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Abstract 

During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
the creep behaviour of HPT blades. Flight data records (FDR) for a specific aircraft, provided by a commercial aviation 
company, were used to obtain thermal and mechanical data for three different flight cycles. In order to create the 3D model 
needed for the FEM analysis, a HPT blade scrap was scanned, and its chemical composition and material properties were 
obtained. The data that was gathered was fed into the FEM model and different simulations were run, first with a simplified 3D 
rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
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Abstract 

The developing crack paths in heterogeneous structures are the result of the inhomogeneous state of stress. The latter stems from 
e.g. voids or inclusions in an elastic matrix, which are bonded either by strong or weak interfaces.  Besides the stiffness of an 
inclusion, the kind of interface has a decisive influence on the state of stress and therefore on propagating cracks. It is 
experimentally proven that cracks tend to grow towards regions with lower stiffness (Tilbrook et al., 2006; Judt et al., 2015), 
therefore matrix cracks might be attracted by interface delamination cracks. In this research the matrix crack growth in bi-material 
structures is simulated, incorporating dissipative processes arising at weak interfaces and a reference is provided by simulating the 
crack propagation in the same bi-material but with a strong (perfect) interface. Incremental crack extensions constitute the matrix 
crack growth, requiring a continuous modification of the geometry. An intelligent re-meshing procedure is applied, where the 
loading history cannot be neglected due to the presence of dissipative processes (Judt and Ricoeur, 2013b). The crack deflection 
and crack tip loading are determined by the J-integral criterion and the energy release rate, respectively. The resulting crack paths 
confirm that the matrix crack tends to grow into the direction of regions with lower stiffness. If weak interfaces are considered, an 
extremely attracting effect on propagating matrix cracks caused by the delamination is observed, which is stronger than the 
influence of divergent stiffnesses. 
© 2017 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of the Scientific Committee of ICSI 2017. 
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1. Introduction 

Predicting crack paths in engineering structures is a complex procedure due to the many influencing effects that 
can arise. In the case of heterogeneous materials, e.g. polymers or adhesives with incorporated fibers or microcapsules, 
crack tip loading and crack deflection depend on the emerging stress state due to these inclusions. In this work an 
elastic matrix and an inclusion are considered, which are connected by bi-material interfaces. These interfaces are 
either assumed to be strong (perfect) or weak (imperfect). The imperfect interfaces are modelled with cohesive zones, 
so that delamination cracks can develop. One goal is to investigate the interaction of a matrix crack with strong and 
weak bi-material interfaces and its influence on propagation paths. In order to determine crack growth thresholds and 
deflection angles it is necessary to quantify the crack tip loading. Therefore the objective is not only to simulate the 
matrix and interface crack propagation in bi-material structures, but also to investigate influences of inclusion and 
interface parameters on the crack tip loading quantities. The J-integral criterion is an appropriate means to predict 
crack deflection, assuming the crack will extend incrementally in the direction of the J-integral vector, thus leading to 
a maximum reduction of total potential energy.    

 
Nomenclature 

  initial crack length 
  damage tensor/matrix 

  scalar damage variable (normal/shear) 
  Young’s modulus 

  specific Helmholtz free energy of the cohesive zone 
  energy release rate 

 critical energy release rate (mode /I II ) 
  J-integral vector 
  fracture toughness 
  stiffness tensor/matrix 

  normal vector on an integration contour 
  energy momentum tensor 

  radius 
  traction vector 

  critical traction 
  displacement vector 
  crack growth direction unit vector 

   integration contour 
   separation (displacement jump) vector 
   Kronecker delta/ identity tensor 
  damage onset separation 
  critical separation  
  maximum attained separation 
ò   integration contour radius 
   Poisson’s ratio 

 

2. Fracture mechanical approaches 

In order to simulate the matrix crack propagation, the bi-material interfaces need to be introduced. In perfect 
interfaces the displacement  and the traction vector  are continuous. Consequently, no delamination or damage, 
respectively, results from loading (Hashin, 2002). At weak cohesive interfaces, on the other hand, there is no continuity 
of displacements and not necessarily of tractions. The behaviors of the associated surfaces of the interface  





