indeed equivalent to the full-flushing variant of buffered simulation where the capacity of
the buffer is k — 1. Note that we have k — 1 instead of k since in the game G| (A, B),

FFlush
SpoILER can still push one more letter to a full buffer before DupLicaror flushes the buffer.

ko k-l
Theorem 3.3.1. For any k > 0, Tg,, = Ter o

Proof. Suppose DUPLICATOR wins Q’gtat(ﬂ, 8). The winning strategy for DupLICATOR in
’;‘F}ush(ﬂ, ) is as follows. From some configuration (p, €, g, b, S), if the play eventu-
ally proceeds to the configuration (py, a; . .. ax, g, L, D) because SpoiLER moves his pebble
along the run r = pa,p; ... p; then DupLicaTOR looks at what she would do in the game
’gtat(ﬂ, B) if she is in some configuration (py, a; . ..a, q,b, D) where b = T iff at least
one of py, ..., pi is a final state. If DupLicaTOR proceeds to the configuration (py, q’, b, S)

then in g’,@;}ush(ﬂ, B), she proceeds to (py, €, ¢, b, S).
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Now let vov; ... be the play that is obtained in QFFIush(ﬂ, B). Since DUPLICATOR Wins
'état(ﬂ, B), either there exist infinitely many i such that v; = (p,€,¢q, T,S) or there are
only finitely many i such that v; = (p,w, g, b, D) with p; € F?. Hence DupLICATOR also
wins the play vyv; .... She wins the game g’;ﬂush(ﬂ, B). The other direction can also be
shown similarly. O

3.3.2 Dynamic Multi-Letter Simulation

For the dynamic k-letter simulation, we will show similarly that it is included in the flush-
ing variant of buffered simulation where the buffer is of capacity k£ — 1. Recall that in
the dynamic k-letter simulation game, at each round, DupLicATOR can choose how long
SpoiLer should move his pebble. If DupLicator chooses ¢ < k then SpoiLER moves his
pebble ¢ steps and DupLicator responds to this by moving her pebble also ¢ steps. Any
winning strategy in the dynamic k-letter simulation game can be translated to the one for
the flushing variant of buffered simulation of capacity k — 1. Intuitively, if in the dynamic
k-letter simulation game DupLicaTtor chooses ¢ then in the flushing variant of buffered
simulation, DupLicATOR skips her turn and lets SpoiLER push ¢ many letters to the buffer
before DupLicator flushes the buffer. Hence if DupLicaTorR wins the dynamic k-letter game

Dyn(ﬂ B), she also wins the flushing variant QFFlush(ﬂ, B).

Theorem 3.3.2. For any k > 0, EDyn c E’,ilulsh

Proof. Suppose DupLIcATOR wins the game QDyn (A, B). The winning strategy for DupLI-
CATOR in the game gHush(ﬂ B) is as follows. If in QDyn(ﬂ 8), DupLicaTOR proceeds from
the initial configuration (py, €, qo, b, D) to (po, qo, €, L, S) then in the game gFIush(ﬂ B)
DupLicaTor initially skips her turn until SpoiLer pushes ¢ many letters to the buffer by
moving his pebble along some path r = pa;p; ... p,. Hence we reach some configuration
(pe>ay ...ae, qo, L, D). DupLIcAaTOR then looks at what she would do in QDyn(ﬂ, B) if she
1S in the configuration (py, a; ...ay, qo,b,D) where b = T iff at least one of py,..., p,
is final. If DupLicaToR proceeds to (ps, q’,¢’,b’,S) then in the game QFFlush(ﬂ, B), she
proceeds to (py, €,¢q’,b’, S), waits until SpoiLER pushes ¢’ many letters to the buffer, and
then repeats the same procedure.
Now let vyv; ... be the play that is obtained in gF,ush(ﬂ $B). Since DUPLICATOR wins
Dyn(ﬂ B), elther there exist infinitely many i such that v; = (p, €, ¢, T,S) or there are
only finitely many i such that v; = (p,w, g, b,D) with p; € F A Hence DupLICATOR also
wins the play vyv; .... She wins the game g’;lush(ﬂ, B). O

Note that unlike the static k-letter simulation, if DupLicaTOR Wins the flushing variant
with buffer of capacity k — 1, it is not the case that she also wins the dynamic k-letter
simulation game. There is even a pair of automata A, 8 where DupLicATOR Wins the game
Ghusn(A, B), but loses the game g’gyn(ﬂ, B) for all k > 0.

Lemma 3.3.3. There is a pair of NBA ‘A, B such that ‘A Zk Bforallk > 1, but AC _Flush
B.

Proof. Consider the following two NBA (A, B that are slightly modified from the ones in
Example
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DupLIcATOR Wins Qlﬂush(ﬂ, B). She simply flushes the buffer whenever SpoiLER moves
his pebble to py and skips her turn if SpoiLER moves to p;, i.e. from any configuration
(p,a,qo, L,D) if p = py then she proceeds to (py, €, qo, L,S) and if p = p; then she
proceeds to

(p1.a,qo, L,S). (3.12)

SpoiLER eventually will move his pebble to p; since otherwise he will lose for not pro-
ducing an accepting run. Hence in some round, we will reach the configuration (3.12)).
From this configuration, SpoiLer will proceed to some configuration (p,,ax, qo, L, D)
where x € {b,c} by reading x. DupLicaTor then flushes the buffer and continues to
(px» €,4%, T,S). From this configuration, it is not hard to see that DupLicATOR can con-
tinue accordingly and win the play.

DupLicator however loses the game Q’I‘Dyn(ﬂ, ®B) for any k > 1. The winning strat-
egy for SpoiLER is as follows. In the first round, if DupLicaTor chooses some ¢ < k, i.e.
proceeds from the initial configuration to (py, o, ¢, L, S), then SpoiLER loops ¢ — 1 many
times in pg by reading a‘~! and then goes to p; by reading a. Hence we reach the config-
uration (py, a’, qo, L, D). DupLIcaTor will either reads a’ by looping in gy, £ many times,
or looping in gy, { — 1 many times, and then going to some ¢,, x € {b, c} by reading a. In
other words, she will either proceed to some configuration

(P1,40, €', L,S) or (3.13)
(P1,4x €', L,S) (3.14)

where ¢’ < k. In the first case, SPoILER reads ba’~! by going to p,. In the second case,
he reads xa’ "' where X € {b,c} \ {x} by going to pz. Hence the play either proceeds to

(pp, ba"", qo, T, D) from (3.13) or to (ps, xa“ ', g, T, D) from (3.14). These configura-
tions however do not have a valid successor since there is no b-transition from ¢, and no
X-transition from ¢g,. Hence DupLicaTOR loses the game Q'E)yn (A, B). O

This nonetheless shows that the inclusion in Theorem[3.3.2]is indeed strict for k > 1.

Corollary 3.3.4. For any k > 1, ;’Byn cckl .

Proof. Let k > 1 be some number. The inclusion CX € Ckl holds because of Theorem

=Dyn = =Flush
Consider the NBA A, B as in Lemma We have seen that A Z'E,yn B. However,
since A CY, o, B, by Theorem ALK L, B. Hence E’Byn C Ch O

3.3.3 Multi-Pebble Simulation

Unlike the static and dynamic multi-letter simulations, it is not obvious how buffered
simulation relates to multi-pebble simulation. In multi-pebble simulation, DupLicATOR
has to move immediately after SPoiLER reads a letter, but she can use multiple pebbles
to mimic SpoILER’s run. She can drop or duplicate her pebbles before moving them to
some corresponding successors. This is in contrast to the buffered simulation game where
DupLicator only uses one pebble, but she can skip her turn.
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It turns out that the winning strategy in the buffered simulation game can be translated
to the one of multi-pebble simulation. Intuitively, the move where DupLicATOR skips her
turn after SPoILER reads a can be mimicked by the move where DupLicaTor duplicates and
moves her pebbles to all of the corresponding a-successors. By doing so, she keeps all the
possibilities of extending her run by reading a. Recall that if the capacity of the buffer is k
then DupLIcATOR can skip her turn until SpoiLER pushes k + 1 many letters to the buffer. In
multi-pebble simulation, we can mimic such a move if DupLICATOR uses k" many pebbles
where £’ is the maximum number of states that can be reached by reading a word of length
at most k + 1. By having k" many pebbles, DupLicaTor can keep duplicating and moving
her pebbles to all of the corresponding successors for k consecutive rounds.

Moreover, the move where DupLicaTOR pops ¢ many letters from the buffer and goes to
some state g can be mimicked by considering the state g that has been visited by some of
her pebbles after £ steps. DupLicaTor simply drops all the pebbles that do not visit g after
¢ many steps. She keeps the ones that were at g, together with other pebbles duplicated
from them. By doing so, DupLicaTOR intuitively commits to a certain way of extending
her run ¢ steps, namely to the state ¢, and only considers possible extensions from gq.

If DupLicaTor forms an accepting run p in the buffered simulation game G*(A, B)
then in the corresponding multi-pebble simulation g’;eb(ﬂ, 8), DupLicator only keeps
pebbles that form p. Hence if p is accepting then all DupLicaTOR’s pebbles that survive
infinitely many rounds also see an accepting state infinitely often. DupLicaTOR wins the
game g’;:eb(ﬂ, B) if she wins G¥(A, B). This translation also holds for the case of un-
bounded buffer. In the case where the capacity of the buffer is k = w then k’ is simply the
number of states that are reachable by reading any finite word in 8.

Theorem 3.3.5. Let A, B be two NBA over X. For any g € Q% and i € N U {w), let

g |g—>q',weX)| ifieN,

OutDeg,(q) = w s
Hg' lg—>q', weX} ifi=o,
and
K = maXe(,. k+1),ge010UDEY, (@)} ifk €N,
max s{OutDeg,(q)} ifk = w.
If AC* B then ALk, B.

Proof. Suppose DupLicaTOR wins the game GX(A, B). By Theorem DupLicaror also
wins éne(ﬂ, B). In the game Q’,;leb(ﬂ, $B), from the initial configuration (pg, S, 0, S)
where S¢ = {qo}, if SpoiLER moves along the path r = poa;pia; ..., we consider what
DupLicator would do from the initial configuration of the game g’éne(ﬂ, B) if SPoILER
also moves along r. Suppose DupLicaTor skips her turn and only moves in some round
n > 0 by proceeding from the configuration (p,,a; ... a,, qo, L, D) to

(PnsQz ...0an,q1,b1,S). (3.15)

In the game Q’;’eb(ﬂ, B), for the first n — 1 rounds, after SpoiLEr reads a;, DupLI-
cator moves her pebbles to all of the corresponding a;-successors, i.e. in every round
i €{l,...,n— 1}, she proceeds to the configuration

(phSi’Ri’ S) (316)
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where S; = {¢' | ¢g—> ¢, g € S;_1}. By definition of the multi-pebble simulation game,

the set R; contains the positions of pebbles in round i that have not yet seen an accepting
state since the last reset. Moreover, by the definition of k', the configuration in (3.16) is
valid. Forany i € {1,...,n — 1}, we have |S,;| < k.

Now in round n, the move of DupLicaror is a bit different. She only keeps the pebbles
that are generated from the ones that went to ¢; in the first round. Let S = {g,} and

Si={qd'1q">q,qeS,_}

foralli € {2,...,n}. Inround n, DupLicATOR proceeds to (p,, S/, R,, S). The configuration
(Pn, S, Ry, S) is also a valid configuration since by definition, S C §; foralli € {1,...,n},
and hence |S/| < k’. Moreover, note that if in we have by = T and in (3.16)), for
alli € {1,...,n — 1}, we have R; # 0, then the set R, is empty. This is because all the
pebbles in S, have gone through ¢, and ¢, is accepting. Hence if in (3.15), b, = T, we
have R; = 0 for some i € {1,...,n}. From the configuration (p,, S/, R,, S), DupLICATOR
then repeats the same procedure.

Now let voviviV; ... and uouju ut . . . be the plays that are obtained in G*(A, B) and in
Q';,’eb(ﬂ, 8B). Since DupLicator wins the play voviviV; ..., either there are infinitely many
i such that v; = (p;,w;,q;, T,S) or only finitely many i such that vi = (pi,Wi»qi» ¢i, D)
with p; € FA. The first case implies that we also have infinitely many i such that u; =
(pi»Si,0,S) and the second one implies that there are only finitely many i such that u; =
(pi»ai, S i, R;, D) with p; € F”'. Thus DupLIcATOR also wins the play uouiuiuy . . .. She wins
Q’;,'eb(ﬂ, B). O

This theorem shows that buffered simulation is included in multi-pebble simulation,
in the sense that if DupLIcATOR wins the game G*(A, B) for some k € N U {w} then she
also wins the game Q’;,/eb(ﬂ, B) for some k’. One question then is to ask whether the other
direction also holds. The answer is negative. Multi-pebble simulation is not included in
buffered simulation.

Theorem 3.3.6. There are two NBA A, B such that A S, B, but A L* B for all k €
N U {w).

Proof. Consider again the two NBA A’, B’ that are obtained from the automata A, B
from Example [3.1.5| by considering all states to be accepting. DupLicATOR wins the game

%,eb(?l’, $’). The strategy is as follows. DupLicaTor first moves her two pebbles each
to gp, q., and loops there as long as SpoiLER reads a. In other words, from the initial
configuration (po, {qo}, 0, S), after SPoILER proceeds to

(p,a,{q0},0,D) (3.17)

where p € {po, p1}, DupPLICATOR proceeds to

(P 1454}, 0, S). (3.18)

Now if SpoiLER continues by reading a, DupLicATOR loops in g, and g., and hence proceeds
back to (3.18).

If SpoiLer eventually reads b or ¢, DupLicaTor drops one of her pebbles, duplicates
the other one, and moves them to one of the corresponding accepting states. Formally,
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whenever SPoILER proceeds to (py, b, {q», g}, 0, D) or (p, ¢, {g», q.}, 0, D) then DupLICATOR
proceeds to

(Py,1q,,},0,S) or (3.19)
(Pe>19.1,0,95), (3.20)

respectively.

There are two possibilities. Either SpoiLEr eventually reads b or ¢, or he never does so.
In the first case, we eventually reach the configuration or (3.20). It is not hard to see
that from such configurations, DupLIcATOR can continue accordingly and win the play. In
the second case, the play proceeds to the configuration (po, {g», g.}, 0, S) infinitely often.
In this case, DupLicaToR also wins the play.

Hence DupLICATOR wins Qﬁeb(ﬂ’, $’). However, we have seen in Corollary that
DupLicator loses the game G“(A’, B’). By Proposition she also loses the game
GY(A’, B’) for all k € N. Thus we have the desired result. O

3.3.4 Delay Simulation

Regarding delay simulation, there is a strong relation between buffered simulation and
delay simulation. Recall that delay simulation is played on an w-regular language L C
(Z1 X Z,)? where both of the players try to construct an infinite word and the play proceeds
according to some delay function f: N* — N*. In round i, SporLer extends his word with
some word over X; of length f(7) and DupLicaTOR extends her word by reading one letter
from X,. The objective of DupLIcATOR is to make the play produce a pair of words that
is in L. We have seen in Lemma that the standard fair simulation game G(A, B)
is a special case of delay simulation which is played on some w-regular language L4 g
with a delay function with constant 1. The language L4 s intuitively expresses the pair of
accepting runs of A and B that are over the same word.

A buffered simulation game G*(A, B) where k € N can be seen as a special case of
delay simulation which is also played on such a language L# g, but with a delay function
with constant k + 1. The reduction is basically similar to the one in Lemma [2.6.28]

Theorem 3.3.7. Given two NBA A, B, there exists an w-regular language La g such that
Ak B for some k € N iff L g is solvable with a delay function f with constant k + 1.

Proof. Given two NBA A, B, consider the language L4 s as in Lemma [2.6.28] Suppose
3.1.10

DupLicATOR wins the game G*(A, B) for some k € N. By Theorem | she also wins

’éu”(&*’l, $). The winning strategy for DupLIcATOR in the delay simulation game Q‘é o(Las)

can be derived from the one in Q’;u”(ﬂ, B). In the first round of Qgel(LgLB), after SPOILER
reads the word (po, a1, p))(p1,ai1, py) ... (P, Gks1, Piyy) € E?", DupLicator does as fol-
lows. If thereis i € {1,..., k} such that p! # p; or py is not an initial state then DupLICATOR
simply chooses an arbitrary transition (¢,a,q’) € E®. Otherwise r = poap; ... Drsy 18
a valid run, and in this case, DupLicATOR considers what she would do if in the buffered
simulation game g’;u”(ﬂ, B), SporLer forms r. Since DUPLICATOR wins ’,iu"(ﬂ, B), she
will move the pebble one step along some transition (qo, @1, q;). DupLicaTOR then reads
this transition in the delay simulation game. DupLicATOR considers a similar procedure for
the rest of the play.

Now suppose in Qgel(Lﬂg), SpoiLER forms an infinite word p = (po, ay, p}) (p1, a2, pj))
... and DupLicaror forms p” = (qo, b1, q1)(q1, b2, q5) . . .. Since DupLIcATOR plays according
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to the winning strategy, whenever p! = p; for all i € N, and poa; p; ... is an accepting run
then ¢; = g;and a; = b; forall i € N, and goa,q ... 1s also an accepting run. By definition,
the word ((po, ai, p}), (qo. a1, q})) (p1, a2, p5),(q1,a2,92)") .. .18 in L g. Thus DupLICATOR
wins the play. In the case where p! # p; for some i € N or poa;p; ... not an accepting run,
by the construction of the language L g, DupLIcATOR also wins the play. Hence whenever
DupLICATOR Wins Q’;u”(ﬂ, B), she also wins Qéel(Lﬂg). The other direction can also be
shown similarly. O

This theorem shows that we can reduce buffered simulation with one bounded buffer
to delay simulation. One may also ask whether the other direction holds, i.e. whether we
can reduce delay simulation to buffered simulation with a bounded buffer. The answer is
positive. However, we need to consider buffered simulation between two parity automata.

Until now, we have only defined buffered simulation for Biichi automata. Neverthe-
less, we can also define buffered simulation game for any w-regular automata similarly.
To define such a game formally, we need to modify the third component in the configu-
ration which is used to define the winning condition. In the buffered simulation game for
Biichi automata, the third component simply remembers whether DupLIcATOR has seen an
accepting state or not. In the buffered simulation game for parity automata, we make the
third component remember the highest priority that is seen by DupLicaror. The winning
condition in buffered simulation over parity automata is essentially the same as the one
over Biichi automata. DupLicator wins iff she forms an accepting run or SpoiLER does
not form an accepting run. We formally define buffered simulation between two parity
automata as follows.

Definition 3.3.8. Let A, B be two parity automata over X with priorities P”, P? ¢ N
respectively and k € N. Buffered simulation with one buffer of capacity k between A,
Bis GX(A, B) = (V, Vo, V1, E), vy, Win) where SporLER’s and DupLICATOR’s configurations
are

Vi = 0" x = x 08 x PP U{0} x {S},
Vo = 0 x =%F x 0% x P x {D},

V =V, U Vi, the edge relation E is defined as

(p,w,q,b,S) > (p',wa,q,b,D)in E iff PP,

(p,w,q,b,D) » (p,w',q,,b',S)inE iff FJu=a;...a, € X" such that

qg-q...~ g, w=uw, and

b= max{Q?(q)),...,Q%4qg,)} ifu+e
1o else,

the initial configuration is vy = (po, €, go, 0, S) where py, qo is the pair of the initial states
of A, B, and the play

(pO’ wo, C[O’ b07 S)(p19WE)’ C[O» bO’ D)(plv Wi, QI’ bl’ S)(pZ’ W;’Cll’ bla D) e

is in Win iff max(inf(byb, ...)) is even or max(inf(Q™(py)Q™(p,) ...)) is not even. We
write A £* B if DupLicATOR Wins the game G*(A, B).
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Example 3.3.9. Consider the following two parity automata A, 8 where Q™ (p;) = Q%(g;) =
i.

a C
C
a

We have A Z* B for any k € N since in the game Qk(ﬂ, B), SpoiLer has the following
winning strategy. He loops in the initial state p, by reading a until DupLicATOR goes to gu,
i.e. from any configuration

(p2,w,q,b,S), (3.21)

if ¢ # q4, SPOILER proceeds to (p,, wa, q, b, D).

If DupLicaTOR eventually goes to g4 then SPoOILER goes to p; and loops there for the rest
of the play by reading c¢. Formally, if we reach a configuration as in (3.21) with g = ¢4,
SpoILER proceeds to (py, wc, g4, b, S) and from any configuration (p;, wc, g4, b, S), SPOILER
proceeds to (p;, wee, g4, b, S). DupLIcATOR eventually gets stuck from such a configuration
since there is no c-transition from gj.

However, if DupLICATOR never goes to g4, there are two cases: either she eventually
goes to g, or she never leaves the initial state. In the second case, SPoILER also wins since
he forms an accepting run while DupLicATOR does not, i.e. we obtain a play (pg, wo, o, bo,
S) (p1, WE), 90, by, D) (p1, W1, 91, by,S)... where maX(inf(b0b1 ...))is 1, but max(inf(Qﬂ
(P0)Q3(p)) ...)) is 2. In the first case, we reach some configuration (p,, w, ¢», b, D) where
w € a*. Since from ¢, there is no a-transition, from such a configuration, DupLICATOR
eventually gets stuck. Hence SpoiLEr wins the play. He wins G (A, B) for any k € N.

We can reduce delay simulation to buffered simulation between two parity automata
in which one of them is deterministic. Recall that deterministic parity automata (DPA)
are as expressive as NBA. They both recognise exactly the class of w-regular languages
[Saf88, Tho90]]. Given an w-regular language L C (Z; X X,)%, let C be a deterministic
parity automaton that recognises L. We will consider buffered simulation between two
parity automata A, B, in which A is deterministic and recognises L; € X, the projection
of L to Xy, and B is non-deterministic and obtained from C by remembering the second
component of the letters in its state space. We formally show the reduction as follows.

Theorem 3.3.10. Given an w-regular language L C X, X%,, there are two parity automata
A, B such that A C* B for some k € N iff L is solvable with some delay function f with
constant k + 1.

Proof. LetC = (Q,%| XX, E, qo, Q) be a deterministic parity automaton such that L(C) =
L. We construct two parity automata A, B over X, as follows. The automaton A is a
deterministic parity automaton that recognises the language

L, = {(11(12 ... € le | Hblbz ... € Zzw : ((ll,bl)((ll,bz) ... € L} (322)

There is such a deterministic parity automaton A since the language L is regular, and
hence L, is also regular. The automaton 38 is the tuple (Q X (X, U {€}), X1, E’, (qo, €), ")
where E’ is defined as

((p,b),a,(p",b)) € E' iff (p,(a,b),p") € E
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and the priority function Q' is defined as Q'(p, b) = Q(p) for all (p,b) € O X (£, U {€}).

Now suppose DupLicator wins the game géel(L) with some delay function f with
constant k + 1. In the game G*(A, B), DupLicator wins with the following winning strat-
egy: in the first k rounds, she skips her turn. Hence in round k + 1, the play proceeds to
some configuration (piy1,ar - . . a1, (o, €), 0, D). In this case, DupLicaTor then considers
what she would do in the first round of ngeI(L) assuming that SPOILER reads a; ... ag, . If
DupLicator reads b; then she considers the state g; in C that can be reached by reading
(ay,by) from gqy. There is such a unique g, since C is deterministic. In the buffered sim-
ulation game Qk(ﬂ, 8B), DupLicaToR proceeds to (pri1,as - .. are1, (q1,01), Qq1), S), i.e.
she moves the pebble from the initial state (g, €) to the state (g;, b;) by reading a,. For
the rest of the play, DupLicaTor considers the same procedure: if in round i of the delay
simulation game Q{;el(L), DupLicaTor extends her word with b; then in round i + k of the
game Qk(ﬂ, B), from the state (g;_1, b;_1), DupLICATOR extends her run by reading a; and
going to the state (g;, b;) where g; is the state that can be reached in C by reading (a;, b;)
from g;_;.

Suppose in the game G(A, B), Spoier forms an accepting run over some word
aa ... € L;. By the construction of the winning strategy, DupLicaTOR forms a run

P =(qo.€) —>(q1,b)) > . ..

over aa; . ... By the definition of B, there is a corresponding run p = go(ai, by) qi(az, by)
... 1n C. Since C is deterministic, such a run p over w = (ay, b;)(ay, b,) ... is unique.
Moreover w € L since DUPLICATOR wins géel(L). Since w is accepted by C, the run p
is accepting. This implies that p’ is also accepting. Hence DupLicaTor wins the play.
DupLICATOR Wins Qk(ﬂ, B) if she wins Qéel(L). The other direction can also be shown
similarly. O

Together with Theorem this theorem shows that to some extent, delay simula-
tion is equivalent to buffered simulation with one bounded buffer. The capacity of the
buffer corresponds to the delay constant. However, note that in the case of unbounded
buffer, the buffered simulation game cannot be reduced to any delay simulation game.
The reason is simply because there is no corresponding constant for the unbounded ca-
pacity.

3.4 Simulation with » > 1 Buffers

We can naturally extend the definition of buffered simulation in Definition[3.1.1]to a more
general case, where instead of only one buffer, we have several buffers. DupLicATOR can
use multiple buffers to store SpoiLer’s letters. However, unlike in the case where we only
have one buffer, in this case, every time SpoILER reads a letter, we also have to determine
to which buffer the letter should be put. There are several possibilities to define this. For
example, we can consider a game where one of the players decides this or we can also
consider a game where there is a fixed rule that tells to which buffer the letter should be
put. In this work, we will consider a game where each letter determines the buffers where
it should be put.

The motivation behind this choice comes from the area of formal languages. First
note that the possibility to put letters to different buffers is strongly related to the corre-
spondence between the words that are produced by SpoiLer and DupLicator. If there is
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only one buffer then DupLicaTorR has no choice except to produce exactly the same word
that is produced by SpoiLer. However if there is more than one buffer then DupLicaTor
may produce a different word than SpoiLer. For instance, suppose we have two buffers in
which the letters a and b should be put into the first buffer and the letter ¢ into the second
one. If now SpoiLER reads the word abc and DupLicaTor skips her turns then the condition
of the buffers is as follows.

The first buffer is filled with a, b and the second one with c¢. DupLIcATOR can respond to
this by first popping the first buffer and then the second one. In such a case, she reads abc.
However, she can also pop the buffers with a different order: she first pops one letter from
the first buffer, then the second one, and then the first one again. In such a case, she reads
acb. The fact that a and b get stored in the same buffer introduces a dependency between
the letters @ and b. DupLIcATOR can only read a word in which a and b occur in the same
order as in the SpoiLErR’s word. On the other hand, the fact that a and b get stored in a
different buffer than c introduces an independency between the letters a, b and the letter ¢
with respect to the order in which they occur in SpoiLer’s and DupLicaTor’s words. This
is intuitively the reason why after SpoiLEr reads abc, DupLicaATOR may respond with abc,
acb, or even cab, i.e. by popping the two letters from the second buffer and then the first
buffer. The words abc, ach, and cab are considered to be equivalent to abc modulo to such
an independency. This equivalence is already known in the area of formal language by
the name of (Mazurkiewicz) traces [Maz89]. We will discuss more about Mazurkiewicz
traces together with the application of buffered simulation in such area later in Chapter 5]

In general, the dependency between the letters is not necessarily transitive. For in-
stance, we might have a case where the letters a, b are dependent on each other, b, ¢ are
also dependent on each other, but a, ¢ are independent of each other. If we want to model
such a dependency then intuitively the letters a and ¢ have to be stored in two different
buffers, but b in the same buffer as a, as well as, ¢. Thus in buffered simulation, we will
allow a letter to be put into several buffers. For example, to model such a case, we con-
sider a game with two buffers where the letter a is stored in the first buffer, ¢ in the second
one, and b in both the first and the second buffers. Whenever SpoiLER reads b then two
copies of b are pushed each to the first and second buffers, and if DupLicaTOR wants to
read b then b has to be popped from the first and second buffers. DupLicaTOR cannot read
b if b is not in the top of the first and second buffers. To illustrate this, suppose SPOILER
reads acb and DupLicaTor skips her turns. The condition of the buffers then is as follows.

b|a——

b|c——

The first buffer is filled with a, b and the second one with ¢, b. DupLicaTOR then can
respond to this by first popping a from the first buffer, ¢ from the second one, and then
b from both of the first and the second buffers. In such a case, DupLicaTOR Will read acbh.
However, she can also pop ¢ and a in the reverse direction. She first pops ¢ from the
first buffer, a from the second one, and then followed by popping b from the first and
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the second buffers. In such a case, DupLicaTOR reads cab. These, however, are the only
possibilities for DupLicaTorR. DuPLICATOR, for instance, cannot pop a and then b since once
she pops b, she has to pop it from both the first and second buffers.

We will formally define buffered simulation with multiple buffers, by using the notion
of distributed alphabet [Z1e87]. A distributed alphabet basically is a tuple of (not nec-
essarily disjoint) alphabets (X4, ...,%,). We will simply consider two NBA A, B over a
distributed alphabet £ = (X,,...,3,) instead of an ordinary alphabet X. Intuitively the
NBA A, B are defined over the alphabet X = 2, U ... UZX, and for all i € {1,...,n}, the
alphabet X; tells us the set of letters that are stored to the i-th buffer. We will assume that
the distributed alphabet is part of the input.

In the buffered simulation game with multiple buffers, each of the buffers might have
a different capacity. One buffer might be bounded and the other one might be unbounded.
Hence instead of considering a single capacity, we will use a capacity vector to denote
the capacity of the buffers. More precisely, we will define the game on two NBA A, B
over 2 = (Z4,...,%,) with respect to some capacity vector k = (ky,...,k,) € WU {w})".
For all i € {1, ..., n}, the capacity k; is the capacity of the i-th buffer.

A buffered simulation game played on two NBA A, B over 3 = Z,...,%,) with
capacity k = (ky,...,k,) proceeds as follows. In each round, SpoiLER moves the pebble
in A one step by reading a letter a and pushes a copy of a to all buffers i € {1,...,n}
where a € X, i.e. to all buffers that are associated with a. DupLicATOR can either skip her
turn or move the pebble in B by reading b, ... b,,. If she reads b ... b,, then for each b;,
started from j = 1, she pops b; from all buffer i € {1,...,n} where b; € Z;, i.e. from all
buffers that are associated with ;. The winning condition is the same as the game with
one buffer. DupLicaror wins if either SpoiLEr gets stuck or whenever SpoiLER forms an
accepting run, DupLicaToOR also forms an accepting run. DupLicaToR also has to obey the
capacity restriction. She loses immediately if she violates the capacity restriction of one
of the buffers. Furthermore, we additionally require that every letter that is pushed to the
buffers has to be eventually popped by DupLicator. This is to make sure that DupLICATOR
plays fairly. She should not win the game if she only pops letters from some certain
buffers and ignores other buffers.

Before we give the formal definition of buffered simulation with multiple buffers, let
us consider the notion of projection. The projection of a word w over £ to X; C X is
basically a word that is obtained from w by deleting all letters that do not belong to ;.
We will use the notion of projection to denote the content of some buffer.

Definition 3.4.1. Given a distributed alphabet $=(,....8), let =3, U...UZ,.
For any i € {1,...,n}, a projection x; is a function 7r; : X% — X* such that mi(a1a, ...) =
mi(a)mi(ay) ... where mi(a) =aifa € X, and mi(a) = eifa ¢ X;.

For example, suppose we have a distributed alphabet 3= (21,2%,) in which X; = {a, b}
and X, = {a, c}. The projections of w = ababc to £, and X, are respectively m;(w) = abab
and m(w) = aac.

We formally define the buffered simulation game with multiple buffers as follows.

Definition 3.4.2. Given two NBA A, B over & = (Z4,...,2%,) and a capacity vector
k= (ki,...,k,) € WU{w})", buffered simulation game denoted with Q’; (A, B), or simply
G“(A, B), is a tuple ((V, Vy, V1, E), vy, Win) where SpoiLer’s and DupLicaTorR’s configura-
tions are respectively

Vi= 0" x (EF x... o x = x 08 x ({1,...,n, T, L} x {S},
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Vo= 0" x & x L x 2y x 08 x {1,...,n, T, L} x {D},
where ka" = Zf""“ =X"ifk; = w. LetZ = X, U...UZ,, the edge relation E is defined as
(P, Wi, ..., Wn),q,¢,S) = (p, (w1 (a), . .., wamy(a)), q,c,D) in E
iff p-5p
(p’(wl,""wn)7q’c’ D) _) (p’(wll""’w;l)’q,,cl’s) inE
Au=a;...a, € X" such that g - ¢’

w; = mi(u)w; foralli € {1,...,n}, and
1 ifc=T,
F c+1 ifcef{l,...,n—1}andeitherw, = €or,
) djefl,....m}:a;€X,,
“T\L if c =nandeitherw, =eordje{l,...,m}:a; € X,
T ifc=1,u+#e, andq%q’,
c otherwise,

the initial configuration is vo = (po, €, qo, L, S) where po,qo is the pair of the initial
states of A, B, and we have vyv; ... € Win iff there exist infinitely many i such that
vi = (p,w,q,T,S) or there are only finitely many i such that v; = (p,w, g, b, D) with
p € F'. We write A C* B if DupLIcATOR Wins G¥(A, B).

The definition of G*(A, B) is similar to the one in Definition [3.1.1f The first and
the third components of the configuration represent the positions of SpoiLer’s and Du-
PLICATOR’s pebbles and the second one represents the content of the buffer. In this case,
instead of a single word, the second component is an n-tuple of words (wy,...,w,). For
all i € {1, ..., n}, the word w; represents the content of the i-th buffer. The last component
of the configuration tells us the player that has the next turn and the second last one is
used to determine the winning condition. In this case, instead of a bit, it is a counter.
The counter starts from L. It changes to T if DupLicaToR moves her pebble through an
accepting state, and from T, it changes to 1. From 1, the counter increases gradually to
n. Intuitively, the counter increases from c to ¢ + 1 if DupLicATOR pops at least one letter
from buffer ¢ or buffer ¢ is empty. If the counter is n and DupLicaTOR pops a letter from
buffer n or buffer n is empty then the counter resets to L. Thus if the counter reaches T
infinitely often, this means that DupLIcATOR never ignores a buffer and sees an accepting
state infinitely often.

As in the case of buffered simulation with one buffer, the requirement where DupLI-
cator should obey the capacity restriction is included in the definition of valid config-
urations. SPOILER’s configuration (p, (wy,...,w,),q,c,S) is only valid if w; < k; for all
i € {l,...,n}. Hence DupLicaTOR can only proceed to a configuration where each buffer
i contains at most k; many letters. If such a move is not possible then DupLICATOR gets
stuck and loses the play immediately. Since we only check the capacity restriction after
DupLicaTor’s move, the configuration (p, (wy,...,w,),q,c,D) is valid if w; < k; + 1 for
all i € {1,...,n}. SpoiLER can push one more letter into “full” buffers and it is DupLi-
cATOR’S responsibility to shorten the buffers again. Hence we can also consider buffered
simulation in which some buffers have capacity 0. If buffer i € {1,...,n} has a capacity
0 then this just means that DupLicaTor has to pop the letter that is pushed into buffer i
immediately.
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Example 3.4.3. Consider a buffered simulation game that is played in the following two
NBA A, B over the distributed alphabet $= ({a, b}, {b},{c}) and a capacity « = (2,2,0).

—tE e oo @ e w

In the game G“(A, B), there are three buffers where the letter a will be stored in the
first one, b in the first and the second ones, and ¢ in the third one. DuUPLICATOR wins
the game G“(A, B) with the following winning strategy. Initially, she skips her turn in
the first two rounds. Hence at the end of the first round, after SpoiLeEr reads b and Du-
PLICATOR skips her turn, we reach the configuration (py, (b, b, €),qo, L, S). In the sec-
ond round, after SpoiLEr reads another b and DupLicator skips her turn, we reach the
configuration (py, (bb, bb, €), qp, L, S). In the third round, SpoiLer will read ¢ and pro-
ceed to the configuration (ps, (bb, bb, c), qo, L, D). In this case, DupLicaTOrR empties the
buffers by reading cbb and going to the accepting state g, i.e. she proceeds to the con-
figuration (ps, (€, €,€),q3, T, S). In the next round, SpoiLer will read a and DupLica-
TorR cannot do anything except to skip her turn, i.e. she proceeds to the configuration
(p2,(a,€,€),q3,1,S). SpoiLer then will read ¢ and in this case, DupLicaTorR pops both ¢
and a from the buffers and goes back to g3 by reading ca. The play then proceeds to
the configuration (p3, (¢, €, €), g3, 2, S). DupLIcATOR repeats this procedure for the rest of
the play: she waits in g3 until SpoiLER pushes a and c to the buffers, and then goes back
to g3 by emptying the buffers. The counter resets infinitely often and we will reach the
configuration (ps, (€, €, €), g3, T, S) infinitely often. By definition, DupLicATOR Wins the

play.

As in the case of buffered simulation with one buffer, we can also consider a game
where some buffers have an unbounded capacity.

Example 3.4.4. Consider the following two NBA A, B over $ = ({a, b}, {b}, {c)}) that are
obtained from Example [3.4.3|by adding an a-loop from p,.

—@r e e et e w

First note that to win a buffered simulation game that is played on such NBA, DupLicATOR
needs an unbounded buffer to store unboundedly many a. DupLicaTor loses any game
Ghleks( A, B) if ky € N since SpoILeR has the following winning strategy. He first reads bb
and then loops in p, by reading a for the rest of the play. The play eventually reaches the
configuration (p,, (bba“'~!, bb, €), qo, L., D) which does not have a valid successor. Hence
DupLicaTor loses the play.

