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Abstract

A density functional theory for lattice models of strongly-interacting fermions is for-
mulated, which applies both to the ground state and to the thermodynamic equilib-
rium in the canonical and grand-canonical ensembles. The single-particle density ma-
trix (SPDM) y plays the role of the central variable in the sense that all physical observ-
ables can be expressed as functionals of it. The actual SPDM y which corresponds to
the ground state or to the thermodynamic equilibrium is obtained by minimizing the
appropriate thermodynamic potential: the energy E[y] = K[y]+ W[y], if one is inter-
ested in ground-state properties, and the Helmholtz free-energy F[y] = E[y] — TS[y]
or grand potential Q[y] = F[y]—u N[y] in the case of the thermodynamic equilibrium
at finite temperatures. Here K[y], W[y], S[y], and N[y] are the SPDM functionals
giving, respectively, the kinetic and interaction energies, the entropy, and the num-
ber of particles in the system. While the exact forms of K[y] and N[y] are known,
explicit expressions for the interaction energy W[y] and the entropy S[y] are not
available at present. Therefore, the very first and crucial challenge in the framework
of the present lattice density functional theory (LDFT), as in any density functional
approach, is to develop accurate and physically sound approximations to these highly
non-trivial functionals. Clearly, the functional dependence of W[y] and S[y] will cru-
cially depend on the nature and strength of the interactions between the Fermions. In
this work we focus on local interactions as described by the Hubbard model, which is
considered to be the paradigm of correlated itinerant electrons in narrow bands.

A simple, transparent approximation to the interaction-energy functional W[y] is
proposed, which is based on an analogy between the effects of electronic correlations
and finite-temperature excitations leading to occupation-number redistributions in
momentum space. In this framework, the ground-state properties of the single-band
Hubbard model are investigated as functions of the Coulomb-repulsion strength U /t.
Remarkably accurate results are obtained for the most relevant ground-state proper-
ties, such as the ground-state energy E,, the SPDM v, the average number of double
occupations D, and the spin-resolved momentum distribution 5, (k) in the complete
range of interaction strengths, from weak correlations (U/t <« 1) to the strongly-
correlated limit (U/t > 1). A wide variety of physical situations is successfully ex-
plored, including finite and infinite lattices in 1-3 and infinite dimensions, bipartite
and frustrated antiferromagnetic (AFM) structures, spin-polarized systems, attractive



interactions leading to electronic pairing, and different band-fillings.

Following the reasoning behind Mermin’s theorem, we extend the scope of
LDFT to the thermodynamic equilibrium at finite temperatures. A simple scaling-
approximation to the correlation part G.[y] = G[y] — G,[y] of the free-energy func-
tional F[y] = K[y] + G[y] is proposed, where G,[y] = Wur[y] — TSs[y] incorporates
the interaction-energy and entropy functionals of independent fermions. The scal-
ing approximation is subsequently applied to the half-filled Hubbard model in 1-3
dimensions. The comparison with the exact solution in 1D and quantum Monte Carlo
simulations or numerical linked-cluster expansion in higher dimensions demonstrates
the predictive power of our method. Most notably, the separation of spin and charge
degrees of freedom, a subtle effect of strong electronic correlations, is accurately de-
scribed. This effect is most clearly reflected by the temperature dependence of the
specific heat Cy in the strongly-correlated limit, which displays two distinct peaks
corresponding to the low-lying spin- and the high-energy charge-excitations. In par-
ticular, the temperature Ty o t2/U at which the low-temperature peak occurs in Cy,
marking the Néel transition from the AFM ground-state to the paramagnetic phase,
is accurately reproduced. The same applies to the temperature T- « U, correspond-
ing to the high-temperature peak, marking the onset of charge excitations across the
Hubbard gap. The scaling approximation is also applied away from half band-filling
in order to determine how the changes in the electron density affect the most rele-
vant equilibrium properties, such as the kinetic energy K, the double occupations D,
and the specific heat Cy. Furthermore, the scaling approximation is extended to spin-
polarized systems, which allows us to study the effect of an external magnetic field
on various finite-temperature properties of the 1D Hubbard model. The comparison
with exact results confirms the very good accuracy of our LDFT approach.

The theory formulated in this thesis opens a new perspective to the many-body
problem of interacting fermions on a lattice. Practical applications, enabled by the
new approximations to the central functionals W[y] and G,[y] introduced in this
work, demonstrate the flexibility and the predictive power of the theory. This ap-
plies both to the ground state, where our functionals are able to take advantage of the
full universality of LDFT, as well as to the equilibrium at finite temperatures, where
subtle effects such as the spin-charge separation are, to our knowledge, reproduced
for the first time in the framework of a density-functional description.
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Zusammenfassung

Eine Dichtefunktionaltheorie fiir Gittermodelle stark wechselwirkender Fermionen
wird formuliert, welche sowohl fiir den Grundzustand als auch fiir das thermodynami-
sche Gleichgewicht im kanonischen und grofl)kanonischen Ensemble anwendbar ist.
Die Einteilchen-Dichtematrix (SPDM) y spielt hierbei die Rolle der zentralen Variable
in dem Sinne, dass alle physikalischen Observablen als Funktionale von ihr dargestellt
werden konnen. Die SPDM y, welche zum Grundzustand oder zum Gleichgewichtszu-
stand gehort, erhélt man durch die Minimierung des entsprechenden thermodynami-
schen Potentials: Die Energie E[y] = K[y]+ W[y], wenn man an den Grundzustands-
eigenschaften interessiert ist und die Helmholtz’sche freie Energie F[y] = E[y]-TS[y]
bzw. das grof3kanonische Potential Q[y] = F[y] — p N[y], im Falle des thermodyna-
mischen Gleichgewichts bei endlichen Temperaturen. Hierbei sind K[y], W[y], S[y]
und N[y] die SPDM Funktionale der Kinetischen- und Wechselwirkungsenergie, der
Entropie sowie der Teilchenzahl. Wéahrend die genaue Form von K[y] und N[y] be-
kannt ist, existieren bislang keine expliziten Ausdriicke fiir W[y] und S[y]. Daher
besteht die erste wichtige Herausforderung in der vorliegenden Gitterdichtefunk-
tionaltheorie (LDFT), genau wie in jedem anderen Dichtefunktional Ansatz, darin,
genaue und physikalisch sinnvolle Naherungen fiir diese hochgradig nichttrivialen
Funktionale zu entwickeln. Natiirlich wird die funktionale Abhéngigkeit von W[y]
und S[y] stark von der Art und Stirke der Wechselwirkung zwischen den Fermio-
nen beeinflusst. In dieser Arbeit konzentrieren wir uns auf lokale Wechselwirkungen
die durch das Hubbard-Modell beschrieben werden, welches das Paradebeispiel zur
Beschreibung korrelierter Elektronen in schmalen Energiebandern darstellt.

Wir schlagen eine einfache Naherung fiir das Wechselwirkungsfunktional W{y]
vor, welche auf einer Analogie zwischen den Effekten elektronischer Korrelationen
und thermischen Anregungen basiert, die zu Umverteilungen der Besetzungszahlen
im Impulsraum fithren. In diesem Rahmen untersuchen wir die Grundzustandseigen-
schaften des Einband Hubbard-Modells als Funktionen der Coulomb Abstof3ung U/t.
Wir erhalten bemerkenswert genaue Resultate fiir die wichtigsten Grundzustandsei-
genschaften, wie z. B. die Grundzustandsenergie E, die SPDM ¥, die mittlere Anzahl
der Doppelbesetzungen D und die Spin-aufgeldste Impulsverteilung 1, (k) im gesam-
ten Bereich, beginnend bei schwachen Wechselwirkungen (U/t < 1) bis hin zum
stark korrelierten Grenzfall (U/t > 1). Eine Vielzahl physikalischer Situationen wird
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erfolgreich untersucht, darunter endliche und unendliche Gitter in 1-3 und unendli-
chen Dimensionen, bipartite und antiferromagnetisch (AFM) frustrierte Strukturen,
Spin-polarisierte Systeme, attraktive Wechselwirkungen, welche zur elektronischen
Paarbildung fithren, sowie unterschiedliche Bandfiillungen.

Der Argumentation des Mermin-Theorems folgend erweitern wir den Anwendugs-
bereich der LDFT auf das thermodynamische Gleichgewicht bei endlichen Tempe-
raturen. Wir schlagen eine einfache Skalierungsnidherung fiir den Korrelationsan-
teil Gc[y] = G[y] — Gi[y] des Funktionals der freien Energie F[y] = K[y] + G[y]
vor, wobei Gs[y] = Whp[y] — TSs[y] die Funktionale der Wechselwirkungsenergie
und der Entropie unabhéngiger Fermionen beinhaltet. Die Skalierungsnéherung wird
anschlieend auf das halbgefiillte Hubbard-Modell in 1-3 Dimensionen angewandt.
Der Vergleich mit der exakten Losung in 1D und Quanten Monte Carlo Simulationen
sowie numerischen linked-Cluster Entwicklungen in hoheren Dimensionen demons-
triert die Genauigkeit und Vorhersagekraft unserer Methode. Vor allem die Trennung
der Freiheitsgrade von Spin- und Ladungsfluktuationen, welche ein subtiler Effekt
von starken elektronischen Korrelationen ist, wird hierbei sehr genau wiedergegeben.
Dies zeigt sich am deutlichsten in der Temperaturabhiangigkeit der spezifischen Wér-
me Cy im stark korrelierten Grenzfall, welche zwei getrennte Maxima aufweist, die
zu den tiefliegenden Spinanregungen und den hochenergetischen Ladungsanregun-
gen gehoren. Insbesondere wird die Temperatur Ty o« t?/U, bei welcher der Tieftem-
peraturpeak in Cy entsteht und welche den Néel-Ubergang vom AFM Grundzustand
zur paramagnetischen Phase markiert, genau reproduziert. Dasselbe gilt auch fur die
Temperatur Te o U, bei welcher der Hochtemperaturpeak entsteht und welche den
Beginn der Ladungsanregungen iiber die Hubbard-Liicke markiert. Wir wenden die
Skalierungsnaherung auch auf das weniger als halb gefiillte Hubbard-Modell an und
untersuchen wie Anderungen der Elektronendichte die wichtigsten Gleichgewichtsei-
genschaften beeinflussen, wie z. B. die kinetische Energie K, die Doppelbesetzungen D
und die spezifische Warme Cy. Auflerdem erweitern wir die Skalierungsndherung
auf Spin-polarisierte Systeme, was uns die Moglichkeit gibt die Auswirkungen exter-
ner Magnetfelder auf unterschiedliche Gleichgewichtseigenschaften des 1D Hubbard-
Modells zu studieren. Der Vergleich mit entsprechenden exakten Resultaten bestatigt
die Genauigkeit unseres LDFT Ansatzes.

Die in dieser Arbeit formulierte Theorie betrachtet das Vielteilchenproblem wech-
selwirkender Fermionen auf einem Gitter aus einem neuen Blickwinkel. Praktische
Anwendungen, welche durch die neuen Naherungen fiir die zentralen Funktiona-
le W[y] und G.[y] erméglicht werden, zeigen die Flexibilitat und die Vorhersagekraft
der Theorie. Dies gilt sowohl fiir den Grundzustand, wo unsere Funktionale die volle
Universalitat der LDFT ausnutzen, als auch fiir das thermodynamische Gleichgewicht,
wo subtile Effekte wie die Spin-Ladungs Separation, nach unserem Wissen, zum ers-
ten Mal im Rahmen einer Dichtefunktionaltheorie reproduziert werden.
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The most beautiful experience we can have is the mysterious.
It is the fundamental emotion that stands at the cradle
of true art and true science.

— Albert FEinstein
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Introduction

The formulation of quantum mechanics and the accompanying progress in our un-
derstanding of the physical properties of matter and the solid state in particular is
undoubtedly one of the major breakthroughs in the physics of the last century. It has
led to an understanding of the chemical composition, structure, and particular prop-
erties of solids according to which we categorize them as metals, insulators, semicon-
ductors, superconductors, and magnetic materials. The technical applications which
arose from the understanding of matter at the quantum level have revolutionized our
lives in a way which is unparalleled since the industrialization of the 19th century.
The development and progressive miniaturization of essential building blocks, such
as transistors, magnetic and solid-state storage devices, dynamic and magnetic ran-
dom access memories, solid-state lasers, and sensors, has led to a wide variety of
modern electronic devices, such as computers and mobile phones.

Among the most important advances in condensed-matter physics and the quan-
tum many-body problem in general is the development of Hohenberg-Kohn-Sham’s
density functional theory (DFT), in which the ground-state properties of a many-
particle system subject to an arbitrary external potential v(r) can be regarded as
functionals of the many-particle density n(r) [2, 3]. The underlying one-to-one corre-
spondence between the ground state |¥;) and the corresponding density ny(r) allows
us, in principle, to avoid the calculation of the far more complicated ground-state
wave function. Thus, in the framework of DFT, the density n(r) takes the role of the
fundamental variable of the many-body problem.

The first attempt to formulate the quantum many-body problem solely in terms of
the particle density n(r) dates back to 1927, where Thomas and Fermi (TF) proposed
the first, from today’s perspective very rudimentary, approach to compute atomic en-
ergies on the basis of the electronic density [4, 5]. The TF theory approximates the
local contribution to the kinetic-energy functional K[n(r)] of the interacting many-
electron system by the kinetic energy of noninteracting electrons with the homoge-
neous density n = n(r), and the interaction energy W{n(r)] is approximated by the
classical Hartree-energy Wy[n(r)]. However, shortly after its formulation it turned
out that the TF theory is unable to account for any kind of molecular bonding, which

Some passages of this chapter have been published in Ref. [1], ©2018 American Physical Society.



1 Introduction

is mostly due to the oversimplified approximation to the kinetic-energy functional,
and thus has been rapidly abandoned.

After the failure of the TF theory, the density functional (DF) approach was not
used very intensively, until in 1964 Hohenberg and Kohn (HK) [2] demonstrated that
in principle all ground-state observables of a many-particle system can be exactly
obtained from the ground-state electron density ny(r) alone. The HK theorem ensures
the existence of a universal functional

Fuk[n(r)] = K[n(r)] + Wn(r)], (11)

representing the optimal sum of the kinetic energy T[n(r)] and the interaction en-
ergy W[n(r)] of a many-particle system having the density n(r). The variational
principle of the corresponding energy functional

E[n(r)] = / o(r) n(r) dr + Facln(r)] (1.2)

gives access to the ground-state density ny(r) and thus to all ground-state properties
in principle. Just a few month after the formulation of the seminal HK theorem, an
extension to the important case of the thermodynamic equilibrium at a finite tem-
perature was formulated by Mermin [6], who proved that in principle all equilibrium
averages of an interacting many-particle system can be obtained from the equilibrium
particle density neq(r) alone.

Most practical applications of DFT are performed within the Kohn-Sham (KS)
scheme, which reduces the interacting many-particle problem to a set of selfconsis-
tent single-particle equations [3]. Although formally exact, practical applications of
DFT must resort to some kind of approximation to the universal functional Fyg[n(r)].
The first such approximation, known as the local density approximation (LDA), was
introduced by Kohn and Sham [3], who expressed the local contribution to the non-
trivial exchange and correlation (XC) part Ex.[n(r)] of the universal functional (1.1) in
terms of the XC energy of a homogeneous electron gas with density n = n(r). No-
ticeable improvements over the LDA have been proposed later on, such as the local
spin-density approximation (LSDA) [7], which accounts for spin-polarized systems,
the generalized gradient approximations (GGAs), which take into account the den-
sity gradient [8-14], and the hybrid functionals [15-19], which combine the exchange
energy computed with the KS orbitals and some appropriate approximation to the
XC energy. More recently, related methods based on the single-particle density ma-
trix (SPDM) y(r, r’) have also been developed [20-32].

Hohenberg-Kohn-Sham’s DFT, in combination with the LDA and its extensions,
has demonstrated its predictive power in countless applications throughout the most
large variety of fields. For example, ionization energies of atoms, dissociation energies



of molecules, bond-lengths, and molecular geometries are predicted with astonishing
accuracy. There are, however, several situations where the conventional XC function-
als perform poorly. One prominent example is the semiconductor band-gap, for ex-
ample in silicon, which is largely underestimated by conventional DFT [33]. Another
example are van der Waals interactions, which are caused by dynamical density fluc-
tuations, and are therefore beyond the scope of LDA based XC functionals [34]. Par-
ticularly relevant in the context of the present thesis is the fact that conventional DFT
systematically fails to account for the effects caused by strong electron correlations.
This applies, for example, to the physics of spin-fluctuations, the Kondo-screening,
heavy-fermion materials [35], high-temperature superconductivity [36, 37], and Mott-
insulators [38—40]. Finding an accurate description of the effects caused by strong
electronic correlations remains therefore a serious challenge in the framework of DFT.