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are represented by cohesive laws, relating the cohesive tractions and the displacement jump/separation  . 
Disregarding heat flux or temperature changes, furthermore introducing some spatial simplifications in the energy 
balance (Ottosen et al., 2015) and assuming infinitesimal deformation, the dissipation or Clausius Duhem inequality 
for this specific case reads  
 

0 ≤ −𝐹̇𝐹𝐶𝐶𝑍𝑍(𝛿𝛿𝑖𝑖, 𝐷𝐷𝑖𝑖𝑖𝑖) + 𝛿̇𝛿𝑖𝑖𝑡𝑡𝑖𝑖 

0 ≤ [𝑡𝑡𝑖𝑖 −
𝜕𝜕𝐹𝐹𝐶𝐶𝐶𝐶(𝛿𝛿𝑖𝑖, 𝐷𝐷𝑖𝑖𝑖𝑖)

𝜕𝜕𝛿𝛿𝑖𝑖
] 𝛿̇𝛿𝑖𝑖 −

𝜕𝜕𝐹𝐹𝐶𝐶𝐶𝐶(𝛿𝛿𝑖𝑖, 𝐷𝐷𝑖𝑖𝑖𝑖)
𝜕𝜕𝐷𝐷𝑖𝑖𝑖𝑖

𝐷̇𝐷𝑖𝑖𝑖𝑖     , 
(1) 

 
where is the specific Helmholtz free energy of the cohesive zone associated with any reference surface between 
the positive and negative surfaces of the cohesive zone and  is the traction vector associated with the same surface. 
The analytical notation is used for tensor operations, implying summation over repeated indices holding values 1 and 
2. Neglecting coupling of the damage evolution in normal and shear directions in a plane problem, the Helmholtz free 
energy of a bilinear cohesive law is introduced as 
 

𝐹𝐹𝐶𝐶𝐶𝐶 = 1
2 𝛿𝛿𝑖𝑖(𝛿𝛿𝑖𝑖𝑖𝑖 − 𝐷𝐷𝑖𝑖𝑖𝑖)𝐾𝐾𝑗𝑗𝑗𝑗𝛿𝛿𝑘𝑘     , (2) 

   
where   is the Kronecker delta,  the stiffness tensor and  the damage tensor, i.e. the matrix in which the 
scalar damage variables for the two loading modes are stored: 
 
 

  (3)  
 
 
The classical fracture mechanical crack opening modes are used to distinguish between a normal (mode 𝐼𝐼, normal to 
the crack faces) and a shear (mode 𝐼𝐼𝐼𝐼, tangential to the crack faces) loading of the interface crack. The partial derivative 
of the Helmholtz free energy with respect to the separation results in the bilinear cohesive law depicted in Fig. 1 
 

𝑡𝑡𝑖𝑖 =
𝜕𝜕𝐹𝐹𝐶𝐶𝐶𝐶(𝛿𝛿𝑖𝑖, 𝐷𝐷𝑖𝑖𝑖𝑖)

𝜕𝜕𝛿𝛿𝑖𝑖
= (𝛿𝛿𝑖𝑖𝑖𝑖 − 𝐷𝐷𝑖𝑖𝑖𝑖)𝐾𝐾𝑗𝑗𝑗𝑗𝛿𝛿𝑘𝑘     , (4) 

0 1 10
; with and .

0 1 , 10 , 1 1
       

            
nn n s s n

jk ij
ss s n

K d d d dA
K D A B

K dB d

Fig. 1 Bilinear cohesive law for normal and shear (mode I/II) separation 
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with the areas under the curves describing the critical energy release rates  or  for the two loading modes. For 
positive normal separation the same parameters are assumed as for shear loading, but for a negative separation, 
softening will not occur for normal loading, avoiding penetration and damage. Inserting Eq. (4) into the dissipation 
inequality (1) yields 
 

−
𝜕𝜕𝐹𝐹𝐶𝐶𝐶𝐶(𝛿𝛿𝑖𝑖, 𝐷𝐷𝑖𝑖𝑖𝑖)