DupLicaTor, however, wins the game G (A, B). Intuitively, she skips her turn and
moves her pebble only when SpoiLer reads c¢. Note that SpoiLer will read ¢ by going to
P3, infinitely often, since otherwise he will lose for not forming an accepting run, i.e. we
will obtain a play vyv; ... where there are only finitely many i such that v; = (p, w, g, b, D)
with p € F7.

Now suppose SpoiLER reads his first ¢ after reading a, m; > 0 many times. We reach
the configuration (ps, (bba™, bb, c), qo, L, D). In this case, DupLicaTOR empties the sec-
ond and the third buffers by going to the accepting state g; i.e. she proceeds to the
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configuration (ps, (a™, €, €),q3, T,S). DupLicATOR then waits again until SPOILER reads
¢, i.e. until the play proceeds to some configuration (ps3, (@™*™*! €, c), g3, 1,D) where
my > 0. In such a case, DupLicaTor empties the last two buffers again. She proceeds
to (p3, (@™*™, €, €),q3,2,S). We can repeat this principle for the rest of the play. The
counter resets infinitely often and we will reach some configuration (ps, (w, €, €), g3, T, S)
where w € a*, infinitely often. DupLICATOR Wins such a play. She wins G“>%(A, B).

In this example, the content of the first buffer in the game G“*°(A, B) might keep
growing since DUPLICATOR can pop at most one a each time she moves, but SPOILER can
push several as before DupLicaTorR moves. However, DupLicaTor still plays fairly since
every a that is pushed to the buffer is eventually popped by DupLicaTor. In the follow-
ing, we show an example where DupLicATOR can only form an accepting run by playing
unfairly.

Example 3.4.5. Consider the following two NBA A, B over $ = ({a, b}, {b}, {c}) that are
obtained by slightly modifying DupLicATOR’s automaton in Example We change the
label of the outgoing edge from g5 from c to a.

—retem —e olete

In this case, SpoiLER wins the game G“““(A, B) by reading the word bb(ca)®. First note
that if SporLer reads such a word, DupLicaTOR loses if she does not move infinitely of-
ten since SpoiLER forms an accepting run. Hence let us assume that DupLICATOR moves
infinitely often. In the first two rounds, DupLicaTOR cannot move her pebble because
there is only c-transition from the initial state. However, in the third round, after SpoiLErR
reads ¢, we reach the configuration (ps, (bb, bb, ¢), gy, L, D). DupLIcaTOR might pop every-
thing from the buffer and go to the accepting state, i.e. she proceeds to the configuration
(p3, (€, €, €), g3, T, S). From this configuration, after SPOILER reads acac and proceeds to
(p3, (aa, €, cc), g3, 1, D), DupLicATOR might continue by reading aa and going back to the
accepting state. Hence we reach the configuration (ps, (€, €, cc), g3, 2, S). DupLICATOR then
can repeat this procedure for the rest of the play and successively proceed to the config-
urations (ps, (€, €, ccce), g3, 3, S), (ps3, (€, €, cccecc), g3, 3, S) etc., each time after SPOILER
reads acac. DupLICATOR’s pebble visits an accepting state infinitely often. However the
play never reaches a configuration in which the counter is T because after the third round,
DupLicaror never pops ¢ from the third buffer. DupLicaTor loses the play by considering
such a strategy. In fact, there is no way for DupLicaTOR to pop the second c¢ that is pushed
to the buffer. She loses the game G““*“(A, B).

In the following, we give another example in which DupLicaror loses the buffered
simulation game. We consider the same NBA A, B as in Example [3.4.4] but with a
slightly different distributed alphabet.

Example 3.4.6. Consider again the two NBA A, B from Example but now over a
distributed alphabet 3= ({a, b}, {b, c}). Hence we will consider a game with two buffers
in which the letter a is pushed to the first one, b to the first and the second ones, and ¢ to
the second one. In this case, we have A Z““ B. SpoiLER wins the game G““(A, B) by
reading bb(ca)®. In the first three rounds, DupLicaTOR cannot do anything except to skip
her turn and hence in the third round, we reach the configuration

(p3’(bb7 bbC), q0, J-’ D) (323)
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However from this configuration, DupLicaTOR also cannot pop the buffer since gy only
has a c-transition and c is not at the top of the second buffer. From configuration (3.23|),
DupLicator can only skip her turn for the rest of the play. Hence we obtain a play vov; ...
in which there is no i such that v; = (p, w, g, T, S), but there are infinitely many i such that
v; = (p,w,q, b,D) where p € F”. Thus SPOILER wins.

We can also consider the flushing variant of buffered simulation with multiple buffers
in the same way as in the case of one buffer. Recall that the flushing variant is a more
restricted case of buffered simulation in which DupLicaTOR has to pop the entire content
of the buffers once she decided to move her pebble. The formal definition of the flushing
variant of buffered simulation with multiple buffers only differs from Definition [3.4.2in
the length of the word u that is chosen by Dupricator. We have |u| = O or |u| = |w|
where w is the word that satisfies m;(w) = w; for all i € {1,...,n}. Hence by reading w,
DupLicator empties all the buffers. For any two NBA A, B over a distributed alphabet
3 = (Z1,...,2,) and a capacity vector «k = (ky,...,k,), we denote the flushing variant
between two NBA A, B by Gf, (A, B). We write A CE, . B if DupLicaTor wins the
flushing variant G, (A, B).

Example 3.4.7. Consider the following two NBA A and B over 2 = ({al, {b}).

DupLicaTOrR wins the game Qi’llsh(ﬂ, B) with the following winning strategy. Initially,

she skips her turn in the first three rounds. Hence at the end of the third round, we
reach the configuration (g3, (aa, b), py, L,S). In the next round, after SPoiLER proceeds
to (qas, (aa, bb), py, L,D) or (gs, (aa,bb), py, L,D) by reading b, DupLIicaTOR responds
to this by reading abab and empties the buffer. She proceeds to (g, (€, €), p7, T, S) or
(gs, (€, €), pg, T, S) respectively. From such configurations, it is not hard to see that Du-
PLICATOR can continue accordingly and win the play.

In a buffered simulation game with one buffer, restricting DupLicaTOR to move only
at most one step in each round does not make any difference to the general case where
DuprLicaror is allowed to move several steps at each round. This, however, is not the case
if we consider a game with multiple buffers. There are some cases in which DupLicATOR
can only win if she is allowed to move more than one step in each round. To show this
formally, let G§ (A, B) be a buffered simulation game between two NBA A, B over
3 = (Z4,...,2,) and capacity « = (ki,...,k,) where DupLICATOR is restricted to pop at
most one letter in each round. Hence the formal definition of G§ (A, B) is the same as
in Definition[3.4.2] but with |u| < 1. In the following, we show that there are two NBA A,
8 in which DupLicaTor wins G“(A, B), but loses G (A, B).

Example 3.4.8. Consider the two NBA ‘A and B over 3= ({a}, {b}) from Example m
We have seen that DupLicaTorR wins the game Q,z;lbsh (A, B), and hence also wins the game
G*!(A, B) with the same winning strategy. She, however, loses the game Gg' (A, B).
SpoILER has a winning strategy by first reading aab.

If DupLicaToR skips her turn in the first three rounds then the play proceeds to the con-

figuration (g3, (aa, b), py, L, S). In the next round, SPoiLER proceeds to the configuration
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(g4, (aa, bb), py, 1,D). Such a configuration has no valid successor in Qé:]e(ﬂ, B) since
DupLicaTor can only pop one a from the buffer, and this would leave the second buffer
with two letters. Hence from such a configuration, DupLicaTor gets stuck and loses the
play.

Now let us assume that DupLicaTorR moves during the first three rounds. At the end
of the third round, the play proceeds to some configuration (g3, (wy, wy), p;, L, S) where
i € {l,...,6}. From such a configuration, SpoiLER then proceeds to the configuration
(g4, (W1, wab), p;, L,D) if i is even and to (gs, (W, wob), p;, L,D) if i is odd. In the first
case, the play eventually proceeds to some configuration (g4, (w, €), ps, T, D) where w €
a*, and in the second one, to (gs, (€, w), p7, T, D) where w € b*. Since from p, there is no
b-transition and from pg, there is no a-transition, such configurations do not have a valid
successor. Hence DupLicaTOR loses the game Qé;e(ﬂ, B).

In the following section, we will characterise the expressive power of buffered simu-
lation. We will see how expressive buffered simulation is with respect to the distributed
alphabets and capacity vectors. We will also see some possibilities of reduction between
buffered simulation itself.

3.5 Expressive Power

Before we show the expressive power of buffered simulation with multiple buffers, first
note that there is no particular order on the tuples in the distributed alphabet. The dis-
tributed alphabet simply tells us how the letters are distributed among the buffers. For
instance, the distributed alphabet 3= ({a, b}, {b, c}) and 3= ({b, c}, {a, b}) intuitively tells
us the same thing: there are two buffers in which one of them is used to store a, b, and the
other one for b, c.

However, if we consider a pair of distributed alphabet and a capacity vector, there
is a natural order in which they are written as a pair of n-tuples. For example, consider
again the previous distributed alphabets £, 3, and two distinct numbers ki, k,. The games
Qg‘ (A, B) and Q;‘,’kz(ﬂ, B) are clearly different. In the first one, we can store at most

k; many as and in the second one k, many as. The games Qg(ﬂ, $) and Qg (A, B) are

equivalent if the pair of the distributed alphabet and capacity vectors X', k is a permutation
of £, k. In such a case, if DUPLICATOR Wins Q’; (A, B), she also wins the game gg (A, B).
She simply moves her pebble in the same way as in Q’é(ﬂ, B).

One important observation is that if during a play in G{(A, B), DuPLICATOR resets the
counter once, it is not necessary that she also resets the counter once in the corresponding
game Q; (A, B). The order of the buffers is different. For instance, in some round of
G¢(A, B), Dupricator might pop a letter from the first buffer and increase the counter
from 1 to 2, but in the corresponding game gg (A, B), the letter might be popped from
the last buffer and we do not increase the counter if it is 1. However, since in Q"i(ﬂ,
8), DupLicaTor eventually will pop the letter from the j-th buffer, where o(j) = 1, in the
game Qg (A, B), the counter eventually will also increase from 1 to 2. DUPLICATOR resets
the counter infinitely often in Qg(ﬂ, B) if she also does so in Qg(.?l, $B). This is not
an overwhelming finding in the theory of buffered simulation but stating this observation
allows us to formulate some results more easily.

Theorem 3.5.1. Let S = (Z4,...,2,) be adistributed alphabet, k = (ky, ..., k,) a capacity
vector, and o : {1,...,n} — {1,...,n} a permutation. Let Y = (Zyq),...,%ewn) and
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K = (k(r(l)’ ey ko'(n))- We have

Ck =X

Ci=L -
Proof. Let A, B be two NBA over £ = (Zi,...,%,) and suppose DupLIcATOR wins the
game gg(ﬂ, B). We will show that DupPLICATOR wins Qg (A, B) by playing in the same
way as in G{(A, B).

In the game Qg (A, B), suppose from the initial round, SpoiLER moves the pebble along
Podip1a; . ... We look at what DupLicator would do in the game Q; (A, B) if SpoiLERr does
the same move. If DupLicaTor skips her turn and only moves the pebble for the first time
in some round m > 0 along a run r then in the game Q’g(ﬂ, B), DupLicaTOR also skips
her turn and only moves the pebble in round m along r. She then repeats this procedure
indefinitely.

Now let voviviV; ... and uguu 1} . . . be the plays that are obtained in gg (A, B) and in
g; (A, B). Since in the game Qg (A, B), DupLicaTorR moves her pebble in the same way
as in Qg(ﬂ, B), we have

V= (pi’ M_}b qi, Ci, S)? (3'24)
u, = (Pi’ Wga qi, C;’ S)’ (325)

for all i > 0. In other words, the configurations that are reached by DupLICATOR in every
round of Qg(&zl, $) and Q; (A, B) only differ in the second and the fourth components.
This similarly also holds for the configurations reached by SPOILER.

Since DupLicator wins the play vovivv; .. ., either there are only finitely many i such
that v = (p;, w;,qi,c;,D) with p; € F A or there are infinitely many i such that v; =
(pi» Wi» qi» ¢i, S) with

ci=T. (3.26)

In the first case, there are also finitely many i such that u! = (p;, w;, g;, ¢;, D) with p; € F A
and hence DupLICATOR wins ugujuu, . ... In the second one, we will show that there are
also infinitely many i such that u; = (p;, W;, gi»c;, D) with ¢/ = T. We will show this by
contradiction.

Suppose there are only finitely many such i. This implies that in the game Q; (A, B),
there is a round iy > 0 where started from this round, the counter never changes: we have
cef{l,...,n, L, T} such that

ci=c (3.27)

for all i > iy. First note that ¢ # T since otherwise in the next round, i.e. round iy + 1, the
counter will changes to 1 and we have a contradiction to (3.27)). We also have ¢ # L since
lb holds for infinitely many i. DupLIcATOR sees an accepting state in G (A, B) as well

as in Qg (A, B), infinitely often, and hence if ¢ = L, there is a round i#; > iy where the

counter increases to T and we again have a contradiction to (3.27). Thus c € {1,...,n}.
We will show that this will also give us a contradiction. For all j € {1,...,n}, let

Wi, w;. be the contents of the j-th buffer in round i, of the games Qg(&zl, $) and Qg (A, B),
respectively. First, note that w/. # € since otherwise in round iy+1 the counter will increase
from ¢ and we again have a contradiction to . Furthermore, since £ = (4, ...,%,),
3= (Zo1)> - - - » Zo(m))» and o a permutation, we have w. = w, for ¢ = o(d). In the game
Q;(ﬂ, B), there is a round i; > iy where DupLicATOR pops the d-th buffer since otherwise
the counter at one point never changes and we have a contradiction since holds
for infinitely many i. Hence in round i#; of the game gg (A, B), DupLicaTor pops the c-th
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buffer. The counter increases from ¢ to ¢ + 1 if ¢ < n or resets to L if ¢ = n. This again a
contradiction to (3.27)). Hence there is no such round i;. We have infinitely many i such
that ¢/ = T. DupLicaror wins the play uoujuu} . ... She wins the game gg (A, B). The
other direction can be shown similarly. O

Eliminating Buffers

There are some cases where we can eliminate some certain buffers without giving any
players more power to win the game. For example, consider a buffered simulation game
with two buffers in which the first one has more capacity than the second one, and every
letter that is stored in the first buffer also gets stored in the second one. In such a case,
the first buffer can be eliminated. This is intuitively because the first buffer is redundant
to the second one. Whenever SpoiLER reads a letter and a copy of the letter is pushed to
the first buffer, one copy of the letter is also pushed to the second one. If DupLicaTOR
never violates the capacity constraint of the second buffer, since the first buffer is bigger
than the second one, DupLicATOR also never violates the capacity constraint of the first
buffer. Hence eliminating the first buffer does not give any disadvantage or advantage for
DUPLICATOR.

Let Qg’,(ﬂ, B) be the game obtained from Qg(ﬂ, $) by eliminating the i-th buffer
because of redundancy to the i’-th buffer. By Theorem without loss of generality,
we can assume that i = 1 and i = 2. If DupLicaTOR Wins the game Qg(ﬂ, B) then she

also wins the game Q; (A, B). She simply moves her pebble in the same way as in G (A,
B). In this case, it is clear that if during the play in G (A, B), DupLicaror resets the
counter once, she also resets the counter at least once in the game g; (A, B). The reason
is because we now consider a game with less buffers and the order of the buffers does not
change. If DupLicaTOR resets the counter infinitely often in Qg(ﬂ, B), she also does so in

G5 (A B).

Theorem 3.5.2. For any two distributed alphabets 3 = (24,...,%,), ¥ = (Za,..., %)
and two capacity vectors k = (ky, ..., k,), & = (ka,...,k,) in which k; > ky and £, C Z,,
we have

CfCCf . (3.28)

The other direction of 1} also holds. If DupLIcaTOR Wins the game g; (A, B), she
also wins the game Q’; (A, B) by moving her pebble in the same way as in gg (A, B).
However note if in Qg (A, B), DupLicaTor resets the counter once, in the game Q’; (A, B),
DupLicaTor might not do so. In the game gg (A, B), the counter might not increase from
1. This is because DupLicATOR pops a letter from X, that does not belong to ;. However
since X; C X,, in gg (A, B), DupLicator eventually will pop the letter from X; in the
first buffer, and in gg(ﬂ, B), the counter increases from 1. DuPLICATOR resets the counter

infinitely often in Qg(ﬂ, B) if she also does so in the game Qg (A, B).

Theorem 3.5.3. For any two distributed alphabets S =EL.. L5 Y = (3,5
and two capacity vectors k = (ky,...,k,), K& = (ka,...,k,) in which k; > k, and £, C X,,
we have

CEDLCY, .
Proof. Let A, B be two NBA over =5 Suppose DUPLICATOR wins Qg (A,
). In the game gg (A, B), DupLicator simply moves her pebble in the same way as in

G5 (A B).
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Now let voviviV} ... and ugu’u 1} . . . be the plays that are obtained in Q"i(ﬂ, B) and in
Q; (A, B). Since in the game Q'é(ﬂ, $), DupLicaTor moves the pebble in the same way as
in Qg (A, B), we also have the properties as in (]3.24[) and (]3.25[) foralli > 0.

We will show that if there are infinitely many i such that u; = (p;, Wl’., gi, i, D) with

=T, (3.29)

there are also infinitely many i such that v; = (p;, w;, g;, ¢;, D) with ¢; = T. We will show
this by contradiction.
Suppose there are only finitely many such i. With the same reasoning as in the proof

of Theorem this implies that in the game Qg(ﬂ, B), there is a round iy > 0 where
started from this round, the counter never changes from ¢ € {1,...,n}, i.e.
c;=c (3.30)

for all i > i.

Forall j € {1,...,n}, let w; and w;. be the content of the j-th buffer in round i, of the
games Qg(ﬂ, $) and Qg (A, B), respectively. We have w. # € since otherwise in round
ip + 1 the counter will increase from ¢ and we have a contradiction to (3.30). Furthermore,
since 3’ = ,,...,Z), 3= (Z15...,2%,), we have w. = w/_, forc > 1.

Now suppose ¢ > 1. In the game gg (A, B), there is a round i; > iy where DupLICATOR
pops the (¢ — 1)-th buffer since otherwise, at one point the counter in Q; (A, B) never
changes and this contradicts that (3.29) holds for infinitely many i. Hence in round #; + 1,
the counter increases from ¢ to ¢ + 1 if ¢ < n or resets to L if ¢ = n. This is again a
contradiction to (3.30)).

In the case where ¢ = 1, since X, C X,, we have w, = m;(w.) where 7, is the projection
to Z;. In the game gg (A, B), there is a round i, > iy where DupLicaTOR pops the first
letter of m;(w.) from the first buffer. Otherwise, at one point the counter never changes
and this again contradicts that holds for infinitely many i. Hence in round i, of
Qg(ﬂ, B), DupLicator pops the first buffer and the counter increases from 1 which is
again a contradiction to (3.30).

Hence there is no such round i;. We have infinitely many i such that ¢; = T. Since
DUPLICATOR Wins uou|uit)y . . ., she also wins the play voviviv;.... DupLICATOR wins the
game Qg (A, B). |

Hierarchy over Capacity Vectors

As in the case of one buffer, buffered simulation with multiple buffers also gets more
expressive as the capacity of the buffers grows. We have a similar hierarchy as in Theorem
[3.1.4] First, let us consider an order over the capacity vectors by considering the total
order on N U {w} that is extended to the point-wise comparisons on n-tuples of elements
from N U {w}. For any two capacity vectors « = (ki,...,k,) and " = (k|,...,k;), we have
k < k" iff k; < k] for all i € {1,...,n}. Furthermore, we write x < k" iff k < «” and there is
i € {1,...,n} such that k; < k;. For example, we have (78,6, 19) < (w, 6,23) but (3,4) £
(5, 2). By considering such an order, as the capacity vector grows, buffered simulation gets
more expressive. This, however, only holds with respect to a fixed distributed alphabet.

Theorem 3.5.4. Let 3 = (X4,...,%,) be a distributed alphabet. For any two capacity
vectos K, k' in which k < k', we have I;g c E;
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Proof. For any two NBA A, B over £ and two capacity vectors k < &, any winning
strategy in G“(A, B) is also a winning strategy in G¥ (A, B). Hence for all k < k', we have
Eg C Eg For the strictness part, suppose k = (ky,...,k,), ¥ = (k|,..., k), and k < «'.
Since k < «’, we have k; < k}. Now consider the following two NBA A, B where a is
some arbitrary letter in X;.

We have A C¥ B. This is because in the game G* (A, B), DupLIcATOR Wins by just skip-
ping her turn. At the end of round kj, we reach the configuration (py, (di,e,...,€),qo,
1, S) which does not have any valid successor since the state py; does not have a succes-
sor. Hence SpoILEr gets stuck and DupLicator wins the play. However, we have A Z* 8.
SPOILER wins G¥(A, B) by reading a*'*!. This is possible because k; < ki. Hence at round

k; + 1, after SpoiLER reads a, we reach the configuration (pkl,(ak'“, €...,6),40,L,D)
which does not have any valid successor since the state g, does not have a successor.
Hence DupLicaTor loses the game G“(A, B). O

Hierarchy over Distributed Alphabets

Theorem [3.5.4]shows that for a fixed distributed alphabet, buffered simulations gets more
expressive as the capacity of the buffers grows. It turns out that for a fixed capacity vec-
tor, buffered simulation also gets more expressive as the distributed alphabet gets “less”
distributed. By “less” distributed, we mean each buffer gets associated to the same or a
smaller set of letters.

To show this formally, consider the order on the distributed alphabets by considering
the inclusion that is extended to the point-wise comparisons of n-tuples of subset of X. For
any two distributed alphabets $=C,...,Z)and ¥ = (¥, ... ,X)where X, U...UZX,
=%/ U...UX,, wesay Y is finer than £ and write ' < $if X/ C 3, forall i € {1,...,n}.
The finer the distributed alphabet, the stronger is DupLIcATOR to win the game. Intuitively,
this is because in the game with a finer distributed alphabet, each letter that is read by
SpoILER now is put to the same set of buffers or less. Hence DupLicaTOR’S moves are less
restricted.

If DupLicATOR Wins the game Qg (A, B) then she also wins the game gg (A, B) where

3’ < 3 by moving her pebble as in G¢(A, B). Note that if DupLicator resets the counter
in Q’; (A, B) infinitely often, she will also do so in the game Qg,(fﬂ, B). Since otherwise,
there is a non-empty buffer, let us assume the i-th one, in Q; (A, B) that is ignored by
DupLicaTor. Since every letter that gets stored to the i-the buffer in the game g; (A, B)
also gets stored to the i-th buffer in g’é(ﬂ, $), this means DupLicaTor also ignores the
i-th buffer in Qg(ﬂ, $) and contradicts our initial assumption. We formally show this as
follows.

Theorem 3.5.5. Let k = (ky,...,k,) be a capacity vector. For any two n-tuples of dis-
tributed alphabets 2,3 in which £ < 3/, we have Cy, < L&

Proof. Let A, B be two NBA over 3 = (Z1,...,%,) and suppose DupLicaTOR wins the
game Gi(A, B). Let & = (,...,%;) be some distributed alphabet in which & < £
and 7, ' be the projections with respect to 3, 3, respectively. In the game G, (A, B),
DupLicator moves her pebble in the same way as in Qg(ﬂ, B).
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Now let voviviV} ... and ugu’u 1} . . . be the plays that are obtained in Q"i(ﬂ, B) and in
Q; (A, B). Since in the game gg (A, B), DupLicATOR plays as in Q"i(ﬂ, $), we also have
the same properties as in (3.24) and (3.25).

We will show that if there are infinitely many round i such that v; = (p;, w;, i, ¢i, D)
with

¢ =T, (3.31)

there are also infinitely many round 7 such that u; = (p;, w;, g;, ¢}, D) with ¢ = T. We will
show this by contradiction.

Suppose there are only finitely many such i. By the same reasoning as in Theorem
, this implies that in the game gg (A, B), there is a round iy > 0 where started from
this round, the counter never changes from c € {1,...,n}, i.e.

ci=c (3.32)

for all i > iy.

For all j € {1,...,n}, let w;, w;. be the contents of the j-th buffer in round i in the
games Qg(ﬂ, B), Qg,(ﬂ, B), respectively. Since 3’ < £, we have m(w;) = w’ for all
Jj €1{1,...,n}. Note that we have w/. # € since otherwise in round i; + 1, the counter will
increase from ¢ and this contradicts (3.32) holds for all i > i;. In the game Qg (A, B),
there is some round i; > iy where DupLicaTOR pops the first letter of 7/.(w’.) from buffer c.
Otherwise, the counter in Q’; (A, B) at one point, never changes and this contradicts that

holds for infinitely many i. Hence in round #; of Qg,(ﬂ, B), DupLicaTOR also pops a
letter from buffer c. In round i; + 1, the counter will increase to ¢ + 1 if ¢ < n or resets to
1 if ¢ = n. This again contradicts that holds for all i > iy. Hence there is no such
round iy. We have infinitely many i such that ¢! = T.

Since DupLICATOR wins Q’; (A, B), she wins voviv;.... Thus she also wins the play
uouiu; . ... DupLICATOR wins the game Q; (A, B). |

The comparison between buffered simulation games with different distributed alpha-
bet, however, is not particularly meaningful. Buffered simulation games are defined with
respect to a distributed alphabet, and hence each distributed alphabet defines its own class
of structures and the corresponding buffered simulations become relations on different
classes of structures. We will see in the following chapter that the complexity and decid-
ability issues of buffered simulation games do not depend on how the letters are distributed
among the buffers, but only on how many buffers are involved and how big they are.



Chapter 4

Decidability and Complexity

In the previous chapter, we have seen the formal definition of buffered simulation. It
extends the game framework of the standard fair simulation with one or multiple buffers
such that DupLicATOR can store the letter that is read by SpoILER temporarily to the buffers
before she executes it in her structure. DupLICATOR can have a preview of SPOILER’S move
and more chances to mimic it correctly. In general, each of the buffers might have a
bounded or an unbounded capacity.

The definition of buffered simulation is quite simple and natural, but it is not clear
whether such a simulation is still decidable. If all buffers are bounded, intuitively buffered
simulation should still be decidable since the number of configurations is finite. However
if some buffers are unbounded, the number of configurations is no longer finite. It is al-
ready infinite even in the case where we only have one unbounded buffer. Hence in the
case where some buffers are unbounded, buffered simulation might be no longer decid-
able.

We study the decidability and complexity of buffered simulation in various cases. In
general, we will consider the following decision problem.

Given : Two NBA A, B over 3 = (Z1,...,2,) and a capacity vector
k=(ki,....k,) € WU {w})" 4.1
Question : Does DupLicaTorR win the game G*(A, B)?

Before we show the decidability and complexity of this problem, we will consider some
of its simpler instances in the first three sections of this chapter. In the first one, we will
consider the problem of deciding buffered simulation in which only one buffer is involved
and the capacity is bounded, i.e. the instance of in whichn = 1 and k; € N. In the
second one, we will consider a more general problem, namely deciding buffered simula-
tion where multiple buffers are involved and all of them have a bounded capacity, i.e. the
instance of (.I)) where n > 1 and k4, ...,k, € N. In the third section, we will consider
the problem of deciding buffered simulation where only one buffer is involved but the ca-
pacity is unbounded, i.e. the instance of where n = 1 and k; = w. All of these three
instances turn out to be decidable. The decidability of the first two is expected since the
number of configurations in the game G“(A, B) is finite. However the decidability of the
third one is quite surprising. In such a case, the number of configurations in the buffered
simulation game is infinite and questions about systems with an unbounded FIFO buffer
are often undecidable. For instance in [CFO3], it is shown that the linear-time properties
of a system with two machines and one buffer are undecidable. Nevertheless, we will
see that by adding one more buffer, even with a minimal capacity, buffered simulation

72



CHAPTER 4. DECIDABILITY AND COMPLEXITY 73

is no longer decidable. We will end this chapter with some sections that show the high
undecidability of the problem stated in (4.1).

4.1 Simulation with One Bounded Buffer

Let us start with a simple case of buffered simulation where there is only one bounded
buffer. Consider the following problem.

Given : Two NBA A, BoverXand k € N

Question : Does DupLicaTror win the game G (A, B)?

In Theorem it is shown that we can reduce any buffered simulation game G*(A, B)
where k € N U {w} to a parity game G where player 1 corresponds to SpoiLer and player O
to DupLicaToR. The parity game G is played in the configuration graph of G*(A, B) with a
parity function that mimics the winning condition of G¥(A, B). The size of G is the same
as the size of the configuration graph of G*(A, B). For a bounded capacity k € N, we can
refine Theorem to the following corollary.

Corollary 4.1.1. For any two NBA A, B over X and a capacity k € N, we can construct
in polynomial time a parity game G with priorities 0, 1, 2 that is played on a graph where
the numbers of nodes and edges are

VI = O(A - 18] - [2[*),

E| = O(AP - 1B - [2**)
such that DupLICATOR wins GX(A, B) iff player 0 wins the parity game G.
Proof. Consider the parity game G as described in the proof of Theorem[3.1.8] The nodes

in the parity game G are the configurations of G*(A, B). By Definition [3.1.1} the set of
configurations in G¥(A, B) is
V=0 x T x 08 x (T, L} x {S, D).
Since [ = 22+ 2" +. .. + |2 = O(Z[**?), the number of nodes in G is O(|A| - |B] -
|Z|k+2).
The edges in the parity game G are also the same as the edges in the configura-

tion graph of G*(A, B). Recall also from Definition that the outgoing edges from
SpoILER’s configurations are of the form

(p,w,q,b,S) — (p’,wa, q,b,D)

where w € 2*f and a € X. Since || = O(|Z|F*!), the number of outgoing edges from
SPoILER’s configuration is O (|A|> -|B| -|Z[**?). The outgoing edges from DuUPLICATOR’S
configuration, however, are of the form

(p,w,q,b,D) = (p,w',q',b'",S)
where w € 2! and w € =k, Thus the number of outgoing edges from DuPLICATOR’S

configuration is O (|A| |B|? |Z[***3). Hence we have the desired result. o

Now recall that by Proposition from [JurOO], deciding whether player O wins a
parity game with priorities 0, 1, and 2 on a graph of n nodes and m edges is in time O(nm).
Hence we have the following theorem.

Theorem 4.1.2. For any two NBA A, B over T and a capacity k € N, deciding ACF B is
in time O(|AP - |BP -|[Z**).
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The Flushing Variant

In the case where we consider the flushing variant, solving buffered simulation can be
done slightly easier than this. First note that the flushing variant Q’,‘;Iush(ﬂ, ) can also be
reduced to a parity game in the same way as we reduce G*(A, B). We can reduce it to a
parity game G’ = (G’, ¢j,, ) where G’ and ¢, are the configuration graph and the initial
configuration of the game Q’,‘:lush(ﬂ, $B), and Q is the priority function as in .

Let G and G’ be the parity games for G*(A, B) and Gf, (A, B), respectively. The
numbers of nodes in the parity game G and G’ are the same since the configurations in
G*(A, B) and Q’;Iush(ﬂ, B) do not differ. The number of edges in G', however, is slightly
less than the one in G. This is because the move of DuPLICATOR in Q’,ilush(ﬂ, $) is more
restricted. In the configuration graph of the flushing variant g’,‘:lush(ﬂ, $), there are two
kinds of outgoing edges from DupLicaTOR’s configuration: the one that corresponds to the
case where DupLicator flushes the buffer and the one where she skips her turn. They are

respectively of the form
(p,w,q,¢,D) - (p,e,q',c’,S) and
(p,w,q,¢,D) = (p,w',q, L,S).

where p € Q7 q,q € Q% w € T w € == and ¢,¢’ € {1, T}. Since [Z5¢*1| =
O(|Z[*?), the number of outgoing edges from DupLIcATOR’S configuration in the configu-
ration graph of Gf, (A, B) is O(A| -|B* [Z[**?). The numbers of outgoing edges from
SPOILER’s configuration in G and in G’, however, are the same. It is O(|AI*> -|B| -|Z[F*?).
There is no different in how SporLEr move in the game G*(A, B) or Gf, (A, B). Hence
we have the following theorem.

Theorem 4.1.3. For any two NBA A, B over X and k € N, we can construct in polynomial
time a parity game G with priorities 0, 1, and 2 that is played on a graph where the
numbers of nodes and edges are

VI = O(A| - 18] - [2[*),
E| = O( A - 18] - 12
such that DUPLICATOR wins Q’,‘:Iush(ﬂ, B) iff player 0 wins G'.

Again, since deciding the winner of a parity game with priorities 0, 1, and 2 is linear
in the products of the numbers of nodes and edges, we have the following corollary.

Corollary 4.1.4. For any two NBA A, B over ¥ and k € N, deciding whether ACF, . B
is in time O(AP |BP -|Z*+4).

For the full-flushing variant, recall from Section [3.3] that the game can be reduced
to the static (k + 1)-letter simulation game. Hence by Proposition [2.6.8] we have the
following corollary.

Corollary 4.1.5. For any two NBA A, B over X and a capacity k € N, deciding whether
A Ty B is in time and O(AP - | B - [Z**2).

Buffered simulation with one bounded buffer together with its flushing variants, can
be solved in time polynomially in the size of the automata and exponentially in the size of
the alphabet where the exponent is the size of the buffer. Thus for a given fixed capacity,
we can solve buffered simulation with one buffer and its flushing variant in polynomial
time.

Corollary 4.1.6. For a fixed capacity k € N, deciding C¥, E’;lush, and ElléFlush are in PTIME.
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4.2 Simulation with » > 1 Bounded Buffers

Now let us look at a more general problem. Consider the problem of deciding buffered
simulation where multiple bounded buffers are involved.

Given : Two NBA A, B over & = Z,...,Z)andax = (k,...,k,) e N"
Question : Does DupLicaTor win the game G“(A, B)?

As in the case of one buffer, this problem can also be reduced to a parity game. We
can consider a parity game that is played on the configuration graph of G“(A, B) with
a priority function that mimics the winning condition of G“(A, B). The following is a
generalisation of Corollary

Theorem 4.2.1. Given two NBA A, B over S = .. Z)andk = (ky, ..., k,) € N, we
can construct in polynomial time a parity game G with priorities 0, 1, and 2 that is played
on a graph where the numbers of nodes and edges are

VI=O(A - 18] - 112 [Z,[* - ),
E| = O(AP - 1B - 2,17 - 2,4 - n?)

such that DupLicaTorR wins G“(A, B) iff player 0 wins the parity game G.

Proof. Let G = (V, Vs, Vp, E) be the configuration graph of G“(A, B) and v, the initial
configuration of G“(A, B). The parity game G is a triple (G, vy, ) where Q is a priority
function that mimics the winning condition in G“(A, B), i.e. for any configuration v € V,

2 ifv=(p,w,q,T,S)
Q) =41 ifv=(p,w,q,c, D) where pc F 4.2)
0 otherwise.

With the same reasoning as in the proof of Theorem [3.1.8, we can show that DupLIcATOR
wins G“(A, B) iff player 0 wins the parity game G.

The nodes in the parity game G are the configurations of the game G“(A, B). Recall
from Definition [3.4.2] that the set of configurations in G*(A, B) is

V=0"x @I x. o xzkhy x 08 x {1,...,n, L, T} x (S, D).

Since [X7*!] = O(Z;[%*?) for all i € {1,...,n}, the number of nodes in G is O(A| - |B] -
D e N O]

The edges in the parity game G are also the same as the edges in the configuration
graph of G*(A, B). By Definition the outgoing edges from SPoILER’S configuration
are of the form

(p,w,q,¢,S) = (p',w,q,c,D),

where

w=Wi,..., W),

W, = (Wlﬂl(al)’ ceey Wnﬂ-n(an))’
and w; € X, m(a;)) = eora; € X;, for all i € {1,...,n}. Since [ = O(IZ,[*") for all
i € {1,...,n}, the number of outgoing edges from SpoILER’s configuration is O (|A|* -|B|

O RS M LAY )
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The outgoing edges from DupLicaTOR’Ss configuration, however, are of the form

(p,w,q,¢,D) = (p,w.,q, ¢, S),

where

w=(Wi,..., W),

W = (W]a W )
and w; € ka"” , W€ ka" foralli € {1,...,n}. Hence the number of outgoing edges from
DupLicaToR’s configuration is O (JA| -|B|? -|Z, %1+ ... |Z,[**3 - n?). Thus the number of
edges in Gis O(AP - |BP - |3 .- 2,103 - n?). O

Since deciding the winner of a parity game with priorities 0, 1, and 2 over a graph
with n nodes and m edges is in time O(nm), we have the following theorem.

Theorem 4.2.2. For any two NBA A, B over 3= ... 2y andk = (ky, ..., k) € N
deciding A X B is in time O(A|® | B -|Z P+ .. |z, Pl . nd).

In the case of the flushing variant, i.e. deciding Cf, ., the complexity is slightly better.
We can show this in a similar way as in the case of one buffer. The reason is because
the number of edges in the configuration graph of Gg, (A, B) is slightly less than the
one of G*(A, B). In the configuration graph of Gf, (A, B), the outgoing edges from
DupLicator’s configurations that correspond to the case where DupLicator flushes the
buffer and where she skips her turn are respectively of the form

(p,w,q,c,D) > (p,€,4',c’,S) and
(p,w,q,¢,D) > (p,w,q, L,S),

where p€ O, q, ¢ € 0%, c,c’ €{1,...,n, L, T},

w=(Wi,..., W),
wo=w,...,w),
e=(eg...,6),
and w; € T w e = for all i € {1,...,n}. Since X' = O(IZ*?) for all
ief{l,...,n}, the number of outgoing edges from DupLIcATOR’S configuration in the con-

ﬁguration graph of Gf (A, B) is O(A| 1B Z,[1*2 ... -|Z,[*** -n?). The numbers of
outgoing edges from SPoILER’s configuration in G and G’ are the same. They are O(|A|*-
1B - [Z,[F1*2 ... |Z,[**2 - n). Thus we have the following theorem.