Strongly-correlated electron systems are usually best described in the framework
of lattice-model Hamiltonians, in which the electronic dynamics is simplified by fo-
cusing on the most relevant contributions which dominate the low-energy or low-
temperature physics. Motivated at the origin by the description of molecular bond-
ing [41, 42], magnetic impurities in metals [43], and itinerant electrons in narrow
bands [44-46], the theory of many-body models has grown to a high level of sophis-
tication, not only from a methodological perspective, but also concerning the physical
effects that are taken into account in the modelization. In this way, subtle phenom-
ena, such as valence and spin fluctuations, the separation of charge and spin degrees
of freedom, superconductivity, correlation-induced localization, etc., have been re-
vealed [37, 47, 48]. Despite these achievements, and although the electron dynamics
is largely simplified with respect to the full first-principles problem, deriving the prop-
erties of these many-body lattice models remains a very difficult task. Exact analytical
results are rare [38, 39, 49—56] and accurate numerical solutions are either inaccessible
or very demanding [36, 57-68]. Consequently, developing theoretical methods capa-
ble of describing the physics of many-body lattice models is a subject of considerable
interest.

Taking into account the universality of DFT and its remarkable success in han-
dling the first-principles problem in the continuum, it is reasonable to expect that a
suitable extension of the fundamental concepts of DFT combined with appropriate
approximations to the corresponding functionals could provide an alternative, poten-
tially most effective approach towards the physics of strongly-correlated electrons on
a lattice. Indeed, in the past decades a number of very successful methods have been
developed by applying the concepts of DFT to lattice models [1, 69-87]. Early stud-
ies have addressed the band-gap problem in semiconductors [69—71] and the role of
the off-diagonal elements of the density matrix in the description of strong electron
correlations [72]. Density-matrix energy functionals based on the exact Bethe-ansatz
solution have been proposed and applied to the Hubbard and Anderson models in or-
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der to describe itinerant electrons in narrow energy bands and the transport trough an
Anderson junction as well as the related Kondo effect [75, 88, 89]. Also time-dependent
approaches for lattice models of strongly-correlated electrons have been developed in
the framework of DFT [76]. Most relevant in the context of the present work is the
lattice density functional theory (LDFT), which considers the SPDM y as the central
variable of the many-body problem [77, 78].

Several important lattice models of strongly interacting electrons have been ad-
dressed within the framework of LDFT. This includes the single-impurity Anderson
model [81-83] as well as the Hubbard model with homogeneous and inhomogeneous
local potentials, dimerized chains, attractive pairing interactions, and inhomogeneous
local repulsions [77-80, 83-87]. The basic idea behind the functionals proposed in
previous approaches is to adopt a real-space perspective and to take advantage of
scaling properties of the interaction energy W as a function of the bond order y;,,,
which measures the degree of charge fluctuations between nearest neighbors (NNs).
The actual dependence of W on y;, can then be inferred from the exact solution of
a reference system, such as the two-site problem (dimer), or other exactly solvable
systems. In its simplest form, this scaling approach gives access only to the diago-
nal and NN elements of the ground-state single-particle density matrix (gs-SPDM).
Therefore, more complex observables whose functional dependence O[y] involves
long-range SPDM elements, as well as physical situations requiring interatomic hop-
pings beyond NNs, remain out of scope, although an extension has been recently
proposed which overcomes the latter limitation [87]. Nevertheless, the domain of
applicability of the functionals proposed so far in the framework of LDFT, and the
physical properties that can be derived from them, are somewhat limited. Moreover,
in order to take full advantage of the universality of LDFT, it is necessary to account
for the dependence of W on the complete density matrix y. In fact, only in this case
the interaction-energy functional W{[y] is independent of the topology, dimension-
ality, and structure of the system. A more flexible formulation would also allow us
to account for the distance dependence of y;j; and thus for the long-range electron
mobility, which is most interesting in the context of strong electron correlations, even
if the actual hybridizations are short-ranged, as it is usually the case in narrow-band
systems. In this way, it should be possible to investigate how electron localization
develops in real space as the Coulomb-repulsion strength increases, which is also rel-
evant for transport properties.

It is therefore one of the central goals of this work (Chapter 4) to develop an
interaction-energy functional W[y] for the Hubbard-model, which takes into account
its dependence on the full SPDM y, and thus leverages the universality of LDFT. To
this aim, we will adopt a delocalized k-space perspective and exploit a newly dis-
covered connection between the interaction energy W in the ground state of the
model and the entropy of the corresponding Bloch-state occupation-number distri-



bution ng,. We apply our functional to finite and infinite lattices in 1-3 dimensions
as well as to the limit of infinite dimensions. The universal character of our func-
tional is demonstrated by considering a large variety of interesting physical situa-
tions, including spin-polarized systems, correlated fermions subject to an attractive
interaction, and we will study systems with different electron densities exhibiting
Luttinger-liquid behavior.

Another fundamental limitation of current LDFT is the lack of a rigorous formula-
tion which applies to the thermodynamic equilibrium at a finite temperature. A finite-
temperature formulation exists in the framework of conventional DFT, which is based
on Mermin’s fundamental theorem [6], however, despite some efforts to derive sound
approximations to the corresponding functionals, no practical implementation of the
finite-temperature method is available so far [88, 9o, 91]. This precludes the current
DF approaches to account for a myriad of important physical phenomena, which can
not be described within a ground-state formalism. For example, phase transitions in
magnetic or superconducting materials, the Kondo-effect, and metal-insulator transi-
tions are the consequence of specific qualitative features in the many-body spectral
density of the electronic system. These effects therefore manifest themselves at spe-
cific temperatures, such as the Curie or Néel ordering temperatures in ferromagnets
and antiferromagnets, or the Kondo temperature for magnetic impurities in metals.

A further important contribution of the present work is therefore the rigorous for-
mulation of finite-temperature lattice density functional theory (FT-LDFT) in Sec-
tion 3.2. Practical applications of FT-LDFT are provided in Chapter 5, where we fo-
cus on the Hubbard model and propose a simple scaling approximation to the cor-
relation part G.[y] = G[y] — Gs[y] of the central free-energy functional F[y] =
K[y] + G[y]. Here, K[y] represents the kinetic energy of the lattice electrons and
Gsly] = Wirly] — TSs[y] incorporates the interaction energy and entropy of indepen-
dent fermions. The flexibility and predictive power of FT-LDFT in combination with
our new scaling approximation is demonstrated in numerous applications to the Hub-
bard model with different band fillings in 1-3 dimensions. This applies in particular
to the regime of strong Coulomb-interactions U > t, where the scaling approxima-
tion accurately reproduces the subtle effects of the separation between the spin- and
charge-degrees of freedom.

The remainder of this thesis is organized as follows. In Chapter 2 we will give a
short introduction to the Hubbard model, which is among the most emblematic mod-
els for strongly correlated electrons on a lattice, and which is therefore the main model
of interest in the applications of our methods. Chapter 3 provides a rigorous formu-
lation of LDFT for the ground state as well as for the thermodynamic equilibrium at
finite temperatures. We will formulate the fundamentals of FT-LDFT in two different
flavours, accounting for canonical and grand-canonical ensembles. In Chapter 4 we
discover a remarkable one-to-one correspondence between the interaction energy W
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in the ground state of the Hubbard model and the entropy S of the corresponding
Bloch-state occupation-number distribution 7. This newly discovered connection
between W and S leads us to a very intuitive approximation to the interaction-energy
functional W[y], which takes into account its dependence on the full SPDM y and
reproduces the exact interaction energy in the important limits of idempotent and
scalar SPDMs, which are characteristic for weak and strong electronic correlations.
The accuracy and universal nature of our method is demonstrated in applications to a
large variety of physical situations. In Chapter 5 we focus on the thermal equilibrium
at finite temperatures and develop a very intuitive scaling approximation for the cor-
relation contribution G.[y] to the free energy of the Hubbard model. The predictive
power of our scaling approximation is demonstrated in applications to the half-filled
Hubbard model on bipartite lattices in 1-3 dimensions. We also go beyond half band-
filling and employ the scaling approximation in order to investigate the influence
of the electron density on the most important equilibrium observables, such as the
specific heat Cy and the average number of double occupations D. Furthermore, we
extend our method to spin-polarized systems, which allows us to study the effects of
external magnetic fields. The final Chapter 6 summarizes our results and provides an
outlook on future challenges in the framework of LDFT.



The Hubbard model

The accurate description of electronic interactions is one of the major challenges in
modern condensed matter physics. Strong electronic interactions arise, for example,
in transition or rare-earth metals having partially filled d or f shells. Since these or-
bitals are rather localized around the ions, the mutual Coulomb repulsion of the corre-
sponding electrons is, in contrast to the delocalized s or p shells, not treated with suf-
ficient accuracy by mean-field approximations. The partially filled d and f shells are,
however, also hybridized in the bulk, and in this way contribute to the chemical bond-
ing. Consequently, neither a delocalized free-electron picture nor a fully-localized
picture is suitable to describe the physical properties of transition-metal systems. In
order to understand the physics of these systems it is important to have a theory which
takes into account the interplay between electronic interactions and hybridizations.
In this context Hubbard, Gutzwiller, and Kanamori [44-46] independently proposed
a model Hamiltonian, usually referred to as Hubbard model, which intends to capture
the most relevant contributions to the competition between electronic delocalization
driven by hybridization and localization due to the mutual Coulomb repulsion be-
tween the electrons. In its most simple form, the Hubbard model describes a single
orbital per lattice site and the hybridization is realized by the hopping of electrons be-
tween the orbitals located at nearest neighbor (NN) sites. Furthermore, the Coulomb
interaction between the electrons is simplified to an effective onsite repulsion, i.e.,
only the interaction between electrons within the same orbital is taken into account.

Despite its apparent simplicity, no general solution of the Hubbard model is avail-
able to date. An exact solution exist only in two special cases, namely for the two
extremes of lattice coordination numbers two and infinity. The solution for the first
case, i. e., the one-dimensional Hubbard model, was derived by Lieb and Wu [49], and
it is based on Bethe’s solution for the spin-1/2 Heisenberg chain [92]. The latter case
is handled by mapping the Hubbard model to a single-impurity Anderson model sup-
plemented by a self-consistency condition. This provides a mean-field like picture,
which becomes exact if the spatial dimension tends to infinity [38, 39]. After having
introduced the Hubbard model in Section 2.1 and discussed the profound approxima-
tions involved in its derivation from the first-principles many-body Hamiltonian, we
review the exact Lieb-Wu solution for the ground state of the infinite Hubbard chain
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in Section 2.2. In the subsequent Section 2.3 we discuss some important limiting cases
of the Hubbard model, most notably the case of strong Coulomb repulsions, where the
low-lying excitations of the half-filled Hubbard model are described by an effective
spin-1/2 Heisenberg model. Furthermore, we review the mean-field approximation
for the Hubbard model in Section 2.4 and present the corresponding ground-state
phase diagram.

2.1 Approximating the full many-body Hamiltonian

In order to derive the Hubbard model from the full many-body Hamiltonian of inter-
acting electrons in a solid, we start by assuming that the ions form a static lattice, such
that their interaction with the electrons can be described by a static potential v(r).
This assumption is justified, since the electron mass is several orders of magnitude
smaller than the mass of the ions in typical solids, and consequently, the electronic
system is able to adapt almost instantly to changes of the ionic structure. Within
this approximation the dynamics of interacting electrons in a solid is governed by the
electronic Hamiltonian

AL 2 A
H=>" / yl(r) l—zh—mvz + U(r)] Yo (r)dr
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lr —r'|

where tﬁ;(r) [lﬁg(r)] is the usual fermionic field operator creating (annihilating) an
electron with spin polarization ¢ at the position r. The first term in Eq. (2.1) rep-
resents the kinetic energy of the electrons and their interaction with the static ion
potential v(r), and the second term describes their mutual Coulomb interaction.

We aim to describe the dynamics of electrons in narrow energy bands, such as the d
or f electrons in solids, and therefore it is appropriate to work in a basis of Wannier
states ¢,(r — R;) which are localized around the lattice sites i = 1,..., N,. Here « is
the band index, and if we introduce the corresponding creation operator é;r +o Which
creates an electron with spin polarization ¢ in the Wannier orbital ¢,(r — R;), we can
express the fermionic field operator as

AGEDITHCES DI (2:2)

Consequently, within the basis of the single-particle Wannier orbitals we can write
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the Hamiltonian (2.1) as
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where the hopping integrals are given by

2
= /gbZ(r - R)) [—f—mvz + v(r)] $p(r — R;)dr, (2.4)

and similarly, the interaction-energy integrals are given by

2

;15)/5 / ¢o(r = Ry) gy(r’ - ]) ¢5( —R) ¢y(r —=Ry)drdr’.  (25)

The Hubbard model is obtained from the general many-body Hamiltonian (2.3) by
several profound approximations. First, since we are interested in the dynamics of
electrons in open d or f shells, it is justified to approximate their interaction with the
electrons in the closed s and p shells by some static mean-field potential which, added
to the ionic potential v(r), results in an effective potential describing the interaction
of the conduction band electrons and the screened ions. If one furthermore assumes
that the Fermi surface lies within a single conduction band and all other bands are far
away from the Fermi level, it is justified to focus on the conduction band exclusively,
which means that one can discard the band indices denoted by Greek letters in the
general Hamiltonian (2.3). A further profound approximation in the Hubbard model
is to neglect any kind of interatomic Coulomb interaction between the electrons, i. e.,
to neglect all interaction parameters except for the dominating term Wj;;;, which ac-
counts for the Coulomb repulsion between two electrons occupying the same Wannier
orbital localized at a given lattice site. According to Eq. (2.5) the intra-atomic Coulomb
integral Wj;;; is independent of the specific lattice site under consideration, such that
one can set Wj;; = U for all i. In this way, the second term in the Hamiltonian (2.3),
which accounts for the Coulomb interaction between the electrons, is reduced to the

simple form
U Al A A A A A
o Z Z C:acja’ci(f/cia =U Z nith; (2.6)
oo’ i i

where 7, = é;éig is the usual number operator for electrons with spin polarization o
in the Wannier orbital located at R;. Consequently, one obtains the Hubbard-model
Hamiltonian as

H=K+W = Z tij cwc](, + UZ Aify| (2.7)

ijo
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A further simplification usually made in the context of the Hubbard model on periodic
lattice structures is to assume that the hopping integrals (2.4) are isotropic, i. e., that
they solely depend on the distance between the lattice sites, such that t;; = t(|R; — R;]),
and based on the assumption that the Wannier functions ¢,(r — R;) are strongly lo-
calized around the corresponding lattice sites, one often neglects all hopping-matrix
elements beyond the NN terms t;; = —t. In this way, the Hubbard-model Hamilto-
nian (2.7) is further simplified to

H=K+W=-t > & &e+UD Anhy, (2.8)

(ij)o i

where (i, j) indicates the summation over NN lattice sites." We have ignored the on-
site terms t;; = ¢ since, due to the assumed homogeneity, they solely contribute a
constant Ne¢ to the energy if the number of electrons N is kept fixed, and otherwise
they can be absorbed in the chemical potential when working in a grand-canonical
ensemble.

The physical processes described by the single-band Hubbard model (2.8) are quite
intuitive. The first term K describes the hopping of electrons between the orbitals
located at NN sites, which leads to a delocalized electronic state and, due to the inter-
action with the screened ions, to an effective bonding among the lattice. The second
term W describes the local Coulomb repulsion U between electrons located at the
same lattice site. Equation (2.8) describes a single band, such that there is only one
orbital per lattice site, and consequently, due to Pauli’s exclusion principle, two elec-
trons occupying the Wannier orbital at a given lattice site must have opposite spin
polarization. The two processes described by the Hubbard model are in strong com-
petition with one another, since the kinetic energy K favors a delocalized electronic
state in order to achieve a strong bonding among the lattice, while the local Coulomb
interaction W favors a localized state in order to minimize the number of doubly oc-
cupied Wannier orbitals.

In order to take a closer look at the two contributions, K and W, which make up the
Hubbard-model Hamiltonian, we consider two cases in which the Hubbard model can
be solved easily. The first one concerns the atomic limit ¢ = 0, in which the Hubbard
model Hamiltonian reduces to the interaction-energy term

H=w=UD, (2.9)

where the operator D = 2. fipf;) counts the number of doubly occupied Wannier
orbitals. The corresponding eigenstates are given by

) = ( [ éjT) ( [ cl) lvac), (2.10)

i€[T iéfl

"Notice, that some authors use the notation (i, j) in order to indicate the summation over NN pairs,
while in our convention there are two terms in the sum for each pair of NNs.

10
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where 7; is an arbitrary subset of {1, ..., N} which represents the local orbitals that
are occupied by spin-o electrons, such that the corresponding cardinality |7,| equals
the number N, of spin-o electrons. The energy eigenvalue of this state is given by

E= >\ U=UD, (2.11)
IT”IL

where D = |I; N )| is the number of doubly occupied local orbitals. The ground
state is obtained by choosing subsets 7, having minimal intersection. Clearly, for
N = Ny + N| < N,, i. e, if the band is not more than half-filled, one can always find
subsets having 73 N I} = @, resulting in a vanishing ground-state energy E, = 0.
In the case of a more than half-filled band (N > N,) there must be at least N — N,
sites which are occupied by two electrons, such that the ground-state energy is given
by Ey = UN — N,).