𝜕𝜕𝐷𝐷𝑖𝑖𝑖𝑖
𝐷̇𝐷𝑖𝑖𝑖𝑖 ≥ 0     , (5) 

 
where the irreversibility of the damage evolution, i.e. 𝐷̇𝐷𝑖𝑖𝑖𝑖 ≥ 0, leads to the condition  
 

𝜕𝜕𝐹𝐹𝐶𝐶𝐶𝐶(𝛿𝛿𝑖𝑖, 𝐷𝐷𝑖𝑖𝑖𝑖)
𝜕𝜕𝐷𝐷𝑖𝑖𝑖𝑖

≤ 0     . (6) 

 
With the Helmholtz free energy according to Eq. (2) the derivative reads 
 

𝜕𝜕𝐹𝐹𝐶𝐶𝐶𝐶(𝛿𝛿𝑖𝑖, 𝐷𝐷𝑖𝑖𝑖𝑖)
𝜕𝜕𝐷𝐷𝑖𝑖𝑖𝑖

= − 1
2 𝛿𝛿𝑖𝑖𝐾𝐾𝑗𝑗𝑗𝑗𝛿𝛿𝑘𝑘     , (7) 

 
so that the requirement for thermodynamic consistency of Eq. (6) is fulfilled, as long as the stiffness matrix  is 
positive definite. In Fig. 1 the maximum value of the separation for each loading mode attained during the loading 
history is denoted as  , so that the scalar damage variables can be calculated by  
 
 

𝑑𝑑𝑛𝑛/𝑠𝑠 =
𝛿𝛿𝑛𝑛/𝑠𝑠

𝑐𝑐 (𝛿𝛿𝑛𝑛/𝑠𝑠
𝑚𝑚𝑚𝑚𝑚𝑚 − 𝛿𝛿𝑛𝑛/𝑠𝑠

0 )
𝛿𝛿𝑛𝑛/𝑠𝑠

𝑚𝑚𝑚𝑚𝑚𝑚(𝛿𝛿𝑛𝑛/𝑠𝑠
𝑐𝑐 − 𝛿𝛿𝑛𝑛/𝑠𝑠

0 )     , (8) 

 
where  . With the assumptions made, three independent parameters, e.g. 0 0

/ /, ,  nn ss n sK K / c c
I IIG G  

need to be set in order to define the cohesive law, the other parameters are calculated as  
 

   (8) 
  
The matrix crack growth is simulated by incremental crack extensions, leading to a continuous modification of the 
geometry. Intelligent re-meshing is therefore required (Judt and Ricoeur, 2013a; Judt et al., 2015). The loading history 
cannot be neglected due to the dissipative processes in the cohesive zone. It is taken into account by the damage 
variables which are stored and passed on during the calculations. The J-integral is calculated to determine the 
matrix crack tip loading and the matrix crack deflection is calculated applying the J-integral criterion. Remote 
integration contours like Γ in Fig. 2 are applied, providing the correct crack tip loading quantity in terms of path 
independence, if curved cracks, bi-material interfaces or holes are accounted in the formulation of the J-integral: 
 
 
 

   (10 
 
 

Volumetric forces are neglected and  is the energy momentum tensor. The crack face integrals     require 
special treatment to improve their accuracy (Judt and Ricoeur, 2013a). The integral along   always vanishes, no 
matter if a hole or an inclusion is modelled, since the surrounded domain is free from defects. The energy release rate 
equals the projection of the J-integral vector on the unit crack growth direction vector   
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   (11) 

 
so that the crack grows into the direction of the J-integral vector as the energy release rate reaches its maximum (Judt 
et al., 2015) . 
 

3. Results of the crack growth simulation 

In this work plane elastic structures are considered with circular inclusions as illustrated in Fig. 3. Both models are 
identical, except for the position of the inclusion. They both have an initial crack length of  mm and the 
inclusion radius is  mm. A monotonically increasing displacement load  is applied so that the matrix crack 
growth simulation represents critical fracture conditions. The material of the inclusion is varied for different 
simulations according to 

 
 
   
   
 

where  is Young’s modulus,   Poission’s ratio and  the fracture toughness. Material A represents experimental 
data of an epoxy resin and materials B and C are hypothetical softer or stiffer materials. The fracture toughness of 
material A has not yet been determined, hence it was assumed in the range of other epoxy resins. The parameters of 
the imperfect interface between inclusion and matrix are chosen as: 
 
 

  
   (12) 

 
 
 
Besides inclusions, a circular void or hole is implemented as a limiting case. 