Theorem 4.2.3. For any two NBA A, B over 3= Z,.... ) andk = (ky,...,k,) € N
we can construct in polynomial time a parity game G’ with priorities 0, 1, and 2 that is
played on a graph where the numbers of nodes and edges are

VI = O(AL 1Bl - 172,72 - ),
IE| = O(AP - 1B - [Z["*2 .. 2,2 - )

such that DupLICATOR wins G, (A, B) iff player 0 wins G'.
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Again, by Proposition [2.4.2] the winner of a parity game with priorities 0, 1, and 2 is
linear in the products of the numbers of nodes and edges. Hence we have the following
corollary.

Corollary 4.2.4. For any two NBA A, B over £ = (Z,,...,%,) and k = (ky, ..., k,) € N",
deciding whether AL, B is in time O(AP |BP® -[Z, 214 .. [Z, M ).

Both of the flushing variant and the general case of buffered simulation with multiple
bounded buffers can be solved in time polynomially in the size of the automata and in
the number of the buffers. They are however exponential in the size of the alphabets
where the exponent is the capacity of the buffers. Thus for a fixed capacity vector «,
buffered simulation with multiple bounded buffers and its flushing variant can be solved
in polynomial time.

Corollary 4.2.5. For a fixed k € N7, deciding C* and Cf, ,, are in PTIME.

4.3 Simulation with One Unbounded Buffer

Now let us consider a more general case where some unbounded buffer is involved. First
consider the case where there is only one buffer. We will start with the flushing variant,
1e.

Given: Two NBA A, B over

43
Question: Does DupLicaToR Win the game G, (A, B)? (4.3)

Note that we can also reduce the game Gy, (A, B) to a parity game in the same way
as we reduce the game G*(A, B) where k € N. We can see it as a parity game that is
played in the configuration graph of Gf, (A, B) with the same priority function as in
. However, recall that the set of configurations in the game G¢, (A, B), as well as
G“(A, B), 1s
V=0"x2"x 0% x{T,1}x{S,D}.

Since the content of the buffer can be any finite word from X*, there are infinitely many
configurations. Reducing the game Gf, (A, B) to a parity game in the same way as we
reduce the game G“(A, B), where k € N, will only give us a parity game on an infinite
graph which does not help us in showing decidability or undecidability of (.3).

Nevertheless, we will show that the problem in @) is indeed decidable. We will first
give the lower bound of solving such a problem and then its upper bound. After presenting
the complexity characterisation of deciding Cf, , completely, we will continue with a
more involved problem, namely deciding E¢.

4.3.1 The Flushing Variant

It turns out that deciding whether DupLicaTor Wins Gy, (A, B) can no longer be done
in PTIME. The problem is PSPACE-hard. We will present a reduction from the corridor
tiling problem. Recall from Chapter 2 that in the corridor tiling problem, we are given
a tiling system 7, a corridor width n > 0, and are asked whether we can tile the region
{1,...,n} X N*. Such a problem can be reduced to the one of deciding Ceush- Intuitively,
we construct two NBA (A, B such that SpoiLEr’s role is to produce a tiling row by row in

A and DupLicaTOR’s role is to make sure that there is no horizontal or vertical mismatch
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Figure 4.1: NBA A and 8 for the corridor tiling problem.

%O
40 :

TU#  Tu#

n

TU{#}“.TU{#}

Figure 4.2: The components By, and Bye,.

by playing in 8. The automaton 8 is basically equipped with two accepting sinks: shor
and sy such that whenever DupLicaTOR detects a horizontal or vertical mismatch, she
simply flushes the buffer and reaches sy, Or sy to win the play.

Formally, given a tiling system 7 = (T, H,V) and a width n > 0, we construct two
NBA A, B as in Figure .1 They are defined over X = T U {#}. The symbol # is used
to denote the beginning of a tiling of a row. The automaton for SpoiLEr will produce a
word of the form #w #w,# ... where wy, wy, ... € T". The words wy, w,, ... correspond
to the tiling of the first row, the second row, etc. The automaton for DupLicaTOR, however,
is more complex. It consists of two components: By, that is used to detect the horizontal
mismatch and B, for the vertical mismatch. We illustrate 8o and By in Figure §.2]
We assume that T = {a,,...,a,}. Moreover, for any tile ¢t € T, we denote by t_H, the
set of tiles that are not horizontally compatible with z, i.e. o= {t eT| (t,t) ¢ H}.
Similarly we denote by 1V, the set of tiles that are not vertically compatible with ¢, i.e.
V={teT|tr)eV).

Intuitively, any infinite word w = #t, ... t, 1 #t1o ... to# ... € (# - T") is accepted by
B if it contains a vertical or horizontal mismatch, i.e. there existi € {1,...,n}and j > 0
such that (#; ;,t;11,;) ¢ H or (t;j,t j+1) ¢ V. DupLIcaTOR can read such a word w from the
initial state gy by going to the accepting sink snor Or syer and loop there for the rest of the

play.
Lemma 4.3.1. Given a tiling system T = (T, H,V) and a width n > 0, consider the two
NBA A, B in Figure[d.1| We have

L(A)=#-T"” and
L(A) N L(B) = [Hwitwott .. € (#- T | i, j : wi(j),wi(j+ 1)) ¢ H or
wi(j), wir1())) € V}.

Now if we consider the game G, (A, B) between the two NBA A, B as in Figure
M.1l Sporer wins if there exists a corridor tiling. The strategy for SpoILER is simply to
read the tiling row by row and by the construction of B, DupLicaTor will never reach any
accepting sinks. However, if there is no corridor tiling, DupLIcATOR simply waits until
SpoiLEr produces a vertical or horizontal mismatch. At that point, she flushes the buffer
by going to one of the accepting sinks.
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Theorem 4.3.2. Given a tiling system T = (T, H, V) and a width n > 0, we can construct
in polynomial time two NBA A, B such that SpoiLEr wins G2 .. (A, B) iff there exists a
corridor tiling.

w
Flush

Proof. Consider the two NBA A, B as given in Figure[d.1] Suppose there exists a corridor
tiling ¢. The strategy for SPOILER is to read w = #t ;... 1, 1#t15...1,0#.... Since for all
i €{l,...,n}and j > 0, we have (;j,4;1,)) € H and (4,1 j:1) € V, by Lemma .31}
w ¢ L(A)N L(B), but w € L(A). Hence w ¢ L(B). There is no accepting run over w in B.
SpoiLER wins because he forms an accepting run, but DupLicaTor does not.

For the reverse direction, suppose there is no corridor tiling. Intuitively, the strategy
for DupLICATOR is to wait until we reach some configuration

(o, Wty ...t #t, .. .1, qo, L,D) (4.4)

where w € (#-T")", t1,1]...,1,,1;, € T, and there is i € {1,...,n} such that (¢;,7;,,) ¢ H
or (t;,t)) ¢ V. In the first case, DupLicaTOR pops w by looping in go, pops #1; ...t by
going to ¢q;, and then pops #;¢;;; by going to the accepting sink spor. In the second one,
DupLICATOR pops w#t ...1;_; by looping in gy and then pops f;...1,#t| ...t by going to
the accepting sink syer.

If we never reach a configuration as in (@ then SporLer produces the word #¢, ;... ¢,
#t12.. .o ... where for all i € {1,...,n} and j > O, (t;j,tis1,;) € H and (¢;,1;j+1) €
V. In such a case, we can construct a corridor tiling ¢ : {1,...,n} X N* — T where
t(i, j) = t;; which contradicts our initial assumption. Hence the play eventually reaches a
configuration as in (4.4)) and DupLicator will reach the accepting sink Shor OF Syer. From
the accepting sink, it is not hard to see that DupLicATOR can play accordingly and win the
play. O

Note that the size of the automata A, B in Figure is polynomially larger than
the given tiling system and corridor width. We also have a polynomial-time reduc-
tion from the corridor tiling problem to the flushing variant of buffered simulation with
one unbounded buffer. Since by Proposition [2.2.4] solving the corridor tiling problem
is PSPACE-hard, deciding whether DupLicatror wins G, . (A, B) is also PSPACE-hard.
Hence we have the following corollary.

{0
Flush

Corollary 4.3.3. Deciding ¢, , is PSPACE-hard.

Upper Bound

This lower bound is indeed tight. We will show that deciding whether DupLIcATOR Wins
the flushing variant Gf, (A, B) can be done in PSPACE. Before we show this, let us first
denote the set of SpoiLER’s configurations with an empty buffer by V., i.e. the configu-
ration (p,w,q,b,S) is in V. iff w = €. Moreover, let us also denote the set of SPOILER’S
configurations that are winning for SpoiLer by Wg, i.e. a configuration (p,w, g, b, S) is in
Wy iff SpoiLER has a winning strategy to win the play that is started from (p,w, g, b, S).
We will give an algorithm that computes the set of SPoILER’s configurations with an empty
buffer that are winning for SPOILER, i.e. the set WinS = Ws N V.. Once we have WinS,
we can easily decide whether SpoiLer wins G¢ . (A, B) by checking whether the initial
configuration is in such a set.

w
Flush
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Fixpoint Iteration for Computing WinS

The set WinS can be computed via fixpoint iteration. For the base case, we consider the
set of configurations WinS° C V, in which SporLer wins by forming an accepting run that
cannot be mimicked by DupLicaTor. First, for any automaton A and a state p, let us denote
with A, the automaton A where p is its initial state, i.e. A, = (O, T4 EA p, F7). We
define the set WinS° as follows.

Definition 4.3.4. For any two NBA A, B,
WinS® = {(p.€,4.5,S) € Ve | L(A,) € L(B)}. (4.5)

Example 4.3.5. Consider again two NBA A, B from Example 3.2.1] For convenience,
we present them again as follows.

b,c

The initial configuration (py, €, q,, L, S) does not belong to WinS° since L(A) = L(B), and
hence L(A),,) € L(B,,). The configurations (p1, €, s, T,S) and (p1, €, q., T, S), however,
are in WinS°. Note that

L(A,) =(bUc),
L(B8,)=b-(bUc), and
L(B,)=c-(bUc).

Thus L(A,,) € L(B,,) and L(A,,) € L(B,,). In fact, we have

WinS°’ = {(p,€,q, 1,S), (p,€,4, T,S) € Ve | (p,q) € 07 x 0% \ {(po, qu)}}-

From any configuration (p, €,¢q, L,S) or (p,€,4, T,S) in WinS°, Sporer simply con-
siders the word w € L(A,)\ L(B,) and then plays the accepting run of w in A. DupLICATOR
would never form a corresponding accepting run and loses the play.

Proposition 4.3.6. WinS° C WinS.

Proof. Let (p,€,q,b,5) € WinS°. By definition of WinS°, there is a word w € L(A,)
such that w ¢ L(8,). Let p be an accepting run over w in A,. The winning strategy for
SpoILER from the configuration (p, €, ¢, b, S) in G§, (A, B) is to play p. Since w ¢ L(B,),
there is no accepting run over w from g. Hence SpoiLer forms an accepting run, but
DupLicaTor does not. We obtain a play vgv; ... such that there are infinitely many i such
that v; = (p,w,q,b,D) with p € F” and finitely many i such that v; = (p,w,q, T,S).
SpoILER wins the play. |

The set WinS indeed is the least set that contains WinS° such that from any config-
uration in WinS, SporLER can force DupLIcATOR to eventually proceed to WinS°. We will
show this by considering the set of attractors. For any set of configurations U C V,, the
set Attrg (U) is defined as the set of configurations in V, from which SpoiLER can play a
certain accepting run and force DupLicATOR to eventually flush the buffer and proceed to
U. We formally denote this as follows.
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Definition 4.3.7. Let A, 8 be two NBA. For any U C V., the set of attractors of U is

Attrs(U) = {(p,€,4,b,S) € Ve | Ap = paiprazp> ... € AccRun(A,)
such that V¥ p’' = gaiqiaxq» ... € AccRun(8,), there
are finitely many i with (p;, €,q;, T,S) ¢ U}.

Example 4.3.8. Consider again the two NBA A, B in Example [4.3.5| and the set U =
{(p1,€,95, T,S),(p1,€ qg., T,S)}. The initial configuration (py, €, ., L,S) is in the set
Attrg (U) since we can consider the accepting run p = poa(p1bp;c)® over the word a(bc)®.
There is only one accepting run in 8 over the same word, i.e. p’ = g,a(g,bg.c)”, and
we have (p,€, 95, T,5),(p1,€,q., T,S) € U. Hence by definition, (py, €,q,, L,S) €
Attrg (U).

The fixpoint-algorithm starts from WinS°. In every step, we add the attractors of the
current set until we reach a fixed point. We eventually reach a fixed point since we only
add more configurations and there are only finitely many configurations that we can add.
Let us denote such a fixed point with W.

Definition 4.3.9. For all i € N, let WinS° as in (4.5),
WinS*! = WinS' U Attrs (WinS?),
and W = WinS® where WinS® = WinS' for all i > .

Intuitively, if a configuration (p, €, g, b, S) does not belong to the fixed point W then
from such a configuration, DupLicaTOR eventually can proceed to some other configuration
(p',€,q', T,S) that does not belong to W.

Lemma 4.3.10. Consider a play in G§, (A, B) from some configuration (p, €, q,b,S)
¢ W. DupLICATOR has a strategy such that either SPOILER loses or the play eventually

proceeds to some configuration
(p'.eq,T,S) & W.

Proof. The strategy for DupLICATOR is as follows. She skips her turn until the play reaches
some configuration (p’, w, g, L, D) where there exists ¢’ such that

g—=>q
F

and (p’,€,q’, T,S) ¢ W. In such a case, DupLicator flushes the buffer and proceeds to the
configuration (p’, €,q’, T, S).

If SpoiLer forms an accepting run p = pa,p; ... then DupLicaTor eventually flushes
the buffer. We will show this by contradiction. Suppose SpoiLER forms such an accepting
run p, but DupLicaTor never flushes the buffer. Let p° = ga;q; ... be an accepting run
in B and iy > 0 be the smallest index such that g;, € FZ. By definition of the strategy,
DupLricator does not flush the buffer in any round i > iy because (p;,€,q;, T,S) € W.
Hence there are only finitely many indices i such that (p;, €,¢;, T,S) ¢ W. By definition
of attractor, (p, €,q,b,S) € Attrg(W). Moreover, by definition of W, (p,€,q,T,S) € W.
This contradicts our initial assumption. Thus either SpoiLER does not form an accepting
run and in this case DupLicaTOR wins, or DupLicaTor eventually flushes the buffer and
proceeds to some configuration (p’, €,q’, T,S) ¢ W. O
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By using this lemma, we can show that DupLicaTorR wins from any configuration
(p, €,q,b,S) that does not belong to the fixed point W. She simply flushes the buffer
only if she reaches some configuration (p’, €, ¢’, T, S) that also does not belong to W.

Lemma 4.3.11. WinS Cc W.

Proof. Let (p,€,q,b,S) ¢ W. Thus we have (p,€,q,b,S) ¢ WinS' for all i € N. Dupui-
CATOR Wins G (A, B) from such a configuration. Initially, she plays with the strategy
as we have described in the proof of Lemma4.3.10] By doing so, either she wins, or the
play eventually proceeds to some configuration (p’, €,q’, T,S) ¢ W. From configuration
(p',e,q,T,S), since it does not belong to W, we can repeat the procedure again. We do
this indefinitely. Hence either DupLicaTOR eventually wins by using the strategy as de-
scribed in the proof of Proposition 4.3.10| or she proceeds to some configuration of the
form (p’, €, ¢, T, S) infinitely often. In such a case, DupLicATOR also wins the play. Hence
(p,€,q,b,S) ¢ WinS. m|

We will show that the reverse direction of this lemma also holds. If a configuration
(p,€,q,b,S) belongs to W then it also belongs to WinS' for some i € N. Hence SPOILER
can force the play to proceed to some configuration that belongs to WinS™', then WinS'2,
and so on, until we reach the one that belongs to WinS°. From such a configuration, by
Proposition 4.3.6, we know that SporLer will win the play.

Theorem 4.3.12. WinS = W.

Proof. The left-to-right direction holds by Lemma For the right-to-left direction,
let (p,€,q,b,S) € W. By Definition 4.3.9] we have an i € N such that (p,€,¢,b,S) €
WinS'. Ifi = 0, by Proposition e, q,b,S) € WinS. Hence we have the de-
sired result. Now suppose i > 0. By Definition either (p,€,q,b,S) € WinS™! or
(p,€,q,b,S) € Attrg (WinS™!). In the first case, by the induction hypothesis, (p, €, ¢, b, S) €
WinS and hence we also have the desired result. In the second case, by the definition of at-
tractor, there exists an accepting run p = pa; p1a; ... in A such that for any accepting run
p' = qaiqia; ... in B, there are only finitely many j such that (p;,€,q;, T,S) ¢ WinS™,
From (p, €,q,b,S), the strategy for SPoILER is to play the run p indefinitely until DupLI-
cartor flushes the buffer and proceeds to some configuration (p’,€,4’, T,S) € WinS* L. If
DupLicatror never does so then either she does not form an accepting run, or she indeed
forms an accepting run pj = qa;qjaxq, ... but never proceeds to such a configuration.
Let ji, jo, ... be the rounds where DupLicaTor flushes the buffer and sees some accepting
state. Hence (pj,, €, q;l ,T.S), (p),s €, ‘1}2’ T,9),... ¢ WinS~!. There are infinitely many
J such that (p;,€,¢/,T,S) ¢ WinS™'. This contradicts (p,€,¢,b,S) € Attrs(WinS™").
Thus if SpoiLErR plays p, either DupLicaTOR does not form an accepting run or she eventu-
ally flushes the buffer and proceeds to some configuration (p’,€,q’, T,S) € WinS™{(w).
In the first case, SpoiLER wins because he forms an accepting run. In the second case,
SpoiLER also wins because by the induction hypothesis, such a configuration is winning
for SporLer. We have (p, €, ¢, b, S) € WinS. O

Hence the fixed point W is indeed WinS. We can compute WinS, by first computing
Wo = WinS°, then W, = W, U Attrs(W,), then W, = W, U Attrs(W,), etc. until we reach a
fixed point.
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The Complexity of Computing WinS

For any flushing variant game G¢, (A, B), given a set U C V, and some configuration
(p,€,q,b,S) € V,, it is not obvious how difficult it is to decide the membership (p, €, g,
b, S) € Attrg(U). It turns out that we can reduce such a membership problem to a language
non-inclusion between two generalised Biichi automata (GNBA). Intuitively, we construct
two GNBA A’ and B’ over the transitions of A such that A" accepts the sequence of
transitions (p, ay, p1) (p1,az, p2) ... that corresponds to the accepting run of (A, and the
automaton $’ only accepts such a sequence if there exists an accepting run ga;q,a, . .. in
B such that there are infinitely many i with (p;, €, ¢;, T,S) ¢ U. In this way, if there is no
language inclusion between A’, $’, there is an accepting run pa; p;a; . . . in A such that for
all accepting run ga;q,a, . . . in B, there are only finitely many i where (p;, €,¢;, T,S) € U,
and hence we have the membership (p, €, g, b, S) € Attrg(U).

Lemma 4.3.13. Deciding whether (p, €,q,b,S) € Attrg(U) is in PSPACE.

Proof. Suppose SpoiLER’s and DupLICATOR’s automata are A = (Q, X, EA, py, F') and
B =(0%%, E? qo, F?). Consider two GNBA

A = Q"X E*, p,{FT)),
B =(Q"x Q%2 E® ,(p, ), {0 x F2,U"})

where Y/ = EA,

E7 = (r 2205 | (r,a,r) € ETY,

E? = {(r, s) 225, 5') | (s,a, s) € E®),
and

U ={(p'.q) € Q" x 0% | (p,e,q', T,S) € Ve \ U).
Now suppose L(A') € L(B’). Let p = pa;pia, ... be an accepting run in A. Hence
the word w = (p, a1, p1) (p1,az, p2) ... is accepted by A’. Since L(A") C L(B’), the word
w is also accepted by 8’. There is an accepting run

(pai,p1) (p1,a2,p2)

(p,q) ——=>(P1,q1) ——>(p1.q1) ...

over w in B’. By the acceptance condition of $’, the run ga g a; ... is accepting in
B and there are infinitely many i such that (p;,€,q;, T,S) ¢ U. Hence by definition,
(p,€,q,b,S) ¢ Attrg (U).

For the reverse direction, suppose L(A’) € L(B’). There exists w = (p,ai, p1)
(p1,az, p2) ... € ¥ such that w is accepted by A’, but not by B’. Let

(p, q) “ZLLYs (p gy) LD (1) g0y .

be an infinite run in 8’ over w. Since w ¢ L($’), the run is not accepting in $’. Either
qaiqia;, ... is not accepting in B or there are only finitely many i such that (p;, €, ¢q;, T, S)
¢ U. Thus (p, €,q,b,S) € Attrg(U).

We have (p,€,q9,b,S) € Attrg(U) iff L(A') ¢ L(B’). We can reduce the problem
of deciding (p, €,q,b,S) € Attrg(U) to the problem of deciding language non inclusion
L(A’) ¢ L(B’) between two GNBA A’ and B'. By Proposition deciding whether
L(A") € L(®) is in PSPACE. Hence deciding whether (p, €, g, b, S) € Attrg(U) is also in
PSPACE. O
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Algorithm 1 Deciding ACY, , B.

W «— WinS°
W’ — WinS® U Attrg (WinS%)
while W # W’ do
W W
W — W U Attrg(W)
end while

if (po, €, g0, L, S) € W then return no
else yes
end if

R O T o e

_.
e

By using this lemma, for any set U C V., the set Attrg(U) can be computed in
PSPACE. We simply check whether for every Spomer’s configuration (p, €, g, b, S), we
have (p,€,q,b,S) € Attrg(U). Since there are only polynomially many such configura-
tions, we can also compute Attrg(U) in PSPACE.

Corollary 4.3.14. The set Attrg(U) can be computed in PSPACE.

The set WinS° can also be computed in PSPACE. Note that by Deﬁnition deciding
whether some configuration (p, €, ¢, b, S) is in WinS" can be done by checking language
non-inclusion between two Biichi automata. Since there are also polynomially many such
configurations, we have the following corollary.

Corollary 4.3.15. The set WinS® can be computed in PSPACE.

We can then decide whether SpoiLer wins G¢, (A, B), by first computing the set
WinS. Corollary 4.3.15] and Corollary #.3.14] show that such a set can be computed in
PSPACE. After we have WinS, we check the membership of the initial configuration of

@ (A, B)in WinS.

Flush

Theorem 4.3.16. Deciding whether DuPLICATOR wins G, (A, B) is in PSPACE.

Proof. Consider the algorithm depicted in Algorithm[I] By Corollary and Corol-
lary the first two steps can be done in PSPACE. Each while-loop iteration can also
be done in PSPACE and there are at most 2 - |[A| - |B| many iterations. Checking whether
the initial configuration (py, €, qo, L, S) is in W can also be done in polynomial time since
[W| < 2-|A - |B|. Hence Algorithm [Iruns in PSPACE. |

Together with Corollary 4.3.3] we have characterised the complexity for solving the
flushing variant G, ., (A, B) completely.

Flus

Corollary 4.3.17. Deciding ©

w
=Flush

is PSPACE-complete.

4.3.2 Lower Bound for Deciding E¢

Now one might ask if the problem of deciding the general case, i.e. C%, is also in PSPACE.
Unfortunately this is not the case. We will show that for any two NBA A, B, the problem
of deciding whether A C¢ B is indeed EXPTIME-hard. We will give a reduction from
the game variant of the corridor tiling problem.
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Corridor Tiling Game

Recall from Section [2.2]that there is a variant of the corridor tiling problem, where beside
a tiling system 7 = (T, H, V) and a corridor width n > 0, we are also given initial and
final tiles #;, tr € T and then asked whether there exists a height m € N and a tiling in the
region {1,...,n} X {1,..., m} that uses #; as the first tile and ¢ in the last tile.

The game variant of this problem is played between two players: STARTER (female)
and CompLETER (male). The objective of COMPLETER is to construct a valid tiling row by
row whereas STARTER tries to prevent this by choosing the first tile of each row. STARTER
considers the initial tile for the first row and CompLETER wins if eventually the final tile is
used in some row. Hence in each round i > 0, the play proceeds as follows.

1. StarTER chooses t;; € T, the first tile of row i, such that (¢,,_1,7;;) € V. If i = 1
then h,;=1.

2. CompLETER then completes row i. She chooses t,;,...,t,; € T such that

o (t1intr), (trist3i) ..., (thetis tn) € H and
o (t1i1, 1), (taim1stoy) ... (Lo, ) € Vifi > 1.

If one of the players gets stuck then the opponent wins. If the play goes on for infinitely
many rounds and the final tile is never used then STarTER wins. Otherwise COMPLETER
wins immediately if at some round m > 0, there exist j such that ¢;,, = tz. We formally
define the game as follows.

Definition 4.3.18. A corridor tiling game is Gyie(T , t1, tp, n) = (V, Vcomps Vst, E), vo, Play)
where Veomp € 7" X {St} and Vg € T" U {e} x T x {Comp} are respectively STARTER and
CoMpLETER s configurations. The edge relation E is defined as follows.

((ty...t,,St),(t; ... t,,r1,Comp)) e E  iff (t;,r;)eVand foralll <i<n,t #1tp,

forall 1 <i<n, (rj,riy) € Hand

t...t,,r,GComp),(r;...r,, St) e £ iff
( n P, (r1 -1y SU) N foralll <i<n (tr)eV.

The initial configuration is vy = (e, t;, Comp) and the winning condition is Play, the set
of all infinite plays in Gye(7, 1, tr, n).

Note that by definition of the winning condition, STARTER wins any infinite play. How-
ever, the corridor tiling game is defined such that if CompLETER eventually produces a
row with the final tile then STarTER gets stuck, and hence she loses the play immediately.
Thus CompLETER wins iff the final tile is eventually used or STARTER gets stuck because he
cannot choose a tile for the first row that obeys the vertical matching relation.

Proposition 4.3.19 ([Boa97, IChl86]). Deciding whether COMPLETER wins the corridor
tiling game Gye(T, 11, tr, n) where n is encoded unarily is EXPTIME-complete.

Reduction from the Corridor Tiling Game

We will use the corridor tiling game to show the EXPTIME-hardness of solving the
buffered simulation game with one unbounded buffer. Intuitively, we can use the same
principle as in the case of the flushing variant where SpoILER’s role is to produce a tiling
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row by row and DupLicator checks whether there is a horizontal or vertical mismatch.
However in this case, we also need to encode the interaction between the players. SPOILER,
who will mimic CoMPLETER’s move, has to produce a row after DupLicaTor chooses the
first tile and DupLIcATOR, who will mimic STARTER’S move, has to choose the first tile of
the next row after SpoiLEr completes the current row. The players move alternatingly.
This is in contrast to the nature of buffered simulation where the players may not move
alternatingly. In the game G“(A, B), DupLIcATOR can skip her turn, even for unboundedly
many rounds.

Nevertheless, we will show that we can still encode the interaction in the corridor
tiling game to the one between SpoiLEr and DupLicaTor in the buffered simulation game.
The trick is that we consider two NBA A, B such that after producing the tiling of a
row, SPOILER can repeat it indefinitely until DupLicaTOR announces the first tile of the next
row. DupLicaTor will do so by moving her pebble to some certain state. DupLICATOR then
mimics the repeated tiling indefinitely until SpoILER stops repeating and reading the tiling
of the next row.

We illustrate the two NBA (A, B that encode such interactions in Figure 4.3] They are
defined over X = T U {#, $} where # is a special symbol that indicates the beginning of a
row and $ for the repetition of a row. Without loss of generality, we assume that there are
m > 0 many tiles, i.e. T = {ay,...,a,}, and a is the initial tile. For any tile t € T, we
denote with 7 the set of tiles that are not ¢, i.e. t = T\{t},

The automaton A is very simple. It accepts any word of the form w = cowiciw; ...
where ¢ = # and for all i > 0, w; € T" and ¢; € {#,$}. The automaton B, however,
is more involved. It basically consists of m main states g,,, ..., g,, and a component
that starts from g, which can reach the accepting sink sig. The state g, is reachable from
any main state by a #-transition. Any main state g, can reach the accepting sink s; by
reading #f. Moreover, the main states g, . . ., ¢4, are also reachable from one another by
a #-transition.

To illustrate what DupLicATOR can do in the game G“(A, B), consider a play that starts
from the initial configuration (po, €, g4,, L, S). Initially, SpoiLEr is forced to read # and
then a word w € T" that corresponds to the tiling of the first row where the first tile is a;,
i.e. w(l) = a,. If the first tile is not a; then DupLIcATOR can go to the accepting sink s,, by
reading #w(1) and win the play. Moreover, after reading w, SPoILER has to repeat it. She
is forced to read $w$w$ ... since otherwise DupLICATOR can go to the accepting sink sig
or one of the accepting sinks s, ..., s,,. We formulate this observation in the following
lemma.

Lemma 4.3.20. Consider the two NBA A, B as in Figure and a play in G“(A, B)
from some configuration
(plaW#a qh b’ D)

wherew € T" U {el, t€ T, and b € {T, L}.
e DuPLICATOR has a strategy such that either SPOILER loses or the play proceeds to

some configuration
(plv#w” Qt’ J—’ D) (46)

wherew’ € T" and w'(1) = t.
o From ({.6)), for any t' € T, DUPLICATOR has a strategy such that either SPOILER loses

or the play proceeds to
(p1,w#,qy,T,D). 4.7)
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Figure 4.3: NBA A (above) and B (below) to encode the interaction in the corridor tiling
game.

Proof. For the first part, the strategy for DupLIcATOR is simply to wait until SPOILER reads
w’ e T". If w'(1) # t then DupLicATOR loops in g, by reading w and then goes to s, by
reading #w’(1). From the accepting sink, it is not hard to see that DupLicAaTOR can play
accordingly and win the play. In the case where w’(1) = ¢, DupLicAaTOR pops w by looping
in g;. The play then proceeds to the configuration (4.6)).

For the second part, the strategy is as follows. Initially, DupLicaTOR pops # from the
buffer and goes to g,, i.e. she proceeds to

(Pl’w/’ qt’»T’ S) (48)

If SporLer responds to this by reading # then we have the desired result. Otherwise,
SpoiLEr reads $ and in this case, DupLicaTor skips her turn for the next n rounds. Hence
we reach some configuration (p;, w'$w”, g, L, D) where w” € T".

If there exists i € {1,...,n—1} such that w’(i) # w” (i) then DuPLICATOR goes to si4: she
pops w'(1),...,w'(i—1) by going to ¢,, and then pops w’(i), ..., w'(n), $, w”(1),...,w”(i)
by going to siq. From sig, DupLICATOR can play accordingly and win the play.

Otherwise, we have w’ = w”. In this case, DupLicaTor pops w'$ by looping in g, .
Hence we reach the configuration (4.8)) again.

DuprLicaTor repeats this procedure indefinitely. If SpoiLeEr never reads #, the play
reaches the configuration as in (4.8) infinitely often, and in this case DupLIcATOR Wins.
Otherwise, SpoiLER eventually reads # and we reach the configuration (4.7). O

The first part of this lemma shows that after SpoiLer reads w#, where w € T", by being
in some state g, where t € T, DupLIcATOR forces SPoOILER to produce a word w” € T", the
tiling of the next row, in which the first tile is z. The second part shows that DupLicATOR
can choose any tile # € T as the first tile of the next row, i.e. by moving to g,, and then
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force SporLER to eventually stop repeating the current tiling by looping in ¢, to mimic
the repeated tiling. SpoiLEr eventually starts producing the tiling of the next row since
otherwise he will lose because DupLicaTOR forms an accepting run.

Now to illustrate what SpoILER can do in the game G“(A, B), consider the play from
some configuration (p;, w#, q;, T, D) where w € T" or from any configuration of the form
(p1, WSwSw ... #,¢q,, T,D) where W is a suffix of w. If SpoiLER continues by reading a
tiling w’ in which w’(1) = ¢ and repeating it, i.e. reading w’$w’$ . . ., then DupLIcATOR Will
never reach any accepting sink in 8. She is indeed forced to eventually pop # from the
buffer and move to some state g,. We formulate this observation as follows.

Lemma 4.3.21. Consider the two NBA A, B as in Figure and a play in G“(A, B)
from some configuration

(plaW#a qh b’ D)

where w € T", w € suffix(w) - ($w)', t € T, and b € {T,L1}. For any w € T" where
w'(1) = t, SPOILER has a strategy such that either DUPLICATOR loses or the play proceeds
to some configuration

(p]aw,#a ql"ab,’ D) (49)

w’ e suffix(w’) - ($w')*, ¥ € T, and b’ € {T, L}.

Proof. The strategy for SpoiLer is as follows. He reads w'$w’$w’ ... indefinitely until
DupLicaror pops # from the buffer. If DupLicaTor never does so then SpoiLER wins because
he forms an accepting run. Hence let us assume that DupLicATOR eventually pops # from
the buffer by going to some state g. We have g # s; because w'(1) = . We also have
q # sy forallt € T, t # t, since there is only one # in the buffer and we need at least
two to reach such s, from g,. Moreover, g # s;q because for all i > 0, the i-th and the
i+ (n+ 1)-th letters of w’$w’$w’ . .. are identical. Hence either ¢ is one of the main states,
i.e. g = gy for some ¢ € T, or some other non-sink state. In the second case, SPOILER
wins by keep reading w'$w’$w’ ... since we have seen that DupLicaTor will never reach
an accepting sink and form an accepting run. In the first case, SpoiLEr does as follows. If
DupLicaTor pops # when SpoiLER reads $ or the k-th letter of w’, SPoILER continues reading
until the last letter of w” and then reads #. Hence we reach a configuration as in (4.9). O

This lemma basically shows that by repeating the tiling of the current row, SPOILER
forces DupLIcATOR to choose the first tile of the next row. DupLicaTOR cannot reach any
accepting sink. Note that the main states ¢,,, ..., g,, In B intuitively correspond to the
tiles that can be chosen by DupLicaror. The move of DupLicaToR from ¢, to g, corresponds
to the move of STARTER that chooses the tile ¢ for the next row, after choosing ¢ for the
current row.

We can slightly extend the automata A, B to fully encode the corridor tiling game. To
encode the vertical and horizontal mismatches, we simply extend DupLIcATOR’s automaton
with the components Byo and By, that we have illustrated in Figure 4.2] We extend the
automaton 8B such that SpoiLer is forced to produce a tiling that matches horizontal and
vertically since otherwise DupLicaTOR can reach the accepting sink shor Or syer. Further-
more, we can also force DupLicaTOR to choose the first tile that matches vertically. We
simply restrict the #-transition from the main states g, ..., g,,. For any main state g;,
t € T, we have

g =5 g, iff (1,7) € V.
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Figure 4.4: NBA A (above) and B (below) for the corridor tiling game.

Hence DupLicaTOR can choose ¢’ as the first tile of the next row if ¢ is vertically matched
with the first tile ¢ of the current row. Moreover, we can also encode the situation where
CompLETER immediately wins when the final tile is used. We simply disallow DupLicATOR
to pop the final tile from the main states ¢,,, ..., q,,,. Hence once SpoILER produces a row
with a final tile, he can repeat it forever and win the play. DupLIcATOR cannot mimic such
a move because she cannot pop #r from the buffer. We illustrate such extended automata
in Figure

By considering such automata A, B, we can extend the property described in Lemma
4.3.20] Intuitively, after SporLEr produces a tiling w € 7", if w does not contain the final
tile, DupLIicATOR can force SpoILER to produce a word w’ € T, the tiling of next row, that
is horizotally compatible and also vertically compatible with w. We lift the property in
Lemma as follows.

Lemma 4.3.22. Consider the two NBA A, B as in Figure and a play in G*(A, B)
from configuration

(p19W#9qt’ba D)
wherew € T" U {e}, t €T, and b e {T, L}.

o Ifw(i) # tp forallie {1,...,n}, DUPLICATOR has a strategy such that either SPOILER
loses or the play proceeds to some configuration

(p,#w',q;, L,D) (4.10)
where w' € T" and the following holds.

-w(l) =1,
- W(@,w@+1)eHforalliel{l,...,n-1}, and
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- (w@),w' @) eV foralliell,...,n}.

o From M@.10), if w(i) # tr foralli € {1,...,n} then for any t' € T where (t,t') € T,
DupLicATOR has a strategy such that either SPOILER loses or the play proceeds to

(p1,w#,qy,T,D).

Proof. For the first part, the strategy for DupLicaTOR is the same as in the first part of
Lemma {.3.20] He simply waits until SporLer reads w’ € T". Additionally, we have
wW@,w(@+1) e Hforalli € {1,...,n— 1} and (w(i),w'(i)) € V foralli € {1,...,n}
since otherwise DUPLICATOR can go to the accepting sink spor OF Syer. Moreover, DUPLICATOR
can pop w by looping in g, since w does not contain 7.

For the second part, the strategy for DupLicATOR is the same as in the second part of
Lemma 43200 O

We can also extend Lemma[4.3.21]in a similar way. Intuitively, after DupLICATOR an-
nounces the first tile and forces SpoiLER to produce a new row, if SPoILER produces a tiling
w’ € T" that is vertically and horizontally compatible with the current row then whenever
w’ contains the final tile, SPoiLER wins by repeating w’ for the rest of the play. In the case
where w’ does not contain the final tile, by repeating w’, SpoiLER forces DupLICATOR to
eventually announce the first tile of the next row. We lift the property in Lemma[4.3.21] as
follows.