The second case in which the Hubbard model (2.8) allows for a straight forward
solution concerns noninteracting systems, i.e., a vanishing local Coulomb repul-
sion U = 0. The Hubbard-model Hamiltonian then reduces to the tight-binding term

H=K=—t Z é;éjg. (2.12)
(ij)o

Like every periodic tight-binding Hamiltonian it can be diagonalized by introducing
the corresponding Bloch states

i L 8 kR g
¢, = et ¢

c
k i’
‘ VNa i=1

which correspond to the wave vectors k in the first Brillouin zone (BZ). It is straight
forward to verify that, in terms of the Bloch-states (2.13), the tight-binding Hamilto-
nian (2.12) assumes the form

H=K-= Z Z &k Nio (2.14)

(2.13)

keBZ o=T,|
with the single-particle energies
& = —t Z cos(k - A), (2.15)
AeNN

where the sum is taken over the unique vectors A € NN connecting a given lattice
site to its NNs. For example, in the case of a one-dimensional lattice with lattice
constant a = 1 one has ¢ = —2tcos(k), and the corresponding N, discrete wave

11
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numbers k are distributed equally spaced within the BZ [, 7). The eigenstates of
the Hamiltonian (2.14) are given by

[P ) = ( [ a}cT)( [ ézl) lvac), (2.16)

kekK;y keK,|

where K, is an arbitrary subset of the k-vectors in the BZ, representing the Bloch
states that are occupied by spin-o electrons. The corresponding energy eigenvalue is

then given by
Ex = Z Z &k - (2.17)
o keK,

The ground state of (2.14) is consequently obtained by choosing K, as the set of wave-
vectors which correspond to the N, lowest-lying Bloch-state energies (2.15). This kind
of “filling the band from the bottom” is illustrated in Fig. 2.1 for the case of a one-
dimensional ring having N, = 10 sites and N = 10 electrons. As another specific
example, let us consider the infinite one-dimensional Hubbard chain. Since the cor-
responding wave numbers k are dense within the BZ [—7, 7), one can replace sums
within the BZ by integrals according to the rule

N, "
Z —  — / dk . (2.18)
21 J_,

keBZ

Furthermore, since the dispersion relation of the infinite chain ¢(k) = —2t cos(k) in-
creases monotonously with |k| for k € BZ, all Bloch states having |k| < kp, are oc-
cupied in the ground state, while states with |k| > kp, are unoccupied. Here, the
Fermi wave-number kr, for electrons with spin polarization ¢ is determined from
the corresponding electron density n, = N, /N, as

N, kro

N,
Y

dk = kg, =nn,. (2.19)
_kFU

The ground-state energy of the infinite noninteracting Hubbard chain is thus obtained

as
kro 2tN,

Eoz%;/_ e(k) dk = —

kFJ

T

Z sin(zrng) . (2.20)

Despite the apparent simplicity of the Hubbard model (2.8), it incorporates a
plethora of interesting physical phenomena observed in interacting many-electron
systems. It has been used in order to study the band magnetism in transition met-
als [93], to investigate the Mott metal-insulator transition [40, 94], and it is believed
to incorporate the fundamental processes responsible for high-T, superconductiv-
ity [95, 96]. Clearly, a model which incorporates such a diversity of subtle many-body

12
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s (k)

N g o
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Figure 2.1: Schematic illustration of the noninteracting ground state of a 10-site Hubbard ring
having N = 10 electrons with Ny = N| = 5. The dispersion relation (k) = —2t cos(k) of the
one-dimensional Hubbard chain is shown by the blue curve on the left and the single-particle
energy levels ¢ of the 10-site ring are marked by red dots. The diagram on the right illustrates
the “filling” of the energy levels from the bottom by electrons with opposite spin polarization,
which leads to the noninteracting ground state.

|
v

effects can not be expected to allow for an easy general solution. In fact, despite the
profound simplifications involved in the derivation of the Hubbard model (2.8), and
the simple solution of its two individual constituents K and W discussed above, there
are only few exact results available at present. An exact solution exists for the ground
state of the infinite one-dimensional chain, which will be reviewed in the subsequent
section, as well as in the limit of infinite spatial dimensions [38, 39]. Furthermore,
there are a number of rigorous results for the ground state and excited states in some
limiting cases [55].

2.2 Lieb-Wu equations for the ground state

One of the few situations in which the Hubbard model (2.8) allows for an exact an-
alytical solution is the case of the infinite one-dimensional chain. The ground-state
problem of the infinite one-dimensional Hubbard chain has been solved by Lieb and
Wu [49]. Later developments by Jiittner et al. [56] have extended the exact analytical
solution of the one-dimensional Hubbard chain to the equilibrium at finite tempera-
tures. In this section we briefly review the solution of Lieb and Wu for the ground
state, which is based on the Bete-ansatz [92] and reduces the Schrédinger equation
for the one-dimensional Hubbard model to a set of algebraic equations. In the ther-
modynamic limit N, — oo, with the electron density N/N, and the density N|/N,
of the down spins kept fixed, the solution of Lieb and Wu is expressed in terms of

13
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two density functions p(k) and o(A), which are obtained from the coupled integral
equations

1 B
p(k) = o + cos(k)/ K[sin(k) — A] (1) dA, (2.21)
7 -B
) B
o(d) = / K[sin(k) — A] p(k) dk — / KX A =X]o(X)dX . (2.22)
-0 -B
The functions K[x] and K?[x] entering the integral equations are defined as
1 8u 1 4u
Klx]= — | —— K[x] = — | ——— .
[l 2m |u? + 16x2] and [l 2m |u?+ 4x2] ’ (2:23)

where u = U/t is the ratio between the Coulomb repulsion strength U and the hop-
ping integral ¢. The parameters 0 < Q < 7 and 0 < B < oo, which appear in Egs. (2.21)
and (2.22), are determined by the conditions

/Q (k)dk—N d /B ()L)d/l—Nl (2.24)
. p =N an y o =N, 2.24
Finally, the ground-state energy of the infinite one-dimensional Hubbard chain is ob-
tained from the density function p(k) as

Q
Ey = —2tNa/ p(k) cos(k)dk . (2.25)
-Q

In the case of a half-filled band with vanishing magnetization, i.e., N = N, and Ny =
N| = N/2, one can show that Eq. (2.24) is satisfied for Q = 7 and B = oo [97]. In
this case, Egs. (2.21) and (2.22) can be solved in a closed form, and one obtains the
ground-state energy of the half-filled one-dimensional Hubbard chain as

© Jo(w) i(o)

Ey = —4tN,
’ “Jo o(1+e?)

w, (2.26)
where Jo(w) and Ji(w) are Bessel functions of order zero and one. Another impor-
tant quantity that can be obtained from the Lieb-Wu solution is the average number
of double occupations D = X;(f;1;)) which, regarding the Hamiltonian (2.8) of the
Hubbard model, is obtained as the derivative of the ground-state energy E, with re-
spect to the Coulomb integral U. From the ground-state energy (2.26) of the half-filled
unpolarized Hubbard chain one obtains the corresponding average number of double
occupations as

D

_9E _ / T i) (2.27)
0

T oU 1+ cosh(wu/2)
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The unpolarized case Ny = N| = N/2 with arbitrary electron densityn = N/N, < 1
has been investigated by Shiba [51]. Vanishing magnetization corresponds to B = oo,
and Shiba has demonstrated that in this case Egs. (2.21) and (2.22) can be reduced to
the single integral equation

o) . i 1t
plk) = 21 4 costk) / R(4(Smk sink )) oK) dK (2.28)
T u _ u
h
T e PNt [y, (2:20)
= 2+(2n) TJowo 14+ (x+1)? =29

The parameter Q which enters Eq. (2.28) is determined by the first condition of
Eq. (2.24), and after p(x) is obtained from the solution of Eq. (2.28), the ground-state
energy follows from Eq. (2.25). Again, the average number of double occupations is
obtained from the derivative of the ground-state energy with respect to the Coulomb
repulsion strength U

OE a (¢
D= 6_U0 = —2N, 9 (/_Q p(k) cos(k) dk) . (2.30)

Here one has to take into account that not only p(k) but also Q dependsonu = U/t. In
fact, from the conservation of particles N /du = 0 and the first condition of Eq. (2.24)

one obtains
00 _ / optk) 4, (230
6u 2p(Q) o Ou ’ '

where we have used p(Q) = p(—Q).”> Combining Egs. (2.30) and (2.31) one obtains

0p(k)

= 2N, / (cosQ — cosk) —— (2.32)

For the derivative of the density function p(k) one obtains from Egs. (2.28) and (2.31)
the following integral equation

dp(k)  cos(k) Q (4(sink —sink’) , cos(k) , Gp(k’)
- a2 . dD( ” ) p(k")dk” + / dk e X

X[R(él(sink—sink’))__R(4(smk—st)) lR(4(sink+sinQ))], (2.33)

u 2 u 2 u

*The fact, that p(k) is an even function follows from the uniqueness of the solution of Eq. (2.28),
which has been demonstrated by Lieb and Wu [97], together with the fact that if p(k) is a solution
of Eq. (2.28) then p(—k) is a solution too.
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2 The Hubbard model

where the function R(x) is defined in Eq. (2.29) and

GR(X)_ﬁi wr X2 (@)’

T =1 [x2 + (211)2]2

d(x) = —R(x) — (234)

In the strongly correlated limit u = U/t — oo, Shiba’s integral equations (2.28)
and (2.33) yield p(k) = 1/(27) and dp(k)/0u = 0. Therefore, one obtains D = 0 from
Eq. (2.32), i. e., the expected result that there are no double occupations in the ground
state of the strongly-correlated Hubbard model with n = N/N, < 1. Furthermore, the
first condition in Eq. (2.24) must be fulfilled, i.e.,

20 N B
[Q (k)dk—zﬁ N = Q=unn, (2.35)

and consequently, from Eq. (2.25) one obtains the ground-state energy of the strongly
correlated infinite Hubbard chain as

tN, [ 2tN,
Ey=——2 / cos(k)dk = -—=2
T J-nn

sin(zn) . (2.36)

This energy is due to the correlated electronic hopping between vacant lattice sites,
which does not lead to double occupations. Clearly, in a half-filled band (n = 1) there
are no vacancies, since a state with vanishing double occupations must be attained,
and consequently the ground-state energy of the strongly correlated Hubbard chain
vanishes at half band-filling.

In Appendix D we present a method for solving Shiba’s integral equations (2.28)
and (2.33), which utilizes the trapezoidal rule in order to approximate the integrals
and, in turn, leads to a set of coupled linear algebraic equations. Results for the
ground-state energy Ej and the average number of double occupations D as a function
of the electron density N /N, are presented in Fig. 2.2 for some representative values of
the Coulomb-repulsion strength U/t. From Fig. 2.2 (a) one concludes that correlation
effects are rather negligible for low electron densities (N/N, < 0.3), since the elec-
trons can effectively avoid each other without much impact on their kinetic energy.
Correlations in the electronic ground state become more noticeable as the electron
density increases, and reach the maximum in the case of a half-filled band N/N, = 1.
The ground-state energy is thus most affected by changes in the Coulomb-repulsion
strength U/t if the band is half filled, where it varies from Ey, = —4tN,/x in the non-
interacting case U/t = 0 to Ey = 0 in the strongly interacting limit U/t — oco. In the
strongly interacting limit the electrons can reduce their kinetic energy only by hop-
ping processes which involve vacant lattice sites and consequently, the ground-state
energy is minimal if the number of vacant sites equals the number of electrons, i. e.,
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Figure 2.2: Ground-state properties of the infinite one-dimensional Hubbard chain as func-
tions of the electron density N/N,, obtained by solving Shiba’s integral equations (2.28)
and (2.33). In (a) the ground-state energy E, is shown for a number of representative val-
ues of the Coulomb-repulsion strength U /¢, and the corresponding average number of double
occupations D is displayed in subfigure (b).

for N/N, = 1/2. This is in sharp contrast to the noninteracting case U/t = 0, where
the electrons fill the band from the bottom such that the minimal value of the ground-
state energy is attained at half band-filling N/N, = 1. The position of the minimum
in the ground-state energy E, shifts continuously with increasing U /t, starting from
the noninteracting limit where the minimum is attained at N/N, = 1, to the strongly-
interacting limit where the minimum in E, occurs at N/N, = 1/2. Furthermore, the
electrons tend to reduce the average number of double occupations D at the expense
of a kinetic-energy gain as U/t increases, and consequently one observes in Fig. 2.2 (b)
a gradual suppression of D with increasing values of U /t, starting from D = N?/(4N,)
in the noninteracting case to D = 0 in the strongly correlated limit.

2.3 Symmetries and related models

The Hubbard model has many symmetries, some of them are general while others,
such as the particle-hole symmetry, depend on the topology described by the hopping
integrals t;;. In the following we will focus on the symmetries that are most relevant
for the remainder of this thesis. These are the particle-number conservation, the in-
variance with respect to rotations in spin space, as well as the particle-hole symmetry.
An excellent overview of all symmetries of the Hubbard model can be found in the
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book of Essler et al. [98]. Furthermore, we will consider the strongly interacting limit
of the Hubbard model and demonstrate that the low-lying excitations in this limit
are described by the t-J model, which reduces to the well known antiferromagnetic
(AFM) Heisenberg model in the case of a half-filled band.

2.3.1 Selected symmetries of the Hubbard model

The fact, that the Hamiltonian of the Hubbard model (2.7) commutes with the number

operator N, = }}; éjoél-g for electrons with spin polarization o is obvious, since each

term in H contains as many creation operators é;ra as annihilation operators ¢;,. Con-

sequently, the number N, of electrons with spin polarization o is a conserved quantity
in the Hubbard model. It follows that the total number of electrons N = N; + N| and
the z-component of the spin S; = (Ny — N})/2 are conserved quantities as well. In
order to demonstrate that H also commutes with the spin components S, and §y, one
considers the ladder operators

Sy =S, +iS, = ZéjT ¢, and S_=5,-iS, = Zéjl én . (2.37)
i i

Using the fundamental fermionic anticommutator relations {¢,, s} = 0 and {¢,, é;} =
Oqp, it is straight forward to verify that both terms of the Hubbard-model Hamilto-
nian (2.7), i. e., the kinetic energy K and the local Coulomb repulsion W, individually
commute with the operators .. Consequently, both terms commute with all three
components of the spin Sy = (S, + S_)/2, §y = —i($; — $_)/2, and S,, which means
that they are invariant with respect to arbitrary rotations in spin-space.

In order to introduce the particle-hole symmetry, let us consider the Hubbard model
on a bipartite lattice, i. e., a lattice 7 that can be divided into two sublattices 74 and 73
with 7~ = 74 U 75 such that there is no hopping within the two sublattices, i.e., t;; = 0
ifi,j € Taori,j € 7p. In this case, the unitary transformation which maps é;rg
where the positive sign applies if i € 74 and the negative if i € 7p, transforms the
Hamiltonian of the Hubbard model (2.7) into

Hy = = 3ty bl +U 3 enélié el = 37156 8o+U 3 Ak +U (Na=N) . (238)
1 1

ijo ijo

- iéiﬁs

Therefore, if the hopping matrix ¢ is real, i. e, ¢;; € R for all i, j, the Hamiltonian FIh
differs from (2.7) only by the term U (N, — N), which is an irrelevant constant if one
works in a basis with a fixed number of particles. Since the transformation under
consideration maps electrons into holes and vice versa, it follows that one can infer
the N-electron spectrum and eigenstates of the Hubbard model on a bipartite lattice
from the corresponding problem with 2N, — N electrons. This means, for a bipartite
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lattice it is sufficient to analyze the case N < N,, since the solution of the more than
half-filled band N > N, can be derived from it.

Let us now restrict the electron-hole transformation to the down spins, i.e., let us
consider the transformation which maps 6jl — *¢;|, where, again, the positive sign
applies if i € 74 and the negative if i € 7. This transformation maps the Hubbard-
model Hamiltonian (2.7) into

H, = Z tij (61.TT6]~T il ) + UZ ¢! cchllcl
ij

_Ztll CJT+ZtlJC le UzﬁiTﬂil_'_UNT'
i

(2.39)

If the hopping matrix t is real, the transformed Hamiltonian (2.39) differs from the
Hubbard-model Hamiltonian (2.7) by the sign of the Coulomb integral U and the
term UNT, which only contributes an irrelevant constant if one works in a basis with
a fixed number of up spins. This means, the electron-hole transformation of the down
spins effectively maps the Hubbard model with repulsive Coulomb interaction onto a
corresponding model with attractive interaction. Therefore, on a bipartite lattice one
can obtain the solution of the attractive Hubbard model with coupling constant U < 0
and N| down spins from the corresponding solution of the repulsive Hubbard model
with U > 0 and N, — N| down spins.