The resulting crack paths are shown in Figure 4. The crack is growing in the elastic matrix consisting of material 
A and the inclusion is modelled as either a softer core (material B), a stiffer core (material C) or as a hole. If a strong 
interface is considered, the matrix crack is slightly deflected either in the direction of the inclusion for a softer core 







  
 
 





  
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Fig. 2 Integration contours for the J-integral 
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or away from it for a stiffer core. If a hole is considered, the deflecting effect is even more intense. These results 
illustrate, that the matrix cracks tend grow into the direction of lower Young’s modulus and away from regions with 
a higher stiffness, which is in good agreement with the results of Judt et al. (2015), Kikuchi et al. (2016) and Tilbrook 
et al. (2006). The deflection going along with the weak interfaces, however, is by far more pronounced. The matrix 
crack in connection with a weak interface and a stiff core is even more attracted by the inclusion than the crack in 
connection with a soft core and a strong or weak interface. That might be in contradiction to the results with a strong 
interface but because of the stiffer inclusion, less deformation occurs and thus the interface is more stressed, leading 
to an augmented softening and interface damage. A weakened interface is even more attractive for the matrix crack 
than a hole. In the case of the closer positioned inclusion (Fig. 4 b)), a weak interface is always more attractive for 
matrix cracks than a hole, no matter if the inclusion is softer or stiffer. The figure also shows the effect of the distance 
of the incipient crack with respect to the interface. The smaller it is, the larger are the observed deflections, so that 
cracks tend to intersect the inclusion or hole in Fig. 4 b) whereas cracks in Fig. 4 a) grow past it. 
 

4. Crack tip loading 

In order to determine the effect of softening at a weak interface on the matrix crack tip loading, the model of Fig. 
5 a) is investigated. The inclusion shares the same material as the elastic matrix. The interface is either modelled 
perfect or imperfect and a hole is implemented for comparison. For the imperfect interfaces the stiffness, critical 
energy release rate and traction are varied to investigate the emerging effect, see Table 1. In Fig. 5 b) the crack tip 
loading is depicted by means of the energy release rate plotted versus the normalized displacement loading. The energy 
release rates for the weak interfaces are similar to the energy release rate calculated with a perfect interface until 
damage occurs. One could suppose that the crack tip loading is always reduced due to the dissipated energy at  

Fig. 3 Models for the crack growth simulation (size in mm) 
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the interface when damage develops, but this is obviously not the case, being in agreement with the results of Judt and 
Ricoeur (2016). It is obvious that a softer and thus a more damaged  interface results in a larger crack tip loading, 
approaching and finally even slighlty exceeding the crack tip loading in connection with a hole. In this study, the 
energy release rate of the matrix crack in connection with an arbitrary weak interface is always larger than for the 
perfect interface. This is not obligatory, however, depending on the alignment and shape of crack and interface. 
 

      Table 1. Cohesive law parameters for the crack tip loading investigation 

Cohesive parameters [N/mm3]   [mm]  [N/mm] [MPa]   [mm] 

a) 10000 0.0005 0.075 5 0.03 

b) 7000 0.0005 0.0525 3.5 0.03 

c) 4000 0.0005 0.03 2 0.03 

 

5. Conclusions 

Crack paths were simulated for matrix cracks in bi-material structures with internal circular strong and weak 
interfaces. The matrix cracks tend to grow into the direction of lower stiffness and are repelled by stiff domains. The 
deflection caused by a weak interface and the related delamination, however, is by far more pronounced, attracting a 
matrix crack even if a stiff inclusion is implemented. The distance to the interface has a considerable influence on the 
deflection. The stiffnesses of the imperfect interfaces also have a significant influence on the crack tip loading. In this 
case, a softer interface always increases it compared to the crack tip loading near a perfect interface, even exceeding 
values of calculations with a hole for very weak interfaces.   

 

Fig. 4 Crack paths of the simulation for a) model A, b) model B. Soft core = material B, stiff core = material C 

a) b) 
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