Lemma 4.3.23. Consider the two NBA A, B as in Figure and a play in G“(A, B)
from configuration
(plaW#’ q:, b, D)

where w € T", w € suffix(w) - ($w)*, t € T, and b € {T, L}. For any w' € T" with
e w(l) =1,
o W(),w(+1)eHforallie{l,...,n—1}, and
o (w(),w'(i))e Vforallie{l,..., n},

the following holds.

o [fthere exists i € {1,...,n} such that w'(i) = tr then SPOILER has a strategy to win
the play.

o [fforalli € {1,...,n}, w(i) # tg, then SPOILER has a strategy such that either
DupLicaToR loses or the play proceeds to some configuration

(pl’ W,#9 qt’a b/’ D)
where w' € suffix(w’) - ($w)*, (t,) € V, and b’ € {T, L}.

Proof. For the first part, let iy € {1,...,n} such that w'(iy) = tr. The strategy for SPOILER
is simpler than the one in Lemma He reads w'$w’$ . .. for the rest of the play. If
DupLicaTOR never pops # then SporLER wins. If DupLicaTor eventually pops # then, as we
have seen in the proof of Lemma she does not go to the accepting sig or any s,
t € T, and loses if she moves to some other states beside the main ones. Additionally,
in this case, she also does not pop # by going to the accepting sink spor Or sy because



CHAPTER 4. DECIDABILITY AND COMPLEXITY 91

W' @,w({i+1) e Hforalli € {l,...,n—1}and (w@i),w'(i)) € Vforall i € {1,...,n}.
Hence let us assume that DupLicaTOR goes to some main state g,. By definition of 8,
we have (z,#) € V. Moreover, since w’'(iy) = tr and there is no tg-successor from g,
DupLicator cannot pop w'(ip) from the buffer. She will not form an accepting run from
qr . Since SpoIiLER forms an accepting run and DupLicaTor does not, SPOILER wins the play.
For the second part, the strategy for SPOILER is the same as the one in Lemma§.3.21]

O

We can use Lemma[4.3.22]and Lemma[4.3.23|to show that CoMPLETER Wins Gie(7T, a1,
tp,n) iff SPoiLER wins G“(A, B). We translate the winning strategy of COMPLETER to
SpoILER and STARTER to DUPLICATOR.

Theorem 4.3.24. Given a tiling system T = (T,H,V), initial and final tiles t, ,tr €
T, and a width n > 0, we can construct in polynomial time two NBA A, B such that
CoMPLETER wins Gyie(7T , 11,1, tF, n) iff SPOILER wins G“(A, B).

Proof. Consider A, B as given in Figure 4.4, Suppose COMPLETER Wins Giie(T , 11,1, tF, ).
If in the initial round, he proceeds from the initial configuration (¢, ;, Comp) to

(t11s- s tn1, S (4.11)

then in G“(A, B), SpoiLErR proceeds as follows. Initially, he reads # and proceeds to
(p1,#,qs,, T,D). If one of #,1,...,1,; is the final tile then SpoiLEr follows the strategy
as described in the first part of Lemma to push w; = t4,...,t,; and win the play.
Otherwise, he follows the strategy as in the second part to push w; = #,4,...,%,; and
according to the lemma, he either wins or the play proceeds to

(p1, wit,q1,,b1,D) (4.12)

where w; € suffix(w;)-($wy)*, (t1.1,t12) € V,and by € {T, L}. SpoiLERr then considers what
CompLETER would do in the tiling game if from , STARTER continues to (¢, ,, Gomp).
If ComPLETER responds to this by going to (f15 ..., St) then from (#.12)), SporLER again
follows the strategy as described in Lemma @ to push w, = t15,...,1,2. We repeat
this procedure indefinitely. Since CompLETER wins the tiling game, either the final tile is
eventually used or STARTER gets stuck because she cannot choose a first tile that matches
vertically. In the first case, SPoILER wins by considering the strategy from the first part of
Lemma and in the second case, SPOILER wins by considering the strategy from the
second part of Lemma[4.3.23] SpoiLer wins G*(A, B).

Now suppose STARTER Wins Giie(7, 1.1, tr, 1). In the first round of G“(A, B), SPOILER
initially will read # and the play will proceed to (p1,#, g, ,, L, D). DupLicATOR then follows
the strategy as described in the first part of Lemma According to Lemma
either she wins or the play eventually proceeds to some configuration

(p1,#w1,4q,,,1,D) 4.13)

where wy = t1;...t,; and (¢;1,%411) € H for all i € {1,...,n — 1}. Note that for all
i €{l,...,n}, we have t;; # tr, since otherwise CompLETER would have won the tiling
game. DupLicaTtor then considers what STARTER would do in the tiling game if from the
initial configuration, COMPLETER proceeds to (t; .. .1, 1, St). If STARTER responds to this
by going to (t,,, Comp) then from (#.13), DupLicator follows the strategy as described
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in the second part of Lemma [4.3.22| by moving to ¢,,,. According to the lemma, either
DupLicaTor wins or the play eventually proceeds to

(pl’Wl#, qtll’ T’ D)- (414)

DupLicATor then follows the strategy as described in Lemmad.3.22]again. She repeats this
procedure for the rest of the play. Hence either eventually DupLicaTor wins by following
the strategy as described in Lemma or the play reaches some configuration as in
infinitely often. In such a case, DupLicaTor forms an accepting run. She also wins
the play. DupLicaTOR wins G“(A, B). O

Note that the size of the automata A and B in Figure is polynomially larger than
the tiling system 7 and the corridor width n. We also have a polynomial-time reduction
from the corridor tiling game to the buffered simulation game with one unbounded buffer.
Since solving the corridor tiling game is EXPTIME-hard, deciding whether DupLicaTOR
wins G“(A, B) is also EXPTIME-hard. Hence we have the following corollary.

Corollary 4.3.25. Deciding E¢ is EXPTIME-hard.

4.3.3 Upper Bound for Deciding C¢

Corollary shows that deciding buffered simulation with one unbounded buffer is
EXPTIME-hard. However, it is still not clear whether the problem is decidable. One
might get tempted to consider a technique similar to what we have used for deciding CF, ;.
This, unfortunately, is not possible. It is true that in the game G“(A, B) and G¢, (A, B),
DupLicaTor can skip her turn as long as she wants. However unlike G¢, (A, B), in the
game G“(A, B), DupLICATOR can store some letters in the buffer as much as she wants after
she moves the pebble. Recall that the PSPACE-algorithm for deciding C¢, ., heavily relies
on the fact that once DupLicATOR moves, the play always proceeds to some configuration
with an empty buffer. Since there are only finitely many such configurations, we can
check for each of them, whether it is winning for SpoiLer. This technique however is not
suitable for the game G“(A, B). In the game G“(A, B), after DupLicaTOR moves, there
might be some letters left in the buffer. There are infinitely many possible configurations
that can be reached after DupLicATOR’s move.

Nevertheless we will show that the problem of deciding = is indeed still decidable.
We will use a more involved technique. We will even show that the lower bound in
Corollary 4.3.25]is tight.

Before we present the algorithm for deciding &%, let us recall the equivalence relation
~ defined in Definition We will use this equivalence relation to show an important
characterisation of accepting runs in A, B which will be the key of our algorithm. The
characterisation is similar to the characterisation of infinite words that are used to show
complementation of Biichi automata [Biic62].

First recall that in Definition the equivalence relation = is defined with respect to
a single automaton A. Two words u, v € X* are equivalent, i.e. u = v, if they both behave
the same in the automaton A. We will consider a natural extension of ~ that is defined
with respect to a pair of automata A, B instead of a single automaton A. Intuitively, two
finite words u, v are equivalent if they both behave the same in the automata A, B: if by
reading u we can go from state p to p’ in A and g to ¢’ in B then we can also do the same
by reading v and if by reading u from p to p’ or from g to ¢’ we see a final state, we also
see a final state by reading v. We refrain from giving a new definition for the relation ~.
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—@)-AD> b.c

Figure 4.5: NBA A, B for Example 4.3.26

For the rest of this subsection, we will simply assume that the automata A and B share
the same state space and only differ in their initial states.

Example 4.3.26. Consider the two automata A, B in Figure where A = (0,%,9,q,
F), B =(0,%,6,93,F), O = {q1,--.,q5}, £ = {a,b,c}, and F = {q2,q4,q5}. We have
bb ~ bc since by reading bb or bc, we either make an accepting cycle from g, or from ¢4,
or a path from g4 to g5 that goes through an accepting state. The equivalence class of bb
in fact consists of any word over b or ¢ that starts with b, i.e. [bb] = b - {b, c}*. Hence the
transition profile of the equivalence class [bb] is as follows.

@ @o1

In the preliminary chapter, we have shown that the equivalence classes induced by the
relation = can be used to finitely characterise . By Proposition for every infinite
word w € X¢, there exists a pair of proper equivalence classes [u], [v] € X"/~ such that
w € [u][v]“, and recall that by proper it means the pair [u], [v] satisfies [uv] = [u] and
[w] = [v].

Now suppose we have an infinite run p in A or B from p € Q. Since the numbers of
states in A and B are finite, there must be a state p’ € Q that appears infinitely often in p.
Hence for every accepting run p, we can see it as a run that initially goes from p to p” and
then is followed by infinitely many cycles over p’. Moreover if p is accepting, we can see
p as a run that initially goes from a starting state p to some state p’ followed by infinitely
many accepting cycles over p’, 1.e.

p=p—SpLpHp . ... (4.15)
F F

Now one interesting property holds if p is an accepting run over some word w € [u][v]“
where [u], [v] is a proper pair. In such a case, we can factorise p into the form (4.135])
where wy € [u] and wy, w,, ... € [v]. This is simply because the pair [u], [v] is proper.

Lemma 4.3.27. Let p be an accepting run in A, B from p € Q over a word w € X°. If
w € [u][v]® and [u], [v] is a proper pair then we can factorise p into

p=p—bp —bp p ... (4.16)
F F

where wy € [u] and wi, wa, ... € [V].

Proof. Suppose we have an accepting run p in A or B from p € Q over w € [u][v]*
where the pair [u], [v] is proper. Since w € [u][v]®, the word w can be factorised into
w = wow, ... where wy € [u] and wy,w, ... € [v]. This implies that we can also factorise
the run p into

wo w1 w2

p=p 4 P2 p3--- 4.17)
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for some pi, ps,... € Q. Since p is accepting, there exist infinitely many i such that
pi —5 pir1. Moreover since the numbers of the states in A and B are finite, there exists a
F

state p” € Q and infinitely many j such that p; = p’. Hence we can find infinitely many
indices i; < i» < ... such that

Wo... Wi ;o Wi+l Wiy ;o Wigsl-Wis ,

P=D

F F

Note that the pair [u«], [v] is proper, that is, [uv] = [u] and [vv] = [v]. Since wi, wy,... €

[v] and [vv] = [v], we have w;...w; € [v] for all 0 < i < j. Moreover, since wy € [u] and
[uv] = [u], we additionally have wy...w; € [u] for all i > 0. Hence wy...w;, € [u] and
Wil - .- Wi, € [v]forall k > 0. O

We can even simplify this property with Proposition[2.3.12] Recall that by Proposition
[2.3.12] for any infinite word w € X“, there exists a proper pair [u], [v] € £*/~ such that
w € [u][v]® [Biic62, FV09]. Hence the premise in Lemma [4.3.27]is always true and we
have the following corollary.

Corollary 4.3.28. For any accepting run p in A, B from p € Q, the run p can be factorised

into
wo 7 Wi ’r wy ’

F F

where wy,wy, ... € [wy] and the pair [wy], [w1] is proper.

Proof. Let p be an accepting run from p € Q and w = word(p). By Proposition [2.3.12]
there exists a proper pair [u], [v] such that w € [u][v]“. By Lemma4.3.277, we can factorise

pinto p = p—5 p; = pr =25 ps... where wy € [u] and wi,w,,... € [v]. Hence we
F F

have the desired result. O

Now let us formally call a finite run that ends in a cycle a lasso.

Definition 4.3.29. A finite run r = pyja;p,...a,_1p, with n > 1, is a lasso if there exists
ief{l,...,n—1}such that p; = p,.

Intutively, a finite run r is a lasso if r can be factorised into
r=p—=p —=p
where u € £* and v € X*. In such a case, we will simply call r a lasso over the pair of
words u, v. A lasso basically consists of two parts: the initial part and the cycle part. If the
cycle part of the lasso goes through an accepting state, let us call the lasso to be accepting,

and if the words in the initial and cycle parts belong to some proper pair of equivalence
classes, let us call the lasso to be proper.

Example 4.3.30. Consider again the two automata A, B in Figure 4.5 The finite runs
ry = qiaqbqrcqr and ry, = gizaqsbgscq, are accepting lassos over a, be since they can be
factorised into

a bc
ry = 41—>6]2—>F q2,

a bc
=43 —4s4 “—>F qs.
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Moreover note that the pair [a], [bc] is proper. We have a = abc since by reading a or abc,
we either go from ¢, to ¢,, g3 to g4, or gs to gs, through an accepting state. We also have
bcbe = be since in Example we have seen that every finite words over b, ¢ that are
started with b are equivalent to each other. Hence r; and r, are indeed proper accepting
lassos over a, bc.

Corollary shows that any accepting run always starts with a proper accepting
lasso. Intuitively, an accepting run can be seen as a proper accepting lasso that repeats
the cycle part infinitely often. By repeating the cycle part, we mean forming an accepting
cycle over a word that is not necessarily the same, but equivalent with respect to ~. For
example, the accepting run p in (4.18)) is a proper accepting lasso over wy, w; that repeats
the cycle part infinitely often by reading w,, ws, ... = wy.

For any NBA A, a proper accepting lasso characterises the accepting words from
some state. If there exists a proper accepting lasso from p, suppose over u, v, then for any
word w € [u][v]“, the word w is accepted from p. The converse also holds: if there is no
proper accepting lasso over u, v from p then for any word w € [u][v]¥, the word w is not
accepted from p. This idea is similar to the characterisation of infinite words with respect
to some NBA A by using equivalence classes X/~ [Biic62, FVQ9].

Proposition 4.3.31. Let u,v € X* be two finite words where the pair [u], [v] is proper.
o [f there exists an accepting lasso r where
r:pi>p’—;>p’ (4.19)
then for any w € [u][v]“, there is an accepting run over w from p.

o If there is no accepting lasso as in (#-19) then for any w € [ul[v]®, there is no
accepting run over w from p.

Proof. For the first part, let w € [u][v]”. Hence w can be factorised into w = wow; ...
where wy € [u] and wy,w,,... € [v]. Suppose we have an accepting lasso as in (4.19).
Since wy ~ u and wy, ws, ... & v, we can consider the accepting run p where

wo 7wy ’r W ’

p=p—bp =bp =Hp
F F

over w.

For the second part, let us show it by contradiction. Suppose there is no accepting
lasso as in (4.19)), but there is an accepting run p over w where w € [u][v]“. By Lemma
the run can be factorised into

where wy € [u] and wy,w, ... € [v]. Since wy = u and w; = v, we also have an accepting
lasso over u, v from p to p” which contradicts our initial assumption. O

We will consider this observation to reduce the game G*“(A, B) into a simpler game.
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Reduction to a Lasso Game

First let us look at some possible winning strategy for DupLicaTOR in G“(A, B). In the
buffered simulation game G“(A, B), DupLicaTor is equipped with an unbounded buffer.
She can store as many letters as she wants to foresee SpoiLER’s run. Hence one possi-
ble strategy for DupLICATOR is to wait indefinitely until she is sure that SpoiLEr indeed
can form an accepting run. She waits until SpoiLER forms a proper accepting lasso. If
SpoILER never forms a proper accepting lasso, by Lemma he also does not form an
accepting run. DupLicaTorR wins the play by waiting forever. However if SPoILER eventu-
ally forms a proper accepting lasso, suppose over wy, w; then DupLIcaTOR needs to check
whether she can also form a proper accepting lasso over wy, w; from the initial state of 5.
If DupLicaTOR cannot form one then she will lose the play. SpoiLER can keep repeating the
accepting loop forever and form some accepting run over w € [wy][w;]“. By the second
part of Proposition there is no accepting run over w that can be formed by DupLI-
caror from the initial state of B, and hence she loses the play. However if there is such an
accepting lasso over wy, w; then DupLicaToRr should wait a bit more and not immediately
form a corresponding accepting lasso. DupLicaTor should wait until SPoILER repeats the
cycle part once, 1.e. until SPOILER forms

Po—5 p1 =5 pi =5 p (4.20)
F F
where w, ~ w;. After SpoiLER forms such an extended lasso, DupLIcATOR pops wow; by
forming a corresponding one over wy, wy, lets w, stay in the buffer, and waits again until
SporLer forms another proper accepting lasso from p; and repeats the procedure.
Now one might wonder whether waiting until SpoILER repeats the cycle part is neces-
sary. It is indeed necessary to wait until SPoiLER repeats the cycle part and we will show
this in the following example.

Example 4.3.32. Let A, B be the following two NBA.

According to the strategy that we have described before, to win the game G*“(A, B), Du-
pLICATOR should wait until SpoiLER forms a proper accepting lasso. In this case, initially
DupLicaTor waits until SpoiLer either reads abb, abcc, or abdd. Suppose SPOILER reads
abb. If DupLicaTor immediately flushes the buffer then the play proceeds to the configura-
tion (ps, €, q1, T, S). From this configuration, SPoILER can continue by reading ¢ or d and
make DupLicaTor get stuck in g;. Hence DupLicaTor loses. This, however, will not hap-
pen if DupLicaTor additionally waits until SPoILER repeats the cycle part, i.e. until SPOILER
reads abbb. In this case, DupLicaTorR forms a corresponding lasso by reading abb and
proceeding to the configuration (p,, b, g1, T, S). From this configuration, DupLIcATOR then
waits again until SpoiLER forms a proper accepting lasso and repeats the cycle part, i.e. un-
til SpoiLer either reads bb, ccc, or ddd. DupLicaTOR again can respond to this by forming
a corresponding lasso, that is, by reading bb, bcc, or bdd respectively and proceeding to
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Round 1 Round 2 Round 3
S chooses: poLp1V—;>p1V—;>P1 P12 py 225 p3 =25 ps
D chooses: qoqu%ql qlﬂwzv—?qz

Figure 4.6: A game where each of the players alternatingly chooses a lasso.

the configuration (p,, b, q1, T,S), (p3, ¢, qa4, T, S), or (p4,d, g5, T,S). By repeating such a
procedure, DupLicaTorR Wwill never get stuck and win the play.

Note that if DupLicaToR plays according to the strategy as described before, there are
three possibilities: first, at one point she waits for the rest of the play because SpoiLer does
not form a proper accepting lasso and repeat the cycle part as in (4.20)), second, SPOILER
infinitely often forms a proper accepting lasso and repeats the cycle part, and DupLicATOR
always forms a corresponding lasso, or third, at one point SpoiLER forms a proper accept-
ing lasso and repeats the cycle part, but DupLicaTorR cannot form a corresponding one.
In the first case, DupLicATOR Wins because by Lemma we know that SpPoILER does
not form an accepting run. In the second one, DupLicATOR also wins because she forms
an accepting lasso infinitely often and hence forms an accepting run. In the third case,
DupLicator loses the play because SpoiLER can extend the lasso into an accepting run that
cannot be mimicked by her. This intuitively allows us to reduce the game G“(A, B) into a
game where both of the players move alternatingly by choosing a proper accepting lasso.
In every round i > 0, SpoiLER forms a proper accepting lasso over u;, v; and repeats the cy-
cle part once by reading v. ~ v;. DupLICATOR responds to this by forming a corresponding
accepting lasso over u;, v; after reading v!_,. If one of the players cannot do so then the
opponent wins. We illustrate how such a game proceeds in Figure 4.6

In such a game, the number of configurations is still infinite. There are infinitely many
possible lassos that can be chosen by SpoiLEr. However, we can finitely represent lassos
by using the equivalence classes from X*/~. First note that in the transition profile of
some equivalence class [u], if there is an edge (p,p’) then there is a path from p to p’
by reading u. Moreover, if the edge is labeled with 1 then there is such a path that goes
through an accepting state. Let us denote with p SLIN q if there exists an edge from p to g

in the transition profile of [1] and p -4 ¢ if the edge is labeled with 1. Hence instead of
F

choosing a proper accepting lasso from p, SPoILER can choose a proper pair of equivalence

classes [u], [v] € £*/~ and a state p’ such that p = p’ and p’ b p’.
F
We can equivalently consider a game where in each round the players do not choose

a lasso, but its representation. In every round i > 0, SpoiLER chooses a pair of proper
equivalence classes [u;], [v;] and a state p; such that

[ui] [vi]
Pi-1 —5 p; LF> Pi

and DupLicaTOR chooses a state ¢; such that

[vi—i]lui] [vil
gi-1 5 g ; qi-
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Let us call such a game lasso game. It is formally defined as follows.

Definition 4.3.33. For any two NBA (A, B over X, alasso game is G (A, B) = ((V, Vy, V1, E),
vy, Play) where DupLicaToR s and SPOILER’s configurations are V) = O X (Z*/~)* x O x {D},
and V| C O X X"/~ x Q x{S}, V = V, U V|, the edge relation E is defined as

p [u] p/ vl p/and

(p,wl.q,S) — (p',[wl, [u],[v],q,D) in E iff F
[u], [v] is proper

(p. W], [u], [v].4.D) = (p.[v].¢,S) in E ifft ¢y
F
the initial configuration is vy = (po, [€], g0, S) Where py, g is the pair of the initial states
of A, B, and the winning condition is Play, the set of all infinite plays in G/ (A, B).

Note that by the definition of the winning condition, DupLIcATOR wins any infinite
play in the lasso game. Hence we can also see the lasso game G, (A, B) as a parity game
where every node has an even priority. Consider a parity game G that is played on the
configuration graph of G, (A, B) with a priority function that assigns priority O to all the
nodes in G. It is not hard to see that DupLicaTOR Wins the lasso game G (A, B) iff player
0 wins the parity game G.

The size of the parity game G is the same as the size of the configuration graph of
GL(A, B). In the preliminary chapter, we have seen that the number of equivalence classes
in £/~ is exponential in the size of the automata. If Q is the set of states of A and B, we
have |Z*/~| = O(3Q2). Hence the number of nodes and edges in the lasso game G, (A, B)
is |V| = |E| = O(3%¢"). By Proposition since we can decide whether player 0 wins
such a parity game of n nodes and m edges in time O(n-m), we have the following theorem.

Theorem 4.3.34. Deciding whether DupLICATOR wins G (A, B) is in O(30A+BD*),

We will show that the winning strategy for DupLicaTOR in the buffered simulation game
G“(A, B) can be derived from the one in the lasso game G, (A, B). First note that in every
round of the lasso game G, (A, B), SpoiLER chooses a representative of a proper accepting
lasso and DupLicaTOR responds to this by choosing the corresponding representative of
the accepting lasso. This intuitively corresponds to the situation where in the buffered
simulation game G“(A, B), DupLicaTOR lets SpoiLEr play indefinitely until he forms a
proper accepting lasso and repeats the cycle part. Once SpoiLEr does this then DupLicATOR
moves by forming a corresponding accepting lasso that she would have chosen in the
lasso game. DupLicaToR keeps playing in such a way for the rest of the play. If in the lasso
game DupPLICATOR never gets stuck then DupLICATOR can mimic any accepting lasso that is
formed by SpoiLer in the buffered simulation game.

Theorem 4.3.35. If DupLicaToR wins G (A, B) then she also wins G*(A, B).

Proof. Suppose DupLicaTOR Wins G (A, B). We will show a winning strategy for DupLI-
CATOR 1n G*“(A, B) where she only pops the buffer and proceeds to some configuration
(p,w,q, T,S) where w is idempotent, i.e. [w] = [ww].

Suppose we are at some configuration (p,w, q,b,S) where b € {T, L} and w € X* is
idempotent. DupLicaTOR waits until SPoiLER forms a proper accepting lasso and repeats
the cycle part once, i.e. until SPoILER forms

_ u Y r Vv ’
’”—P_>P—>FP—_>F p
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where u ~ uv and v ® v =~ vv'. Note that if SpoiLER never forms such a run then by
Lemma he does not form an accepting run from p. DupLicaror wins G“(A, B)
by waiting forever. However if SpoiLEr forms such a run then we reach a configuration
(p’,wuw',q,b’,D). In this case, DupLicaTor considers what she would do in the lasso
game G (A, B) if we are at some configuration ¢ = (p, [w], g, S) and SPOILER moves to
¢ = (p',[w], [ul, [v], g, D). If DupLIcATOR chooses ¢’ and proceeds to ¢ = (p’,[v],q’,S)
then by definition of the lasso game G; (A, B), there is a path

q wu ql _V) ql

in B. In the game G“(A, B), DupLicaTor takes such a path and proceeds to the configura-
tion
P'v.q.T,9). (4.21)

Now the buffer contains the word v'. Since V' ~ v and v is idempotent, V' is also idempo-
tent.

By considering this strategy either at one point DupLicaTOR skips her turn for the rest
of the play or DupLicaTOR moves infinitely often. In the first case, by Lemma
SpoiLEr does not form an accepting run and in the second one, DupLicaTOR reaches the
configuration of the form (4.21) infinitely often. She forms an accepting run. Hence in
both cases, DupLicaTOR wins the play. She wins the game G“(A, B). O

The reverse direction of this theorem also holds. We can derive a winning strategy for
DupLicaTor in the lasso game from the winning strategy in the buffered simulation game.

Theorem 4.3.36. DupLicaTOrR wins G (A, B) if she wins G*(A, B).

Proof. Suppose DupLicaTor wins G“(A, B). The winning strategy for DupLICATOR in
GL(A, B) is as follows. Suppose we are at some configuration (p, [w], g, S). If SpomLer
moves to some (p’, [w], [u], [v], ¢, D) then DupLicaTor considers what she would do in the
game G“(A, B) if we are at some configuration (p,w, g, L,S) and SPoILER plays an ac-
cepting run over uv® by reading u from p to p’ followed by infinitely many accepting
cycles over v from p’. If DupLicaTOR plays according to the winning strategy in G“(A, B)
then at one point she forms a run of the form

q STUEN q V—F+> q. (4.22)

Otherwise she does not form an accepting run over wuv* and loses the play which contra-
dicts that DupLicaTOR plays according to some winning strategy. Note that by the definition
of the lasso game G, (A, B), the pair [u], [v] is proper, that is, [uv] = [«] and [vv] = [v].
Hence any word of the form wuv* and v* belongs to [w][u] and [v], respectively. In the
lasso game G;(A, B), DupLicaTor responds to this by proceeding to the configuration
(', Ivl.q,9S).

Hence from any configuration (p, [w], ¢, S), if SPOILER moves to some arbitrary config-
uration (p’, [w], [u], [V], ¢, D), DupLicaTOR can always respond to it. Hence either SPoILER
gets stuck or the play goes on for infinitely many rounds. In both cases, DupLicaTOR
wins. O

Theorem and Theorem show that we can polynomially reduce buffered
simulation with an unbounded buffer to a lasso game. The reduction is even linear because
it is just the identity mapping. By Theorem 4.3.34] since we have seen that solving the
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lasso game can be done in time exponentially in the size of the automata, deciding whether
DupLicaTor wins G“(A, B) is in EXPTIME. Together with Corollary 4.3.25] we have the
following result.

Corollary 4.3.37. Deciding £ is EXPTIME-complete.

4.4 Simulation with » > 1 Unbounded Buffers

Now the only question left regarding the decidability of buffered simulation is in the case
where multiple buffers are involved and some of them have an unbounded capacity. Un-
fortunately, in this case, buffered simulation is not only undecidable, but also highly unde-
cidable. This even already holds in the case where we only consider buffered simulation
with two buffers in which one is unbounded and the other one has a capacity 0.

We will first show that deciding the negative instance of buffered simulation, i.e.
whether SPoILER wins G“(A, B), is Z}—hard by a reduction from the recurrent octant tiling
problem. We then show that deciding the positive instance is also X{-hard by considering
a more involved reduction. We combine these two results and obtain a higher undecid-
ability degree of buffered simulation. The problem is indeed hard for the class B!, a
class that is strictly bigger than the first level of the analytical hierarchy. We will also
show that deciding buffered simulation is in the second level of the analytical hierarchy,
Le.itisin AJ.

4.4.1 Z‘l’- and Hi- Hardness

First we will show that deciding buffered simulation is X9-hard by a reduction from the
octant tiling problem. Recall that the octant tiling problem asks us whether there exists a
tiling for the octant of the Cartesian plane [BGG97]]. Hence the width of the area that has
to be tiled is not fixed. The width of the first row is one, the second row is two, etc. The
octant tiling problem is clearly more complex than the corridor tiling problem. Recall
that in the corridor tiling problem, the width of the area that has to be tiled is fixed. We
can reduce it to the flushing variant G¢, (A, B) where the role of SpoILEr is to produce
a tiling of width n > 0 and DupLicaTOR’s role is to make sure that the tiling is valid.
Since the width is fixed, we can encode any possible tilings in SPoILER’S automaton and
the vertical and horizontal mismatches in DupLicATOR’S automaton. However, if now we
consider the octant tiling problem, it is not clear anymore how to make DupLicATOR detect
the horizontal or vertical mismatch.

Nevertheless, we will show that we can still reduce the octant tiling problem to the
buffered simulation game with a similar principle as the corridor tiling problem. We
construct two NBA A, B such that SpoiLER’s role is to produce a tiling row by row in A
and DupLicaToR’s role is to check whether there is a mismatch.

First we will show that we can construct two NBA ‘A, B such that SpoILER is forced
to produce a tiling where the length of each row keeps growing by one, i.e. he is forced
to produce a word #w #w-# ... where w; € T". The trick is to consider a second buffer of
capacity O that is used to store two new symbols ¢ and cs. We construct the automaton A
such that each time SpoiLER reads a tile or #, and pushes it to the first buffer, he also reads
c or cx respectively, and pushes it to the second buffer. Since the capacity of the second
buffer is 0, DupLicaTOR has to pop ¢ or ¢ immediately. The automaton 8 is constructed
such that each time DupLIcATOR pops ¢ or ¢y, she compares it with the top symbol of the
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Figure 4.7: NBA A and 8 that force SpoILER to produce an octant tiling.

first buffer. If the top symbol is #, DupLicaTorR pops # and then forces SpoILER to read
exactly a tile and a #. However, if the top symbol is a tile then DupLicaTOR pops it and
forces SpoILER to read only a new tile. In this way, whenever the content of the first buffer
is t; ... t,#, DupLicATOR Will force SpoiLER to push 77, . .. # consecutively to the first
buffer.

We illustrate such NBA A, Bin Figure They are defined over 3= (TU{#}, {c, ce)).
We denote by X the set of all letters in A, B, i.e. ¥ = T U {#, ¢, cs}. The automaton A is
very simple. It accepts any word of the form #,cit,c, ... where foralli > 0, ¢, € T U {#},
and ¢; = cif t; € T and ¢; = ¢4 if t; = #. The automaton 8B, however, is more involved. It
basically consists of two parts. The first one that starts from g, and the second one from
q:. From g, we can reach the accepting sink s; by reading ¢, and from ¢; we can reach
the accepting sink s, by reading xcx where x € T U {#}. The state ¢, is reachable from g,
by a cg-transition.

Now consider the game G“°(A, B). From the initial configuration (py, (€, €), qo, L, S),
SpoiLer is forced to read # since otherwise DupLICcATOR can go to the accepting sink s; and
win the play. Furthermore, from any configuration (po, (W#, €), g1, L,S) where w € T!
and i > 0, SporLEr is forced to proceed to some configuration (pg, (W'#, €), g1, L, S) where
w’ € T, We show this formally in the following lemma.

’
’tn+1’

Lemma 4.4.1. Consider the two NBA A, B over 3 = (T U {#},{c, cs}) as in Figure
and a play in G“°(A, B) from a configuration

(pO’ (tl C) tn#, 6)’ qla J—’ S)
wheret|...t, € T".

e DupLICATOR has a strategy such that either SPOILER loses or the play proceeds to
some configuration (po, (t| ...t #,€), q1, L, S) where ty....th €T

> "n+1

e Foranyt,,...,t , €T, SPOILER has a strategy such that either DUPLICATOR loses or

the play proceeds to (po, (] ...t #,€),q1, L,S).

Proof. For the first part, from the configuration (po, (t; . . . t,#, €), q1, L, S), if SPOILER ini-
tially reads #cx then DupLICATOR goes to the accepting sink s, by popping #; from the first
buffer and reading #,c4. From the accepting sink, DupLicaTOR can play accordingly and
win the play. However if SpoiLer reads fjc for some 7| € T, DupLicaTor loops in g; by
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popping #; from the first buffer and reading #,c. She proceeds to (po, (1> ... 1,#t], €),q1,
1,S). DupLicaTor then repeats this procedure for » many times. Hence either DupLicATOR
wins by reaching the accepting sink s, and looping there forever or the play eventually
proceeds to some configuration (po, (#f;...1,,€), g1, L,S) where #{,...,t, € T. Now
from such a configuration, if SpoiLER reads #c; then DupLicaTOR goes to the accepting
sink s, by popping # from the buffer and reading #c;. However if Spomer reads 7/, ¢
for some /., € T, DupLicaTOR pops # from the first buffer, reads #c by going to gy and
proceeding to (po, (] ...t ,.,,€), o, L,S). From this configuration, if SpoiLEr reads tc
where ¢ € T then DupLicaTor goes to the accepting sink s; by letting ¢ go to the first
buffer and reading c. Otherwise, SPOILER reads #cy and in this case DupLIcATOR proceeds
to (po, (1] ...t ., #,€),q1,L1,S).

For the second part, the strategy for SpoILEr is to initially read #]. DupLicATOR either
skips her turn or pops t; from the buffer by going to ¢, or g;. If DupLicaTOR goes to
g3, we reach the configuration (py,(t,...t,.1#t],€), g3, 1,S). In the next round, after
SpoILER reads ¢, DupLicaTOR gets stuck because there is no c-transition from ¢;. Hence
let us assume that DupLicaToRr skips her turn or goes to g,. SpoiLER then reads ¢ and goes
back to py. In both cases, DupLicaTor has no choice except to pop ¢ immediately and
proceed to the configuration (py, (> ... t,#t],€),q1, L,S). SPoILER repeats this procedure
n many times to push 7, ..., f; consecutively to the buffer. Hence either DupLicaTOR loses
or the play eventually proceeds to (po, (#f] ...1,,€), g1, L,S). From such a configuration
SpoiLer then pushes 7/, in the same way. However in this case, after SpoiLER reads 7/,
DupLicaror either skips her turn or pops the top symbol of the buffer by going to g« or
q3. If DupLICATOR goes to g3, we can show similarly as before, that DupLicATOR eventually
gets stuck and loses the play. Now assume that she skips her turn or goes to gs. SPOILER
then reads ¢ and goes back to py. DupLicaTOR has no choice except to pop ¢ immediately
by going to go. She proceeds to (po, (] ...t ,,,€),qo, L,S). SPoILER then reads #c; and
DupLicator has no choice except to proceed to (po, (£ ...t #,€),q1, L,S). O

The second part of this lemma tells us that if the first buffer contains a tiling of a row
of length n then SpoILER can continue by producing a tiling of a row of length n + 1. The
first part of the lemma then tells us that this is in fact the only way for SPoILER to continue
since otherwise DupLicaTOR can reach one of the accepting sinks and win the play.

Reduction from the Octant Tiling Problem

We can slightly extend these two NBA to reduce the octant tiling problem. We can encode
the horizontal and vertical mismatches into DupLicaTor’s automaton. Encoding the hori-
zontal mismatch is not hard. We simply allow DupLicaTOR to read ¢t € T? if (1,t') ¢ H
from g, to the accepting sink s,. Thus SpoiLER is forced to produce a tiling that matches
horizontally since otherwise DupLIcATOR can go to s,. Encoding the vertical mismatch,
however, is a bit more involved. First recall that every time SpoiLER reads a tile, he an-
nounces it by reading the new symbol c. We extend the automata such that instead of
using a single symbol c¢ for each tile r € T, we use a new symbol ¢, for each tilet € T. If
SpoiLEr and DupLicATOR are in py and ¢, after SPOILER reads a tile ¢ € T and pushes it to
the first buffer, she reads c,, instead of ¢, and pushes it to the second buffer. DupLicATOR
then compares ¢, with the top symbol of the first buffer. If it is #, DupLicaTor does the
same move as before. She pops # and forces SPoILER to read exactly a tile and a #. How-
ever, if the top symbol is some t' € T then DupLicaTOR pops it and forces SPOILER to read a
new tile ¢ that matches vertically, i.e. (#',7) € V, or otherwise he goes to the accepting sink
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Figure 4.8: NBA A and B for the octant tiling problem.

s, by reading ¢’ ¢,. Hence if the content of the first buffer is #; . .. #,#, SpoILER is forced to
push 7|, ..., #where (¢, ,) € Hand (t;,1)) € Vforallie {l,...,n}.

We illustrate such extended automata in Figure 4.8] For simplicity, we assume that
there are only two tiles, i.e. T = {a, b}. If there are more, we can extend the automata
accordingly. Moreover, for any tile ¢ € T, we denote by ¢ the set of tiles that can be put
below t,i.e. ¥ = {t € T | (¢,t) € V}, and by 1V the set of tiles that cannot be put below
t,i.e. 1V = T\t". We also denote by #H the set of tiles that cannot be put to the right of ¢,
ie tH = { €T |(t,t) ¢ H}). Moreover, we abbreviate the transitions g; = ¢; = s, with

g1 —> s,. By considering such extended automata, we can extend the property in Lemma
as follows.

Lemma 4.4.2. Consider the two NBA A, B over S = (T U{#}, {cs,c; |t € T as in Figure
and the play in G“°(A, B) from configuration

(po, (11 ... 1,#,€),q1,L,S)
wheret|...t, € T".

o If (t;,tix1) € H forall i € {1,...,n— 1} then for any t|,...,t, , € T where (1,,1)),
..., (ty, 1)) € V, SPOILER has a strategy such that either DUPLICATOR loses or the play
proceeds to

(po, (1] ...1 . #,€),q1,L,S).

o If(t;,t;y1) & H for somei € {1,...,n— 1}, DUPLICATOR has a strategy to win the play.

o If(t,t;iy1) € H foralli € {1,...,n— 1}, DupPLICATOR has a strategy such that either
SPOILER loses or the play proceeds to some configuration

(po,(t] ...t #,€),q1,L,S)
wheret|,....t €T and (t;,1), ..., 1) € V.