2.3.2 Related models of strongly interacting electrons

In Section 2.1 we have already analyzed the noninteracting limit U = 0, where the
Hubbard model reduces to a simple tight-binding Hamiltonian. Furthermore, we have
reviewed the atomic limit #;; = 0 for all i, j, where all states with minimal number of
double occupations are ground states, such that the corresponding ground-state en-
ergy is highly degenerate. Let us now consider the limit of strong Coulomb interac-
tions, where the hopping integrals are non-vanishing but several orders of magnitude
smaller than the Coulomb-repulsion strength, i.e., U > |t;;| for all i, j. In this case,
the large ground-state degeneracy encountered in the atomic limit is lifted by the
kinetic-energy term K, which can be treated like a small perturbation to the interac-
tion energy W. The ground state is then obtained by diagonalizing K in the lower
Hubbard subband 2, which is the subspace formed by all states having minimal
double occupations, i.e., D = 0if N < N, and D = N — N, else. In the following we
will derive an effective Hamiltonian which describes the low-lying excitations of the
strongly correlated Hubbard model, i. e., the excitations within the low-energy sub-
space 9. To this aim, let us split the kinetic-energy term K defined in Eq. (2.7) into
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the following projected hopping operators

Ko= >t [ (1= Aio) & &jo (1= jo) + Ai0él Ciohis|,  (2.40)
ijo

Ki = Dty o &y (1= o) (2.41)
ijo

Ko = 7ty (1= fig) &, 50 Ao (2.42)
ijo

It is easy to verify that K = K, + K, + K_. The first term K, neither creates nor
annihilates double occupations, but represents the hopping of double occupations and
vacancies across the lattice. Consequently, the term K does not lead out of the lower
subband 9. In contrast to I%o, the operators I%J_, lead to transitions between the low-
energy and the high-energy subspaces by creating or annihilating double occupations.
However, higher order hopping processes, such as K_K,, generate and subsequently
eliminate double occupations, and thus do not lead out of Dy. These intermediate
double occupations are called virtual and they are generated by hopping processes of
second or higher order in the operators K. In order to find an effective Hamiltonian
which describes the action of the Hubbard model (2.7) in the subspace Dy, we follow
the work of Schrieffer and Wolff [99] and seek for a unitary transformation

Hyg=e"He ™ =H+i[S,H] - L [S,[S,H]] + - (2.43)
which eliminates all terms in H that give rise to transitions between the lower and
upper Hubbard subbands. It turns out that this goal cannot be achieved in a finite
number of steps, since, for example, all terms that are of odd order in the opera-
tors K., lead to transitions between the Hubbard subbands. Therefore, we will restrict
ourselves to the elimination of the leading term K; = K, + K_ in the Hamiltonian H
which, regarding Eq. (2.43), can be achieved by choosing the generator S such that

i[W,S] =K. (2.44)

Since the operator K, (K_) increases (decreases) the number of doubly occupied sites
by one, it holds

A

[W,K:]=U (ﬁki - Kiﬁ) = U K., (2.45)

and consequently one has
[W,K, —K_]=UK;, (2.46)

such that by comparison with Eq. (2.44) one finds

§=-= (K+ - K_) . (2.47)
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This means that S is of the order /U < 1 where t = max;; |t;j|. Using i[S,Ki] =
2[K:,K_]/U, one obtains by substituting Eq. (2.47) into Eq. (2.43)

Heg = Ko+ W +1[S, Ko + U [K:, K_]+0O(?/U?). (2.48)

Let us now focus on the case n = N/N, < 1, where the lower Hubbard subband D is
formed by the states without doubly occupied sites. Consequently, there is no contri-
bution from W in the effective Hamiltonian (2.48) in this case. Furthermore, the term
in Ky which accounts for the hopping of double occupations does not contribute, such
that within 9, one has

KO = Z tz] - i, cr CT oCio (1 - ﬂj,—a) . (2-49)

ijo

Let us now consider the commutator [K,,K_]. If I%(fj) and K*) denote the terms
in Egs. (2.41) and (2.42) which account for the site pairs (ij) and (kI), it is clear
that [I%fj),legkl)] = 0 if both pairs are disjoint. Therefore, only terms involving two
or three sites contribute to [K,, K_]. The same is true for the commutator [S, K,]. It
is easy to see that only three-site terms contribute to [§, Ieo] and, furthermore, one
can show (see for example [100, Chapter 5]) that the two-site terms of the opera-
tor [K,, K_]/U can be expressed as

2

; 2 i
spm Z]y (Gl 6] 4 ) with .]ij = 7] s (2-50)

where 6, = §i /f with the local spin operator §i, and A; = fi;; +#;) is the local electron-
number operator. Consequently, if we neglect all three-site contributions, the effective
Hamiltonian (2.48) reduces to the so-called ¢-] model

Ht] = Z tl] -1, 0 cT cjo — - U Z]U (al oj — ) . (2.51)

ijo

It is often argued that the omission of the three-site contributions is well justified close
to half band-filling, however, a complete treatment of the effective Hamiltonian (2.48),
including three-site terms up to order t?/U, is desirable in many situations and can
be found, for example, in the excellent book of Fazekas [100]. The first term in the
t-J model (2.51) represents the correlated motion of the electrons through the lattice,
which avoids the creation of double occupations altogether. The second term de-
scribes an AFM interaction between the spins (J;; = 2tl.2j /U > 0), which is reduced by
a density-density interaction. At exactly half band-filling (n = 1) the electrons can not
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2 The Hubbard model

move without creating doubly occupied sites, such that in this case the t-J model (2.51)
reduces to the well-known AFM Heisenberg model

I:IH = Z]ij 6'1' . 5']' . (2.52)
ij

Here we have omitted the density-density interaction term #; f1; which appears in
Eq. (2.50), since at half band-filling it only contributes an irrelevant constant due to
the fact that the electrons can not move such that (7; 7i;) = (f;){f;) = 1 for all i, .

2.4 Mean-field approximation

The mean-field approximation reduces the Hamiltonian of an interacting many-
electron system to an effective single-particle Hamiltonian by neglecting electronic
correlations. Clearly, the negligence of electronic correlations rules out the accurate
description of many interesting effects observed in many-electron systems, but never-
theless, the mean-field approximation is often useful in order to gain a rough insight
into the basic physical properties of a given many-body system. In order to introduce
the mean-field approximation for the Hubbard model (2.8), let us notice that

Anfyp = Ay Ay + A (Ryy) + Ay (i) — (i) (Aay) (2:53)

where we have introduced the density fluctuation An;, = Az — (Ar). The mean-
field approximation is obtained by neglecting the product An;;Af;| of the density
fluctuations, such that the Hubbard-model Hamiltonian (2.8) becomes equivalent to

o R U .
Hyp = —t Z C,T(,Cja + 5 Z Aig(fi—c) - (2.54)
(i,j)o io
If one assumes that the charge distribution is homogeneous, i. e., (fi;;) = n, Vi, it is
straight forward to express the Hamiltonian (2.54) in terms of the Bloch states (2.13)

N Un_,\ .
Hyr = D (fk +— 0) fko » (2.55)
ko

where ¢ are the single-particle energies (2.15). This mean-field Hamiltonian is also re-
ferred to as Stoner model, and it describes noninteracting fermions in a band-structure
which is shifted for the up and down spins by Ae = U |ny—ny|/2 > 0 if the underlying
state is ferromagnetic (FM), i. e., if ny # n|. In the following we would like to investi-
gate if this splitting of the spin-dependent subbands is energetically favorable, and in
this way determine the stability of the FM phase versus the paramagnetic (PM) phase.
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2.4 Mean-field approximation

To this aim, let us first notice that the ground-state energy of the Hamiltonian (2.55)
is given by

E Ho
ME— Z / ep(e)de + Unny, (2.56)
Na o —00

where we have introduced the tight-binding density of states (DOS)

ple) = — 3 Ble - e, (57
4 keBZ

and the chemical potential p,; for electrons with spin polarization ¢ is determined by
the condition

Ho
/_ p(e)de = n, . (2.58)

[e9)

Clearly, in the PM phase one has ny = n; = n/2 and consequently yy = pj = p, such
that the corresponding ground-state energy is given by

E # Un?
;I:[ = 2./_°o€p(€)d£+ Tn (2.59)

Let us now consider a slightly ferromagnetic configuration, i. e., n, = n/2 + o dn with
|6n| < n. If one assumes that the DOS is approximately constant in a small region
around the Fermi energy ¢r = 1, one can approximate Eq. (2.58) as

n H Ho n
no=roon= [ perder [ perdesSapmon (oo
—00 l,[
on
= 5 o = Ho — =0 —. 2.61
fo = He =R =00 .

Similarly, one obtains

fo p 512
[epertes [ eperde o (ﬂ5#a+ﬁ), (262)

0o 2

such that with Eq. (2.61) and nyn| = n*/4 — 5n® the energy (2.56) of the FM configura-
tion is given by

Erm  Epm 9 ( 1 )
= +én°|—-U]| . 2.63
N, N, p(p) (=63)

This means that the FM configuration is more stable if

Up(p) > 1. (2.64)
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This is the well-known Stoner criterion, which states that ferromagnetism should be
favorable for strong Coulomb interactions as well as for large values of the DOS at
the Fermi level. The corresponding equality Up(u) = 1 marks the boundary where,
according to the present mean-field approximation, a transition between the PM and
the FM phase is expected. As an example we have indicated the Stoner transition for
the one-dimensional chain and the two-dimensional square lattice in Fig. 2.3.

In Section 2.3.2 we have seen, that the low-lying excitations in the half-filled Hub-
bard model are described by the AFM Heisenberg model if strong Coulomb inter-
actions are considered. Consequently, we expect that AFM configurations play an
important role especially in the region around n = 1. In order to adapt our present
mean-field approximation for the Hubbard model such that AFM configurations can
be taken into account, we divide the given lattice into unit cells containing two sites.
Thus, in the following we denote by R; the lattice vector which belongs to a given
(two-site) unit cell, and the individual sites within this unit cell are indicated by the
index @ = 1, 2. Using this notation the Hubbard-model Hamiltonian (2.8) is written as

H=K+W= >, t:¢ Ciwo+U D hiathial (2.65)
124

ijaa’c

where the operator él.Ta » (Cias) creates (annihilates) an electron with spin polarization o
in the Wannier orbital localized at the site « in the unit cell R;. For the hopping
integrals we have tl.‘}“' = —t if the site « in the unit cell R; and the site @’ in the unit

cell R; are NNs, and tlfj.“' = 0 otherwise. In analogy to Eq. (2.13) we introduce the
Fourier transform of the localized Wannier states

1 X
’*T — lk'Ri ’*T
Chue = —\/]vc lél e oo s (2.66)

where N, = N,/2 denotes the number of two-site unit cells and the vectors k belong
to the BZ of the given lattice structure. It is straight forward to verify that the kinetic-
energy operator K, expressed in terms of the creation operators (2.66), assumes the
form
NC
K= Z eza' 6;0{06“/0 with e,‘f“/ = Z %% (R;) e 7R (2.67)
kaa’'c i=1
Here we made use of the translational symmetry of the underlying lattice, such that
the hopping integrals tl.‘;“, = t**(R;) depend only on the lattice vector R; = R; — R;
connecting the unit cells at R; and R;. Let us now apply the mean-field approximation

ﬁiaTﬁi(xl ~ ﬁiaT<ﬁi(xl> + ﬁial<ﬁiaT> - <ﬁi0{T><ﬁial> (2-68)

to the Hubbard-model Hamiltonian (2.65). If we use the result (2.67) and assume
that the charge distribution is the same within each of the two-site unit cells, i.e.,
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2.4 Mean-field approximation

(Rigs) = Ngs Vi, we readily obtain the mean-field approximation for the Hubbard-
model Hamiltonian (2.65) as

A AN N . ’ ’
Hur= > h¢ & lkaro With Y = 8 4 5

o kao

(2.69)

kaa’'c

The mean-field Hamiltonian Hy is already diagonal in ko, and in order to diagonalize
it with respect to a, a’ one seeks for the solutions of the eigenvalue equation

Ho(k) vsa(k) = Eso(k) vso(k) > (2-70)

where H, (k) is the 2X2 matrix formed by hZZ with @, @’ € {1,2}. Introducing the
states

bl = vaelk)l . (2.71)
(24
we readily obtain

Hyr = > (k) fise With  figge = bl bis . (2.72)
kso

The single-particle eigenvalues &, (k) of the mean-field Hamiltonian Hy form the
two energy bands s = 1, 2 that are expected for a lattice having two orbitals per unit
cell, however, due to the mean-field interaction both bands split into subbands for up-
and down spins. Just like in the case of the Stoner model, this spin-dependent splitting
of the energy bands is controlled by the Coulomb-repulsion strength U and the charge
distribution, which is characterized by the spin-dependent electron density n,, at the
sites ¢ = 1, 2.

In the following we would like to investigate the equilibrium properties of the
mean-field Hamiltonian (2.72). To this aim we work in a grand-canonical ensemble
at a given temperature 7. Since Hyr describes an effective noninteracting system, we
have in equilibrium

<ﬁksa> = Tr{ﬁ ﬁkso} = f(gsa(k)) > (2'73)

where p is the grand-canonical density matrix and
(6) = th f= (274)
H&= e Vit P 274

the well-known Fermi-Dirac distribution. The chemical potential y is determined by
the electron density n = N/N,, i. e., from the condition

1
N > flesos(k)) . (2.75)

a4 kso

n=
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2 The Hubbard model

Furthermore, it is straight forward to verify that the number of spin-o electrons at
the site @ within each of the unit cells is given by

1 . . 1
Moo =~ D Cpgoliar) = 17 25 [0sao (k) f (eso (k) (2.76)
¢ keBZ C ks

Notice, however, that the vectors v,(k) depend on n,, themselves [see Egs. (2.69)
and (2.70)], such that these equations must be solved in a selfconsistent manner:

1. Start from some initial guess ng)g for the number of spin-o electrons at the site «
within each unit cell. In particular choose

a) nfx"), = n/2 for all @, o in order to start from a PM configuration,

b) nEXOT) =n/2 + dn and ng)l) =n/2 - dnfor a = 1,2 with |dn| > 0 in order to

start from a FM configuration,

0 0

c) n(lT) = n(2 l)
start from an AFM configuration.

=n/2 + én and ny| = nyp = n/2 — 5n with |6n| > 0 in order to

2. Solve the eigenvalue equation (2.70) in order to obtain the band structure &, (k)
and the eigenvectors v, (k).

3. Determine the chemical potential y by means of Eq. (2.75) and, subsequently,
obtain new values for ny, from Eq. (2.76).

4. Exit if convergence is achieved, i.e., ny,, = ng)g Vao. Otherwise, return to step 2

after having updated ng?g with ngg.

In order to determine the phase which corresponds to the equilibrium, one solves the
selfconsistent procedure for all three phases and computes the corresponding free
energy F = E — TS, with the energy

E= (k) fles0 (k) (2.77)

kso
and the entropy
S=-kg S { Fleso (k) Jog [ £ (esa ()] + [1 = £ (esa )] Tog 1 = f (s ()] } . (2.78)
kso

The phase which corresponds to the equilibrium is then identified as the one hav-
ing the lowest free energy F. Notice, however, that solutions within the FM and
AFM phases are not guaranteed, i.e., the selfconsistent iteration, starting from an
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Figure 2.3: Ground-state phase diagram of the Hubbard model, obtained from the mean-field
approximation. Subfigure (a) shows the phase diagram for the 1D chain as function of the
band-filling n and the Coulomb-repulsion strength U/t. Subfigure (b) shows similar results
for the 2D square lattice. In both subfigures the PM-FM transition predicted by the Stoner
criterion (2.64) is indicated by a white dashed line.

(anti)ferromagnetic configuration having |n| > 0 might lead to a PM solution with
on = 0.