Proof. For the first part, the strategy for SpoILER is the same as in the proof of Lemma
Initially SpoILER reads 7] Crr.- Since (#1,7]) € V, DupLicaTor cannot go to the ac-

cepting sink s, by reading #c, because #; ¢ tiv. DupLicaToR also cannot go to there by
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reading 7,1, because t, ¢ 1. DUPLICATOR can only pop #; and loop in g; by reading 7,cy.
Hence by reading #jc, ...t ¢y ~and then #cy, either DupLICATOR loses because she gets
stuck as in the proof of Lemma[4.4.T] or the play eventually proceeds to the configuration
(po, (¢} ...t #,€,q1,L,5).

For the second part, let iy € {1,...,n—1} be the minimal index such that (¢;,, #;,+1) € H.
In the initial round, if SpoILER reads #cy or iy = 1 then DupLicaTOR goes to the accept-
ing sink s, by reading t;cy or f, respectively. Otherwise, SpoiLer reads #jc, for some
1} € T and iy # 1. In this case, DupLicaTOR pops ¢, from the first buffer and reads 1, cr
by looping in ¢g;. DupLicaTOR repeats this procedure for iy — 1 many times. Hence ei-
ther DupLicaToR eventually reaches the accepting sink s, and wins or the play proceeds to
(po, (Liy - . ., H#E] ... tlfo_l, €),q1,L,S). From this configuration, since (;,,t;,+1) ¢ H, DupLI-
CATOR can go to the accepting sink s, by reading ¢, ;.1 and win the play.

For the third part, DupLicaTOR plays similarly as in the proof of Lemma[.4.1] Addi-
tionally, from any configuration (po, (¢; ... t,#t]...1_,,€),q1, L,S), if SPOILER reads t;c,;
in which (7;,¢)) ¢ V then DupLicaTor goes to the accepting sink s, by popping #; from
the first buffer and reading ¢,,. Hence either SpoILER loses because DupLicaTor reaches an
accepting sink and loops there forever or the play eventually proceeds to (po, (¢] ...7, #

“n+l7

€),q1,L,S) where (t;,t)) € Vforalli € {1,...,n}. O

We can reduce the octant tiling problem to the buffered simulation game G“°(A, B)
by considering the two NBA in Figure If there exists an octant tiling then SpoILER
simply reads the tiling row by row. Since DupLicaTor cannot reach any accepting sink,
SpoiLEr will win the play. On the other hand, if there is no octant tiling then DupLicATOR
simply makes sure that SPOILER is constructing an octant tiling row by row until he forms
a vertical or horizontal mismatch. At that point, DupLicaTOR reaches one of the accepting
sinks.

Theorem 4.4.3. Given a tiling system T = (T, H, V), we can construct in polynomial time
two NBA A, B such that SPoILER wins G*(A, B) iff there exists an octant tiling.

Proof. Consider the two NBA A, B in Figure Suppose there exists an octant tiling
t. From the initial configuration (py, (€, €), go, L, S), SPOILER first reads #cy. DupPLICATOR
cannot do anything except to let # go to the first buffer and then pop ¢y immediately from
the second one. Hence we are in the configuration

(p()’ (#a 6)7 qi, 1, S) (423)

SpoiLer then follows the strategy as described in the first part of Lemma to push the
tiling of the first row: #, ;. Either DupLicATOR loses or the play proceeds to (py, (t1.1#, €), g1,
1,S). SpoiLer again follows the strategy as described in Lemma [.4.2] to push the tiling
of the second row: t,,,,, and repeats the same procedure for the rest of the play. Hence
either DupLicaToR loses or both SpoiLEr and DupLicATOR Visit py and ¢g; infinitely often.
Since SporLER forms an accepting run and DupLicaTOR does not, SPOILER wins.

For the other direction, suppose there is no octant tiling. Initially, if SPoILER reads
t1 ¢, for some t; € T, then DupLicaTOR goes to the accepting sink s;. Otherwise, SPOILER
reads #c and in this case, DupLicATOR has no choice except to proceed to the configuration
(#.23). DupLicaTor then follows the strategy as described in the third part of Lemma[.4.2]
According to the lemma, either she wins or the play proceeds to (py, (#1.1#, €),q1, L, S)
for some #;; € T. From this configuration, DupLIicaTOR again follows the strategy as
described in the third part of Lemma4.4.2] Hence either she wins or the play proceeds to
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Figure 4.9: Automaton A’ for the recurrent octant tiling problem.

(p1, (tz,ll‘z’z#, €), qi, L, S) for some hi,hha € T where (tl,la 1‘1’2) € V. Now if (t2,1, 12’2) ¢ H
then DupLicator follows the strategy as described in the second part of Lemma #.4.2] to
win the play. Otherwise she follows the strategy as described in the third part of Lemma
again. She repeats this procedure for the rest of the play. Hence either DupLicATOR
wins or both SpoiLER and DupLicaTOR visit the states py and ¢; infinitely often. In such a
case, let

# #lahp # 333 #E 4l alzals s H ... (4.24)

be the sequence of letters that are pushed by SpoILER to the first buffer. By Lemma[4.4.2]
we have (t;,t;j+1) € V and (#;,%+1j) € H for all i < j. Hence we can construct an
octant tiling ¢ where #(i, j) = #; ;. This however contradicts our initial assumption. Hence
DupLicaTor wins the play. O

We have a polynomial-time reduction from the octant tiling problem to the problem of
deciding whether DupLicaToR wins buffered simulation game G“°(A, B). Thus we have
the following corollary.

Corollary 4.4.4. Deciding =0 is 2(1)-hard.

We can lift the reduction in Theorem #.4.3| to reduce a highly undecidable problem,
namely the recurrent octant tiling problem [Har85]. We encode the situation where the
final tile is used as the first tile of a row infinitely often by slightly modifying the au-
tomaton for SpoiLer. Instead of the automaton (A as in Theorem 4.4.3| we consider a new
automaton A’ that simulates ‘A and remembers the tile that is used as the first tile of a
row in its structure. The automaton A’ is obtained from A by adding a copy of it. We
construct (A" such that SporLER uses the original part to push the first tile of a row and the
copy part to push the rest of the tiles. Instead of the initial state p,, we make the state
that corresponds to the final tile 75, i.e. p,,, in the original part, to be accepting, and the
rest of the states are not. In this way, SpoiLER produces an accepting run iff the final tile
is used as the first tile infinitely often. We illustrate such an automaton A’ in Figure 4.9]
We assume that a is the final tile, and hence the state p, is accepting and the rest of the
states are not.

Theorem 4.4.5. Given a tiling system 7 = (T,H,V) and a final tile tr € T, we can
construct two NBA A’, B such that SPOILER wins G“O(A’, B) iff there exists a recurrent
octant tiling.
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Figure 4.10: F-structure.

Proof. Consider the two automata A’, B, in which A’ is the automaton that is obtained
from the automaton A from Theorem[.4.3|by adding a copy of it as we have illustrated in
Figure 4.9/ and 8 is the automaton as in Theorem Suppose there exists a recurrent
octant tiling . The winning strategy for SpoiLER is the same as the one in Theorem
He pushes #t, #t, 212 ,#. . . to the first buffer. Since there exist infinitely many i such that
t1; = tr, he visits the accepting state g;, infinitely often and hence forms an accepting run.
Since DupLicaTor does not form an accepting run, SPOILER wins.

For the reverse direction, suppose there is no recurrent octant tiling. The winning
strategy for DUPLICATOR is also the same as the one in the proof of Theorem [4.4.3] Hence
either DupLicaTOR wins or both SpoiLER and DupLicaTor respectively visit py and ¢g; in-
finitely often. In such a case, SPoILER pushes a sequence of letters as in that obeys
the vertical and horizontal compatibility relation, i.e. for all i < j, (#;j,t1,;) € H and
(tij,tij+1) € V. Now suppose there are infinitely many j such that #, ; = 7. In this case,
we can construct a recurrent octant tiling r where #(i, j) = t; ;. This, however, contradicts
our initial assumption. Hence there are only finitely many j such that 7, ; = #z. SPOILER
visits ¢,, finitely often and hence does not form an accepting run. DupLicaTorR wins the
play. O

Since we can polynomially reduce the recurrent octant tiling problem to the problem
of deciding 7, we have the following corollary.

Corollary 4.4.6. Deciding T*° is T1}-hard.

4.4.2 l'[‘l’- and Zi- Hardness

Corollary 4.4.6| shows that we can reduce the recurrent octant tiling problems to the neg-
ative instance of buffered simulation. One then can equally ask whether the problem can
also be reduced to the positive instance of buffered simulation in a similar way. It is how-
ever not clear how to do so since we need to switch the role of the players. We have to
make DupLicaToR as the one that produces the tiling, and not SpoiLEr. This seems to be
against the nature of buffered simulation since the player that has the role to produce is
SPOILER, whereas DUPLICATOR’s role is simply to mimic what SpoiLER has produced. Nev-
ertheless, we will show that it is possible to make DupLicaTOR the player that chooses the
tiling. The trick is to use the following special structure.
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F-structure

Given a tiling system 7 = (7, H, V), consider the two NBA Ar, Br as in Figure @.10|
over the distributed alphabet 3= X, Z)whereX; =T and %, = {¢}U{c, | t € T}. For
simplicity, we again assume that the set of tiles T consists only two tiles a and b. If there
are more, the automata can be extended accordingly. For any tile ¢ € T, we denote by ¢,
the set of letters in X, that are not ¢, i.e. ¢, = X;\{c,}. We also denote by X the set of all
letters in A, B, 1i.e. T = X U X,.

Consider the game G“°(Ar, Br) and a play from the initial configuration. DuPLICATOR
can choose a tile € T and force SpoiLEr to push it to the first buffer. The strategy is
simply to read cc,fc. SpoiLER will push 7 to the first buffer since otherwise DupLICATOR can
reach the accepting sink s;. We generalise such a property to the following lemma that
will be the key of our reduction.

Lemma 4.4.7. Consider the two NBA Ag, B over 3 = (T,{c}U{c, |t € T}) as in Figure
and a play in G“°(Ag, Br) from some configuration

(Pl,(tl . -tn’ 6)’ qi, X, S) (425)
wherety,...,t, €T, n>0,and x € {2, L, T}

e Foranyt € T, DUPLICATOR has a strategy such that either SPOILER loses or the play
proceeds to

(pla(tZ"'tn ta 6),QI,X/,S)
where X’ = Tifxe {2, L}and X' =2 ifx=TT.

e SPOILER has a strategy such that the play proceeds to some configuration

(pl’(tz---tnt’e)’CIl,x’,S)
wheret €T, x' =Tifxe{2,L}andx € {2, L}ifx=T.

Proof. For the first part, the strategy for DupLicaTOR is as follows. From the configura-
tion (4.25]), after SpoiLER reads ¢, DupLICATOR pops ¢ by going to ¢, i.e. she proceeds to
(p2. (t1 .. .14, €), g1, X', S) where by definition of G*°(AE, Br), ¥ = L if x € {2, 1} and
x" = 1if x = T. SpoiLer then will read some tile ¥ € T by going to p, and DupLica-
ToR cannot do anything except to skip her turn and proceed to (p,,(t; ...t, 1, €), q;, X', S).
From this configuration, SpoiLER will read c¢,. If ¢ # ¢, DupLICATOR goes to the accepting
s1 by reading ¢, € ¢;. From the accepting sink, DupLicATOR can continue accordingly
and win the play. However, if ¢ = ¢ then DupLicATOR goes to ¢, by popping ¢, from the
buffer. We reach the configuration (p,, (...t t, €), g, X', S). SpoiLER then will read ¢ and
DupLicaTor responds to this by going to gy, i.e. she proceeds to (py, (¢ ... 1,1, €),q1, x”,S)
where by definition of G“(Ag, Be), x” is Tif ¥ = Land 2if x' = 1.

For the second part, the strategy for SpoiLer is as follows. First he reads c¢. If Du-
PLICATOR responds to this by going to g, then SpoILER reads ¢ by going to p,. DupLICATOR
will skip her turn and we reach the configuration (p;, (...t t, €),q;, X', S) where x’ = L
if x € {2, L} and x* = 1if x = T. Spomer then reads ¢;. DupLIcATOR cannot go to the
accepting sink since ¢, ¢ ¢,. However, she can read ¢, by going to g, or read ¢, #; by going
to ¢,. Hence the play respectively proceeds to the configuration

(P, (t1 ...ty t,€),q, X', S) or (4.26)
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Figure 4.11: NBA A and B to force DupLicaTOR to produce an octant tiling.

(pta (t2 C tn ta 6)9 ('].z, x”a S) (427)

where x” = L if ¥’ = 1L and x” = 2 if X’ = 1. In the next round, SpoiLEr will read ¢ and
DupLicaTor does not have any choice except to go to p; and proceed to some configuration
(p1,(tz...t,t,€),q1,x",S) where x”” € {2, L, T}. If she comes from (#.26) then x”" is T
if ¥’ = 1, and 2 if X’ = 1. However if she comes from then x””’ is Tif X/ = L, and
Lifx” =2. O

The first part of this lemma shows that DupLicaTor can choose any tile and force
SpoILER to push it to the first buffer. The second part then shows that this is the only thing
that DupLicaTor can do. She cannot reach the accepting sink if SpoiLEr reads the tile of
DupLicaror’s choice accordingly.

We will use such an F-structure to enable DupLicaTOR to choose a tiling of a row and
force SpoiLER to push the tiles one by one to the first buffer.

Reduction from the Octant Tiling Problem

For a given tiling system 77, first we will show that we can construct two NBA A, B such
that DupLicaTOR has to choose the words wy, ws, ... where w; € T' and force SPOILER to
push #w#w, ... to the buffer. The principle is similar to the automata given in Lemma
but we use the F-structure to make SpoiLEr reads the tiles that DupLicaTor chooses.
Initially, SpoiLEr is forced to push # and then a tile #; of DupLicaTOR’s choice. Each time
SpoILER pushes a tile #;, i > 0, DupLicaTOR pops the top symbol of the first buffer. If the
top symbol is a tile, SpoiLER is forced to push only the tile #;,. However if it is #, SPOILER is
forced to push # after he pushes the tile #;. DupLicaTOR then continues to force SPOILER to
push some tile #;,; of her choice. Thus if the content of the first buffer is #, ... #,#, SPOILER
then is forced to push 7, ..., 7 |, # consecutively to the buffer.

We illustrate such NBA A, B in Figure They are defined over the distributed
alphabet 3 = (Z1,%;) where 2y = T U {#} and X, = {c,ca} U {c; | t € T}. Each of the
automata A and B intuitively consists of two parts. The left parts that start from p, and
qo, and the right parts that start from p; and ¢,. Note that the right parts are nonetheless
the F-structure.

Consider the game G“°(A, B). From the initial configuration (py, (€, €), o, L, S),
SpoiLer will read # and then c4. The play then proceeds to the configuration (p, (#, €), g1,
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T, S). Furthermore, from any configuration (p;, (W#, €), 1, T,S) where w € T" and i > 0,
by Lemma we can show that DupLIcATOR can choose w’ € T'*! and force SPOILER
to push the letters of w’ one by one to the first buffer and proceed to the configuration
(p1, W#,€), q1, T,S). We show this formally in the following lemma.

Lemma 4.4.8. Consider the two NBA A, B over 3 = (T U{#}),{c,calU{c, |teT})) asin
Figure and a play in G“°(A, B) from some configuration

(Pl,(tl . '-tn#9 6)9 q19 Ta S) (428)
wheret;...t, € T".

e Foranyt,,...,t , €T, DUPLICATOR has a strategy such that either SPOILER loses or

the play proceeds to some configuration
(pla (ti e t;l+1#’ 6)’ C[l s T, S)'
e SPOILER has a strategy such that the play eventually proceeds to some configuration

(p1, () ...t #,€,q1,T,S)

wheret,....t , €T.

> "n+l

Proof. For the first part, from the configuration (4.28)), DupLicaTor follows the strategy
as described in the first part of Lemma to push the tile #. Hence either DupLIcATOR
wins or the play proceeds to (p, (...t #t],€),q1,2,S) where p € {po, pi}. If p = po,
SpoiLer then will read # and then c4. In such a case, DupLicaTor first skips her turn and
then goes to the accepting sink s3 by reading cs € ¢. DupLIcATOR can play accordingly
from the accepting sink and win the play. However if p = p;, DupLicaTOR again follows
the strategy from the first part of Lemma W to push 7. She repeats this procedure n
many times to push #{,...,#, to the buffer. According to Lemma either DupLIcA-
TOoR wins or the play eventually proceeds to (pi, (#f]...1,,€),q1,x,S) where x € {2, T}.
From such a configuration, DupLicATOR again follows the same strategy to force SPOILER
to push 7, to the buffer. In this case, either DupLicaTOR wins or the play proceeds to
(p, (@ ...t ,,6),q0,Xx,S) where p € {po, p1}. If p = p, then SpoiLer will continue by
reading c. DupLIcATOR goes to the accepting sink s; by reading ¢ € ¢ and plays accord-
ingly from the accepting sink to win the play. However if p = p, then we reach the con-
figuration (po, (£} ...1,,,€),qo, X', S) where x’ € {2, 1}. SpoiLer then will read #. DupLI-
cartor skips her turn, and hence proceeds to the configuration (po, (t; ... ., #,€),qo, L, S).
SpoiLer will continue by reading c¢x and DupLicaToR responds to this by popping ¢ imme-
diately. The play then proceeds to (py, (¢} ...1, #,€),q1, T,S).

For the second part, SpoiLer first follows the strategy as described in the proof of
Lemma He lets DupLicaror force him to push some #; € T and then goes back
to p;. Hence we reach the configuration (p, (%, ...t,#f],€),q:,x,S) where x € {2, 1}.
SpoILER repeats this procedure for » many times. By Lemma the play eventually
proceeds to (p,, (#]...1,,€), q1, X', S) where t{,...,t, € T and x’ € {2, L, T}. From such
a configuration, SpPoILER again lets DupLicaToOR force him to push some 7/ | € T. However
now he goes to go. Hence we reach some configuration (po, (] ...1 |, €),qo, X', S) where
X =1Lifxe{L,2}and x’ € {2,1}if x = T. SpoiLER reads # and then cg. DupLICATOR
first skips her turn and proceeds to (pi, (] ...7, #,€),q1, L, S). She then pops c;4 and
proceeds to (py, (t)...1 #,€),q1, T, S). O
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Figure 4.12: The components Agpeck and Bepeck to ensure horizontal compatibility.

The first part of this lemma tells us that if the first buffer contains a tiling of a row of
length n then DupLicaTOR can choose a tiling of a row of length n + 1 and force SpoILER to
push the tiles one by one to the buffer. The second part tells us that this is in fact the only
way for DupLICATOR to continue.

We can slightly extend these two automata to reduce the octant tiling problem. We
encode the horizontal mismatch by adding two new components Acheck aNd Beheck  aS
illustrated in Figure #.12] The new components Agneck and Beneck are defined over T U
{#,$} where $ is a new symbol that belongs to the first buffer. The component Agneck s
very simple. It accepts the word $“ from the state p;. The component Bepeck is more
involved. It consists of an accepting sink and a state 4, for each tile t € T. The accepting
sink is reachable from ¢; by reading # and from each state /, by reading t. Moreover for

all t € T, we have h, AN hy iff (¢,¢') € H. Hence from ¢, the component Bgpeck accepts

any word of the form 7, ...t,#$“ where m > 0 and (¢;,1;;,) € H foralli € {1,...,m — 1}.

Now if we extend the automata A, B with Acneck, Beheck then from any configuration
(p1,(t ... t,#,€),q,,T,S), where t,,...,t, € T, if there is some i € {1,...,n} such that
(t;,t;41) ¢ H, SPOILER wins by going to the accepting sink s4 in Acheck and loops there
forever. DupLicator will never reach the accepting sink ss in Bcheck and lose the play.
SpoiLER, however, should not go to sy if there is no such i since DupLICATOR can reach ss
and win the play. Hence SpoiLer should only use the new component Agpeck if there is a
horizontal mismatch.

Encoding the vertical mismatch to the automata A, B is also simple. First recall that
each time after DupLicATOR forces SPOILER to read a new tile, she pops a tile or # from
the top of the first buffer. The tile that DupLicaTtor pops is indeed the one that is put
below the new tile. Up to now, DupLicaTOR can pop any tile. Hence to encode the vertical
compatibility, we simply restrict the tile that DupLicaTOR can pop. It should only be the
one that matches vertically with the new tile. Hence from any state ¢,, DupLICATOR can
only reach ¢, by reading ¢’ where (',f) € V. Let us denote with " the set of tiles that
can be put below ¢, i.e. ¥ = {¢' | (¢,f) € V}. We illustrate the extended two NBA A,
8 that encode the horizontal and vertical mismatch in Figure By considering such
automata, we can extend the property in Lemma4.4.8| as follows.

Lemma 4.4.9. Consider the two NBA A, B over £ = (TU{#, %), {c,ca) U{c, |t €T)) as
in Figure and a play in G*°(A, B) from

(pl’(tl .. tn#’ E)a ql» T9 S)

wherety...t, € T".



CHAPTER 4. DECIDABILITY AND COMPLEXITY 111

Figure 4.13: NBA A, B for the octant tiling problem.

o If(ti,tiy1) € H foralli € {1,...,n— 1} then for any t|,...,t € T where (1,1)),
... (t1,1]) € V, DUPLICATOR has a strategy such that either SPOILER loses or the play

proceeds to (py, (t; ...t #,€),q, T,S).
o [f(t;,tir1) & H for somei € {1,...,n— 1} then SPOILER has a strategy to win the play.

o If (t;,t;y1) € H for alli € {1,...,n — 1} then SPOILER has a strategy such that
either DupLICATOR loses or the play proceeds to (p1,(t] ...t , #,€),q1,T,S) where

(t;,t)) € Vforallie{l,..., n

Proof. For the first part, the strategy for DupLicator is as follows. If initially SpoiLEr
goes to the accepting sink s4 in Acheck, DUPLICATOR then goes to the accepting sink ss5 in
Beheck Dy reading ¢ ... 1,#. This is possible because (¢;, ;1) € H foralli e {1,...,n—1}.
From the accepting sink, DupLicATOR can play accordingly and win the play. However,
if SpoiLER does not go to the accepting sink s4 then DupLicaTor follows the strategy as
described in the first part of Lemma.4.§]

For the second part, the strategy for SPoILER is simply to go to the accepting sink s, in
Achecks 1.€. he proceeds to (s4, (11 ... 1,#8$, €), g1, T, D), and then loops in s4 forever. Since
(t;,t;11) ¢ H for some i € {1,...,n — 1}, DupLicaTor will never be able to pop $ from the
buffer. SpoiLER wins by looping in s4 forever.

For the third part, SpoiLEr follows the strategy as described in the proof of Lemma

Note that from any configuration (pi, (t;...t,#t)...1_,,€),q1,x,S) where x €
{2, L, T}, SporLer reads ¢. DupLicator will read ¢ by going to some g and proceeding
to some configuration (pa, (4;...1, #1]...1_,€), q,;,x’, S) where x € {1,1}. From this
configuration, SPoILER reads ; and then Cr- If (#;,1)) ¢ V, since there is no #;-transition
from g, DupLicaror will get stuck and lose the play. Otherwise the play proceeds as
in the proof of Lemmam to some configuration (pi, (tiy1 ..., # 1, ...t €),q1,x",5)
where x” € {2, L, T}. Hence either DupLicaTOR loses or the play eventually proceeds to
some configuration (pi, (f]...1, #,€),q, T,S) where (;,¢)) € Vforallie {1,...,n}. O

We can reduce the octant tiling problem to the buffered simulation game G*(A, B) by
considering such NBA A, B. If there exists an octant tiling then DupLicaTor simply forces
SpoILER to read the tiling row by row. If SpoiLER does not obey, DupLicaTor can reach one
of the accepting sinks and win the play, otherwise she goes through the accepting state
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infinitely often. On the other hand, if there is no octant tiling, SPorLER simply reads every
tile that is chosen by DupLicaToR until there is a vertical or horizontal mismatch. In the
first case, DupLicaTOR eventually gets stuck and loses the play, and in the second one,
SPOILER can go to the accepting sink in Acheck and win the play. We show this formally in
the following theorem.

Theorem 4.4.10. Given a tiling system 7 = (T, H, V), we can construct in polynomial
time two NBA A, B such that DupLicator wins G*O(A, B) iff there exists an octant tiling.

Proof. Consider the two NBA A, B that are illustrated in Figure Suppose there
exists an octant tiling ¢. In the game G“°(A, B), initially SpoiLer will read # then ¢, and
DupLicaTor has no choice except to proceed to

(pla(#’ 6)’ C]l,T,S)- (429)

From this configuration, DupLicaToR follows the strategy as described in Lemma
She forces SpoiLER to read the tiling of the first row: #, ;. According to the lemma, either
DupLicaTor wins or the play proceeds to (py, (t1.1#, €), g1, T, S). DupLicaTOR then follows
the strategy as described in Lemma {.4.9) again. She forces SporLer to read the tiling
of the second row: t,,t,,. She repeats this procedure for the rest of the play. Hence
either DupLicaTorR wins by following the strategy as described in Lemma 4.4.9] or both
SpoiLEr and DupLicaTor go through the states p; and ¢g; infinitely often. In the second
case, DupLicATOR also wins the play.

For the other direction, suppose there is no octant tiling. Initially, SPoILER reads #cy.
The play then proceeds to (4.29)). From such a configuration, SpoiLEr follows the strategy
as in the third part of Lemma[4.4.9] Hence either DupLicaToR loses or the play proceeds to
(p1,(t11#,€),q1, T,S) for some #,; € T. From this configuration, SpoiLErR again follows
the strategy as described in the third part of Lemma [4.4.9] Either DupLicATOR loses or
the play proceeds to (py, (f21t20#, €),q1, T, S) for some 1, 1,1, € T. Now if (t1,t) ¢
H, SpoiLer follows the strategy as in the second part of Lemma to win the play.
Otherwise, he follows the strategy as described in the third part again. SPOILER repeats
this procedure indefinitely. Hence either he wins by following the strategy as described
in Lemma [.4.9|or both SpoiLer and DupLicaTorR go through p, and g, infinitely often. In
such a case, let

Hu #toho #1333 # sl alzalasH ...

be the sequence of letters that are pushed by SpoiLEr to the first buffer. By Lemma[4.4.9]
(tij,tij+1) € Vand (t;,t41,7) € H for all i < j. Hence we can construct an octant tiling
t where (i, j) = t; ;. This however contradicts our initial assumption. SpoiLER wins the

play. O

We have a polynomial-time reduction from the octant tiling problem to the game
G“(A, B). Thus we have the following corollary.

Corollary 4.4.11. Deciding = is T1°-hard.

We can also lift the reduction in Theorem {.4.10| to reduce the recurrent octant tiling
problem. Instead of the automaton 8B, we will consider a new automaton 8B’ for Du-
PLICATOR, that simulates 8 and remembers the tile that is used as the first tile of a row
in its structure. The automaton $’ is obtained from $ by simply adding a copy of the
F-structure of 8. We construct 8’ such that DupLicaToR uses the original F-structure to
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Figure 4.14: Automaton B” for the recurrent octant tiling problem.

force SpoILER to read the first tile of a row, and then uses the copy for the rest of the tiles.
Instead of the state ¢;, we make the state in the original F-structure that corresponds to
the final tile 7, i.e. g,,, to be accepting, and the rest of the non-sink nodes non-accepting.
In this way, DupLicaTor forms an accepting run iff the final tile is used as the first tile
of a row infinitely often. We illustrate such an extended automaton $’ in Figure [4.14]
We assume that a is the final tile, and hence the state g, is accepting and the rest of the
non-sink states are not.

Theorem 4.4.12. Given a tiling system 7 = (T, H,V) and a final tile tr € T, we can
construct two NBA A, B’ such that DupLICATOR wins GVO(A, B') iff there exists a recurrent
octant tiling.

Proof. Consider two NBA A, B’ where A is the automaton as in Theorem{.4.10jand B’ is
obtained from the automaton 8 from Theorem {.4.10] by adding a copy of the F-structure
as we have illustrated in Figure .14l Suppose there exists a recurrent octant tiling ¢. The
winning strategy for DupLICATOR is intuitively the same as the one in Theorem4.4.10] She
forces SPOILER to push #1, 1#1, 2t2,#. . . to the first buffer. Since there exist infinitely many
i such that #;; = tr, DupLICATOR Visits the accepting state g, infinitely often and hence
wins the play.

For the reverse direction, suppose there is no recurrent octant tiling. The winning
strategy for SPOILER is also the same as the one in Theorem [4.4.10] She simply reads
every letter that is forced by DupLicaTor and reaches the accepting sink in Agneck if there
is a horizontal mismatch. Hence either SpoiLER wins because DupLicaTor produces a
vertical or horizontal mismatch, or both SpoiLer and DupLicaToR visit the states p; and g
infinitely often. In the second case, let

Hu #lpho #3333 # 1 4l alzals s H ...

be the sequence of letters that are pushed to the first buffer. Since there is no vertical or
horizontal mismatch, we have (¢; ;, ;11 ;) € Hand (¢, j,1; ;1) € V foralli < j. Now suppose
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there are infinitely many j such that #, ; = t¢. In this case, we can construct a recurrent
octant tiling ¢ where #(i, j) = f; ;. This however contradicts our initial assumption. Hence
there are only finitely many j such that ¢, ; = tr. DupLICATOR Visits ¢,, finitely often and
hence does not form an accepting run. SPoOILER, on the other hand, forms an accepting run.
Thus SpoILER wins. ]

Since we can polynomially reduce the recurrent octant tiling problem to the problem
of deciding whether DupLicaToR wins buffered simulation game G“°(A, B), we have the
following corollary.

Corollary 4.4.13. Deciding £ is X}-hard.

In the next subsection, we will show that we can use Corollary and Corollary
4.4.13| to show that solving buffered simulation is not only hard for the first level of the
analytical hierarchy, but also hard for a higher class BX| that strictly contains X} and IT;.

4.4.3 IBSZi-Hardness

Before we show the BZi—hardness of buffered simulation, let us shortly recall a decision
problem that asks whether a property P(xy,...,x,) holds for given xi,...,x, € N, P.
Since the outcome of P is either positive or negative, we can also see the boolean com-
bination of decision problems as a decision problem. Intuitively, for a problem P, =P is
a problem that asks whether the outcome of P is not positive, P; A P, asks whether the
outcome of both P, and P, are positive, and P, V P, asks whether the outcome of one of
Py and P, is positive.

Let us denote by BX; the set of all boolean combinations of problems in X, i.e. a
problem P is in BX| if either P is in X{, P is =P’ and P’ is in BX], Pis P; A P, and P, P,
are in B}, or Pis P; V P, and Py, P, are in BX|. Note that the class BX] is strictly larger
than | and I1; since it contains the problems which are in I1;, but not in X}, and also the
ones which are in E{, but not in H}. We will show that buffered simulation is not only
hard for the classes X} and I1}, but also for BX].

For any decision problem P; A P, where P and P, are in 2!, we can reduce it to the
buffered simulation game. First note that by Corollary #.4.13] we can construct two pairs
of automata A;, B, and A,, B, such that for all i € {1, 2}, DupLicaTor wins G“°(A;, B;)
iff P; has a positive outcome. Thus we can construct two NBA A and B from A, A,
and B, B, respectively, such that in the game G“°(A, B), SpoILER can force the play to
proceed to the component that corresponds to Ay, By or A, B,. If both P; and P, have
positive outcomes then no matter how SpoIiLER plays, DupLicaToR can win the play. On
the other hand, if one of P; and P, has a negative outcome, suppose Py, then SPOILER can
force the play to proceed to A;, B, and win the play.

Lemma 4.4.14. Let P, P, € Zi. There are two NBA A, B over £ = (21, %) such that
P, A P, has a positive outcome iff A =0 B.

Proof. Since Py, P, € X}, by Corollary we can reduce them to the problem of
deciding C“°. There are two pairs of NBA A, B, and A,, B, such that for all i € {1,2},
A; C¥0 B, iff P; has a positive outcome. Supose A;, B; are defined over a distributed
alphabet ﬁ)i = (Z;i1,2;2). Consider two NBA A and B that are defined over 3= Z1,2))
where

=2 Uy,
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Figure 4.15: Reduction from P; A P, to ALY’ B.
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Figure 4.16: Reduction from P, V P, to AL’ B.

2 =21, UX, Ufep,er}),

and ey, e, are two additional new letters that are notin X; ; for all i, j € {1, 2}. The automata
A, B are constructed from A;, A, and By, B,, respectively, as we have illustrated in
Figure 4.15]

Now consider the game G“°(A, B). If P, A P, has a positive outcome then in the first
round, after SPoILER proceeds to some configuration (pg, (€,€),q0, L, D) where pf) 18 the
initial state of A; and i € {1, 2}, DupLicaToR has no choice except to pop e; from the second
buffer and go to ¢, the initial state of B;. Hence the play proceeds to (p}, (€, €), gj,, L, S),
which are the initial configuration of the game G“°(A;, B;). Since P; has a positive out-
come for all i € {1,2}, from such a configuration, DupLIcATOR can play according to the
winning strategy in G“°(A;, B;) and win the play. On the other hand, if P; A P, has a
negative outcome, let iy € {1,2} such that P;, has a negative outcome. In the first round,
SpoILER reads e;,, and hence proceeds to ( pg’, (€, €,), g0, L, D). DupLicaTOR then will con-
tinue to (pg’, (€, e),qg’, 1,S). Since this corresponds to the initial configuration of the
game G“(A,,, B;,), SPOILER can play according to the winning strategy in G**(A;,, B;,)
and win the play. O

We can also show similarly that any decision problem P; V P, where P, and P, are in
Zi, can be reduced to buffered simulation game. Consider again the two pairs of automata
Ay, B, and A,, B, where for all i € {1, 2}, DupLicator wins G**(A;, B;) iff P; has a posi-
tive outcome. We then construct two NBA A and B from A;, A, and B, B, respectively,
such that in the game G“°(A, B), DupLICcATOR is the player that chooses whether to pro-
ceed to Ay, By or A,, B,. This is possible by using a similar structure as the F-structure
in the initial part of A, B. If one of P, and P, has a positive outcome, suppose P;, then
DupLicaTor proceeds to A;, B, and wins the play. On the other hand, if both P, and P,
have negative outcomes then no matter how DupLicATOR plays, SPOILER wins.

Lemma 4.4.15. Let P, P, € 2}. There are two NBA A, B over £ = (£1,%,) such that
P, V P has a positive outcome iff A0 B.

Proof. Again, since Py, P, € 2}, by Corollary 4.4.13| we can reduce them to the problem
of deciding buffered simulation =°. There are two pairs of NBA A;, B, and A, B,
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such that for all i € {1,2}, A; £° B, iff P; has a positive outcome. Suppose A;, B; are
over the distributed alphabet fli = (Zi1,2;2). Consider two NBA A and 8 that are defined
over 3 = (21, %,) where

=2, UXy,
X =21, UX, Ule, e, e}),

and e, e, e, are three additional new letters that are not in X;; for all i, j € {1,2}. The
automata A, B are constructed from A, A, and By, B, as illustrated in Figure d.16
Now consider the game G“°(A, B). If P, V P, has a positive outcome then in the first
round, after SPoILER proceeds to (pi, (€, €), o, L, D), DupLICATOR goes to ¢; where P; has
a positive outcome. Hence the play proceeds to the configuration (py, (€, €), ¢;, L, S). If
SpPOILER reads e; where i € {1,2}\ {i}, DupLicaTOR goes to the accepting sink s by reading
e;. Otherwise, SPoILER reads e; and in this case, DupLicaTOR proceeds to the configura-
tion (p}), (€, €), g}, L, S) where p}, g}, are the initial states of A;, B;. Such a configuration
corresponds to the initial configuration of the game G“°(A;, B;). Since P; has a posi-
tive outcome, from such a configuration, DupLicaTOR can play according to the winning
strategy in G**(A;, B;) and win the play. Now suppose P; V P, has a negative outcome.
The strategy for SpoiLer is as follows. If in the first round, after SpoiLEr reads e, Du-
PLICATOR goes to some state ¢;, i € {1,2}, SPoiLER then continues the play by reading e;.
The play then proceeds to some configuration (p}), (€, €), g;,, L, S) where pj, gj, are the
initial states of A;, B;. Such a configuration corresponds to the initial configuration of the
game G“°(A;, B;). Since for all i € {1,2}, P; has a negative outcome, SPOILER can play
according to the winning strategy in G**(A;, B;) and win the play. O

By considering a similar reduction as in Lemma 4.4.14] and Lemma [4.4.15| we can
show that any problem in BX| can be reduced to a buffered simulation game.

Theorem 4.4.16. For any decision problem P € BXi, there are two NBA A, B over

2 = (21, %) such that P has a positive outcome iff A" B.

Proof. Let P € BX|. Without loss of generality, let us assume that P is in normal form
where negation is only applied to the atomic problems. We will show that the property
holds by induction on the structure of P. If P € X} then by Corollary we have
the desired result. If P is =P’ and P’ € X} then P € IIj. By Corollary we also
have the desired result. If P is P; A P, and Py, P, € BZ%, by induction hypothesis, there
are two pairs of NBA A, B, and A,, B, such that for all i € {1,2}, the problem P; has
a positive outcome iff A; =¥ B. We can construct two NBA A, B as in the proof of
Lemmald.4.14]such that A °“° Biff P has a positive outcome. Similarly, if P is P, V P,
and P, P, € BX!, by induction hypothesis, there are two pairs of NBA A;, B, and A,, B>
such that for all i € {1,2}, the problem P; has a positive outcome iff A; C“° B;. We can
construct two NBA A, B as in the proof of Lemma such that A =0 Biff P has a
positive outcome. O

Since every problems in BX| can be reduced to the problem of deciding buffered
simulation £%°, we have the following theorem.

Theorem 4.4.17. Deciding T“° is BX!-hard.

In the following subsection, we will show that the problem of deciding whether Du-
pLicaTOR wins the buffered simulation game G“(A, B) for two NBA A, B over PO
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Z,...,%,) and a k = (ky,...,k,) is indeed in the second level of the analytical hier-
archy. Such a problem is in the class £} N I1}, a class that does not contain any complete
problem [RIJ87]].

4.4.4 Membership in )2; N II;

To complete the undecidability result of buffered simulation, we will show that for any
two NBA over 3 = (Zy,...,2,) and a capacity vector k = (ki,...,k,), the problem of
deciding A C* B is in the classes X} and I1}. Recall that to show such memberships,
we have to show that the problem can be characterised by second-order formulae of the
form VX Y ¢(X, Y) and AX VY ¢,(X, Y) where ¢, and ¢, are first-order formulae [RI87,
Kec93|].

Before we show the formulae, we will give the predicates that are used to construct
them. First, consider the game G“(A, B) = ((V, Vp, Vs, E), vy, Win). A valid finite play in
such a game is nonetheless a path r € V* in the configuration graph of G“(A, 8). Hence
the following is the predicate that defines the valid finite plays in G“(A, B).

FinPlay(r) := Vi e {1,...,|r]} V(r:)) A E(ri,ris1) A vo(ry) (4.30)

Furthermore, a valid finite play r is played according to some SpPoOILER’s or DupLica-
TOR’S strategy o's or op, respectively, if for all i € {1, ..., n}, whenever r; € V,, x € {S, D},
then r;,; is o(ry ... r;). Hence the following are the predicates that define valid finite
plays that are played according to SPOILER’S strategy os and DUPLICATOR’s strategy o,
respectively.

FinConsistents(r,o5) :=Vie {1,...,|r]} Vs(r;)) = ri;gy = os(ri ... 1) (4.31)
FinConsistentp(r,op) :=Vie{l,...,|r|]} Vo(r)) = riqi =op(r ... 1) 4.32)

We can also lift the decidable predicates in - for the infinite case. The
following are the predicates that respectively define valid infinite plays, infinite plays that
are played according to some SPOILER’s strategy o-s, and the ones that are played according
to some DuUPLICATOR’s strategy op.

InfPlay(n) := Vi e N V() A E(n;, mtip1) A vo(mo)
Consistents(m, og) := Vi € N Vg(;) = 7 = os(mg ... 7))
Consistentp(rr,0p) := Vi € N Vp(rr;)) = ey = op(mg ... 1)

These predicates are of the form Vx ¢(x) where /(x) is quantifier-free. Hence the problem
of deciding whether an infinite play is valid or whether a play is played according to some
SPOILER’s or DUPLICATOR s strategy belongs to the class I10.

Now let Fp be the set of SpoiLER’s configurations in which the fourth component is T,
and Fg the set of DupLIcATOR’S configurations in which the first component is an accepting
state, i.e. Fp = {(p,w,q,¢,S) € Vs | ¢ = T} and Fs = {(p,w,q,c,D) € Vi, | p € FA}.
Intuitively, Fp and Fg are the sets of configurations which are obtained from SPOILER’s
and DupLicaTOR’s moves through some accepting state. An infinite play m = vyv; ... then
is winning for DupLicaToOR if either there are infinitely many i such that v; € Fp or there
are only finitely many i such that v; € Fs. Hence the following predicate defines plays
that are winning for DUPLICATOR.

Winp(n) :=3i e N Vj>i Jk > j =Fs(n;) A Fp(my)
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Intuitively, it says that DupLicaTOR wins a play x if at one point, we do not see configu-
rations from Fg any more, but we keep seeing the ones from Fp. The predicate is of the
form dxVydz ¥ (x) where ¥(x) is quantifier-free. Hence the problem of deciding whether
an infinite play is winning for DupLicaToR belongs to the class 2.

Deciding E* is in X

Now we will give a formula that defines buffered simulation A C“ B by using all pred-
icates that we have given before. Recall that DupLicator wins G*“(A, B) iff there exists
DupLicaToR’s strategy such that for every valid play that is played according to this strat-
egy, either it is an infinite play and winning for DupPLICATOR, or it is a finite play where
SpoiLER eventually gets stuck. Hence we can consider the following formula.

C“(A, B) := dop VY,
(InfPlay(m) A Consistentp(rr, op) = Winp(n))
VvV (3i =FinPlay(ny ... ;1) A FinPlay(ng . .. ;)
A FinConsistentp(ng . .. 11, 0p) = Vs(71)))

Note that this predicate is of the form AXVY (X, Y) where (X, Y) is a first order formula
and all of its atomic predicates are decidable. Hence we have the following lemma.

Lemma 4.4.18. Deciding C* is in X

Deciding C~ is in H;

We can also define buffered simulation with another formula. It is also the case that
DupLicator wins G“(A, B) iff for every SpoILER’s strategy, there exists a valid play that
is played according to the strategy such that either the play is infinite and winning for
DupLicaror or it is a finite play where SpoiLER eventually gets stuck. Hence we can also
define buffered simulation with the following formula.

C“(A, B) :=Vogdn
(InfPlay(r) A Consistents(rr, os) = Winp(r))
V (3i =FinPlay(ng . ..7;41) A FinPlay(ng ... ;)
A FinConsistents(ng . .. 7, 0s) = Vs(1;))

The formula is of the form VXX (X, Y) where ¥/(X, Y) is a first order formula and its
atomic predicates are also decidable. Hence the problem of deciding whether DupLicaTOR
wins G“(A, B) is also in I1).

We can put this together with Lemma[4.4.18|and have the following theorem.

Theorem 4.4.19. Deciding C~ is in A},

4.5 Summary

We summarise the complexity of buffered simulation that is shown in this chapter in
Figure In the case where we only consider one buffer with a fixed and bounded
capacity k € N, buffered simulation and its flushing variant can be solved in polynomial
time. This result can be lifted to the case of multiple buffers. Buffered simulation with
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Problem Complexity
Given Question
A, B over T and Is ACk B?
afixed k € N Is ALCE,, o B? PTIME
Cor. [4.1.6] Cor.[£.2.3]

and a fixed k € N"

A Bover L = (Z1,....%,)

Is AC* B?

IS A T ey B?

PSPACE-complete

A Bover s Is ACE o B? Cor. 317
EXPTIME-complete
Is AC® B? Cor.
— w,0
A, Boverx = (2,%,) Is ACY” B? in A; and BZ}-hard
A, Boverx =(Zq,...,2,) Thm. F4.17} Thm. [F.4.19]
and a fixed k € W U {w})" Is ACK B?

Figure 4.17: Complexity of deciding buffered simulation.

n > 1 buffers and a fixed capacity vector k = (k, ..

., k,) € N* can be solved in polynomial

time. In the case where we consider unbounded buffers, solving buffered simulation where
only one buffer is involved is PSPACE-complete for the flushing variant and EXPTIME-
complete for the general case. However if multiple buffers are involved then buffered
simulation is undecidable. It is in the class of A} and hard for the class BX{. This high
undecidability is true already for the case where we only have two buffers in which one is
unbounded and the other one is of capacity 0.



Chapter 5

Application to Formal Languages

In this chapter, we will present the application of buffered simulation in the field of formal
languages. In the case where we only have one buffer, buffered simulation approximates
language inclusion between two Biichi automata in the same way as the standard fair
simulation. If DupLicaTor wins the buffered simulation game G*(A, B) for some k €
N U {w} then we have language inclusion L(A) C L($B). Intuitively, the possibility to use
a buffer gives DupLicATOR more power to mimic SpoiLER’s run. The bigger the buffer the
more power DupLicaTOR has to show language inclusion. Hence buffered simulation gets
closer to language inclusion as the size of the buffer grows.

In the case where we consider multiple buffers, buffered simulation can be used to
approximate a more general problem than language inclusion, namely Mazurkiewicz trace
inclusion. Mazurkiewicz traces, or just traces, basically extend the concept of words, in
which some letters are allowed to commute and some are not [Maz77, IDR9S]. They are
used to model the computation of concurrent systems. The problem of deciding the trace
closure inclusion of w-languages recognised by Biichi automata is known to be highly
undecidable [Sak92, Finl2]. However, we can use buffered simulation to approximate
this problem. For any two NBA A, B over $ = (Z,...,%,), if DupLIcATOR Wins the
buffered simulation game G“(A, B) for some « € (N U {w})" then we have trace closure
inclusion [L(A)] C [L(B)].

The approximation of language or trace closure inclusion with buffered simulation
however is not complete. There are pairs of automata where language or trace closure
inclusion holds, but buffered simulation does not. Hence one may ask whether there is a
characteristic of pairs of automata in which their language or trace closure inclusion can-
not be shown by buffered simulation. The answer to this question turns out to be related
to the notion of continuity from the field of topology. First note that language or trace clo-
sure inclusion can be characterised by the existence of a function that maps each accepting
run in SPOILER’S automaton to a corresponding accepting run in DUPLICATOR’s automaton.
It turns out that in the case where we have such a function that is also continuous, lan-
guage or trace closure inclusion also implies buffered simulation. The reverse direction
of this property indeed also holds. Language or trace closure inclusion can be shown with
buffered simulation iff such a continuous function exists. Intuitively, we should be able
to lift this characterisation to the case of bounded buffers by considering a function that
is not only continuous, but also Lipschitz continuous. However we will show that the
characterisation with a Lipschitz continuous function does not hold in general, but only
for some more restricted automata.

This chapter is organised as follows. The first section shows the use of buffered sim-
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Algorithm 2 Checking L(A) C L(B).
1: k<0
2: while A ¥ B do
3: k—k+1
4: end while
5: return yes

ulation with one buffer to approximate language inclusion incrementally. The second one
considers the application of buffered simulation with multiple buffers to approximate trace
closure inclusion. We first recall the theory of Mazurkiewicz traces, the trace closure in-
clusion problem, and its high undecidability. We then show that buffered simulation with
multiple buffers can be used to approximate such a problem. The last part of this chapter
considers the characterisation of buffered simulation with the notion of continuity. We
first show the characterisation of buffered simulation with a continuous function and then
the refined characterisation of buffered simulation with bounded buffers with a Lipschitz
continuous function which only holds for cyclic-path-connected automata.

5.1 The Language Inclusion Problem

First let us consider the application of buffered simulation with one buffer for the language
inclusion problem. Language inclusion between two w-regular languages represented by
two NBA A, B is known to be an important problem in the area of formal languages
[VW86| [Var96]. Such a problem can be used to model the verification problem of non-
terminating reactive system. The system that we want to verify is modeled by an automa-
ton A and the specification that has to be met by the system is modeled by an automaton
8. The problem of checking whether the system meets the specification then is reduced to
the problem of checking language inclusion L(A) C L(B). This problem is unfortunately
hard to compute, i.e. it is PSPACE-complete.

5.1.1 Incremental Approximation

Buffered simulation with one buffer can be used to approximate language inclusion in the
same sense as the standard fair simulation.

Theorem 5.1.1. If there exists k € N U {w} such that AC* B then L(A) C L(B).

Proof. Suppose w € L(A). Since w is accepted by A, there exists an accepting run
p € AccRun(A) over w. Let k € N U {w} such that A C* B. Since DUPLICATOR wins
G'(A, B), if SpoILEr plays p and DupLicATOR plays according to the winning strategy then

DupLicator forms an accepting run p’ € AccRun(8). Suppose w = aja,.... Hence
ai,ay, ... are the letters that are pushed to the buffer consecutively. Since DupLicATOR
pops every letter in this order, we have word(p’) = a1a; ... . Thus w € L(B). O

We can show language inclusion by using a buffered simulation game with one buffer.
Note that DupLIicATOR gets stronger in showing language inclusion as the buffer capacity
grows. Recall from Theorem [3.1.4] and Proposition [3.1.6] that buffered simulation with
one buffer admits a hierarchy, i.e. we have

c® ¢ c! ¢

N
Ir
s
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Hence as the capacity grows, there are more pairs of automata for which their language
inclusion can be shown by buffered simulation. This then allows us to use buffered sim-
ulation as an incremental tool for approximating language inclusion. To show language
inclusion between two automata A and B, we start from some small capacity k € N
and then check whether A CF B holds. If yes then we conclude that language inclusion
holds. Otherwise we increase k and then check again. We illustrate such a procedure in
Algorithm 2]

Drawback of Algorithm 2] One of the biggest drawbacks of Algorithm [2]is that the
algorithm may not terminate. For example, it does not terminate on two NBA A, B
where L(A) ¢ L(B). For such A, B, by Theorem we know that A ZF B for any
k € N. Hence for any two NBA where language inclusion does not hold, the algorithm
runs forever. The algorithm might also not terminate on A, B in which L(A) C L(B).
For example, consider the two NBA A, B from Example In this case, we have
L(A) C L(B), but we have seen that A z* B for any k € N. For such inputs, Algorithm
also does not terminate.

Complexity of Algorithm 2 In Theorem we have seen that deciding buffered
simulation A C* Bis in time O(|A[|° - |BJ® - |ZI** - k*). Hence each while-loop iteration in
Algorithm [2] runs in polynomial time. However note that for each while-loop iteration,
the size of the buffer, i.e. k, is incremented by one. Hence as k grows, the complexity of
solving buffered simulation A C* B also grows exponentially in k.

5.1.2 Comparison

The flushing variant of buffered simulation can also be used to approximate language
inclusion incrementally. We can consider a similar procedure as in Algorithm 2] where in
each while-loop iteration, instead of checking AZ* B, we check A ~¢—F|ush BorA ;t_FFlush

The incremental algorithms induced by the flushing and the full-flushing variants also
have the same drawbacks as Algorithm 2] They do not terminate on A, B8 where L(A) ¢
L(8B), and on A, B in which L(A) C L(B), but for all k € N, A ¢—F|ush BorA lFFIush

The incremental algorithms induced by the flushing and the full-flushing variants how—
ever run slightly better than the general case. Recall that for a fixed £k € N, deciding
ALK, o B and ACE, . B are respectively O(AL - B - [£***) and O(AP - 1B - [Z[*+2).
Hence the base of the exponent in these cases is |, while in the general case it is [Z]°.
Since the base of the exponent is smaller than in the general case, as k grows, the com-
plexity of the incremental algorithm induced by the flushing or the full-flushing variant
grows slower than the general case.

There is however one disadvantage of the incremental algorithm induced by the full-
flushing variant in comparison to the one induced by the flushing variant or the general
case. Recall from Chapter B3] that the full-flushing variant does not admit a hierarchy. We
have seen in Theorem that for any £ € N, there exist A, B such that A C —FFIush B,
but A £, B. Hence DUPLICATOR does not get stronger in winning G (A, B) as the
capacity k grows. In this case, determining whether increasing the parameter k£ will not
help us anymore is harder than in the case of the flushing variant or the general case of
buffered simulation.
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Algorithm 3 Checking L(A) C L($B) with Multi-Pebble Simulation.
ke 0,n« |8
while AZ;, Band k < ndo
k—k+1
end while

: If k < n return yes otherwise don’t know

AN~ e

Comparison with the Multi-Pebble Incremental Approach

Another possible incremental approach for language inclusion is multi-pebble simulation.
As we have seen in Chapter [2, multi-pebble simulation also approximates language in-
clusion in the same way as standard fair simulation. Recall that by Proposition [2.6.20} if
DupLicaTor wins the game g’;,eb(ﬂ, B) for some k € N then we have language inclusion
L(A) € L(B). Moreover in [Ete02], it is also shown that multi-pebble simulation also
admits a hierarchy in the same sense as buffered simulation. For any k > 1, if we have

ALk, B then this implies ALk B.

3 C

Proposition 5.1.2 ([Ete02]). T}, C T3, € o

N

This proposition shows that as the number of the pebbles grows, DupLICcATOR gets
stronger in winning the multi-pebble simulation game. Hence multi-pebble simulation
also gets closer to the language inclusion as the number of pebbles grows. We can use
multi-pebble simulation to incrementally approximate language inclusion as in the case
of buffered simulation.

There is, however, one advantage of using multi-pebble simulation. Note that when
the number of pebbles is equal to the number of states in DupLicATOR’s automaton then
adding more pebbles does not give any advantage for DupLIcATOR to win the game. We
have the following proposition.

Proposition 5.1.3 ([Ete02]). If A E’E,eb B for some k > 0 then A ;Eﬂb B.

This allows us to stop increasing the parameter £ if it reaches the size of DupLica-
ToR’s automaton. Hence unlike buffered simulation and its flushing variant, multi-pebble
simulation induces an incremental approach that always terminates.

Consider the incremental algorithm given in Algorithm 3] Given two NBA A, B, we
start with k& = 0 and check whether A E',;eb 8. If this is not the case then we gradually
increase the parameter k by one. If we reach k = |8| and we still have A ;t_’,;eb B then
we stop and conclude that we do not know whether L(A) C L(B) holds. However, if we

eventually have A E’E,eb B for some k < n then we conclude that language inclusion holds.

Complexity of Algorithm[3| In comparison to Algorithm[2] Algorithm[3|has a drawback
with respect to its complexity. First note that by Proposition for any two NBA A,
B, and a k € N, deciding A E’;eb B can be done in time O(|A|* - |BI* - |Z*). Hence as k
grows, the complexity of solving multi-pebble simulation also grows exponentially in k.
However note that the base of the exponent is a variable. It is the size of the automaton
B which is part of the input and usually very large. This is in contrast to the incremental
algorithm induced by buffered simulation. As k grows, the complexity of solving buffered
simulation also grows exponentially in k but the base of the exponent is fixed. It is the size

of the alphabet £ which is usually small and not part of the input. Hence the complexity
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of solving buffered simulation in each while-loop iteration of Algorithm [2]is expected to
grow much slower than those of multi-pebble simulation.

5.2 The Trace Closure Inclusion Problem

Another possible application of buffered simulation comes from the area of Mazurkiewicz
traces [DROS]. Mazurkiewicz traces, or just traces, are used to model concurrent compu-
tations. In a concurrent computation, two processes can be dependent on or independent
of each other. If two processes are dependent on each other then the order in which one
should be executed first is important; one process might need the output of the other one.
On the other hand, if two processes are independent of each other then the order in which
they should be executed does not matter. They can be executed simultaneously and the
output is still the same.

The theory of Mazurkiewicz traces is used to provide a mathematical model for con-
curent computations. A process is modeled by a letter and the independency between the
processes is modeled by the independency between the letters. A concurrent computa-
tion then can be linearly modeled by a word where two adjacent independent letters are
allowed to commute with each other. For example, suppose we consider words over a, b,
and ¢ where a, b are independent of each other, but not of c: the letters a, b can commute
with each other, but they cannot commute with c¢. The finite word abc then is considered
to be equivalent to bac. Both of abc and bac correspond to a concurrent computation of
a and b followed by the execution of ¢. Note that this concept can also be naturally ex-
tended to infinite words. For example, if we consider the same independency between a,
b, c then the infinite word abab ... is considered to be equal to the infinite word baba.. ..
Both of these words model the concurrent computation of aaa ... and bbb . ... We will
recall the formal definition of Mazurkiewicz traces and trace closure inclusion in the first
part of this section and the application of buffered simulation for Mazurkiewicz traces in
the second one.

5.2.1 Mazurkiewicz Traces

Formally, traces are defined over a distributed alphabet 3 = Z,...,%,). Given a dis-
tributed alphabet 3 = Z,...,2%,), letX = £, U...UZ, be the union of the alphabets
and 7;, i € {1,...,n}, be the projection with respect to £ as in Definition Two
words v, w € X% are said to be trace equivalent, written v ~ w, iff m;(v) = m;(w) for all
i € {l,...,n}. Note that in the finite case, two words are trace equivalent only if they
are of the same length. If they are not then there must be a letter a such that |v|, # |w|,
which implies 7;(v) # m;(w) for some i € {1,...,n} where a € X;,. We exemplify trace
equivalence in the following example.

Example 5.2.1. Consider a distributed alphabet 3= ({a, c},{b, c}). We have abc + abcc
since m1(abc) = ac # acc = mw(abcc). However we have abc ~ bac since mi(abc) =
m1(bac) = ac and my(abc) = my(bac) = be. We also have (ab)® ~ (ba)® since m1((ab)®) =
m1((ba)?) = a® and m,((ab)®) = m((ba)®”) = b*. Note that for any word w € (a U b)* in
which |w|, = |w|, = oo, we indeed have w ~ (ab)® since m;(w) = a® and m,(w) = b*.

By definition of trace equivalence, intuitively two letters a,b € £ can commute with
each other iff they do not share any ¥;, i.e. thereisno i € {1,...,n} such thata,b € Z,.
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The equivalence classes of X* with respect to ~ are called finite traces and the equiv-
alence classes of X“ with respect to ~ are called infinite traces. For any language L C £
we denote the trace closure of L by [L]. It is the set of words that are trace equivalent to
some words in L, 1.e.

[L]=veXT|v~w,we L}

Example 5.2.2. Consider again the distributed alphabet £ from Example and the
languages L, = a*(cb)" and L, = (ab)”. Since for every w € L, there is no w’ that is
distinct from w such that w ~ w, we have [L;] = L,. For the language L,, note that the
words that are trace equivalent to (ab)® are the ones over a, b that contain infinitely many
a and b. Hence [L,] = {w € (a U b)* | [w|, = [wl|, = o0}.

The definition of trace equivalence that we consider here is defined with respect to a
distributed alphabet, a notion due to [Zie87]. The original definition of trace equivalence
however is defined with respect to an independence alphabet, a pair of alphabet and a
relation between the letters that tells us which pair of letters can commute with each other
[Maz&9]].

Formally, an independence alphabet is a pair (X, /) where X is an alphabet and I is
a relation over X that is irreflexive and symmetric called independence relation. The
independence relation defines pairs of letters that commute with each other. For a dis-
tributed alphabet 3 = (Z4,...,%,), the corresponding independence alphabet is (X, )
whereX =X, U...UX,and I = {(a,b) e X? |Aie{l,...,n}:a,b e}

Example 5.2.3. The corresponding independence alphabet of the distributed alphabet 3
given in Example is (X, I) where X = {a, b, ¢} and

I ={(a,b),(b,a)}.

Another possible notion to define trace equivalence is by considering a dependence al-
phabet. A dependence alphabet is a pair (X, D) where X is an alphabet and D is a relation
over X that is reflexive and symmetric, called dependence relation. In contrast to the in-
dependence relation, the dependence relation defines pairs of letters that do not commute
with each other. For any independence alphabet (X, /), the corresponding dependence
alphabet is (X, D) where D = X2\ I.

Example 5.2.4. The corresponding dependence alphabet of (£, I) given in Example
is (£, D), where

D ={(a,a), (b,b),(c,c),(a,c),(ca),cb),(b,c)}

Beside the dependence alphabet, one also often uses the notion of dependency graph.
A dependency graph is an equivalent notion for the dependence alphabet (X, D). Itis a
visualisation of the dependence alphabet where the nodes are letters in £ and we have
an edge between two letters if they are dependent on each other. One important thing
in the dependency graph is that self-loops are omitted. For any dependence alphabet
(Z, D), the corresponding dependency graph is the graph G = (V, E) where V = X and
E=D\{(¢q.9) | g€V}

Example 5.2.5. Consider the dependence alphabet (X, D) from the previous example. The
corresponding dependency graph is the following graph.

a—-c—-b
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Given a dependency graph G, two letters commute with each other if they are not in
the edge relation. For any dependency graph G = (V, E), the corresponding distributed
alphabet is the tuple 3= (Z1,...,2,) in which {X£;,...,%,} is the set of maximal cliques
in G. Hence two letters a,b € V are in the edge relation (a,b) € E iff there exists
i€{l,...,n}suchthata,b € X;.

Distributed, independence, and dependence alphabets, as well as dependency graphs,
are equivalent notions that can be used to define trace equivalence. They can be derived
from each other. It is sometimes more convenient to use one of them than the others. For
the rest of this work, we will mostly use the definition of trace equivalence with respect
to a distributed alphabet.

Now consider the following decision problem.

Given : Two NBA A, Bover 3 = (Z;,...,%,)

Question : Is [L(A)] C [L(B)]? G-D
Such a problem can be used to model the verification problem of reactive system that
admits concurrency [Sak92, MSB™16]. The system and the specification that we want to
check are modeled respectively by the NBA A and B over the distributed alphabet 3 that
models the dependency between the processes of the system. Hence the trace closures
[L(A)] and [L(B)] represent all possible concurrent computations that can be executed by
the system and the permitted behaviours. The problem of checking whether the concurrent
system meets the given specification then can be modeled by the trace closure inclusion
[L(A)] € [L(B)]. This problem, however, is known to be highly undecidable.

Proposition 5.2.6 ([Sak92, [Finl12l]). Given two NBA A, B over 3, deciding [L(A)] C
[L(B)] is undecidable and it is Hi—hara’.

5.2.2 Incremental Approximation

Buffered simulation with multiple buffers can be used to approximate trace closure in-
clusion [L(A)] C [L(B)]. Before we show this, first note that the trace closure inclusion
[L;] C [L,] is equivalent to the inclusion L; C [L,].

Lemma 5.2.7. For any two w-languages L, L, over 3,

[Li] € [L2] iff Ly € [Ly].

word. There is a word w’ € L; such that w ~ w. Since L; C [L,], we have w’ € [L,].
There is a word w” € L, such that w’ ~ w’. Since w ~ w” and w”’ ~ w’, we have
w € [L,]. Hence [L,] C [L,]. The left-to-right direction simply holds because L; C [L,].

Thus [L;] C [L,] implies L; C [L,]. O

Proof. For the right-to-left direction, suppose L; C [L,]. Let w € [L;] be some arbitrary

For any two w-regular languages L;, L, over £ = (X, ..., ,) recognised by NBA A,
B respectively, buffered simulation can be used to approximate the inclusion L, C [L,].

Theorem 5.2.8. Let A, B be two NBA over $ = (%,,...,2,). If A C“ B for some
k € (N U {w})" then L(A) C [L(B)].
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Algorithm 4 Checking [L(A)] C [L(B)] for A, B over S=Cn....5).
c (ki ... ky) < (0,...,0)

R |

Ifi<nthen i < i+ 1else i « 1endif
. end while

1

2

3

4: ki—k +1
5

6

7: return yes

Proof. Letw € L(A). Since w is accepted by A, there is an accepting run p € AccRun(A)
over w. If SpoiLER plays p and DupLicaTor plays according to the winning strategy then
DupLicator forms an accepting run p’ € AccRun(8B). Suppose v = word(p’). Let i €
{I,...,n}and m;(w) = aja, ... € . We have a;, a,, ... being the sequence of letters that
are pushed by SpoiLEr consecutively to buffer i. Since DupLicaTor only pops letters that
have been pushed to the buffers, 7;(v) is a prefix of aa, .... If it is a proper prefix then
there is some letter that is pushed to buffer i, but not popped by DupLicaTor. By definition
of buffered simulation, DupLicaToR loses the play. This contradicts that DupLicaTor plays
according to the winning strategy. Hence m;(v) = m;(w). Since we consider an arbitrary i,
this holds for all i € {1,...,n}. Hence v ~ w. Moreover since v € L(B), w € [L(B)]. |

Buffered simulation with multiple buffers can be used to approximate trace closure
inclusion incrementally in the same sense as buffered simulation with one buffer approx-
imates language inclusion. Recall that by Theorem [3.5.4] buffered simulation with multi-
ple buffers also admits a hierarchy. We have

CY ¢ ¢ &

for any capacity vectors k; < k» < .... DupLIcATOR gets stronger in showing trace
closure inclusion if the capacity of the buffers grows. For any two NBA A, B over
> = (Z,...,%,), we can check trace closure inclusion incrementally by starting with
some small capacity vector (ki, ..., k,) € N" and check whether we have buffered simula-
tion A Cki-k B_If this is the case then we conclude that we have trace closure inclusion
[L(A)] € [L(B)]. Otherwise, we increase the capacity of one of the buffers and repeat the
procedure again. We illustrate such a procedure in Algorithm 4}

Similar to the case of language inclusion, the incremental approximation for trace
closure inclusion might not terminate. It does not terminate on any A, B over 3 =
Z4,...,2%,) where [L(A)] € [L(B)] and also on any A, B over $=(=,...,%,) where
[L(A)] C [L(B)], but A L* B for all k € N".

By Lemma and Theorem we have seen that buffered simulation implies
trace closure inclusion. However, note that the converse does not hold. We have seen in
Corollary that language inclusion, a simple case of trace closure inclusion, does not
imply buffered simulation. Hence one may ask whether there are cases, in which trace clo-
sure or language inclusion also implies buffered simulation. We will show that the answer
to this question is related to the notion of continuity. If we have a continuous function that
witnesses trace closure or language inclusion then trace closure or language inclusion also
implies buffered simulation. We will show this in more detail in the following section.
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5.3 Topological Characterisations

Before we give the topological characterisation of buffered simulation, we will show that
the inclusion L(A) C [L(B)], equivalently [L(A)] C [L(B)], can be characterised by a
function that maps the accepting runs of A to B over some trace equivalent words. Let us
call such a function trace-preserving.

Definition 5.3.1. Let A, B be two NBA over 2. A function f : AccRun(A) — AccRun(B)
is called trace-preserving if for all p € AccRun(A), word(p) ~ word(f(p)).

Example 5.3.2. Consider the following two NBA A, B over 3 = ({a}, {b)).
b b b

ey W

There is a unique trace-preserving function f, namely the one that maps every accepting
run of A to a unique accepting run of B, i.e. f(p) = goa(q,b)* for all p € AccRun(A).
Such a function is trace-preserving since any accepting run of A is over some word b"ab®
where n > 0, and they are mapped to an accepting run of B over a trace equivalent word
ab®.

If we have a trace-preserving function f : AccRun(A) — AccRun($8), any word that
is accepted by A has a trace equivalent word which is also accepted by 8. Hence we have
L(A) C [L(B)]. On the other hand, if we have such an inclusion L(A) C [L(B)] then it is
clear that we can derive a trace-preserving function f.

Lemma 5.3.3. L(A) C [L(B)] iff there exists a trace-preserving function f : AcCRun(A)
— AccRun(8).

Proof. Suppose there exists a trace-preserving function f : AccRun(A) — AccRun(8).
Let w € L(A). Since w is accepted by A, there is an accepting run p € AccRun(A) over
w. Let o’ = f(p) and w’ = word(p’). Since p’ € AccRun(8), we have w’ € L(8), and
since f 1s trace-preserving, we have w ~ w’. Hence by definition of the trace closure,
w € [L(B)]. Thus, L(A) C [L(B)].

For the reverse direction, suppose L(A) C [L(B)]. For any p € AccRun(A), we define
f(p) as the least accepting run in B with respect to the lexicographical order that satisfies
word(f(p)) ~ word(p). Such a run f(p) exists since L(A) C [L(B)]. O

This shows that the inclusion L(A) C [L(B)] can be characterised by the existence of
a trace-preserving function. We will further see that such a characterisation can be lifted
for buffered simulation by requiring the function f to be continuous.

5.3.1 Characterisation of C“¢

Throughout this section, we will define continuity of a trace-preserving function by con-
sidering the standard metric for infinite words [[Tho90, [PPO4]. To show this, first for any
automaton A over & = Z, ..., 2, letX =%, U...UZ,. An accepting run of A then can
be seen as an infinite word over Q7 - Z. The distance between two words is determined by
the longest common prefix. If two words are the same then their distance is 0, and if their
longest common prefix is of length i — 1 then their distance is 2l The longer they share a
common prefix, the closer is their distance.
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Definition 5.3.4. Let X be an alphabet. The distance on ¢ is a function d : ¥ X ¥ —

[0, 1] where for every w = apa; ..., w = bob; ..., € XY,
0 if w=w'
dowwy={__ "=V o
27" ifa; # b;and forall j <i, a; = b;.

Example 5.3.5. Consider the following two NBA A, B over 2 = ({a, b)).

Let n € N be some number and p4, pg be the accepting runs over a"b* in A, B re-
spectively. There are such unique p# and pg, i.e. pa = (poa)'pob(pb)” and pg =
(qoa@)"qob(q1b)”. Let p'y = (poa)” and pj; = (qoa)(qi1a)” be two accepting runs over
a” in A and B respectively. The distance between pq and p; is 27" and the distance
between pg and pyg is 272

It is not hard to see that the distance function given in Definition[5.3.4]is a metric. We
will use it to determine the continuity of a trace-preserving function. Recall that from the
standard definition in topology, a function is continuous if for any two inputs that are very
close, their outputs are also very close. Hence for a function over the accepting runs of
A, B, continuity is defined as follows.

Definition 5.3.6. A function f : AccRun(A) — AccRun(8) is continuous if for every
p € AccRun(A) and i € N, there exists j € N such that for all p’ € AccRun(A),

d(p,p") <277 = d(f(p), f(p") < 27".

If a function f : AccRun(A) — AccRun(®) is continuous, this intuitively means
that for any two distinct accepting runs in A that share a very long common prefix, their
images in B also do not diverge very early. Thus each of the transitions in the output
run can be determined by looking at some finite prefix of the input run. If we need to
look at the whole input run then there are two very similar accepting runs in which their
images already differ in some early transition. In the following, we give an example of a
non-continuous trace-preserving function.

Example 5.3.7. Consider again the NBA A, B from Example[5.3.5] Let f : AccRun(A) —
AccRun(8) be a trace-preserving function. Hence there exists an ny > 0 such that the ac-
cepting run p over a* in A is mapped into

fp) = (goa)"(qi1a)”.

Such a function f is not continuous. To show this, for any n € N, let p, be the accepting
run in A over a"b®. By Example we know that there is such a unique p, for each
n € N. Moreover let iy = ny + 1. Hence for all n € N, we have d(p,p,) = 2=V, but

d(f(p), f(pn)) = 2"+ £ 270 By Definition [5.3.6, f is not continuous.
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winning strategy. Such a function is continuous since each of the transitions of the output
run can be determined by looking at some finite prefix of the input run. We show this
formally as follows.

f : AccRun(A) — AccRun(B).

Proof. Let f be the function as we have defined before. To show that f is continuous, let p

and DupLicaToR plays according to the winning strategy then there is a round j > 0 such
that DupLicaTOR forms a finite run of length i. Let p’ be an accepting run in A that is
distinct from p, but shares with p a common prefix of length at least j, i.e. d(p,p’) < 27/.
In the first j rounds, DupLicaTor does not see any difference whether SpoiLer is actually
playing p or p’. DupLicATOR makes the same moves in response to p or p’. This implies
that the output runs f(p) and f(p”) share the same prefix of length i. Hence

d(f(p), f(p') <27, (5.2)
Thus we have (5.2)) if d(p, p’) < 27/. Since we consider an arbitrary p and i, this hold for
all p € AccRun(A) and i € N. By definition, the function f is continuous. O

The reverse direction of this lemma also holds. We will show this by using an inter-
mediate game called I'-game, which is inspired from the delay simulation game [HKT10].
The winning condition is determined by some set of pairs of words that are produced by
SpoILER and DUPLICATOR.

I'-Game

A T'-game is a two-player game that is played similarly as the buffered simulation game.
It is played on two NBA A, B with a delay k € N. The winning condition however is
not determined by the acceptance of A and B, but by an objective function f : Ry — R,
where R; € Run(A) and R, € Run($B). Intuitively, in every round, SPOILER moves the
pebble in A by reading a letter and DupLicaTOR either skips her turn or moves the pebble
in 8 by reading a word. The length difference between SpoiLER’s and DupLICATOR’S runs at
the end of the round is at most k. The main difference to the buffered simulation game is
that, in the I'-game, the letters that are read by SpoiLER are not put to buffers. DupLicATOR
can read any word freely even using letters that are not yet read by SpoiLer. This is not the
case in the buffered simulation game. If one of the players gets stuck then the opponent
wins. Otherwise the play goes on infinitely many rounds and produces two infinite runs
o, p’ of A, B, respectively. DupLicaTor wins iff whenever p € Dom(f) then p’ = f(p). We
formally define the game as follows.

Definition 5.3.9. Given two NBA A, B, a delay k € N, and an objective function f :
R, — R, where R; € Run(A) and R, € Run(8B), the I'-game I'*(A, B, f) is defined as

((V, Vo, V1, E), vo, Win) where SpoiLer’s and DupLICATOR’s configurations are respectively

Vi =0"%x1{0,....k}x (Z-0%)* U 0F x{S),
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Vo=2-0"x{l,....,k+ 1} x 0® x {D},
V =V, U Vi, the edge relation E is defined as

(p.isa1qy ... awGmS) = (ap’,i+1,¢m,D)in E  iff PP,

(ap,i,q,D) = (p,i—m,a1q; ... 4G, S) in E i S q... g,

the initial configuration is vy = (po, 0, go, S) where py, g is the pair of the initial states of
A, B, and an infinite play

(r(), iO’ S0, S)(”r’i/l,so, D)(r],il,S1, S)(r25 l/z’ Sl’D)(r29 i25 52, S)
isin Winiff p = rgryrp ... € Ry or f(p) = 58152 ..

Intuitively, the first and the third components in the configuration remember the last
move that is made by SpoiLEr and Dupricatror. Hence collecting the first and the third
components of the configurations in a play gives us the infinite runs that are formed by
SpoiLER and DUPLICATOR, respectively. The second component remembers the length dif-
ference between SpoiLER’s and DUPLICATOR s runs.