Using the thus described selfconsistent procedure for the solution of the mean-
field equations, we have determined the ground-state phase diagram of the Hubbard
model on the infinite chain as well as on the two-dimensional square lattice. In our
results presented in Fig. 2.3 one notices an apparent symmetry around half-band fill-
ing (n = 1), which is a simple consequence of the particle-hole symmetry in the bipar-
tite Hubbard model, as already discussed in Section 2.3.1. Furthermore, one observes
the general trend that paramagnetism dominates in the weakly interacting regime,
while ferromagnetism or antiferromagnetism dominates for strong Coulomb interac-
tions. This can be readily understood by noting that the subbands &;,(k) do not split
if a noninteracting system (U = 0) is concerned, such that the most stable configura-
tion must be PM in this case. In the other extreme where the Coulomb repulsion is
strong, the subband-splitting is very pronounced, and the most stable configuration
is achieved if the low-lying subbands are filled fist, which results in a FM or AFM
configuration. Comparing Figs. 2.3 (a) and (b) one concludes that the mean-field ap-
proximation predicts a greatly enhanced stability of the FM phase in 1D for small
and large values of the band-filling n. This can be easily understood by the Stoner
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criterion (2.64), since the DOS in 1D is significantly larger at the band edges than
its equivalent in 2D. In contrast to the FM phase, we find a stability region of the
AFM configuration which is qualitatively very similar for the 1D and 2D lattices. As
expected, an AFM configuration is most stable in the region around half band-filling,
where the antiparallel alignment of the spins is crucial in order to reduce the kinetic
energy by hopping processes.
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Density functional theory on a lattice

The quantum many-body problem has always been one of the most important and
challenging problems in condensed-matter physics. One of the major breakthroughs
in this area is the development of Hohenberg-Kohn-Sham’s density functional theory
(DFT), in which the many-particle wave function |¥) is replaced by the many-particle
density n(r) as the central variable [2, 3]. For readers not familiar with conventional
DFT in the continuum we present a concise overview in Appendix A, which accounts
for the ground-state formalism as well as to the equilibrium at finite temperatures.
Although DFT is an exact theory for many-body systems, practical applications must
resort to approximations for the unknown exchange-correlation functional Ey.[n(r)].
While the available approximations have been very successful in a wide range of
applications, there are many situations where the current DFT approaches lead to
qualitatively wrong results. This applies in particular to strong electron-correlation
phenomena, including the physics of heavy-fermion materials [35], high-temperature
superconductivity [36, 37], and Mott-insulators [38—40]. Strongly-correlated electron
systems are usually best described in the framework of lattice Hamiltonians, in which
the electronic dynamics is simplified by focusing on the most relevant contributions
which dominate the low-energy or low-temperature physics. Taking into account the
remarkable success of DFT to handle the first-principles problem in the continuum,
it is reasonable to expect that a suitable extension of the fundamental concepts of
DFT to many-body lattice models could provide an alternative, potentially most ef-
fective new perspective to the physics of strongly-correlated electrons on a lattice. It
is therefore the purpose of this chapter to develop a DFT formalism which applies to
strongly-interacting electron systems described by lattice and minimal-basis Hamil-
tonians.

The main differences between lattice models and the first-principles treatment
of interacting-electron systems are that lattice-model Hamiltonians are described in
terms of a discrete and drastically reduced set of single-particle basis states ¢;,(r), and
that the Coulomb-interactions as well as the hybridizations are simplified. Neverthe-
less, the formulation of lattice density functional theory (LDFT) is in many aspects
similar to the conventional DFT in the continuum, however, some significant differ-
ences between both formulations exist. Most notably, the particle density n(r), which
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is the fundamental variable in the formulation of conventional DFT, is replaced by the
single-particle density matrix (SPDM) y in the framework of LDFT.

The remainder of this chapter is organized as follows. In Section 3.1 we present a
formulation of LDFT which applies to the ground state of lattice-model Hamiltonians.
After having established in Section 3.1.1 a unique connection between the hopping
matrix ¢, which characterizes the system under study, and the ground-state single-
particle density matrix (gs-SPDM) y, we will employ a constrained-search method in
Section 3.1.2 which leads to an interaction-energy functional from which the gs-SPDM
and, in turn, all ground-state observables can be obtained in principle. In the follow-
ing Section 3.1.3 we will demonstrate that the gs-SPDM of a given interacting system
can be obtained from the solution of effective single-particle equations. In contrast
to the Kohn and Sham (KS) scheme discussed in Appendix A.1.3, we will consider
an auxiliary noninteracting system at a fictitious finite temperature T, > 0 and chose
its parameters such that the corresponding equilibrium single-particle density matrix
(eq-SPDM) y equals the one in the ground state of the given interacting system. Sec-
tion 3.2 is devoted to the development of a DFT for lattice models in equilibrium at
a finite temperature. We will formulate the theoretical foundations in two different
flavours: Section 3.2.1 accounts for a grand-canonical ensemble formalism, where the
system is open with respect to exchange of energy and particles with the environment,
while Section 3.2.2 applies to a canonical ensemble, where the system only exchanges
energy with the environment. Within both formulations of finite-temperature lattice
density functional theory (FT-LDFT) we will establish a unique connection between
the hopping matrix ¢ and the eq-SPDM v, and we will derive a functional from which
the eq-SPDM and thus the equilibrium values of arbitrary observables can be obtained
in principle. Furthermore, we will demonstrate that a given interacting system can
be mapped to an auxiliary noninteracting system which yields the same eq-SPDM.
In this way, the solution of the finite-temperature problem for a given lattice model
of interacting Fermions can be obtained from the selfconsistent solution of effective
single-particle equations.

3.1 Ground-state formalism

In order to formulate the basic principles of ground-state LDFT, we consider N inter-
acting particles described by the general Hamiltonian

= NP 00’ At At A
H=K+W-= Z tijs €;,Cjo + 2 Z Wijkl ¢iyCioClo o » (3.1)
ijo ijkl
oo’

where é; (Cis) creates (annihilates) a particle with spin polarization ¢ in the single-
particle basis state ¢;;(r). The parameters t;j, are single-particle matrix elements,
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3.1 Ground-state formalism

where the diagonal terms ¢;, = t;;, refer to the (spin-dependent) energy levels, and
the off-diagonal terms t;j,, i # j are the hopping integrals. Furthermore, the parame-
ters Wi?k(;/ specify the interaction between the particles. In order to make a connection
between the Hamiltonians (A.1) and (3.1), we consider in Eq. (A.1) a spin-dependent
external potential v,(r) and a spin-dependent interaction w,,(r, r’) between the par-
ticles. If we expand the fermionic field

AGOEDIAGTM (3.2)

in terms of the single-particle states ¢;,(r), it is easy to verify that the single-particle
matrix elements in Eq. (3.1) are given by

" n?
o = [ 410 [—%vz + va<r)] Bro(r)dr., (53
and the interaction integrals are given by

W3 = [ Bl G0 ) W (1) i) o) (34)

Clearly, only the single-particle matrix elements t;;, are associated with the external
potential v, (r) which, in the spirit of DFT, defines the system under study. The inter-
action integrals (3.4) are specified by the type of interaction w,,/(r,r’) between the
particles and the choice of the single-particle basis {¢;;(r)}. Therefore, if we focus on
a given type of particles and keep the single-particle basis fixed, we can regard the sys-
tem described by the Hamiltonian (3.1) as uniquely characterized by the single-particle
matrix elements t;;;. This is also clear from the lattice-model perspective, since the
hopping integrals and energy levels are the single-particle parameters which define
the lattice structure and the range of hybridizations.
Using Eq. (3.2) we can express the electron-density operator as

(r) = D3 Yo(r) = 2561, (r) $1o(r) El o (35)
o ijo
Consequently, the electron density in an arbitrary many-particle state |¥) is given by
n(r) = (E1AIY) = D vijo $ip(r) djo(r), (3.6)
ijo

where we have introduced the single-particle density matrix (SPDM)

Vi = (P|E] &0 | W) (3.7)
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3 Density functional theory on a lattice

which corresponds to the many-particle state |¥). Therefore, once a set {¢;;(r)} of
single-particle basis states is adopted, the particle density n(r) of any many-particle
state |¥) is fully determined by the corresponding SPDM y = {yijs}. Conversely,
the knowledge of the full SPDM ¢y, including in particular its off-diagonal elements,
is necessary in order to express an arbitrary electron density n(r) in terms of the
single-particle basis states {¢;;(r)}. For this reason, the SPDM takes the role of the
fundamental variable in LDFT in the same sense as the particle density n(r) is the
fundamental variable in conventional DFT.

3.1.1 Connection between the hopping matrix and the SPDM

In the following we consider the type of particle interaction specified by the parame-
ters Wi?k(;/ as fixed, such that the matrix = {t;j;} of the hopping integrals and energy
levels characterizes the system described by the Hamiltonian (3.1). We have already
identified the SPDM y as the fundamental variable in LDFT, and we would now like
to formulate a statement with the same fundamental character as the Hohenberg-
Kohn (HK) Theorem A.1 in the formulation of conventional DFT in the continuum.
Thus, we would like to establish a unique connection between the hopping matrix ,
which characterizes the system, and the SPDM associated to the ground state. Before
we can do so, we need to ascertain under which conditions two hopping matrices ¢
and ¢’ lead to different ground states. In Lemma A.1 we have already shown that ex-
ternal potentials which differ by more than a constant must lead to different ground
states. It is straight forward to adapt the proof of Lemma A.1 to the case of spin-
dependent potentials and to demonstrate that two potentials v,(r) and v/ (r) must
lead to different ground states if they differ by more than a possibly spin-dependent
constant, i.e., if v/ (r) # v,(r) + ¢, with ¢, € R.' From Eq. (3.3) it is clear, that a
spin-dependent shift in the external potential v/ (r) = v,(r) + ¢, does not change the
hopping integrals 5, i # j, but leads to a spin-dependent shift £ =t/ = &, + ¢, of
the energy levels. This immediately proves the following

Lemma 3.1. Two hopping matrices t = {tijc} and t' = {t/; } lead to different ground
states of the Hamiltonian (3.1) if they differ by more than a spin-dependent shift in the
energy levels, i. e., iftlfjg # tijo + Ojjcs Withc, € R.

We are now prepared to formulate a HK-like theorem and to establish a unique con-
nection between the hopping matrix #, which characterizes the system under study,

"Notice, however, that two potentials which differ by a spin-dependent constant not necessarily lead
to the same ground state. For example, the coupling to an external magnetic-field via a Zeeman
term corresponds to a spin-dependent shift in the external potential which leads to a polarized
ground state if the field is sufficiently strong.
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3.1 Ground-state formalism

and the corresponding ground-state single-particle density matrix (gs-SPDM). We will
focus on systems having nondegenerate ground states, however, the inclusion of de-
generate ground-states poses no problem, as discussed further below.

Theorem 3.1 (Téws and Pastor [81]). The hopping matrix t of the interacting many-
particle system described by the Hamiltonian (3.1) is (apart from an irrelevant spin-
dependent shift in the energy levels) a functional’ of the gs-SPDM .

Proof. The proof is carried out in close analogy to the proof of the HK Theorem A.1.
Assume that the ground state |¥y) of the Hamiltonian H with the hopping matrix ¢
is nondegenerate and that there exists another hopping matrix ¢’ which differs from ¢
by more than a spin-dependent shift in the energy levels but, nevertheless, leads to
the same gs-SPDM y as the hopping matrix ¢. If A’ and |¥;) denote the Hamiltonian
and ground state associated with #’, the corresponding ground-state energy is given
by

Eq = (BIH'[¥g) = > 11, vijo + (K[ W) . (3.8)

ijo

Since the hopping matrices ¢t and ¢’ differ by more than a spin-dependent shift in
the energy levels, the corresponding ground states [¥;) and |¥]) must be different
according to Lemma 3.1. Therefore, from the minimal principle for the ground-state
energy Ey = (¥o|H|¥,) of the Hamiltonian H it follows that

Eo < (W|HI¥)) = D tijo vijo + (V| WI¥) = Eg + > (tija - t{jo) Yijo.  (3.9)
ijo ijo
Notice that the strict inequality holds because we assumed that the ground state as-
sociated with f is nondegenerate. By interchanging primed and unprimed quantities
one obtains
Ey < (WolH'|Wo) = Eog + > (ti,jo- - tijcr) Yijo » (3.10)
ijo
where no strict inequality holds, since the ground state associated with ¢’ could be
degenerate. Adding Eqgs. (3.9) and (3.10) the contradiction

Ey+Ej < Ej + Ey (3.11)

is obtained. This proves that two hopping matrices ¢ and ¢ which differ by more than
a spin-dependent shift in the energy levels cannot lead to the same gs-SPDM y. One
concludes that ¢ is (apart from a spin-dependent shift in the energy levels) a functional

of y. m]

*Here and in the following we will sometimes use the term “functional” for quantities which are
ordinary functions in the strict mathematical sense. We choose to do so in order to match the
terminology in conventional DFT and to highlight the corresponding similarities.
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3 Density functional theory on a lattice

Theorem 3.1 states that the hopping matrix f is, apart from a spin-dependent shift in
the energy levels, a functional of the gs-SPDM. A spin-dependent energy shift is, how-
ever, of little physical relevance, since it could be absorbed in a spin-dependent chem-
ical potential and, most importantly, since it does not change the set of eigenstates
of the Hamiltonian. Therefore, we conclude that the physically relevant part of the
Hamiltonian H, and thus the full set of corresponding eigenstates as well as all phys-
ical properties derived from it, are functionals of the gs-SPDM vy. Notice, however,
that the one-to-one correspondence between the gs-SPDM y and the hopping matrix ¢
established by Theorem 3.1 is no longer valid in the presence of ground-state degen-
eracies. Clearly, if the ground state is degenerate the gs-SPDM ¥ is no longer unique.
Nevertheless, due to the variational principle and the simple fact that all ground states
share the same energy, a one-to-one correspondence between the set {y,} formed by
the SPDMs of all degenerate ground-states and the hopping matrix t can be estab-
lished. Thus, the gs-SPDM of any one of the degenerate ground-states determines the
hopping matrix  up to a spin-dependent energy-level shift. Furthermore, in practical
applications we will resort to a Levy-Lieb (LL) like formulation of LDFT, which will
be formulated in Section 3.1.2 and where degeneracies pose no problem by default.
Returning to the case of a nondegenerate ground-state, where the unique gs-SPDM y
determines the hopping matrix # up to a spin-dependent energy-level shift and thus
all the eigenstates of the Hamiltonian, we may immediately formulate the important

Corollary 3.1. The ground state |¥,) of the interacting many-particle system described
by the Hamiltonian (3.1) is a functional of the gs-SPDM y.

Moreover, the converse statement is also true, i. e., the gs-SPDM y;j, = (‘I’oléjaéjgl%)
is a functional of the ground state |¥,). This establishes a bijective map between the
set ¥, containing all nondegenerate ground states and the corresponding set I'y of
the gs-SPDMs. Furthermore, from Corollary 3.1 we obtain the important

Corollary 3.2. The ground-state expectation value of any observable Oisa functional
of the gs-SPDM y.

Proof. From Corollary 3.1 we know that the ground state |¥) = [¥[y]) is a functional
of the gs-SPDM y. Therefore, the ground-state expectation value of any observable O
can be obtained from the gs-SPDM as

Oly] = (%lyllO¥[y]) . (3.12)
Oa

In particular, the functional representing the sum of the kinetic and potential energy

K[yl = (Fo[ylIKI%o[y]) = D> tijo vijo (3-13)

ijo
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3.1 Ground-state formalism

is explicitly known in the framework of LDFT and a simple linear form in y. In the
following we will, as it is common practice, refer to K as “kinetic energy”, even though
it contains the contribution from the external potential v, (r) [see Egs. (3.1) and (3.3)].
It is one of the major advantages of LDFT over the conventional formulation of DFT in
the continuum that the functional dependence K[y] of the kinetic energy is explicitly
known. From Corollary 3.2 it follows furthermore that the interaction energy

Wiyl = (%o[yllW[¥[y]) (3-14)

is a functional of the gs-SPDM y. The interaction-energy functional (3.14) has a uni-
versal character in the sense that it does not depend on the hopping integrals t;j,,
which define the system under study, i.e., the dimensionality and structure of the
underlying lattice as well as the range of the hybridizations. The interaction-energy
functional (3.14) depends on the interaction integrals le’k‘; Furthermore, it depends
on the many-particle Hilbert space under consideration, since the ground state |¥y[y])
is a state within this Hilbert space. Using Egs. (3.13) and (3.14), the functional corre-
sponding to the ground-state energy is obtained as

E[y] = Z tije Yijo + W(y]. (3-15)

ijo

Clearly, for the actual gs-SPDM 9, the energy functional E[y] assumes its minimum
and equals the ground-state energy E, associated with the given hopping matrix t.
If the interaction energy functional W[y] were known, the ground-state energy and
SPDM corresponding to arbitrary hopping matrices # could be obtained by minimizing
the energy functional E[y]. Therefore, the main challenge in practical applications of
ground-state LDFT is to determine the functional W[y]. In the next section we will
see that already the characterization of the domain of definition of W[y] poses some
difficulties. We will circumvent these difficulties by introducing a constrained-search
method for the interaction-energy functional, which is similar to the LL procedure
discussed in Appendix A.1.2.