Example 5.3.10. Consider the two NBA A, B and a trace-preserving function f : Acc
Run (A) — AccRun(8) as in Example DupLicaTor wins the I'-game T(A, B, f)
with the following winning strategy. Initially, SpoiLEr will read a or b by moving his peb-
ble from py to py or py, respectively. He proceeds from the initial configuration (py, 0,90,
S) to (bpy, 1, qo, D) or (ap, qo, 1, D). DupLIcATOR reads a and moves her pebble to ¢g;. She
proceeds to (po, 0, aqy, S) or (py, 0, aq, S) accordingly. SporLEr again will continue by
reading a or b and moves his pebble to p, or p;. He proceeds to

(Xp, 1’ q19D) (53)

where x € {a,b} and p € {py, p1}. From such a configuration, DupLicATOR continues by
reading b and loops in g; for the rest of the play, i.e. she proceeds to (p, 0, bq;, S).

Hence for every accepting run p that is formed by SpoiLer, DupLicaTor forms the
run p° = poa(q;b)® which is nonetheless the f-image of p. DupLicaTOR Wins the game
A, 8, f).

We can naturally extend the I'-game to the case where we consider an unbounded
delay, i.e. k = w. The definition of the game I'“(A, B, f) is the same as in Definition
but SpoiLer’s and DupLicATOR’s configurations are respectively

Vi = 0" xNx (- 0%)"u0®x(S}and
Vo =2 0" x N* x 0% x (D).

In [HKT10], for any w- regular languange L C (X; X X,), it is shown that DupLICATOR
wins the delay simulation game QDeI(L) with some delay function f” iff there is a contin-
uous function A : X — X2 that satisfies (ay, b1)(az,by)... € Lif Aajay...) = bib; ..
We can show that a similar property holds for the I'-game. The the function A intuitively
corresponds to the objective function in the I'-game. DupLicaTror wins the I'-game when-
ever the objective function f is continuous. We can derive a winning strategy from such a
continuous function. DupLicaTOR simply waits until she reaches a round where for every
infinite run that can be extended from SPOILER’S current run, its f-image can be extended
from DupLicaToR’s run. The continuity of f guarantees that DupLicaTOR eventually will
move.
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Lemma 5.3.11. DupLicator wins I'“(A, B, f) if f is continuous.

Proof. The winning strategy for DupLICATOR is as follows. Suppose SpoiLEr and DupLica-
TorR have formed the runs r4 and rg respectively. If SpoiLEr extends his run one step to
r'a = raap then DupLicaTor moves if for every run p € Dom(f) that can be extended from
s> the image f(p) can be extended from ry; = rgbiq ... b,q, for some n > 0. In such a
case, DupLIcATOR extends her run to such a maximal ry. Otherwise, DupLicATOR skips her
turn.

DupLicaror will always form an infinite run whenever SpoiLEr forms some infinite run
from Dom(f). We can show this by contradiction. Suppose SpoiLER forms an infinite run
o € Dom(f), but after some round m € N, DupLicaTor always skips her turn. Let r4, rg
be the runs that are formed by SpoiLER and DupLicaTOR respectively, in round m, and for
any i € N, let r"ﬂ = rgai14q; . ..a;q; be the run that is formed by SpoILER in round m + i.
According to the winning strategy, for all i € N, there exists p; € Dom(f) that is distinct
from p such that p and p; can be extended from ré,l but their images: f(o) and f(p;) cannot
be extended from some ry; = rga;qi, an extension of rg. Otherwise, DupLicaToR would
have extended her run after round m. Hence for all i > 0, we have

d(p, p;) < 270ral+1+) ang
d(f(p), f(py) = 27D,

In other words, the sequence pi,p,, ... gets closer to p but f(p1), f(p2), ... differ from
p already in the (|rg| + 1)-th transition. This contradicts that f is continuous. Hence if
SpoILER forms an infinite run p € Dom(f), DupLicaTOR also forms an infinite run p’.
Moreover note that the following invariant holds: in any round i where SpoILErR’s and
DupLICATOR’S TUns are respectively r;? and r%), if there is p € Dom(f) that is started with
r;{) then f(p) is started with rg) . Hence whenever SpoiLeEr forms a run p in Dom(f),
DupLicaror forms the f-image of p. Thus DupLicaTor wins ['“(A, B, f). O

The reverse direction of this lemma also holds. DupLicaTor loses any I'-game I'*(A, B,
f) if f is not continuous. The winning strategy for SpoILER is to play the run p € Dom(f)
in which f is not continuous at p, i.e. for all i € N, we have p; € Dom(f) that shares the
same prefix of length i with p, but their images f(p;) and f(p) differ already in some early
transitions. We show this formally in the following lemma.

Lemma 5.3.12. Dupricator wins ['“(A, B, f) iff f is continuous.

Proof. The right-to-left direction holds because of Lemma For the left-to-right
direction, suppose f is not continuous. By definition, there exists p € Dom(f) and iy € N
such that for every i € N, we have p; € Dom(f) that is distinct from p and d(p, p;) <
27, but d(f(p), f(p;)) > 27°. The winning strategy for SPOILER is to first play p until
DupLicator forms a finite run rg of length iy. Suppose this happens in round n. If rg is
not a prefix of f(p) then SpoiLEr keeps playing p for the rest of the play. Otherwise, he
continues by playing p,. This is possible, since by definition, the runs p and p, share the
same prefix of length n. In the first case, SPoILER wins because DupLicaTor does not form
the f-image of p. In the second case, since d(f(p), f(0,)) > 27", the output runs f(p)
and f(p,) share the same prefix of length at most iy — 1. Since |rg| = iy and rg is a prefix
of f(p), rg 1s not a prefix of f(p,). Hence DupLicaTOR also does not form the f-image
of p,. SpoiLER forms either the run p or p, € Dom(f), but DupLIicaTorR does not form the
corresponding f-image of SpoiLER’s run. Hence SpoiLeEr wins ['“(A, B, f). O
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In the case where DupLicaTor wins the I'-game I'’(A, B, f) and f is trace-preserving

seems that DupLicaTOR can use the winning strategy from the I'-game for the buffered
simulation game. Unfortunately this is not the case. The winning strategy in the I'-game
may not be suitable for the buffered simulation game. The reason is that the strategy in
the I['-game may tell DupLIcATOR to output a letter that is not yet in the buffer.

Example 5.3.13. Consider again the two NBA A, B from Example[5.3.2] It is shown that
DupLicaTor wins the I'-game I'°(A, B, f) and hence she also wins the game I'“(A, B, f)
with the same winning strategy. She wins with a winning strategy that tells DupLICATOR to
read a in the first round and then b for the rest of the play. This strategy however is not
suitable for the game G“*“(A, B) since SPOILER may not read a in the first round.

The fundamental reason why we cannot simply use the winning strategy in the I'-game
is because the move of DupLicaTor in the buffered simulation game is more restricted
than in the I'-game. In the buffered simulation game G“(A, B) where A, B are NBA over
3 = (Z4,...,%,), if DUuPLICATOR popS ai, a,, ... from buffer i then ay, a,, ... is exactly the
sequence of letters that have been put by SpoiLer to buffer i. Hence if v,w € X* are the
words that are produced by SpoiLER and DupLicaTor after some finite rounds in G“(A, B),
m;i(w) is a prefix of m;(v) for all i € {1,...,n}. This however is not the case in the I'-game
I'“(A, B, f) since DupLIcATOR can produce any run independently of SPOILER’S run.

A Sufficient and Necessary Condition for E“~~

Nevertheless, for any two NBA A, B over 3= (Z,...,2,) and a trace preserving func-
tion f : AccRun(A) — AccRun(8), we can translate DupLICATOR’S Winning strategy in

in the ['-game tells DupLICATOR to output a letter a € X that is not yet read by SpoILER. Since
f 1s trace preserving, SpoiLER eventually will read a. In such a case, DupLICATOR pops a
and tries to form the same run that she would have formed in the I'-game maximally. We
show this formally as follows.

Lemma 5.3.14. Let f : AccRun(A) — AccRun(8B) be a trace-preserving function. If

Proof. Suppose the NBA (A, B are over 3 = (Z4,...,%,) and DupLicaTOR Wins the I'-

as follows. Suppose SpoiLER and DupLicaToR currently have formed the runs r4 and rg.
Let w = word(rg) and w' = word(rg). If the strategy in the I'-game (A, B, f) tells
DupLicaToR to extend rg to ri := rgbpi ...byupm, m 2 0, then in the buffered simulation
game, we extend rg to rgbiq; ...bywq,, m < m, the maximal prefix of rj such that
m(w'by ...b,) is a prefix of m;(w) for alli € {1,...,n}.

DupLicaror will form the same run that she would have formed in the game I'“(A, B,
f). Suppose SpoILER plays an accepting run p and let p;, p, be the runs that are formed

run in the buffered simulation game by taking the prefix of the original extension in the
['-game, it is clear that any finite prefix of p, is also a prefix of p;. We will show that the
converse also holds: any finite prefix of p; is a prefix of p,. Suppose rg is a finite prefix of
p1. Hence there is r4, a finite prefix of p, such that in the I'-game, when SpoILER extends
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his run to rg, DupLIcATOR extends her run to rg. Let w = word(r4) and w’ = word(rg).
Since f is trace-preserving, there is 1y := raaip: ... axpy, k 2 0, a finite prefix of p, such
that m;(w’) is a prefix of m;(wa; ...a;) for all i € {1,...,n}. Hence when SpoiLEr forms
r'z» DUPLICATOR extends her run to rg in the I'-game. This implies that rg is a prefix of p,.
Hence we have p; = p».

also wins the play in G “(A, B). O

We can put this lemma together with Lemma [5.3.11] to show that the existence of a
continuous trace-preserving function is indeed sufficient for buffered simulation.

AccRun(A) — AccRun(B).

Proof. Suppose we have a continuous trace-preserving function f : AccRun(A) —
AccRun(8). Since f is continuous, by Lemma DupLicaTorR wins the I'-game
I'“(A, B, f). Moreover since f is trace-preserving, by Lemma DupPLICATOR also
wins the game G““(A, B). O

If we put Lemma and Lemma together, we obtain a characterisation of
buffered simulation. This characterisation can be seen as a refinement of the characterisa-
tion of trace closure inclusion. Recall that in Lemma[5.3.3 we characterise trace closure
inclusion by the existence of a trace-preserving function. For buffered simulation, such a
function is required to be continuous.

function f : AccCRun(A) — AccRun(B).

By using this characterisation, we can classify pairs of automata in which their lan-
guage or trace closure inclusion cannot be shown by buffered simulation. Let Incl be the
set of all triples A, B, 3 where A, B are NBA over £ and we have [L(A)] C [L(B)].
Moreover, let Cont C Incl such that a triple A, B, 3 is in Cont iff we have a continuous
trace-preserving function f : AccRun(A) — AccRun(8), and DisCont = Incl \ Cont. If
the triple A, B, 3 is in Cont then by Lemma and Theorem A, B are automata
over 3 = Z,...,Z,) where AC“ B for some k € (N U {w})". On the other hand, if the
triple A, B, 3 is in DisCont then A Z* B for any k € (N U {w})".

Example 5.3.17. Consider the NBA (A, B over = ({a, b}) in Example It is not hard
to see that L(A) C L(B) since their language are the same. We have a trace-preserving
function f : AccRun(A) — AccRun(8). However in Example [5.3.7] we have seen that
any of such function f is not continuous. Hence the triple A, B, = belongs to DisCont.
This implies that A Z* B for all k € N U {w).

5.3.2 Characterisation of Ck-*

Theorem[5.3.16 shows that we can characterise buffered simulation with unbounded buffers
by the existence of a continuous trace-preserving function. One natural question then
is to ask whether we can have a similar characterisation for buffered simulation with
bounded buffers. Intuitively, we should be able to obtain such a characterisation by requir-
ing the trace preserving function to be Lipschitz continuous instead of only continuous.
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In [HKTI1O0], for any w-regular languange L C (X; X X,)“, it is shown that DupLIcATOR
wins the delay simulation game gf,;'e,(L) with some constant delay function f” iff there
is a Lipschitz continuous function 4 : X{ — X2 that satisfies (a1, b1)(az,by)... € L if
Alayay ...) = bib, . ... We will show that we can also have a similar characterisation for
buffered simulation. However we will see that such a characterisation only holds for some
restricted cases.

First recall that a function is Lipschitz continuous if there exists a constant ¢ such that
for any two inputs of distance d, their outputs’ distance is at most ¢ - d.

Definition 5.3.18. A function f : AccRun(A) — AccRun(8) is Lipschitz continuous if
there exists a constant ¢ > 0 such that for any p, p” € AccRun(A), we have

d(f(p), f(p") < 2°d(p,p").

Intuitively, if a function f : AccRun(A) — AccRun(®) is Lipschitz continuous with
constant ¢ then for any two distinct accepting runs p, p’ in A, if their outputs f(o), f(0")
diverge at position i, the runs p and p’ diverge already at position (i + ¢). Thus we can
determine the i-th transition of the output run by looking at the first (i + ¢) transitions of
the input run.

Example 5.3.19. Consider the two NBA A, B over $ = ({a}, {b}) from Example m
For convenience, we present them again as follows.

There is a unique trace-preserving function f, namely the one that maps the accepting
runs over aabba® and aab® in A to the ones over ababa® and abab® in B, respectively.
The function f is Lipschitz continuous with constant ¢ > 3. This is because for any

two accepting runs p,p’ in A, the distance d(p,p’) is either 0 or 27* and the distance

d(f(p), f(0")) is either 0 or 27!. Hence d(f(p), f(0')) < 2d(p,p’).

8B for some k € N then we can construct a trace-preserving function f that is Lipschitz
continuous with constant ¢ = nk. We can construct such a function f from the winning
strategy of DupLICATOR in the same way as in Lemma[5.3.§]

trace-preserving function f : AccCRun(A) — AccRun(8).

Proof. For every accepting run p in A, we define f(p) as the accepting run that is formed
by DupLICATOR in the game GF*(A, B), assuming that SporLER plays p and DuPLICATOR
plays according to the winning strategy. Such a function is Lipschitz continuous with
constant ¢ = nk, which is the total capacity of all the buffers. To show this, let p be
an accepting run in A and n € N be a number. If SpoiLEr plays p then in round n + c,
DupLicator forms a run of length at least n. Let p’ be an accepting run in (A that is
distinct from p, but shares the same prefix of length n + ¢ with p. In the first n + ¢
rounds, DupLIcAaTOR does not see any difference whether SpoiLER is actually playing p or p’.
DupLicaTor makes the same move in response to p or p’. This implies that d(f(p), f(p")) <
2¢-d(p,p’). Hence by definition, f is Lipschitz continuous with constant c. |
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The reverse direction of this lemma however does not hold. There is a case where we
have a Lipschitz continuous trace-preserving function f : AccRun(A) — AccRun(8),

run in A that cannot be mimicked by DupLICATOR.

Example 5.3.21. Consider the following two NBA ‘A, B over 2 = ({a,b)).

a

There is a unique Lipschitz continuous trace-preserving function f : AccRun(A) —
AccRun(B). Itis f(p) = poa(pia)® for all p € AccRun(A). This function is trace-
preserving since there is only one accepting run in A, which is over a“, and it is mapped
to a run over the same word. The function f is Lipschitz continuous with Lipschitz con-
stant O since there is only one output run. Hence the distance between two output runs
is always 0. However we have A Z* B for all k € N. SpoiLEr wins the game G*(A, B)
by playing the word b®. DupLicator eventually fills the buffer more than its capacity and
hence loses the play.

This example shows that in the game with bounded buffers, DupLicaTorR might lose
the play even though SpoiLEr does not form an accepting run. This however is irrelevant
to the use of buffered simulation as an approximation for trace closure inclusion. We are
only interested in accepting runs that can be formed by SpoiLEr. We can simply avoid this
by assuming that DupLicATOR’S automaton is complete. Without loss of generality, we will
assume that for every ¢ € Q% and a € X, there exists ¢ € Q% such that (¢,a,q’) € E®.
If DupLicATOR’s automaton is complete then she can mimic any non-accepting run that is
formed by SpPOILER.

However, the reason why Lipschitz continuity is not enough to capture buffered sim-
ulation with bounded buffers is more complex. Even if we assume that DupLICATOR’S
automaton is complete, there are still cases in which we have a Lipschitz continuous

Example 5.3.22. Consider the following two NBA A, B over $ = ({a}, ().

b b b a,b
DD —{@0 a4
b

In this case, DupLicaTOR’s automaton B is complete. Moreover we also have a unique
Lipschitz continuous trace-preserving function f : AccRun(A) — AccRun(8), namely
the one that maps every accepting run in (A to the one over ab® in B, i.e. f(p) = goa(q:b)”
for all p € AccRun(A). The function f is trace-preserving since any accepting run in A
is over the word b"ab®”, n > 0, and it is mapped to an accepting run over trace equivalent
word: ab®. It is also Lipschitz continuous since the function maps every accepting run
in A to the same run in B and therefore the distance between two output runs is always
0. Hence the function f is Lipschitz continuous with Lipschitz constant 0. However we
have A Z&* B, for any k € N. SpoiLEr wins the game G**(A, B) by first reading bbb . . .
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indefinitely. DupLicaTOR eventually moves to the non-accepting sink ¢,, i.e. she proceeds
to the configuration (py, (€, w), g2, L, S) where w € b=*. From this configuration, SPOILER
can continue by reading ab” and form an accepting run. DupLicator will not form an
accepting run from ¢, and hence lose the play.

In this example, the reason why DupLicaTor loses is different from Example
For every accepting run that can be formed by SpoiLEr in A, there is a corresponding
accepting run in 8 over a trace equivalent word. There is even a unique correspondence.
DuprLicator does not need any lookahead. She simply produces the accepting run over
ab® no matter what SpoiLerR reads. However, to execute her first move, DupLicAaTOR has to
wait until SpoiLER reads a. SpoiLER eventually will read a since otherwise he will lose for
not producing an accepting run. However the problem is that there is no bound on how
long DupLicaTor has to wait until SpoiLER reads a. She first needs to store unboundedly
many bs to the buffer. The main reason is because in the word that is produced by SPOILER,
the letter a can commute unboundedly to the left or to the right. SpoiLER may read a in
a very late or early round, but DupLicATOR has to read a for her first move. To avoid this
situation, we need to restrict SPOILER s automaton such that he only produces words where
each letter cannot commute unboundedly. If each letter in the word produced by SpoiLER
only commutes at most d steps then whenever DupLicaTorR knows she has to read a letter
a € Z, the letter a will be read by SpoIiLER at most in the next d rounds. We will formalise
such an automaton by considering the notion of correspondence relation and commutative
degree.

The Correspondence Relation

First let us define a correspondence relation Corr that is defined for two given words
v,w € X, It relates the positions in v to the ones in w which carry the same letter and have
the same order with respect to this letter.

Definition 5.3.23. For any v,w € X*, let Corr,,, € Pos(v) x Pos(w) such that (i,i") €
Corr,,, iff

e v(i) = w(i") = a for some a € Z, and

o (D). v(@la = w(D)...w(@)la

Example 5.3.24. Consider the words v = abbc and w = acbb over £ = {a, b, c}. In this
case, we have Corr,,, = {(1, 1), (2,3), (3,4), (4, 1)}.

Intuitively, the position i in v corresponds to the position j in w if they are the positions
of some letter @ € X and both i and j are the positions of the n-th a. If v and w are trace
equivalent with respect to some $=(%,...,%,) then for any lettera € £, U...UZX,, the
number of occurrences of a in v and w are always the same. In such a case, a correspon-
dence relation is nonetheless a bijection, and we will simply denote the corresponding
position of i € Pos(v) with Corr,,,(i).

Now let 3 = (Z4,...,2,) be some distributed alphabet, (X, D) its corresponding de-
pendence alphabet, and w € £*. The correspondence relation can be used to characterise
the letters in w that are in the dependence relation D.

Lemma 5.3.25. If w(i), w(j)) € D and i < j then for any v ~ w,

Corr,,,(i) < Corr,,,(j).
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Proof. Let3 = (Z,,...,%,) be the corresponding distributed alphabet. We can show this
by contradiction. Suppose Corr,,, (i) > Corr,,,(j). Let i = Corr,,,(i) and j* = Corr,, ().
Moreover, let a, b € X such that w(i) = v(i’) = a and w(j) = v(j') = b. By definition of
the correspondence relation,

w(l)...wl, =) ... v(i)l.=m
W) ... w(PDlp = (D) ...v(jlp = 12

for some ny,n, € N. Since (a, b) € D, there exists k € {1,...,n} such that a, b € X;. Since
i < Jj, there exists at least n; many as before the n,-th b in m(w). Since i’ > j’, there exists
less than n; many as before the n,-th b in m(v). Hence m(w) # mi(v). This contradicts
that w ~ v. Thus i’ < J'. O

Intuitively, this lemma shows that if two letters of w at positions i and j are dependent
on each other, their corresponding letters at positions i and j* in any word v ~ w never
change order, i.e. if i < jthen i’ < j'.

On the other hand, for any position iy € Pos(w), if the letters at positions iy and iy + 1
are independent of each other, we can find a trace equivalent word v such that the positions
i, o + 1 in w correspond to the positions iy + 1, iy in v, respectively. For example, we
can simply obtain v from w by swapping the letters at positions iy and iy + 1. We can
generalise this property as follows.

Lemma 5.3.26. If (w(iy), w(ip + 1)), (w(ip), w(io +2)), . . ., (W(ip), w(ip +m)) & D then there
exists v ~ w such that

i+m l:fi:io,
Corr,,(i)=1i—1 ifip <i<ip+m,

i otherwise.

Proof. Let ¢ =|w|and by, ...,b,, € X such that w(iy) = by, w(ic +1) = by, ..., w(ip+m) =
b,,. Moreover let ~ = (X4,...,%,) be the corresponding distributed alphabet and

vi=w(l)...w(ip—1),

vy =boby...by,,

Vy = by ...by by,

v =w(y+(m+1))...w).

Since (by, by),...,(bo,b,) ¢ D, there isno k € {1,...,n} and j € {1,...,m} such that
bo,b; € Z;. Hence for all i € {1,...,n}, we have m;(v;) = m(v}) = by if by € Z; and
mi(v2) = mi(vy) = mi(by ...by) if by ¢ Z;. Thus mi(v,) = m;(v5) for all i € {1,...,n}. We
have v, ~ V). Let v = viVjvs. Since w = viv,v3 and v, ~ V), it is clear that v ~ w.

By the construction of v, we have w(ip) = v(ip+m) = by. We also have [w(1) ... w(ip)lp, =
[v(1)...v(ip + m)ly, since by, ..., b, are distinct from by. Hence (iy, iy + m) € Corr,,,..

For any j € {1,...,m}, we have w(ip + j) = v((ip + j) — 1) = b;. We also have
w()...w(io + Plp, = V(1)...v(io + Iy, since by,. .., b, are distinct from by. Hence
(ip + 1,ip),...,>Ig + m,iyp + (m — 1)) € Corrw, v.

For any i € Pos(w) where i < iy and i > ip+m, by the construction of v, we have w(i) =
V(i) = a for some a € Z and |w(1l)...w()|, = |[v(1)...v(i)|,. Hence (i, i) € Corr,,,. O
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Intuitively, this lemma shows that if the letter at position i is independent of the ones
at position ip+ 1, . .., iy + m, there exists a word v that is trace equivalent to w such that the
position iy in w corresponds to the position iy + m in v, and the positions iy + 1, ...,ip + m
in w correspond to the positions iy, . .., iy + m — 1 in v, respectively. We simply can obtain
such a word v from w by moving the letter at position iy over the ones at positions iy + 1,

R

The Commutative Degree of an Automaton A

Now consider a word w € X* over some distributed alphabet 3 = Z,...,Z,). The
correspondence relation Corr,,,, where v ~ w, simply determines how far the letters in
w can commute to the left or right. If there is a word v ~ w where (i,i + m) € Corr,,,
then the letter at position i in w can commute m steps to the right. Likewise for direction
left. If there is a word v/ ~ w where (i,i — m) € Corr,,,, then the letter at position i in
w can commute m steps to the left. Thus the maximal length of how far the letter in w
can commute to the left or right can be determined by looking at all the correspondence
relations Corr,,,, where v ~ w. Let us call such a maximal length commutative degree.

Definition 5.3.27. Let $ = (Z4,...,2%,) be a distributed alphabet, ¥ = X, U ... UZ, the
union of the alphabets, and w € £*. Let

Deg; (i) = max{j —i| (i, j) € Corr,,,, w ~ v, v € X'}
Deg,,(i) = max{i — j | (i, j) € Corr,,,, w ~ v, v € Z*}.

The commutative degree of the letter at position i € Pos(w) is
Deg,, (i) = max{Deg, (i), —Deg; (i)}.

Intuitively Deg; (i) is the maximal length of how far the letter at position i in w can
commute to the right and Deg, (i) is the maximal length of how far the letter at position i
in w can commute to the left.

Example 5.3.28. Let 3 = ({a, b}, {a, c}). Consider the word w = acbb. The set of all
words that are trace equivalent to w is S = {acbb, abcb,abbc}. We have Deg, (1) = 0
since for all v € §, Corr,, (1) = 1. The first letter a cannot commute to the left or right.
Moreover, we have Deg,,(2) = 2 since

2 ifv=acbb
Corr,,,(2) =33 if v = abcb
4 if v = abbc.

Thus the letter ¢ at position 2 can commute at most two steps to the right. We also have
Deg,,(3) = Deg,,(4) = 1 since

3 ifv=acbb 4 ifv =acbb
Corr,,,(3) =32 if v =abcb and Corr,,,(4) =34 if v = abcb
3 ifv=abbc 3 ifv=abbc.

Thus both the letters b in w can commute at most one step to the left.
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For any word w € £*, we define the commutative degree of w as the maximal commu-
tative degree of its letters, 1.e.

Deg(w) = max{Deg,, (i) | i € Pos(w)}.

Hence Deg(w) is at most [w| — 1. For an automaton A, we define the commutative degree
of A as the supremum of the commutative degree of all finite words produced by A, i.e.

Deg(A) = sup{Deg(a, ...a,) | p1 > pr... = ppii}.

Hence we have Deg(A) = k for some k € N if for every word w over some finite
run in A, Deg, (i) < k for all i € Pos(w). In other words, each letter in the finite word
produced by A commute at most & steps to the left or right. In such a case, let us call the
commutative degree of A finite.

On the other hand, we have Deg(L) = oo if for each k € N, there is a finite word w
produced by A and a position i in w such that Deg, (i) > k. In this case, let us call the
commutative degree of A infinite.

Example 5.3.29. Consider the following NBA ‘A over $ = ({al}, (b)).
b

026
In this case, the commutative degree of A is infinite. To show this, let k € N be some
arbitrary number. Consider the word w = ab**!. The first letter of w commutes k + 1
steps to the right: there is a word v = b**'a where v ~ w and (1,k +2) € Corr,,,. Hence
Deg,, (1) > k. Since we consider an arbitrary &, this holds for any k € N. For all k € N,

there exists a word w over some finite run in A such that Deg(w) > k. Hence by definition,
Deg(A) = oo.

We will show that for any two NBA A, B, if the commutative degree of (A is finite
and B is complete then the reverse direction of Lemma[5.3.8 holds. We will show this by
using the I'-game that is defined in the previous subsection.

A Sufficient Condition for =%

First note that if DupLIcATOR Wins the I'-game I'*(A, B, f) where k € N and f : AccRun(A)
— AccRun(8) is trace-preserving, this does not necessarily imply that DupLicATOR also

B from Example and a trace-preserving function f(p) = goa(qia)® for all p €
AccRun(8). DupLicator wins the I'-game [*(A, B, f) with delay k = 0. She just reads a®
no matter what SpoiLer plays. However, DupLicaToR loses the buffered simulation game
G*(A, B). SporLer wins by reading b in the first round. DupLICATOR cannot pop b im-
mediately since there is no b-transition from the initial state of 8. Hence she violates the
capacity constraint and loses the play.

However if the automaton 8 is complete, this would not happen. In any game G*(A, B),
where k € N* and B is complete, whenever SporLEr forms a finite run over w € X* that
cannot be extended to any accepting run, DupLicaTor simply empties the buffer and forms
any run over some word v ~ w. DupLICATOR then continues by simply reading the letter
that is read by SpoILER in every round. She will win the play since SpoiLer will not form
an accepting run. DupLicaTOR always forms an infinite run over a trace equivalent word.
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Lemma 5.3.30. Let A, B be two NBA over 3 = (Z4,...,%,) in which B is complete and
f : AccRun(A) — AccRun(8B) a function. DupLicator wins I'°(A, B, ) if f is Lipschitz
continuous with constant c.

Proof. Consider the following winning strategy for DupLicaTor in the I'-game I'“(A,
B, f). Suppose SpoiLErR and DupLicaTor have formed the runs r4 and rg respectively,
and SpoILER extends his run one step to r; = rgap. If rl; cannot be extended to some
p € Dom(f) then DupLicaToR extends her run maximally, i.e. to 7}, such that word(r;) ~
word(r). This is possible since B is complete. However in the case where r7; can be ex-
tended to some p € Dom(f) then we consider the same strategy as in the proof of Lemma

. DupLIcATOR skips her turn unless there exists rj; := rgbiq; . .. byug, such that f(p)
is started with ri. In such a case, DupLicATOR extends her run to such a maximal r7,.

We can show similarly as in the proof of Lemma[5.3.11|that DupLicaTOR Wins the game
I['“(A, B, f), in which the delay is unbounded. However, in this case we can also show
that there is no round where the length difference of SpoiLEr’s and DupLicAaTOR’S run is
more than c. We will show this by contradiction: suppose there is a round where SPOILER
and DupLICATOR’S run are respectively r4, rg, and |rg| — |rg| > c. By the construction
of the winning strategy, this implies that we have two runs p;,p, € Dom(f) that can
be extended from r4, but both f(p;), f(p,) share the same prefix of no longer than rg:
d(f(p1), f(p2)) > 278+ Since d(p;, pr) < 270D and |r4| — |rgl > ¢, we have

d(f(p1), f(p2)) > 2° - d(p1, p2).

This contradicts that f is Lipschitz continuous with constant c. Hence there is no round
where the length difference of SpoiLEr’s and DupLicATOR’S Tun is more than ¢. DupLICATOR
also wins I'“(A, B, f). O

Conversely, if f is not Lipschitz continuous, DupLicaTor loses T*(A, B, f) for any
k € N. SpoILEr can play the accepting runs py, o, in A that share the same prefix of length
n, but the output runs f(p,), f(p,) differ in their first (n — k) transitions. In round n, Du-
pLICATOR Will form either the prefix of f(p;) or f(p,), and SpoIiLER can choose accordingly
which run he should form. DupLicaTor will lose for not producing the image of SPOILER’s
run. We show this formally as follows.

Lemma 5.3.31. DupLicaToR loses T*(A, B, f) for all k € N if f is not Lipschitz continuous.

Proof. By definition, if f is not Lipschitz continuous then for any k € N, there exist
p1,p2 € AccRun(A) such that d(f(py), f(02)) > 2¢d(p1,p>). Hence let k be a number
and p;, p, be such accepting runs. Let n € N such that 27D = d(p,, p,). The winning
strategy for SPoILER in the game I'*(A, B, f) is to first play p;. At the end of round n,
DupLicator forms a run r of length at least n — k. In the case where r is not a prefix
of f(p1), SpoiLErR keeps playing p; for the rest of the play. Otherwise he continues by
playing p,. This is possible since py, p, share the same prefix of length n. In the first case,
SpoILER wins because DupLicaTor does not form the f-image of p;. In the second case,
since d(f(p1), f(p2)) > 27"*D_ f(p), f(p,) differ already at least in their first (n — k)
transitions. Since r is of length n — k and r is a prefix of f(p;), r is not a prefix of f(p,).
SpoiLEr wins the play. O

Now in the case where DupLicaTOR wins the game I*(A, B, f) where f : AccRun(A)
— AccRun(8) is trace-preserving, the completeness of B is still not sufficient to derive
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B from Example [5.3.22] and a trace-preserving function f(p) = goa(q,b)” for all p €
AccRun(A). The automaton B is complete. DupLicATOR wins the I'-game T'*(A, B, f) for

happen if the commutative degree of A is finite.
If the commutative degree of A is finite and B is complete then whenever DupLICATOR
wins the I'-game (A, B, f) for some ¢ € N and f is trace-preserving, she also wins the

where d € N is the commutative degree of A. Consider the winning strategy in the I'-game
as described in the proof of Lemma and the translation as in Lemma If the
winning strategy in the I'-game tells DupLicATOR to extend her run to ry; = rgb1q1 . .. bugm
then in the I'-game, DupLIcATOR extends rg to rghib; ... b, q,s the maximal prefix of ry
that satisfies: ;(w) is a prefix of 7;(v), forall i € {1,...,n}. We have seen in Lemma[5.3.14]

will show that in the case where the commutative degree of A is some d € N, DupLICATOR
in fact only stores at most max{c, d} many letters to each buffers.

The winning strategy intuitively is as follows. DupLIcATOR first waits to have a preview
of SPoILER’s move ¢ steps. She stores at most ¢ many letters to each buffer. Since DupLi-
cATOR wins (A, B, f), after a lookahead of c¢ steps, she knows how she should extend
her run. Let us assume that she should read a letter a. If the letter a is already in the buffer
then she can pop it and move her pebble along some a-transition. However if a is not yet
in the buffer, she waits for more rounds until SpoiLer reads a. Since Deg(A) = d, the
letter a will be read by SpoiLER at most in the next |d — ¢| rounds. Hence to win the play
DupLicator only needs to store at most k = max{c, d} letters. We formally show this as
follows.

Theorem 5.3.32. Let f : AccRun(A) — AccRun(B) be a trace-preserving function for
two NBA A, B over L = (X4,...,%,) in which Deg(A) = d € N and B is complete. If

k = max{c, d}.

Proof. Consider the winning strategy as we have defined before. In the proof of Lemma

additionally show that there is no round where one of the buffers is filled with £ + 1 many
letters. We will show this by contradiction. Suppose there is such a round. Let r4, rg be
the runs that are formed by SpoiLEr and DupLicaToR in this round. Hence |r4| — |rg| > k.
Note that DupLicaToRr does not extend her run longer than rg because either the winning
strategy in [“(A, B, f) tells her to extend only to rg, or it actually tells her to extend to
some run ry longer than rg, but rg is the maximal prefix of rj; that satisfies

m(word(rg)) is a prefix of m;(word(rg)), 5.4)

for all i € {1,...,n}. In the first case, since |rg| — |rg| > c, it contradicts that the strategy
is winning in I'“(A, B, f). In the second case, suppose ry is extended from rg by reading
U=a... 0y i€ Iy =Tgap...aupy. Since holds, |word(rg)l,, < |word(rx)ls,-
However, since rg is the maximal prefix of rj; that satisfies , we have

|Word(rB)|a1 = |Word(rﬂ)|a1 = f

for some ¢ € N. Otherwise rga, p; also satisfies (5.4) and contradicts the maximality of rg.
Now let w and v be the words that are produced respectively by SpoiLER and DupLICATOR
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tively. Since we assume that f is trace-preserving, w ~ v. Let i € Pos(w) and j € Pos(v)
be the positions of the (£ + 1)-th a; in w and v, respectively. Hence i > |r4| and j = |rg|+ 1.
Since |r4| — |rg| > k and k > d, we have i — j > d. However, since (i, j) € Corr,,, and w is
a word over some finite path in A, this contradicts Deg(A) = d. Hence there is no round
where one of the buffers is filled with more than & letters. DupLicaTOR Wins the buffered
simulation game G**(A, B). O

We can put this lemma together with Lemma [5.3.30| to show that the existence of a
Lipschitz continuous trace-preserving function f : AccRun(A) — AccRun(8B) implies

and the automaton 8 is complete.

Theorem 5.3.33. Let A, B be two NBA in which the commutative degree of A is finite
and B is complete. AT B for some k € N* if there exists a Lipschitz continuous trace-
preserving function f : AccCRun(A) — AccRun(8).

Proof. Suppose we have a Lipschitz continuous trace-preserving function f : AccRun(A)
— AccRun(8) with Lipschitz constant c. Since f is Lipschitz continuous and B is
complete, by Lemma DupLicaTor wins the game T(A, B, f). Moreover let d =
Deg(A). Since f is trace-preserving, by Lemma [5.3.32] DupLicaTor also wins the game
G5*(A, B) where k = max(c, d). o

Together with Lemma [5.3.20}, this theorem allows us to further refine the characteri-
sation in Theorem [5.3.16]into the following corollary.

Corollary 5.3.34. Let A, B be two NBA in which the commutative degree of A is finite

and B is complete. A T B for some k € N iff there exists a Lipschitz continuous
trace-preserving function f : AcCRun(A) — AccRun(8).

This corollary shows a characterisation of buffered simulation with bounded buffers
by considering the existence of a Lipschitz continuous trace-preserving function. The
characterisation holds if SpoiLER’s automaton (A has a finite commutative degree and Du-
PLICATOR’s automaton B is complete. Note that the condition for A is a semantic condi-
tion and the condition for 8 is a syntactic one. We can check whether the automaton 8
is complete by looking at its structure. However it is not obvious whether we can also
check whether the commutative degree of ‘A is finite by looking at its structure. Hence
one may ask if there is a syntactic characterisation for such a condition. In the following
subsection, we will show that such a syntactic characterisation indeed can be obtained by
slightly lifting the condition for automata that have a regular trace closure.

5.3.3 Cyclic-Path-Connected Automata

Let us first consider a characterisation of an automaton that has a regular trace closure.
Note that if the language L(A) is regular then its trace closure [L(A)] might not be reg-
ular. For example, consider the automaton ‘A in Figure over ¥ = ({a, c},{a, b}). The
language L(A) = (ab)*c* is regular, but its trace closure [L(A)] = {vc“ | v € {a, b}*, V|, =
[v|} 1s not. However, there is sufficient syntactic condition for automata that have a regular
trace closure [[CL87]. It uses the notion of connected words.
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Figure 5.1: An automaton A with non-regular trace closure.

a—p—c—d—e a—p—c—d a—p d—e
(@) G. (b) Gy, () Gw.

Figure 5.2: Connected and non-connected dependency graphs.

Connected Words

Let w be a word over a distributed alphabet 3 and G the corresponding dependency graph
of . The word w is called connected if the subgraph of G induced by the alphabet of w
is connected.

Example 5.3.35. Consider a distributed alphabet 3= ({a, b}, {b,c},{c,d},{d, e}). Its cor-
responding dependency graph G then is given as in Figure [5.2af Moreover, the word
w = adbc is connected, but the word w = adbe is not. This is because the subgraph of G
induced by X,, = {a, b, c,d} as given in Figure is connected and the one induced by

Y, ={a,b,d,e} as given in is not.

Intuitively, a word w is connected if there is no group of letters that are independent
of all other letters in w. If a word w is not connected, we can partition the letters of w into
two components such that each two letters from different components are independent of
each other.

Proposition 5.3.36 ([DR95]). Let 2 = (2,...,%,) be a distributed alphabet and G =

(2, D) the corresponding dependency graph. If w € X* is not connected then there exists
a partition X, = (X', Z") such that

w~naw)ya”"(w) ~a"(w)n' (w), (5.5)
where ', i’ are projections from X to X' and X", respectively.

This proposition intuitively shows us that if w is not connected then we can partition
w into two subsequences of letters wy, w, such that the letters in wy; and w, can swap their
positions, i.e. w ~ wiwy ~ wowy.

The connectedness of a word is closely related to the commutative degree. If w is
not connected then in the word w*, the first letter of w* can commute at least k steps
to the right. Likewise for the last letter of w*. It can commute at least k steps to the
left. The reason is because by Proposition [5.3.36] we can partition the word w into two
subsequences of letters wy, w, of w in which the letters in w; and w, are independent of
each other. Each letter of w either belongs to w; or w,, but not both. Thus suppose the
first letter of w belongs to wy. Since w* ~ wwA, it is not hard to see that the first letter of
w indeed commutes [wh| steps to the right.
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Lemma 5.3.37. If w is not connected then Deg(w*) > k.

Proof. Suppose w is not connected. By Proposition [5.3.36] there exists a partition Z,, =
(X’,Z”) such that (5.5) holds where 7/, n” are projections from X to X’ and X", respec-
tively. Moreover, we also have that

Wk - ﬂ_/(w)k 7T”(W)k - ﬂ_u(w)k o (W)k

In the case where the first letter of w belongs to X', i.e. w(1) = a € ¥, consider the
word v = 7 (w)* 7/ (w)* that is trace equivalent tow. Letn = |7’ (w)¥| and w' = w*. Hence
w (1) =v(n+1)=aand |w (1), =|v(1)...v(n+1)|, = 1 because v(1),...,v(n) # a. This
implies (1,n + 1) € Corr,, ,. Moreover, since n > k, we have Deg(w’) > k.

In the case where the first letter of w belongs to X, we can show similarly that
Deg(w*) > k by considering the word v = 7 (w) n” (w)t. O

We can also extend this observation for the word uw in which u is connected and
uw is not. By Proposition we can partition the word uw into wy, w, such that
uw ~ wiw, ~ wow. However, since u is connected, each letter of u either belongs to w;
or w,, but not both. Let us assume to wy. There is at least one letter in w that belongs
to w, since otherwise uw is connected. Now consider the word u*w that is obtained by
repeating the word u, k many times before we read w. The letters in u*w that occur after
position |u*| and belongs to w, can commute |u¥| steps to the left. We formally show this
as follows.

Lemma 5.3.38. If w is connected and uw is not then
o Deg(u‘w) > k
e Deg(wir) >k

Proof. We will show this for the first part. The second one can be shown similarly. Since
uw is not connected, by Proposition there is a partition £, = (X, X”) such that
uw ~ ' (uw)rn” (uw) ~ "’ (uw)n’(uw) where 1’ and n”” are projections from X to ¥’ and X",
respectively. This also implies

k k—]ﬂ_l

uw ~ u k—lﬂ,u

(uw) "’ (uw) ~ u (uw) 7’ (uw).
Since u is connected, either £, C ¥’ or £, C X", but not both.
Now suppose X, C ¥’. We then have n”’(uw) = n”’(w). This implies

Ww ~ I (uw) 7 (W) ~ 7 (w) T T (uw).

Let v = 7”/(w) ' (u*w) and w’ = u*w. Let i be the smallest position in w’ such that w’(i) €
Y. Since X, C ¥/, we have i > |u¥|. Leta € " such that w'(i) = a. The smallest position j
invsuch that v(j) € ¥’ is j = 1. Hence w'(i) = v(1) = aand |w'(1)...w' (@), = v(1)], = 1.
We have (i, 1) € Corr,,,. Since |u*| > k, we have i > k. Since i — 1 > k, we also have
Deg(w’) > k.

In the case where ¥, C X", we can show similarly that Deg(u*w) > k by considering
the word v = 7/ (w)n” (u*w). o
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Loop-Connected Automata

Now let us call an automaton loop-connected if every cycle is over a connected word.
For example, consider the automaton A from Example [5.3.22] It is loop-connected since
every cycle in A is over some word w € b* and such a word w is connected with respect
to any distributed alphabet. On the other hand, the automaton (A in Figure over ¥ =
({a, c}, {b, c}) is not loop-connected. There is a cycle from the initial state over ab and such
a word is not connected with respect to the given 3. It is shown that loop-connectedness
implies a regular trace closure.

Proposition 5.3.39 ([CL87]). For any NBA A over %, if A is loop-connected then the
trace closure [L(A)] is regular.

Consider again the automaton A over 3 from Example |5.3.22| The automaton indeed
has a regular trace closure. The trace closure of A is [L(A)] = b*ab®.

It turns out that loop-connectedness is a necessary condition for an automaton to have
a finite commutative degree. If an automaton (A is not loop-connected then for any k € N,
we can consider a word that is produced by going through the non-connected cycle k + 1
many times. By Lemma the commutative degree of such a word is more than .
Hence £ is not the commutative degree of ‘A.

Lemma 5.3.40. If the commutative degree of A is finite then A is loop-connected.

Proof. We can show this by contraposition. Suppose A is not loop-connected. There
is a cycle over a non-connected word w. For any k € N, consider the word w**! that
is produced by a run that goes through such a cycle £ + 1 many times. Since u is not
connected, by Lemma the commutative degree of w**! is greater than k. Hence for
any k € N, Deg(A) > k. The commutative degree of (A is infinite. O

The converse of this lemma however does not hold. If A is loop-connected, this does
not necessarily imply that the commutative degree of (A is finite. For example, consider
the automaton A from Example[5.3.22] It is loop-connected, but the commutative degree
of A is not finite as we have seen in Example[5.3.29]

Cyclic-Path-Connected Automata

To characterise automata with finite commutative degree, one reasonable attempt is to
tighten the property of loop-connectedness. Instead of only for cycles, let us require
every path in A that contains a cycle to be over a connected word and we will call such
an automaton cyclic-path-connected.

Definition 5.3.41. An automaton A is cyclic-path-connected if for any path
p—oqg->qg—>r
in which u, w € X*, and v € X", the word uvw is connected.

For example, consider the automaton A from Example The automaton A is
loop-connected but not cyclic-path-connected since the path

P05 p1 -2 py
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contains a cycle but the word ab is not connected.

We can lift Lemma for a cyclic-path-connected automaton. Intuitively, if an
automaton A is loop-connected but not cyclic-path-connected then for any £ € N, we
simply consider the word that is produced by a non-connected cyclic path that goes over
a certain cycle k + 1 many times. Thus we either read u**'w or wu**! in which uw is not
connected, but u is connected. By Lemma [5.3.38] the commutative degree of such a word

is more than k. Hence & is not the commutative degree of ‘A.
Theorem 5.3.42. If the commutative degree of A is finite then A is cyclic-path-connected.

Proof. Let us show this again by contraposition. Suppose ‘A is not cyclic-path-connected.
If A is loop-connected then by Lemma|5.3.40| A has an infinite commutative degree, and
we have the desired result. Now suppose A is loop-connected. By definition, there exists
a cyclic-path

p—Doqg-oqg—>r

in which u,w € ¥*, and v € £* in A, but uvw is not connected. Since A is loop-connected,

the word v is connected. Thus either uv or vw is not connected. In the first case, for every
k € N, consider the word uv**! over the run

pHqg-5q...-5q.

Since uv is connected and v is not, by the second part of Lemma[5.3.38] the commutative
degree of such a word is at least kK + 1. Hence for any £ € N, Deg(A) > k. We have
Deg(A) = oo. In the second case, we can also show similarly that Deg(A) = oo by
considering the word v**'w and the first part of Lemma5.3.38] O

In contrast to Lemma [5.3.40] the converse of this theorem holds. However we need
a more involved technique to show it. For the rest of this chapter, we will the converse
of Theorem [5.3.42k. We will show that if an automaton A is cyclic-path-connected then
whenever we visit a certain cycle over a word of length n, n many times, each two letters
that are read before and after the repeated cycle do not commute with each other. Intu-
itively, the connected word produced by such a repeated cycle blocks other letters from
commuting with each other. To show this formally we introduce the relation Block.

Relation Block

Intuitively, the relation Block is defined for a given word w over some distributed alphabet
3. It tells us the positions of letters of w that cannot commute with each other. Formally,
let w be some finite word over X, (X, D) the corresponding distributed alphabet, and

D, = {(i, j) € Pos(w)* | (w(i),w(j)) € D, i < j}.
The relation Block,, then is defined as the transitive closure of such a relation.

Example 5.3.43. Consider the word w = cdbca in which the dependency between the
letters is given by the dependency graph G from Figure[5.2a] We have

D, =1{(1,2),(1,3),(1,4),(2,4),(3,4),(3,5))
D% =D, U{(,5))
D =D?

Hence Block,, = D?.
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In this example, (1,5) € Block,, even though the letters a and ¢ are independent of
each other. This is because in between them, at position 3, we have b to which both a and
¢ are dependent on. Hence the first and the fifth letters of w do not commute with each
other.

In general, if (iy,i,) € Block,, there are n — 1 > 0 many positions i; < ... < i,_1 in
between iy and i, such that for all k € {0,...,n — 1}, the letters at positions i; and i;,; are
dependent on each other. The letters at position i, and i, cannot commute with each other.

Lemma 5.3.44. If (i, j) € Block,, then for all v ~ w, Corr,, (i) < Corr,, ,(j).

Proof. For the base case, let (i, j) € D,,. Hence (w(i), w(j)) € D. By Lemma[5.3.25] we
have the desired result. For the inductive case, let (i, j) € D], for some n € N. Hence there
exists k, i < k < j such that (i, k) € D" and (k, j) € D,,. Since (i, k) € D!, by induction
hypothesis, for any w’ ~ w,

Corr,,,.»(i) < Corr,, - (k). (5.6)

Moreover since (k, j) € D,,, we have (w(k), w(j)) € D. Again by Lemma[5.3.25] for any
W’ o~ w,
Corr,, (k) < Corr,, (). 5.7

Now let v be some arbitrary word such that v ~ w. By @]}, we have Corr,, (i) <
Corr, (k). By (5.7), we have Corr,, (k) < Corr,,,(j). Hence Corr,, (i) < Corr,, ,(j). O

The set Block,, is also complete in the sense that if a pair i < j is not in Block,, then the
letters at positions i and j can exchange their order. The reason is because by definition of
Block,,, any letter in between i and j is independent of the ones at position i and j. Hence
the letter at position i can commute (j — i) many steps to the right.

Lemma 5.3.45. Let w € £* and j € Pos(w).

o [fthere existi < jsuch that (i, j) ¢ Block,, then there exists v ~ w such that (j, j—1)
e Corr,,,.

o [fthere existi > j such that (j,i) ¢ Block,, then there exists v ~ w such that (j, j+ 1)
e Corr,,,.

Proof. We will show this for the first part. The second part can be shown similarly. First,
without loss of generality, let us assume that i is the biggest of such a position. Hence for
all 7/ wherei <1 < j,

(i, j) € Block,,. (5.8)

This implies (w(i), w(i’)) ¢ D for all i/, i < i’ < j since otherwise (i, j) € Block,, and con-
tradicts our initial assumption. Thus we can apply Lemma [5.3.26] and obtain the desired
result. =

We can lift this lemma to the case where we have several of such is. If there are
positions iy, . . ., I, < j and all of them are not in the block relation with j then the position
J can commute m steps to the left, likewise if there are iy, ...,i, > j and all of them are
not in the block relation with j. The position j then can commute m steps to the right.

Lemma 5.3.46. Let w € T* and j € Pos(w).
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o [f there are m distinct positions iy, ...,i, < j such that (i, j),..., (i, j) ¢ Block,
then there exists v ~ w such that (j, j — m) € Corr,, ..

e [f there are m distinct positions iy, ...,1i,, > j such that (j,i,),...,(J,i,) ¢ Block,
then there exists v ~ w such that (j, j + m) € Corr,, ..

Proof. We will show this for the first part. The second one can be shown similarly. For the
base case, let m = 1. By the first part of Lemma|5.3.45] we have the desired result. Now
suppose m > 1. There exist m distinct positions iy, ..., i, < j such that (i, j), ..., (iu, J)
¢ Block,,. Without loss of generality, let us assume that i, is the largest of such positions.
Hence for all 7', i, < i’ < j, we have (i, j) € Block,,. This implies (w(i,,), w(i")) ¢ D for
all 7/, i,, < i’ < j, since otherwise (i,,, j) ¢ Block,, and contradicts our assumption. By
applying Lemma[5.3.26] we have a word u ~ w where

Jj ifi =i,
Corr,, () =3i—-1 ifi,<i<] (5.9)
i otherwise.
Now in u, there are (m — 1) many distinct positions iy,...,i,—1 < j— 1 and (i}, j —

1),...,@im-1,j — 1) ¢ Block,. By induction hypothesis, there exists v ~ u such that
(j—1, j—m) € Corr,,,. Since by (5.9), (j, j—1) € Corr,,,, we have (j, j—m) € Corr,,,. O

The block relation is indeed closely related to the commutative degree. By looking
at how many positions i there are such that i < j and (i, j) ¢ Block,, we can determine
how far the letter at position j can commute to the left. The other direction also holds
similarly. By looking at how many positions i there are such thati > j and (j, i) ¢ Block,,
we can determine the maximal length of how far the letter at position j can commute to
the right. To show this formally, let us collect such positions i in the following sets.

Block (i) = {j < i| (j,i) ¢ Block,} (5.10)
Block; (i) = {j > i | (i, j) ¢ Block,} (5.11)
Intuitively, these two sets collect the positions that are not in the Block relation with i.
The positive and negative signs are simply used to indicate whether it occurs before or

after the position i. In the following, we show that the size of the sets in (5.10) and (5.11))
indeed are the commutative degree of the letter at position i.

Lemma 5.3.47. Let w be some finite word over %. We have
Deg;, (i) = [Block;, ()|
forall x € {+,—} and i € Pos(w).

Proof. We will show this for b = —. A similar argument can be used for b = +. Let
k; = Deg,, (i) and k, = |Block, (7)|.
If ky < ky then k; < |Block; (i)|. There are at least k; + 1 many distinct positions in

Block, (7). By definition of Block;, (i), there are distinct positions iy, ..., ix,+; < iin w such
that (i, ), ..., (ix+1,1) ¢ Block,. By Lemma[5.3.46] there exists w’ such that w’ ~ w and
(i,i — (ky + 1)) € Corr,,,,». This implies Deg, (i) > k;, which contradicts Deg, (i) = k;.
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However if k; > k, then Deg, (i) > k,. By definition of Deg, (i), there exist a word w’
and a position i’ € Pos(w’) such that w ~ w’, (i,i") € Corr,,,,, and i — i’ > k,. Consider
the set of positions

S ={¢<i|Corr,, () >i}

inw. If |[S| < i —{ then there are two distinct positions ¢, ¢, < i where Corr,,,({;) =
Corr,,,(£>). This is impossible by the definition of the correspondence relation since w ~
v. Hence |S| > i —i" and thus |S| > k,. Since there are only k, many positions in Block], (i)
and more than k, position in S, there is at least one position that belongs to S but does

not belong to Block;,(i). Let j be such a position. Hence (j, i) € Block,,. However, since
jes,Corr,,.(j) > Corr,,,(i). This contradicts Lemma Hence k; = k. |

By using this lemma, we can show that the commutative degree of A is finite whenever
there exists a constant d € N such that for every finite word w produced by ‘A and position
i € Pos(w), the size of Block, (i) and Block’ (i) are bounded by d. In the following, we
will show such a constant d indeed exists if (A is cyclic-path-connected.

Cyclic-Path-Connected = Finite Commutative Degree

First we will show that if we have a cyclic-path-connected automaton and a word over
some cyclic path i.e. a path that contains a cycle, each of the letters does not commute
with at least one letter from the cycle. To illustrate this, consider the cyclic path

p—oq—q—>p

over w = wjuw, in some cyclic-path-connected A. Hence the word u is over a cycle. If
there is a letter in wy, u, or w, that commutes with all other letters in u then A is not cyclic-
path-connected: if it is in u then u is not connected, if it is in w; = a; ...a,, suppose at
position i, then q; . . . a,u is not connected, and if it is in w, = by ... b,,, suppose at position
J, then ub, ... b; is not connected.

Lemma 5.3.48. Let p —5 g —5 g —2 r be a path in a cyclic-path-connected automaton
A. Let Py, P,, P3 € Pos(w) where

Py ={1,...,lwil},
P2 = {|W1| + 1’-- -’lwlul}’
Py ={wu| +1,...,|\wiuw,|}.

The following holds.
e Foralli€ Py, there exists j € P, such that (i, j) € Block,,.
e Forall j € Ps, there exists i € P, such that (i, j) € Block,,.

Proof. We will show the proof for the first part. The second one can be shown similarly.
Leti € P, Py = Py \{l,....,i}, n = [m|, w = wiuw,, and w' = w(@)w(i + 1)...w(n).
Since w'u is over a cyclic-path, w’'u is connected. There exists j € P} U P, such that
(w(@),w(j)) € D. If j € P, then (i, j) € Block,. If j € P] then by induction hypothesis,
there exists j/ € P, such that (j, j/) € Block,,. Since (i, j) € Block,,, we have (i, j) €
Block,,. O
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Let us call a path r in some automaton A a wall if for every path that is extended from
r, the letters that are read before and after » do not commute with each other.

Definition 5.3.49. A path r = p)—5 p; =5 ... p,overw = a; ...a, in Ais called a

wall if for every path r’ extended from r, i.e.

r=g—p—~H... 5 p,—5q
over v = wiww,, we have (i, j) € Block, for all i € {1,...,|w|} and j € {jw;w| +
1,..., [wiwwsl}.

Example 5.3.50. Consider the following automaton over 2 = ({a, b}, (b, ¢}, {c,d)).

The corresponding dependency graph of £ is G : a — b — ¢ — d. If we consider the simple
cyclec = p1 =5 p N p1 then the path

P05 p1 =5 pr - p1 -5 ps

is extended from c. It is over w = acbd. However since (1,4) ¢ Block,,, the cycle c is not
a wall.
On the other hand, the cycle

r:P1—C>P2i>p1—C>Pzi>P1

that goes through ¢ twice, is a wall. For every path that is extended from r, every pair of
letters that are read before and after » does not commute with each other. Consider the
extended path r’ from r which is over the word v = acbcbd. The first and the last letter of
v do not commute with each other: we have (1, 6) € Block, since (1, 3), (3,4), (4,6) € D,.

Now let us denote with C(A) the set of simple cycles in A. By simple cycle, we mean
a path that does not visit the same state twice except the first and the last states. Formally,

C(ﬂ)Z{pl—al—)...—ﬂ"%pkH |p1 i...ipkandpl :pk+l}-

For any automaton A with n states and m simple cycles, if we have a path of length n’m
then there exists a simple cycle that we have visited at least n» many times. This is a simple
consequence from the fact that for every path of length n, there exists a state that has been
visited at least twice.

Proposition 5.3.51. Let A be an automaton, n = |A|, and m = |C(A)|. For every path
rin A of length n*m, there exists a simple cycle ¢ € C(A) that is visited by r at least n
many times.

Proof. Suppose r is a path of length n’m in A. Hence there exists a state ¢ € Q™ that is
visited at least nm + 1 many times in r. In other words, the path r visits at least nm many
cycles from g. Since every cycle is either simple or contains a simple cycle, the path r
also visits at least nm many simple cycles. Since there are only m many different simple
cycles in A, there exists a simple cycle ¢ that is visited at least » many times in 7. O
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Any path r of length |A|* - |C(A)| in some cyclic-path-connected automaton (A is a
wall. The main reason is because such a path visits a simple cycle, suppose over u, at least
n = |A| many times. By Lemma|5.3.48| each letter that is read before r does not commute
with any letter from the first # and each letter that is read after » does not commute with
any letter from the last u. The letters in the first and last us, suppose at positions i; and
i,,, however, do not commute with each other. This is because u is connected. There are
letters at positions iy, ..., i,_1, that occur in the second u, up to (n — 1)-th u, such that the
ones at positions i; and i;,; are dependent on each other for all j € {1,...,n —1}. We
formally show this as follows.

Lemma 5.3.52. Let A be an NBA over ¥ = (24,...,%,). If A is cyclic-path-connected
then every path of length |A|* - |C(A)| is a wall.

Proof. Let r be a path of length |A| - |C(A)| and n = |A|. By Proposition|5.3.51} the path
r can be seen as
p—qg-5q9g-5qg-5q...p

where u is a word over a simple cycle from ¢g. The word u occurs at least » many times in
r. If we consider a path 7’ that is extended from r then 7’ is over w = wi(vouviu . .. v, )w,
for some wy, w, € Z*. Let iy and j, be two positions that occur in w; and w, respectively,
ie. ip € {1,...,|wi|} and jy € {lwi(vouv;y...v,)| + 1,...,|w[}. For simplicity, let us call
the word u that occurs in between vy and v, the first u, the one in between v, and v, the
second u, and so on. Moreover for any k € {1,...,n}, let m; be the starting position of
the k-th u, i.e. my = |wyvou...uvi_1| and let P, be the set of positions of the k-th u, i.e.
P ={m +1,...,my + |u|}. By the first part of Lemma|5.3.48| since we can see the path
r’ as
p1 = q =5 q = py,

every letter in w; does not commute with at least one letter in the first u: there is i} € P,
such that

(io, 11) € Block,,. (5.12)

By the second part of Lemma|5.3.48] since we can also see the path 7 as
i W1 VoU...Vy—1 q i> q Vy, W2 P>
every letter in w, does not commute with at least one letter in the n-th u: there is j; € P,
such that
(1, jo) € Block,,. (5.13)

We will show that the letters in the first and the n-th u do not commute with each other.
First note that there is a path from w(i;) to w(j,) in the dependency graph G, since w(i),
w(j1) € Z, and the word u is connected. Moreover, there exists such a path of length less
than n since |G,| < n. Note that |G,| < n because u is a word over a simple cycle. Hence
the length, as well as, the number of different letters of u are less than n. Let us choose
i € Py,i3 € Ps,...,iy € Py, n’ < n, 1.e. the positions in the second u, the third u, etc.,
such that

w(ip) = w(ia) = w(iz) = ... = w(iy) = w(j)

is the shortest path from w(i;) to w(j,) in the dependency graph G, = (£, E,,). Since u is
connected, for all a,b € £, (a,b) € E, implies (a,b) € D. Hence

w(iy), w(in)), ..., w(iy),w(j1)) € D.
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Since iy < ip < ... < iy < J, we have (i1, ip), (i2, 13), . . ., (iy, j1) € Block,,. This implies
(i1, j1) € Block,,. By (5.12) and (5.13), (io, jo) € Block,,. Thus r is a wall. |

Hence if we have a cyclic-path-connected automaton A and a word w produced by
A, all letters in w do not commute with any letter that occurs in more than [A|? - |C(A)|
positions away. In other words, each letter in w can only commute at most [A|*> - |C(A)|
positions to the left or right.

Lemma 5.3.53. Let A be a cyclic-path-connected automaton over 3 = ..., %),
p1aipa ... agPis1 IS a finite run on A over w = a, . ..ay, and i € Pos(w). We have

e |Block,(i)| < |AI* - |C(A)|
e |Block (i) < |AP - |C(A)

Proof. Letn = Al and m = |C(A)|. We will show this for the first part. The second part
can be shown similarly.

First note that by definition, Block! (i) C {i + 1,...,k}. Hence if k < i + n’m + 1, there
are at most k — i many positions in such a set. We have |Block (i)| < n* - m.

However, if k > i +n*m + 1, by Lernma the paths p;11ai11 - . . Piseme1 are walls
in A. Hence (i, j) € Block,, for all j > i+n*m. This implies Block’ (i) C {i+1,...,i+n’*m)}.
Thus, we also have |Block (i)| < n* - m. m|

Together with Lemma this lemma shows that for any cyclic-path-connected
automaton A, the commutative degree of A is finite. Hence the reverse direction of
Theorem [5.3.42]also holds. Cyclic-path-connectedness syntactically characterises the au-
tomata with finite commutative degree.

Corollary 5.3.54. A is cyclic-path-connected iff the commutative degree of A is finite.
Proof. The right-to-left direction holds by Theorem [5.3.42] For the other direction, sup-

pose A is cyclic-path-connected. Let d = |A|* - |C(A)|. Moreover let r = pia . .. agpis
be some arbitrary finite run in A over w = a; ... a; and i € Pos(w). By Lemma[5.3.53]

IBlock’ (i)| < d
for all b € {+,—}. By Lemma [5.3.47, we have Deg; (i), Deg, (i) < d. Since we consider

a word w over some arbitrary run in A and position i of w, this holds for all word w
produced by A and position i of w. Hence by definition, Deg(A) < d. O

By using this corollary, the characterisation of buffered simulation with bounded
buffers in Theorem[3.3.33| can be revised as follows.

Corollary 5.3.55. For any two NBA A, B in which A is cyclic-path-connected and B

preserving function f : AccRun(A) — AccRun(8).



154 5.4. SUMMARY

L(A) C [L(B)]"“E" trace-preserving (TP) f : AccRun(A) — AccRun(B)

Thm. 528
AT B

Thm.[3.3.10]

3 continuous TP f: AccRun(A) — AccRun(B)

Lem.[3.3.20

A Ck-k ==y Lipschitz continuous TP f : AccRun(A) — AccRun(B)

Cor.[f333] +
A 1s cyclic-path-connected and 8 is complete

Figure 5.3: Topological characterisation of buffered simulation.

5.4 Summary

We have shown that for any two NBA ‘A, B over Z, buffered simulation with one bounded
buffer can be used to approximate language inclusion L(A) C L(B) incrementally. We
check whether buffered simulation A CF B holds by starting from k = 0 and gradually
increasing the parameter k. Language inclusion then holds if A CF B holds for some
k € N.

A similar approach also holds for approximating trace closure inclusion [L(A)] C
[L(B)]. Given two NBA A, B over 3= (Z1,...,Z,), we check whether buffered simula-
tion A C“ B holds by starting from x = (0, ...,0) and gradually increasing the capacity
vector k. Trace closure inclusion then holds if A £ B holds for some « € N".

The characterisation of buffered simulation is summarised in Figure[5.3] First we have
shown that the inclusion L(A) C [L(B)], and equivalently [L(A)] C [L(B)], can be char-
acterised by the existence of a trace-preserving function f : AccRun(A) — AccRun(8).

existence of such a trace-preserving function f that is also continuous. Furthermore, in
the case where A is cyclic-path-connected and B is complete, we can lift the character-

considering the existence of such a trace-preserving function f that is not only continuous
but also Lipschitz continuous.



Chapter 6

Conclusion

We have studied buffered simulation, an extension of the standard fair simulation between
two Biichi automata where DupLicaToR is allowed to store the letters that are read by
SpoiLer to the buffers before she executes them in her structure. The possibility to use
buffers allows DupLICATOR to have a preview of SPOILER’s moves. She can mimic SPOILER’S
run more accurately than in the standard fair simulation.

Buffered simulation with one buffer approximates language inclusion better than stan-
dard simulation. We can even use it to incrementally approximate language inclusion.
In the case where multiple buffers are involved, buffered simulation approximates trace
closure inclusion, a more general problem than language inclusion which models the veri-
fication problem of concurrent systems. We can also use buffered simulation with multiple
buffers to incrementally approximate trace closure inclusion.

The computational complexity of solving buffered simulation varies depending on the
number of the buffers and their sizes. It ranges from PTIME, in the case where all buffers
are bounded, to somewhere between BZ} and Aé in the analytical hierarchy, in the case
where some buffers are unbounded. There are also some special cases of buffered sim-
ulation in which the complexities are complete for the classes EXPTIME and PSPACE.
This wide span of complexity classes can be seen as an indication of the richness of the
framework.

We justify the framework of buffered simulation theoretically by showing a character-
isation with the notion of continuity from topology. Buffered simulation in general can
be characterised by the existence of a continuous function that witnesses trace closure or
language inclusion. This charaterisation then allows us to classify pairs of automata in
which their language or trace closure inclusion can be shown with buffered simulation.
The characterisation can even be refined for the case where all buffers are bounded by
considering the existence of such a function that is also Lipschitz continuous. The refined
characterisation, however, only holds for some restricted class of automata namely the
cyclic-path-connected automata.

In the following, we list some open problems regarding buffered simulation.

Buffered Simulation on Other w-Regular Automata. In this work, we only have con-
sidered buffered simulation between two Biichi automata. One possible further work is
to consider buffered simulation on other w-regular automata such as generalised Biichi,
parity, Rabin, Street, or Muller automata. One may get tempted to solve such a simula-
tion by first translating the automata to Biichi automata by using a standard translation
such as the one in [GTWO02]. For example, consider a parity automaton A with priorities
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\\"’@Db Ao e @Db By

Figure 6.1: Translation of parity automata A, $ to Biichi automata.

{0,1,...,n} and the standard translation in [[GTWO02]. We then obtain a Biichi automaton
A’ from A by adding m copies of A: Ay, Ay, ... A, where from the original part of
A, we can choose non-deterministically to continue to either Ay, Ay, ..., or A,. Each
automaton A; consists of states with priority at most i. Moreover in A;, the states with
priority i are considered to be accepting. Now consider the simulation problem on these
translated automata. It turns out that such a translation is not faithful, even with respect
to fair simulation. To exemplify this, consider the pair of parity automata A (left) and B
(right) as follows.

a b
b
080
a

Both of the automata are universal. They accept all infinite words over a and b. Consider
their translations to Biichi automata A’, B’ that are given in Figure In this case, if we
consider the fair simulation game between A’, 8’ then DupLicATOR Wins. She simply stays
and moves accordingly in 8 if SpoiLEr stays in A. She moves to B, or B, only if SPOILER
moves to A, or Ay, respectively. DupLIcATOR, however, loses the standard fair simulation
game in the original automata A, $. This is because at one point she has to reveal the
even priority that she will see infinitely often. If DupLicaToR chooses 2 then SpoILER can
continue by reading b* and if DupLicaTOR chooses O then SpoILER can continue by reading
a“. Hence DupLicaTor loses for not producing an accepting run. This shows that the
translation, even though it preserves the language, does not preserve non-simulation.

Hence we first need to find a faithful translation to Biichi automata that also preserves
simulation. Alternatively, we can also try to solve simulation between various w-regular
automata directly without translating them first to Biichi automata.
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Practical Implementation of Buffered Simulation. In Chapter [5| we have seen that
bounded buffered simulation can be used to approximate language and trace closure in-
clusion incrementally. The incremental algorithm basically starts with some small vector
capacity k € N* and then checks buffered simulation successively by increasing k. For
each buffered simulation with a fixed capacity « € N*, we can reduce it to a parity game
with three priorities.

It is then interesting to see how this works in practice. One possible further work
is to implement the incremental algorithm by using some parity game solver as a back-
end. For example, we can use PGSolver [FL09] or Oink [vD18]] that already implement
various algorithms for solving parity games. We then compare the implementation of
buffered simulation with other approximation methods such as the incremental algorithm
induced by the multi-pebble simulation or the flushing variants. We might also compare
them with some complete approximation methods such as the ones that are based on
complementation [SVW&7], rank-based method [EKWV 13| [Sch09], or Ramsey based
method [ACC*11,/ACC*10, FV10].

An Upper Bound for Incremental Approximation. Recall that the incremental ap-
proximation for language and trace closure inclusion given in Chapter [5| might not termi-
nate. If we consider two NBA A, B over 3 = (Z1,...,2,) where for any x € N", A Z“ B,
then the algorithm runs forever. Unlike the incremental approximation induced by multi-
pebble simulation, we do not have an upper bound «, € N" that tells us to stop increasing
the capacity vector «.

It is then interesting to know whether such a bound exists, i.e. whether there is xy € N”
such that if A Z* B then A L B for all k > ky. Having such an upper bound «, will
give us a terminating incremental approximation since increasing « further will not make
the approximation for language or trace closure inclusion any better. We can stop the
algorithm when « reaches «j.

Undecidability of E’; ush® In this work, we have shown that deciding buffered simulation

for the general case is highly undecidable. Given two NBA A, B over 3 = (O PD )
and a vector capacity k € (N U {w})", the problem of deciding A = B is highly unde-
cidable. One possible further work is to consider its flushing variant. Intuitively, solving
the flushing variant of buffered simulation should be easier than the general case since
DupLicaTOR’s moves are more restricted. She is required to empty the entire buffer every
time she decides to move. In the case of one buffer, the flushing variant has a slightly
better complexity. Deciding A C¥ B and A Cf, , B are respectively EXPTIME and
PSPACE-complete.

It is reasonable to ask whether this also holds in the general case, whether deciding the
flushing variant A Cf, , B is easier than deciding A" B. In Section@, we have shown
that deciding A C* B is highly undecidable by a reduction from the recurrent octant tiling
problem. However, we cannot use the same technique for the flushing variant since the
reduction heavily relies on DupLicaTOR’s ability to constantly keep some content in the
buffer, namely the tiling of the last row. Hence it would also be interesting to see whether
deciding the flushing variant A Cf, ., B is still decidable or "less* undecidable than the
general case.

Buffered Simulation on Non-w-Regular Automata. Besides considering buffered sim-
ulation between automata that recognise regular languages, we can also consider buffered
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simulation between two automata that recognise non-regular languages such as push-
down automata or visibly pushdown automata. Pushdown automata are automata with
a stack [HU67, HMUO6|. They recognise the class of context-free languages. Visibly
pushdown automata on the other hand are more restricted [AMO04, |]AMO9]. They are
pushdown automata in which we cannot push and pop the stack with the same input let-
ter. They recognise the class of visibly context-free languages which is strictly included
in the context-free languages. Deciding language inclusion between pushdown automata
over finite words is known to be undecidable and the one between visibly pushdown au-
tomata is EXPTIME-complete [Lod14, AMO4].

Similarly to the case of regular languages, we can also consider pushdown and visi-
bly pushdown automata for infinite words. The complexity result of deciding language
inclusion in the finite case can be lifted to the infinite case. Deciding language inclusion
between pushdown automata over infinite words is undecidable and the one between visi-
bly pushdown automata is EXPTIME-complete [AMO04]. Moreover, solving the standard
fair simulation between pushdown automata as well as visibly pushdown automata over
infinite words is also EXPTIME-complete [KMO02, Srb06].

Now if we consider buffered simulation with a single bounded buffer between two
visibly pushdown automata over infinite words, it is not hard to see that the problem is
also decidable in EXPTIME. We can reduce it to a parity game on a pushdown system.
We model the stacks that are produced by SpoiLer and DupLicaTor, whose heights differ
by at most k + 1, as one stack. The EXPTIME-hardness then follows from the standard
fair simulation between visibly pushdown automata.

Nevertheless, if we consider an unbounded buffer, it is not obvious anymore whether
buffered simulation between visibly pushdown automata is still decidable. The height
difference between SpoiLER’s and DupLicATOR’s stacks is unbounded. Note that in the case
of pushdown automata, buffered simulation with an unbounded buffer is undecidable.
This is because simulation with an unbounded buffer captures language inclusion for fi-
nite words. DupLicaTOR simply can wait until SpoiLER produces a word in its full length
before she moves. Since language inclusion between two pushdown automata for finite
words is undecidable, buffered simulation with an unbounded buffer between pushdown
automata for infinite words is also undecidable. However this might not be the case for
visibly pushdown automata. Deciding language inclusion between two visibly pushdown
automata for finite words is still decidable. Thus deciding simulation with an unbounded
buffer between two visibly pushdown automata over infinite words might be still decid-
able. We first can ask whether the technique using the lasso game as in Section4.3|can be
extended to the case of visibly pushdown automata.

Application of Cyclic-Path-Connected Property. In Section we have seen a re-
stricted class of automata, namely cyclic-path-connected automata. If an automaton is
cyclic-path-connected then there exists a bound k£ € N such that for every word over a
finite run, each of its letters does not commute more than k steps. This property might
have an application in some other area than buffered simulation. For example, it might be
useful in the area of Message Sequence Graphs (MSG) that is used to model the spec-
ification of communication between a system and its environment by means of message
interchange [GR93,IDH99]|. In [MP99], it is shown that by restricting an MSG to be loop-
connected, two undecidable problems concerning the correctness and consistency become
decidable, namely in EXPSPACE. The reason is because a loop-connected MSG only al-
lows local synchronisation instead of global synchronisation. Now if we consider a more
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restricted property such as cyclic-path-connected then a cyclic-path-connected MSG intu-
itively only allows bounded local synchronisation. Thus one reasonable question is to ask
whether by restricting the MSG to be cyclic-path-connected, this would give us a better
complexity than EXPSPACE for such problems concerning correctness and consistency.
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