3.1.2 Constrained-search functional for the interaction energy

In the previous section we have seen that the ground-state energy and SPDM can be
obtained by minimizing the energy functional (3.15) with respect to all matrices y that
can be derived as the gs-SPDM of the N-particle problem described by the Hamil-
tonian (3.1) with some hopping matrix . We call this class of matrices pure-state
t-representable, in close analogy to the corresponding terminology in conventional
DFT. At first, the pure-state t-representability does not seem to pose a major restric-
tion on y, since all SPDMs of physical interest for the ground-state problem must
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3 Density functional theory on a lattice

fulfill this criterion. However, any practical implementation of the variational princi-
ple for the ground-state energy (3.15) must in principle ensure that the minimization
is constrained to the set of pure-state t-representable SPDMs, since otherwise the
interaction-energy functional (3.14) would be ill-defined and the result of the min-
imization would be uncontrolled or simply unphysical. This raises the problem of
characterizing pure-state t-representable SPDMs, which has not been solved to date.
Therefore, in order to render the variational principle for the ground-state energy
useful in practice, the domain of definition of the functional (3.15) must be extended
to a larger set of SPDMs. To this aim we follow the work of Valone [101, 102] and
consider the set I'.(N) of ensemble N-representable SPDMs. By definition, a SPDM
is said to be ensemble N-representable if it can be associated with some N-particle
mixed-state, i. e., if it can be expressed as

Yijo = Ten{p 5;51'0} ; (3.16)
where

:5 = an |"Pn><‘"Pn| with pn=0 and TrN{ﬁ} = an =1 (3-17)

is the density matrix characterizing the N-particle mixed state. Here, Try means the
trace in the N-particle Hilbert space and the sums go over the complete set of N-
particle eigenstates |\¥,,) of the density matrix p. We will denote by Py the set of all
density matrices of the form (3.17), i. e., the set of all positive semidefinite operators
with unit trace in N-particle Hilbert space. One can show (see for example Ref. [103])
that a matrix y is ensemble N-representable if, and only if, it is hermitian, i.e., yji; =
Yiio» and its eigenvalues 77, fulfill the requirements

0<f <1 Vko and > mo=N. (3.18)
ko

In order to extend the domain of the interaction-energy functional (3.14) to the
set Te(N) of ensemble N-representable SPDMs, we adopt the idea of LL (see Ap-
pendix A.1.2) and propose the constrained-search functional

Wely] = min Trn{pW}. (319)

Here the notation p — ¥ indicates the minimization with respect to all density ma-
trices p € Py which yield the given SPDM y via Eq. (3.16). In order to render the
functional (3.19) useful in practice, we have to prove the following statement.

Theorem 3.2. The constrained-search interaction-energy functional (3.19) is a reason-
able extension of the interaction-energy functional (3.14) in the sense that
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3.1 Ground-state formalism

(a) it holds
Welyl = Wly] (3.20)

for all pure-state t-representable SPDMs y, and

(b) the minimum of the corresponding energy functional

Ee[y] = Z tijo Yijo + Wely] (3-21)

ijo

equals the ground-state energy E associated with the hopping matrix t and is as-
sumed at, and only at, the unique gs-SPDM y, if the ground state is nondegenerate.
In case of ground-state degeneracies, the energy functional (3.21) assumes its min-
imum E, only for linear combinations of the SPDMs generated by the degenerate
ground-states.

Proof. 1t is clear that the Rayleigh-Ritz principle (A.20) remains valid if the minimiza-
tion is extended to the set of N-particle mixed-states characterized by density matri-
ces p € Py of the form (3.17), since any normalized N-particle state |¥') is associated
with the density matrix p = |¥)(¥|. Thus, it is easy to verify that the minimal value
of the energy functional (3.21) equals the ground-state energy E, associated with the
hopping matrix ¢, by performing the minimization in the extended Rayleigh-Ritz prin-
ciple in two consecutive steps:

E, = grelé)r;[TrN{p (K+ W)} = ygflel(rll\f){,jzg tijo Yijo +En_1)rlerN{pW}} =

(3-22)

ygl}el(r]l\]) { UZU ijo Yijo e[Y]} Vgel{ll\f) e['y]

If the ground state |¥;) associated with the hopping matrix # is nondegenerate,
the minimum in Eq. (3.22) is unique and must be assumed for the pure-state den-
sity po = |¥o)(¥|. This means, the only SPDM which yields a minimum of the en-
ergy functional (3.21) is the corresponding unique gs-SPDM y;j; = (‘I’oléj +Cio Vo).
If the hopping matrix ¢ leads to a degenerate ground-state, only density matri-
cesp =2, pn|‘I’(§")>(\I’én)| constructed from the degenerate ground states |\I’én)) lead to
minima in Eq. (3.22). In this case, SPDMs of the form y;j; = X, pn (‘I’én)|é;éja \I’(()")) =
2inPn yl.(j'g, i.e., linear combinations of the SPDMs generated by the degenerate ground
states, are the only ones which lead to minima of the energy functional (3.21). This
concludes the proof of statement (b).

Let us now consider an arbitrary pure-state ¢-representable SPDM v, and let ¢ be
the hopping matrix associated with it according to Theorem 3.1. Then, the density
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matrix which yields the minimum in Eq. (3.22) for this hopping matrix # must be
the pure-state density po = |¥[y])(¥o[y]| constructed from the ground state |¥y[y])
associated with y. Therefore, We[y] = TrN{ﬁOW} = (‘I’o[y]|W|‘I’0[y]> must hold,
which coincides with Eq. (3.14). This concludes the proof of statement (a). O

The constrained-search formulation (3.19) extends the interaction-energy func-
tional (3.14) to the domain I'(N) of ensemble N-representable SPDMs, which are
easy to characterize by the condition (3.18). This opens the way to practical imple-
mentations of the variational principle for the energy functional (3.21), from which
the ground-state energy and gs-SPDM, and in principle all ground-state observables
can be obtained by virtue of Corollary 3.2. The next section addresses the problem
of implementing the variational principle for the ground-state energy in practice. It
will be shown that the interacting many-particle system can be mapped to a sys-
tem of N noninteracting particles with an effective hopping matrix #°[y] which is a
functional of the SPDM 1y itself. In this way, the ground-state problem for N interact-
ing particles can be formally reduced to the selfconsistent solution of single-particle
equations.

3.1.3 Mapping to an effective noninteracting system

Similar to the KS method presented in Appendix A.1.3, we would like to map a given
system of N interacting particles to an auxiliary noninteracting system whose gs-
SPDM equals the one of the interacting system. To this aim, let us consider a nonin-
teracting system characterized by a hopping matrix #°, such that the corresponding
energy functional is given by

E; [)/] = Z tisjg Yijo - (3~23)
ijo
In order to minimize E[y] within the set I'.(N) of ensemble N-representable SPDMs,
i.e., within the set of all hermitian matrices y having the same dimensionality as
the hopping matrix #° and fulfill the requirements (3.18), we express the spin-resolved
SPDM y, in terms of its normalized eigenvectors uy, and its eigenvalues or occupation
numbers Ny

Yijo = Z Uike ko u;kg . (3.24)
k
Here we have used the fact that y, is hermitian, such that its eigenvectors uy, can

be chosen to be mutually orthogonal. Consequently, the matrix constructed from the
normalized eigenvectors is unitary;, i.e.,

Z Uik, Ujko = Ojj - (3-25)
k
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For the SPDM y which minimizes E[y], i. e., for the gs-SPDM associated with the non-
interacting system characterized by the hopping matrix #°, the corresponding Euler-
Lagrange functional

L= Efyl- > A (Z u e — 1) i (Z oo N) (326)
ko i ko

must be stationary. Lagrange multipliers A, and p have been introduced in order to
enforce the normalization of the eigenvectors uy, and to satisfy the second condition
in Eq. (3.18) which accounts for the number of particles. At a stationary point of L
its derivative with respect to u;ka must vanish, and by using Eqs. (3.23) and (3.24) we
thus obtain the following eigenvalue equation for the vectors uy,

Nko Z tisjguikg = Aka Ujko V]kO' . (3'27)
i

For nx, = 0 the SPDM (3.24) is independent of the eigenvector uy, and therefore it
can be chosen as an arbitrary normalized vector. For ni, > 0 we can recast Eq. (3.27)
in the form
(tf,)Tuk(, = to Uy Vko, (3.28)
with the spin-resolved hopping matrix ¢} and ¢, = Ak /Nko. Equation (3.28) demon-
strates that the eigenvectors uy, of the gs-SPDM associated with the given nonin-
teracting system are common eigenvectors of the corresponding transposed?® spin-
resolved hopping matrix (££) . The fact that ¢} is hermitian ensures that the eigen-
vectors uy, of the gs-SPDM can be chosen to be mutually orthogonal.

Having identified the eigenvectors uy, of the gs-SPDM as the eigenvectors of the
transposed hopping matrix (t;)T, it remains to determine the corresponding occupa-
tion numbers ni,. To this aim, we combine Egs. (3.23), (3.24), and (3.28), and obtain

the single-particle energy functional in diagonal form

Edyl = > ko ko - (3.29)
ko

Thus, the occupation numbers 0 < nx, < 1 which correspond to the ground state of
the given noninteracting system are immediately identified as

Nko =1 for &, <p

Mo =0 for &e > p (3.30)

0<ns <1 for e, =u,

3Notice, that the hopping matrix #; is hermitian, such that transposition is equivalent to complex
conjugation and therefore this operation can be discarded in the usual case of a real hopping matrix.
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where the chemical potential g must be chosen such that the condition Y, ks = N
is satisfied. If the Fermi level ¢, = p is nondegenerate and the number N, = X ks
of particles with spin polarization o is integer, we have 1, € {0, 1} for all k and the
corresponding SPDM is thus idempotent, i.e., p2 = y,. The ground state |¥y) of the
given noninteracting system is then a single Slater determinant of the form

oy =[] (B],) " Ivac). (3:3)

ko

where

Nt gl
bk(f - Z Uiko Cic (3-32)
i

are the creation operators associated to single-particle states which we will refer to as
natural orbitals. Conversely it is clear, that the only kind of many-body state which
can give rise to an idempotent SPDM is a single Slater determinant of the form (3.31).
Notice, however, that the ground state of an interacting system can not be repre-
sented by a single Slater determinant, and that the corresponding gs-SPDM v is con-
sequently not idempotent. This means y must always involve fractional occupation
numbers 0 < ni, < 1ifitis associated with the ground state of an interacting many-
particle system. Therefore, if we try to map a given interacting system to an auxiliary
noninteracting system which is supposed to yield the same gs-SPDM, we will face the
difficulty that the Fermi level ex, = p, of the auxiliary noninteracting system must
be degenerate in order to produce fractional ground-state occupation numbers. This
means that the gs-SPDM of the auxiliary noninteracting system can not be unique,
since variations of the occupation numbers 7, at the degenerate Fermi level have
no impact on the energy as long as the number of particles is kept fixed. In order to
resolve these difficulties we will further below propose to map the given interacting
system to an auxiliary noninteracting system in equilibrium at a fictitious finite tem-
perature T, > 0, since the occupation numbers in equilibrium at a finite temperature
are always fractional.

Before doing so, let us return to the given interacting system and minimize the
energy functional (3.21) with respect to all ensemble N-representable SPDMs y €
I'.(N). To this aim, we seek for the stationary points of the corresponding Euler-
Lagrange functional

L=Ee[yl =D Ako (Z Wy Uik — 1) —u(Zm«f—N)- (3.33)
ko i ko

Again, we have introduced Lagrange multipliers Ay, and p in order to enforce the
normalization of the eigenvectors uy, of the SPDM and to obtain the desired particle
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number. At a stationary point, the derivative of £ with respect to u;ka vanishes, such
that we obtain the following eigenvalue equation for the eigenvectors uy,

OWely] .
Nko Z (tijo- + ;}’) Uike = Ako Ujke  Vjko . (3.34)

i Yijo

This eigenvalue equation is formally identical to the corresponding equation (3.27) for
the noninteracting system if we choose the hopping integrals of the auxiliary system
as
OWelyl

ije
Therefore, the gs-SPDM y of the interacting system is also a gs-SPDM of the auxil-
iary noninteracting system with the hopping integrals tio [y]. Equations (3.24), (3.28),
(3.30), and (3.35) make up an iterative scheme, by which the gs-SPDM of a given in-
teracting system can be determined from the solution of an effective single-particle
problem. These equations must be solved in a selfconsistent manner, since the ef-
fective hopping integrals (3.35) depend on the SPDM y itself. As already discussed
above, a difficulty arises from the fact that fractional occupation numbers 0 < g, < 1,
which are characteristic for interacting ground states, are obtained only if the auxil-
iary noninteracting system has a degenerate ground state. In this case, the fractional
occupation numbers 7, at the Fermi level are not unique and only constrained by
the condition N = Xk, nks- This renders the practical implementation of the iterative
scheme based on the ground state of the auxiliary noninteracting system impractical.

One possibility to resolve the issues arising from the requirement of fractional occu-

pation numbers was proposed by Saubanére, Lepetit, and Pastor [87]. They suggested
to consider an auxiliary noninteracting system at a fictitious finite temperature T, > 0,
such that the corresponding eq-SPDM equals the one in the ground state of the given
interacting system. The advantage of an auxiliary noninteracting system at a finite
temperature is that the occupation numbers in equilibrium are fractional. In order
to introduce the method of Saubanére et al, let us consider the eigenvectors uy, of
the SPDM as fixed for the moment, such that the energy (3.21) can be regarded as a
functional of the occupation numbers 7y, alone, i.e., E = E¢[n]. In order to seek for
an extremum of the energy functional E.[n] under the constraint of a given particle
number N, we consider the corresponding Euler-Lagrange functional

tioy] = tijo + (3.35)

£=Ee[n]—#(2nko—N). (3:36)
ko
At a stationary point of L its variation with respect to all 7y, vanishes, such that
OEe[n]
3 Ty Vko. (337)
Nko
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3 Density functional theory on a lattice

Let us now consider an auxiliary noninteracting system with spin-resolved hopping
matrix ¢t which is chosen such that Eq. (3.28) is fulfilled for the given set of eigenvec-
tors uy, and some set of corresponding eigenvalues ¢,. The energy of this noninter-
acting system is then given by

Es = Z ko Nko » (3~38)
ko

where 1, are the occupation numbers of the natural orbitals associated with the cre-
ation operators (3.32). Working in a grand-canonical ensemble at a temperature 7, > 0
and chemical potential y, the equilibrium occupation numbers of the noninteracting
system follow a Fermi-Dirac distribution

1
- 1 + e(gka_;u)/kBTa ’

Nko (3-39)

We require that the equilibrium occupation numbers of the auxiliary noninteracting
system coincide with the eigenvalues of the gs-SPDM of the given interacting system,
such that they lead to a stationary point of £. This means, the equilibrium occupa-
tion numbers of the auxiliary noninteracting system must satisfy the conditions (3.37)
and (3.39) together. The energy levels of the auxiliary noninteracting system are there-
fore obtained as

ol = el sk, Tog ). (340

Nko Nko

Since these energy levels depend on the occupation numbers 7, themselves,
Egs. (3.39) and (3.40) must be solved in a selfconsistent manner. The full iterative
procedure for the minimization of the energy functional E.[y] can be implemented as
follows:

1. Start from an arbitrary ensemble N-representable SPDM vy, compute its eigen-
values 7, and the effective hopping integrals (3.35). Solve the eigenvalue equa-
tion (3.28) for the eigenvectors uy,.

2. Optimize the occupation numbers 7i, by keeping the current uy, fixed. To this
aim, select a fixed auxiliary temperature T, > 0, compute the effective energy
levels (3.40) and use them to update 5y, via Eq. (3.39). Iterate until convergence
is achieved.

3. Compute the new SPDM vy = Xk uikgr]kou;‘ka from the current eigenvec-
tors uy, and the optimized occupation numbers 7. Use Eq. (3.35) to determine

new effective hopping integrals #;; .

4. Solve the eigenvalue equation (3.28) with the updated hopping integrals ¢}, in

ijo
order to obtain new eigenvectors u; .
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3.2 Finite-temperature ensembles

5. Exit if convergence is achieved, i.e., ulfko = u;i, Viko. Otherwise, return to
step 2 after having updated uy, with u_.

The rate of convergence in the presented iterative procedure is affected by the
choice of the initial SPDM y and the auxiliary temperature 7, > 0. Practical im-
plementations for model Hamiltonians, such as the Hubbard model, have shown that
a good choice for the initial SPDM 7y is obtained from the ground state of the corre-
sponding noninteracting system which is obtained by setting W = 0. If the noninter-
acting ground state is degenerate, one can freely choose the occupation numbers at
the Fermi level such that the condition ¢, 7xs = N is satisfied. Concerning the auxil-
iary temperature T, it is clear that extreme values should be avoided. Good values for
the auxiliary temperature are found in the order of the hopping integrals kg T, = |t;js|.
Moreover, T, may be tuned to some extend, depending on the specific lattice model
and interaction strength under consideration, in order to further improve the rate of
convergence.

3.2 Finite-temperature ensembles

Having formulated a density functional theory which applies to the ground state of
lattice-model Hamiltonians, we would now like to extend the formalism to the equi-
librium at finite temperatures. Having a density functional theory which applies to
the physical properties of lattice models in thermodynamic equilibrium at a finite
temperature is not only desirable from a theoretical point of view, but also crucial for
applications to systems exhibiting strong electronic correlations. A natural way of
describing electron correlation effects is to focus on the most relevant many-body
dynamics of the valence electrons, and to derive a simplified lattice Hamiltonian.
The ground-state properties of these lattice-model Hamiltonians can be treated in
the framework of ground-state LDFT presented in the previous section. There are,
however, a myriad phenomena which can not be described within a ground-state for-
malism. For example, phase transitions in magnetic or superconducting materials,
the Kondo effect, and metal-insulator transitions. These effects manifest themselves
at specific temperatures, such as the Curie or Néel ordering temperatures in ferro-
magnets and antiferromagnets, or the Kondo temperature for magnetic impurities in
metals. Consequently, extending the scope of LDFT to the regime of finite tempera-
tures in order to describe the equilibrium properties of strongly interacting electrons
in the framework of lattice-model Hamiltonians is indispensable.

Let us begin by noting that the state of a system at a finite temperature T > 0 must
be described by a mixed state which is characterized by a density matrix p. Using the
expansion of the fermionc fields (3.2) in terms of a given set {¢;;(r)} of single-particle
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3 Density functional theory on a lattice

orbitals, we can express the electronic density in a mixed state as

n(r) = 23 Te{pYdr) Yo ()} = 2 vio $io(r) 1o (r). (3.41)
o ijo
where
Vi = Tr{p & ¢jo} (3.42)

is the SPDM of the mixed state characterized by the density matrix p. Clearly, once
a set {¢is(r)} of single-particle basis states is adopted, the particle density n(r) in
an arbitrary mixed state is fully determined by the corresponding SPDM y. Thus,
we readily identify the SPDM (3.42) as the fundamental variable in the formulation
of finite-temperature lattice density functional theory (FT-LDFT). We will formulate
the fundamentals of FT-LDFT in two different flavours. In Section 3.2.1 we present a
grand-canonical ensemble formulation of FT-LDFT, while the following Section 3.2.2
accounts for a canonical-ensemble.

3.2.1 Grand-canonical ensembles

In order to develop a grand-canonical formulation of FT-LDFT, we closely follow
the formulation of finite-temperature density functional theory (FT-DFT) in Ap-
pendix A.2.1. First, we formulate a statement which establishes a unique connection
between the hopping matrix ¢, which characterizes the lattice model under study, and
the corresponding equilibrium single-particle density matrix (eq-SPDM) y. This theo-
rem has the same fundamental character as the Mermin Theorem A.3 in the formula-
tion of FT-DFT. It enables us to propose a functional which incorporates a variational
principle from which the eq-SPDM and, in turn, the equilibrium average value of all
physical observables can be obtained in principle. Subsequently, we will demonstrate
that the interacting many-particle system can be mapped to an auxiliary system of
noninteracting particles with an effective hopping matrix #*[y] which is a functional
of the SPDM itself. In this way, the equilibrium properties of interacting electrons on
a lattice can be formally obtained from the selfconsistent solution of single-particle
equations.

Connection between the hopping matrix and the eq-SPDM

Let us consider a system described by a general Hamiltonian H of the form (3.1), where
we regard the type of particle interaction specified by the parameters Wi}’k‘?/ as fixed,
such that the hopping integrals #;;, define the system under study. We will consider
a system which is open with respect to exchange of energy and particles with the
environment, where the latter is characterized by a fixed temperature T and chemi-

cal potential y, for particles with spin polarization o. Before we establish a unique
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3.2 Finite-temperature ensembles

connection between the hopping matrix ¢ and the corresponding eq-SPDM ¥, let us
first record Gibbs variational principle for the grand potential, which is the finite-
temperature analog of the Rayleigh-Ritz variational principle (A.20) for the ground-
state energy. To this aim we consider the functional

Q[p] = Tr{,s (H + %log p=>, ugﬁg)} : (3.43)

where 8 = (kgT) ™" with the Boltzmann constant k. Gibbs variational principle states
that the grand potential is given by

Qo = min Q[A], (3.44)
pEP

where the minimization is performed within the set # of all positive semidefinite
density matrices with unit trace representing physical mixed states with arbitrary

particle number [see Eq. (A.37)]. It is easy to show that the functional (3.43) has a
local minimum at the grand-canonical density matrix

e_ﬂ (H_ZG PGNU)

po= Tr{e_ﬁ(g—ZalloNa)} ’

(3.45)

which characterizes the equilibrium state of the system described by the Hamilto-
nian H. Furthermore, Mermin [6] has demonstrated that the minimum is unique and
global within %, i. e., that the strict inequality

Q[p] > Q[pol = Lo,  p # po (3-46)

holds for any density matrix p € P different from py. With these preliminaries we
are now able to formulate the following statement, which plays the same fundamental
role in the formulation of FT-LDFT as the Mermin Theorem A.3 in the formulation of
FT-DFT.

Theorem 3.3. For any fixed temperature T > 0 and chemical potential ji, for particles
with spin polarization o, the hopping matrix t of the interacting many-particle system
described by the Hamiltonian (3.1) is a functional of the eq-SPDM .

Proof. The proof is carried out in close analogy to the one shown for the Mermin The-
orem A.3. Assume there would be another hopping matrix ¢’ which differs from ¢ but,
nevertheless, at the given temperature T and chemical potential y, leads to the same
eq-SPDM v as the hopping matrix . If H’ and P, denote the Hamiltonian and grand-
canonical density matrix of the system with the hopping matrix ¢, the corresponding
grand potential is given by given by

’ ’ N N 1 Al %
Q= Z tijo Yijo + Tr{Po (W + B log pg — Z ,UaNo)} - (3.47)

ijo
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3 Density functional theory on a lattice

Since the hopping matrices ¢ and ¢’ are by assumption different from each other, it
follows from Eq. (3.45) that the associated grand-canonical density matrices gy and p;
must be different as well. Thus, from the minimal principle (3.46) it follows that

N ~r 2 1 PN % ’ ’
Qo < Q[py] = Tr{Po (H + B log py — ZﬂO'NO')} =Qp + Z (tija - tijO') Yijo - (3-48)
o

ijo

By interchanging primed and unprimed quantities one obtains

Qy < Qo + Z (t{ja - tija) Yijo - (3-49)

ijo
Adding Egs. (3.48) and (3.49) the contradiction
Qo+ Q< Qp+ Qo (3-50)

is obtained, which proves that two different hopping matrices # and ¢’ cannot lead to
the same eq-SPDM vy at a given temperature T > 0 and chemical potential y,. One
concludes that ¢ is a functional of y. O

Notice that Theorem 3.3 establishes a unique connection between hopping matrix #
and the corresponding eq-SPDM y, whereas the similar Theorem 3.1 for the ground
state connects the gs-SPDM and the hopping matrix ¢ only up to a spin-dependent
shift in the energy levels. Clearly, this is due to the fact that we work in a grand-
canonical ensemble with fixed chemical potential y, for particles with spin polariza-
tion o, such that there is no ambiguity with respect to a spin-dependent shift of the
energy levels.

Since we consider the particle interaction specified by the parameters Wl.j.’k"l' as fixed,
the hopping matrix ¢ characterizes the system described by the Hamiltonian (3.1)
uniquely. The hopping matrix is in turn uniquely determined by the eq-SPDM 1y,
such that the full Hamiltonian H and all physical properties derived from it must be
functionals of the eq-SPDM as well. This applies in particular to the grand-canonical
density matrix (3.45), which immediately proves the important

Corollary 3.3. For any fixed temperature T > 0 and chemical potential 1, for electrons
with spin polarization o, the grand-canonical density matrix p, of the interacting many-
particle system described by the Hamiltonian (3.1) is a functional of the eq-SPDM .

Obviously the converse statement is also true, namely that the eq-SPDM y;; =
Tr{po é;éjg} is a functional of the grand-canonical density matrix py. This establishes
a bijective map between the set of the grand-canonical density matrices and the cor-
responding set of the eq-SPDMs. A further important consequence of Theorem 3.3
is
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3.2 Finite-temperature ensembles

Corollary 3.4. For a fixed temperature T > 0 and chemical potential ji, for electrons
with spin polarization o, the equilibrium average-value of any observable O is a func-

tional of the eq-SPDM y.

Proof. From Corollary 3.3 we know that the grand-canonical density matrix p, =
poly] is a functional of the eq-SPDM y. Therefore, the equilibrium average-value of
any observable O can be obtained from the eq-SPDM as

Oly] = Tr{poly] O}. (3.51)
O

In order to be useful in practice, the formulation of FT-LDFT requires a functional
from which the eq-SPDM can be obtained by means of a variational principle. We will
construct this functional by a constrained-search method, which is very similar to the
one discussed in Section 3.1.2. This will allow us to bypass all problems related to the
representability of eq-SPDMs. To this aim, for a given temperature T we introduce
the functional

Gly] = min Tr{ﬁ (W + k log /3)} , (3.52)

p=y p

where the notation p — ¥ indicates the minimization with respect to all density
matrices p € £ which yield the given SPDM y by means of Eq. (3.42). This means,
the functional G[y] is defined on the set of all SPDMs which, via Eq. (3.42), can be
associated with some density matrix p € . This type of SPDM is called ensemble
representable, and we denote the set of all ensemble-representable SPDMs by I'.. One
can show (see for example Ref. [103]) that any hermitian matrix y;; - = yij, with eigen-
values 0 < ni, < 1for all ko belongs to the set I'. of ensemble-representable SPDMs.*
The functional (3.52) is valid for arbitrary non-negative particle numbers N = X, Viis
and is universal in the sense that it does not depend on the hopping matrix ¢, which
characterizes the system under study. It depends on the temperature T and on the set
of interaction integrals szfk(;/ Furthermore, it depends on the Fock-space under con-
sideration, since the density operators p in the minimization of Eq. (3.52) are operators
in the given Fock space.

Using the functional G[y] defined in Eq. (3.52), we can now introduce the grand-
potential SPDM functional

Qlyl = Z (tije — 8ij Ho) Yijo + Gl¥]1, (3-53)

ijo

4Therefore, according to Eq. (3.18) the sole distinction between ensemble-representable SPDMs and
ensemble N-representable SPDMs is that the eigenvalues ny, of an ensemble-representable SPDM
must not sum to a given fixed particle number N.
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3 Density functional theory on a lattice

whose minimal value within the set T'. of all ensemble representable SPDMs equals
the grand potential Q. This can be most easily seen by performing the minimization
in the Gibbs variational principle (3.44) in two consecutive steps:

N 1 ~
Qo=minTr{p [H+ =logp— > psNy |} =
o= o[+ e - e

(3.54)

» .1
= min tic — 0ii lls) Viig + mIinTrs p |W + = log p
min %}( jo = 8ij Ho) Vij i {p( 5 gp)}

=min | > (tjo — 8ij Ho) Yijo + Gly]

= min Q[y].
yele | o

yele

Furthermore, from Eq. (3.46) it follows that the density matrix p which yields the
minimum in Eq. (3.54) is the grand-canonical density matrix (3.45) associated with
the given hopping matrix ¢, temperature T and chemical potential y,. Consequently,
the minimizing SPDM ¥ corresponds to the eq-SPDM.

Let us now perform the minimization in Eq. (3.52) in an explicit manner in order to
develop a practical implementation of the functional G[y]. To this aim, we seek for
the extremes of the Euler-Lagrange functional

L[p] = Tr{ﬁ (W + %logﬁ)} + > Aijo (Tr{,é éjaéja} - Yifff) -

ijo

(3-55)
. A A ~o 1 .
= Tr{p (Z Aijo c;cj(r + W+ B logp)} - Z Aijo Vijo
ijo ijo
within the set # of all positive semidefinite density matrices p with unit trace. Here
we have introduced Lagrange multipliers A;;; in order to enforce that the minimizing
density matrix p yields the required SPDM y. Apart from an irrelevant constant,
the Euler-Lagrange functional (3.55) equals the Gibbs functional (3.43) with vanishing
chemical potential y, = 0 (the chemical potential can be regarded as absorbed in the
parameters A;;;) and the effective Hamiltonian

I:IA = Z Aijo é;éjo— + W . (3.56)

ijo

Consequently, the minimum of the Euler-Lagrange functional (3.55) within the set
is attained for the corresponding grand-canonical density matrix

e_ﬁﬁA

B Tr{e‘/mA } .

A

! (3.57)
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3.2 Finite-temperature ensembles

The parameters A;j, in the Hamiltonian (3.56) play the role of effective energy lev-
els (i = j) and effective hopping integrals (i # j), which must be chosen such that
the grand-canonical density matrix (3.57) yields the desired SPDM v. In practice, one
usually varies the parameters A;j, systematically in order to scan the whole domain
of eq-SPDMs y. Notice, however, that this procedure requires one to compute the
grand-canonical density matrix (3.57), which is usually expressed in terms of the full
set of eigenstates and eigenvalues of the effective Hamiltonian H). Therefore, the
thus described procedure is in general of the same level of complexity as the initial
problem with the Hamiltonian (3.1) and is therefore only applicable to systems which
can be solved by analytical or numerical methods.

Mapping to an effective noninteracting system

Similar to the method presented in Section 3.1.3, we would like to map the finite-
temperature problem for N interacting particles to the solution of effective single-
particle equations. Therefore, let us consider a general noninteracting system de-
scribed by the Hamiltonian )

Hy= >\ t5, ¢l &o . (3.58)

ijo

In the following we will determine the hopping matrix #* which characterizes the non-
interacting system such that it yields the same eq-SPDM y as the given interacting sys-
tem. Furthermore, we will introduce the universal functional of the non-interacting
Fermion entropy and derive an explicit expression in terms of the natural-orbital oc-
cupation numbers nx,. To this aim, let us first express the creation operator 63:7 in
terms of the natural-orbital creation operators (3.32)

&= > U by, (3:59)
k
where the vectors uy, are the orthonormal solutions of the eigenvalue problem

T
(t(s;) Uk = Eko Uko - (3-60)

Expressed in terms of the natural-orbital creation operators BZU and the corresponding
eigenvalues ¢, the single-particle Hamiltonian (3.58) assumes diagonal form

I:IS = Z Eko bzabka = Z Eko ﬂka . (3-61)
ko ko

Therefore, at a given temperature T and chemical potential y,, we can express the
grand-canonical density matrix of the noninteracting system as

e_ﬂ Zka(gkd_l—la) ﬁko‘

0= : .6
P Tr{e‘ﬁEko(Ska-ﬂa)ﬁka} (3.62)
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3 Density functional theory on a lattice

Consequently, we obtain

Okk

1 + oProtio) ’ (3.63)

Te{p b} bro} = S Tt{p firs} =
where we made use of the fact that the equilibrium occupation numbers 7, =
Tr{p fix,} of a noninteracting system follow a Fermi-Dirac distribution. Finally, we
obtain the eq-SPDM of the noninteracting system as

Vijo = Tr{ﬁ éjgéja} = Z Uiko u;‘k,UTr{,é bngk’a} = Z Uiko Nko ”;ka ) (3.64)
kk’ k
We conclude that the eigenvectors of the eq-SPDM coincide with the eigenvectors uj,
of the transposed hopping matrix (tf,)T and that its eigenvalues are given by

1

- 1 + eBleko—tHs) ~ (3.65)

Nko

Clearly, the eq-SPDM (3.64) minimizes the noninteracting grand-potential func-
tional

Qlyl = > (55 — 8ij tts) vijo + Gsly] (3.66)

ijo

within the set I'. of all ensemble representable SPDMs y, where
1 . u .
Gs[yl = -T Syl = 5 min Tr{plog p} (3.67)

is, apart of the factor —T, the universal entropy functional S[y] for noninteracting
Fermions. In the following we would like to derive an explicit expression for the
noninteracting functional G[y] defined in Eq. (3.67). To this aim we perform the con-
strained minimization in Eq. (3.67) in a similar manner as in the context of Egs. (3.55)
to (3.57), i. e., by setting W = 0in Eq. (3.55), which leads to the minimizing density
matrix

e_ﬂﬁ/l ( )
pp= —— 3.68
Tr{e -t}
with the effective noninteracting Hamiltonian
Hy = > Aijo 5;5]'0 . (3-69)
ijo

Here, the effective hopping-integrals A;j, must be chosen such that the corresponding
grand-canonical density matrix (3.68) yields the desired SPDM via y;jc = Tr{p; é;é o }-
Therefore, as discussed in the context of Eq. (3.64), the eigenvectors of the transposed
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effective hopping matrix (A,)" must coincide with the eigenvectors of the SPDM y.
Furthermore, according to Eq. (3.65) the eigenvalues e, of (A,)" must be related to
the eigenvalues 7y, of the given SPDM y by

1 1 1= ko
s=E——— =  gs=-=lo . .70
ko = T fers ko = 3 g( - ) (3.70)

Thus, the hopping matrix A = {1;j,} which characterizes the effective noninteracting
system (3.69) is completely determined in terms of the given SPDM y. Using the
well known expression for the grand-canonical partition function of noninteracting

Fermions
Z=Trfe M} =] (1 + e‘ﬁ%) ST ( : ) : (3.71)
ko

ko 1- Nko

we obtain from Eq. (3.68)

log p5 = —pH, —log Z = —BH) + >, log(1 — nks), (3.72)
ko

and if we use Tr{p, H 2} = Zko €kolke We arrive at the final result

1 . . R 1 R ) .
Gs[)"] = B /{)n_l)g/lTr{plogp} = BTr{pA logm} (3:7)
1 (370)
B kZ [~ Beworneo +log(t —nio)] = (3.73)

1
=5 > [k log nike + (1 = nio) log(1 = i) -
ko

Consequently, the universal functional of the noninteracting Fermion entropy

Ss[)’] = —kp Z [Uko log ko + (1 - Uka) log(l - Uka)] (3.74)
ko

is independent of the eigenvectors uj, of the SPDM y and solely depends on its eigen-
values nx,. The entropy functional S[y] given in Eq. (3.74) not only applies to nonin-
teracting Fermions but, more generally, to independent Fermions which, for example,
are subject to a mean-field interaction, e. g., the average Coulomb-repulsion between
electrons which are distributed with a density n(r). Therefore, we will refer to S
defined in Eq. (3.74) as independent-Fermion entropy (IFE).

Let us now return to the given interacting system described by the general Hamil-
tonian (3.1), and let us try to establish a connection with the noninteracting system
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3 Density functional theory on a lattice

described by Eq. (3.61). To this aim, we first notice that the eq-SPDM of the interact-
ing system minimizes the corresponding grand-potential functional (3.53), i. e., for the
eq-SPDM v of the interacting system it holds

0Q[y] dGly]

B tijo — Oij o + P 0 Vijo. (3.75)
Let us express the functional G[y] as
Glyl = Gslyl + Warlyl + Gely], (3.76)
where G,[y] is the noninteracting functional (3.67),
Whely] = D W5 (Viko Vitor = So0’ Yito Viko) (3.77)

ijkl
oo

the interaction-energy functional in Hartree-Fock approximation (see Appendix B),

and G.[y] the correlation contribution to the free energy of interacting electrons with

eq-SPDM y. Thus, G.[y] includes the contribution to G[y] resulting from the changes

in the Coulomb energy and the entropy caused by correlation effects. Using Eq. (3.76),

we can rewrite the stationary condition Eq. (3.75) as

0Q[y] s 0G;[y]
ijo ijo

ijg[y] = 8ij o + =0 Vijo, (3.78)

where we have introduced the effective single-particle hopping integrals

OWsrely] N dG.[y] '

ts
3)’1‘;‘0 3)/1' jo

ijo'[y] = tijo +

(3-79)

Equation (3.78) is formally identical to the one obtained for an extremal point of the
noninteracting grand-potential functional (3.66). Therefore, we conclude that the aux-
iliary noninteracting system with the hopping integrals #° given in Eq. (3.79) yields the
same eq-SPDM as the interacting system with the hopping matrix ¢. Thus, Egs. (3.60),
(3.65), and (3.79) establish a scheme by which the eq-SPDM of a given interacting sys-
tem can be determined from the solution of effective single-particle equations. Since
the hopping integrals (3.79) of the auxiliary noninteracting system depend on the
SPDM vy itself, the scheme must be implemented in a self consistent manner:

1. Start from an initial guess for the eq-SPDM y of the interacting system, for
example from the eq-SPDM of the corresponding noninteracting system which
is obtained by setting W = 0.
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2. Use the current guess for the eq-SPDM y to compute the effective single-particle
hopping integrals (3.79), and solve Eq. (3.60) in order to obtain new eigenvec-
tors uy, and the effective single-particle energy levels ¢;,. Subsequently, com-
pute the new natural-orbital occupation numbers 5y, from Eq. (3.65).

3. Compute the new SPDM v/, = X Uiko ko]

ko from the new occupation num-
bers nr, and the new eigenvectors uy,.

4. Exit if convergence is achieved, i.e., y;;, = yijo Vijo. Otherwise, return to step 2
after having updated y with y’.

3.2.2 Canonical ensembles

It is well known that in the thermodynamic or macroscopic limit the particle-number
fluctuations in equilibrium are insignificant with respect to the actual number of par-
ticles and, consequently, the canonical and grand-canonical ensembles become equiv-
alent. Nevertheless, a canonical-ensemble formulation of FT-LDFT would be most de-
sirable in order to describe physical situations involving systems with a rather small
and fixed number of particles, such as atoms, molecules, or small clusters. This can
be established in a similar fashion as the grand-canonical formulation of FT-LDFT
presented in the previous section.

Connection between the hopping matrix and the eq-SPDM

We consider a system of N interacting particles described by a general Hamiltonian
of the form (3.1). As usual, we regard the type of particle interaction specified by the
parameters Wijfk(;' as fixed, such that the hopping integrals t;;, define the system under
study. We will consider a system which is open with respect to exchange of energy
with the environment, where the latter is characterized by a fixed temperature T > 0.
In order to establish a unique connection between the hopping matrix ¢ and the cor-
responding eq-SPDM vy, we make use of the Helmholtz variational principle, which
replaces the Gibbs variational principle (3.44) in the present canonical formulation of
FT-LDFT. To this aim we consider the functional

. NS .
Flp] = TrN{p (H + 5 log p)} : (3.80)
The Helmholtz variational-principle states that the free energy is given by

Fy = ;nyi)n F[p]l = —kgTlogZy with Zy = TrN{e_ﬁH} . (3.81)
PEFN
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Here Zy is the canonical partition function and the minimization is performed within
the set Py of all density matrices of the form (3.17), i. e., within the set of all positive
semidefinite N-particle density matrices with unit trace representing arbitrary N-
particle mixed states. It is easy to verify that the functional (3.80) has a local minimum
at the canonical density matrix

e_ﬂH

ZN

PN = : (3-82)
which characterizes the canonical N-particle equilibrium state of the system described
by the Hamiltonian H. Furthermore, in Appendix C we demonstrate that the mini-
mum is unique and global within Py, i. e, that the strict inequality

F[p] > F[pn] =Fy, p#pN (3-83)

holds for any density matrix p € Py different from py. In order to establish a unique
connection between the hopping matrix + and the canonical eq-SPDM y we further-
more need a small

Lemma 3.2. Consider two Hamiltonians H and H' with the same set of interaction
integrals Wl;’k‘; , then at a given temperature T > 0 the corresponding canonical density
matrices py and py; are equal, if and only if, the hopping matrices t and t’ differ by an
additive scalar matrix, i. e., if tjjc — tlfjg = c¢;j Vijo withc € R.

Proof. Assume that the canonical density matrices gy and p}; which correspond to

the Hamiltonians H and H’ are equal. Then it follows from (3.82)

A A~ 7 1 ’ ’
pn=py © H-H = 5 (logZy —log Zy,) = Fy — Fy, (3.84)

and consequently the operator

M =H-1 = 3 (150~ tf,) et (3.85)

ijo
must be equal to the free-energy difference AFy = F, — Fj which is a constant. There-
fore, AH must be proportional to the identity 1y = % Do é;éw in N-particle Hilbert
space, which means that #;;, — tfjg = ¢ 6;; Vijo must hold with ¢ = AFy/N € R. O

1

Theorem 3.4. For any fixed particle number N and temperature T > 0, the hopping
matrix t of the interacting N-particle system described by the Hamiltonian (3.1) is (be-
sides of an additive scalar matrix) a functional of the canonical eq-SPDM y.
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3.2 Finite-temperature ensembles

Proof. Assume there would be another hopping matrix ¢’ which differs from # by more
than an additive scalar matrix but, nevertheless, for the given particle number N and
temperature T > 0 leads to the same canonical eq-SPDM ¢y as the hopping matrix £.
If /I’ and Py denote the Hamiltonian and canonical density matrix of the system with
the hopping matrix #’, the corresponding free energy is given by

’ ’ A/ N 1 A/

F, = Z tiio Vijo + TrN{pN (W + = logpN)} . (3.86)
ijo IB

Since the hopping matrices ¢ and ¢’ differ by more than an additive scalar matrix, it

follows from Lemma 3.2 that the corresponding canonical density matrices gy and p};

must be different as well. Thus, from the minimal principle (3.83) it follows that

~t Al 2 1 ~r / /
Fy < F[PN] = TrN{pN (H + E logpN)} =Fy + Z (tija - tijg) Yijo - (3.87)
ijo

By interchanging primed and unprimed quantities one obtains

F(,) < Fy + Z (t;ja - tijo) Yijo - (3.88)

ijo
Adding Egs. (3.87) and (3.88) the contradiction
Fo+Fy < F,+F, (3-89)

is obtained. This proves that two hopping matrices ¢ and ¢ which differ by more than
an additive scalar matrix cannot lead to the same canonical eq-SPDM ¢y for a given
particle number N and temperature T > 0. One concludes that ¢ is (besides of an
additive real constant) a functional of . m]

In contrast to the grand-canonical formulation of FT-LDFT, where Theorem 3.3 estab-
lishes a unique connection between the grand-canonical eq-SPDM and the hopping
matrix £, the canonical eq-SPDM determines the hopping matrix # only up to an ad-
ditive scalar matrix. Such a scalar matrix is, however, without physical relevance,
since it corresponds to a uniform shift of all single-particle energy levels which can
be absorbed in the chemical potential or, equivalently, compensated for by choosing
the reference point of the energy scale appropriately. Thus, from a physical point of
view we can regard the hopping matrix # as uniquely determined by the canonical eq-
SPDM. Furthermore, since the hopping matrix characterizes the system under study,
the canonical eq-SPDM ¥ determines the full Hamiltonian H such that all physical
properties derived from it must be functionals of the eq-SPDM as well. This applies
in particular to the canonical density-matrix (3.82), which immediately proves the
important
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3 Density functional theory on a lattice

Corollary 3.5. For any fixed particle number N and temperature T > 0, the canonical
density-matrix pn of the interacting N -particle system described by the Hamiltonian (3.1)
is a functional of the canonical eq-SPDM .

It is obvious that the converse statement is also true, namely that the canonical eq-
SPDM vyije = Trn{pn éjgéjg} is uniquely determined by the canonical density ma-
trix pn. This establishes a bijective map between the set of the canonical density-
matrices and the corresponding set of the canonical eq-SPDMs. A further important
consequence of Theorem 3.4 is

Corollary 3.6. For a fixed particle number N and temperature T > 0, the canoni-
cal equilibrium average-value of any observable O is a functional of the canonical eq-
SPDM .

Proof. From Corollary 3.5 we know that the canonical density matrix py = pn[y]is a
functional of the canonical eq-SPDM vy. Therefore, the canonical equilibrium average

value of any observable O can be obtained from the canonical eq-SPDM as

Oly] = Tren{pn[y] O} . (3.90)
O

Similar to the grand-canonical formulation of FT-LDFT presented in Section 3.2.1,
the canonical formulation must rely on a functional from which the eq-SPDM can be
obtained by means of a variational principle. Again, we will construct this functional
by a constrained search method, which allows us to bypass all problems related to the
representability of canonical eq-SPDMs. To this aim, for a given particle number N
and temperature T we introduce the functional

Gnlyl = rpinTrN{,é (W + L log /5)} , (3.91)
=y p

where the notation p — vy indicates the minimization with respect to all density ma-
trices p € Pn which yield the given SPDM by means of y;j; = Trx{p é;éjg}. Despite
their formal similarity, the functional (3.91) does not coincide with its grand-canonical
analog G[y] defined in Eq. (3.52). First, Gy[y] is defined on the set of all ensemble N-
representable SPDMs y € I'.(N) satisfying the conditions (3.18), while G[y] is defined
on the larger set I formed by the ensemble representable SPDMs which are only con-
strained by the first condition in Eq. (3.18). Furthermore, even on the common subset
I'.(N) c I'c the functional Gy[y] is just an upper bound for G[y], i.e.,

Gnlyl 2 G[y] for y €T(N), (3-92)
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3.2 Finite-temperature ensembles

since G[y] is obtained from the minimization with respect all density matrices p € P
describing mixed-states with arbitrary particle number, while Gy[y] is obtained from
the minimization with respect to the subset y C ¥ formed by all N-particle mixed-
states.

A similarity between the functional Gy[y] and its grand-canonical analog (3.52) is,
however, its universal character in the sense that it does not depend on the hopping
integrals t;j; which characterize the system under study. It depends on the particle
number N, on the temperature T, and on the set of interaction integrals Wz;fk(?, Fur-
thermore, it depends on the N-particle Hilbert space under consideration, since the
density operators p in the minimization of Eq. (3.91) are operators within this Hilbert
space.

Using the functional Gy[y] defined in Eq. (3.91), we can now introduce the free
energy functional

Flyl = Z tije Yijo + GnIY], (3.93)
ijo
whose minimal value within the set I'.(N) of all ensemble N-representable SPDMs
equals the free energy F,. This can be most easily seen by performing the minimiza-
tion in the Helmholtz variational-principle (3.81) in two consecutive steps:

A1
Fy = min TrN{ﬁ (H+ Blogﬁ)} =

PEPN

A 1
= min Z tija Yijo T f)}’l_l)l)’/lTI‘N{pA (W + B log ﬁ)} =

yereN) | 55 (3.94)

= min F[y].

= min Z tijo Yijo + GN[)/] o

y€Ele(N) ijo

Furthermore, from Eq. (3.83) it follows that the density matrix p which yields the
minimum in Eq. (3.94) must be the canonical density-matrix (3.82) associated with
the given hopping matrix ¢, particle number N, and temperature T. Consequently,
the minimizing SPDM y corresponds to the canonical eq-SPDM.

In order to develop a practical implementation of the functional Gy[y], let us per-
form the minimization in Eq. (3.91) in an explicit manner. To this aim we seek for the
extremes of the Euler-Lagrange functional

Ln[p] = TrN{ﬁ (W + %logﬁ)} + leja (TrN{ﬁ é;éjg} - Yija) =

ijo

(3.95)
A A A ~ 1 A
= TI‘N{p ( E Aijo‘ CLCJ‘O- + W+ IB logp)} - E A,’ja Yijo

ijo ijo
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3 Density functional theory on a lattice

within the set Py of all positive semidefinite N-particle density matrices p with unit
trace. As usual, we have introduced Lagrange multipliers A;;, in order to enforce that
the minimizing density matrix p yields the required SPDM y. Apart from an irrelevant
constant, the Euler-Lagrange functional (3.95) equals the Helmholtz functional (3.80)
with the effective Hamiltonian

Hy= > Aije €l o+ W. (3.96)

ijo

Consequently, the minimum of the Euler-Lagrange functional (3.95) within the set Py
is attained for the corresponding canonical density matrix

e P
TrN{e‘ﬁPIA} .
The parameters A;j, in the Hamiltonian (3.96) play the role of effective energy lev-
els (i = j) and effective hopping integrals (i # j), which must be chosen such that the
canonical density matrix (3.97) yields the required SPDM via y;jc = Trn{px 6;6]-(,}.
In practice, one usually varies the parameters A;j; systematically in order to scan
the whole domain of canonical eq-SPDMs. Like in the previously considered grand-
canonical case, this procedure requires one to compute the canonical density ma-
trix (3.97), which is usually expressed in terms of the N-particle eigenstates and eigen-
values of the effective Hamiltonian H;. The thus described procedure is therefore
in general of the same level of complexity as the initial problem with the Hamilto-

nian (3.1) and is therefore only applicable to systems which can be solved by analytical
or numerical methods.

Py = (3-97)

Mapping to an effective noninteracting system

The mapping between a given interacting N-particle system and a noninteracting
system having the same canonical eq-SPDM can be established in a similar fashion as
in the previous grand-canonical formulation of FT-LDFT. To this aim, we seek for a
noninteracting system described by the general single-particle Hamiltonian

Hs = Z t,'sjg éjaéjo = Z €ko ko (3.98)

ijo ko

which yields the same canonical eq-SPDM vy as the given interacting system. Here,
Ay = bzabka is the number operator for the natural orbital ko defined in Egs. (3.59)

and (3.60), and ¢, is the corresponding orbital energy. The canonical density matrix
of the noninteracting system described by the Hamiltonian (3.98) is given by

e_ﬁ 2ko €ko ﬁko‘

B TrN{e‘ﬁ ko fkaﬁka} ’

A

PN

(3-99)

58



3.2 Finite-temperature ensembles

and consequently it holds

Trn{pn by bro} = S TEN{PN ke } = Skt Mk » (3.100)

where i, = Trn{pN fiks} is the canonical equilibrium occupation-number of the
natural orbital ko. Analog to Eq. (3.64), we obtain the canonical eq-SPDM of the
noninteracting system described by the Hamiltonian (3.98) as

Yijo = Z Uiko Nko u;ko' . (3-101)
k

We conclude that the eigenvalues i, € [0, 1] of the canonical eq-SPDM correspond to
the canonical equilibrium occupation numbers of the natural orbitals, and its eigen-
vectors uy, coincide with the eigenvectors of the transposed hopping matrix (tf,)T
[see Eq. (3.60)]. Clearly, the SPDM (3.101) minimizes the noninteracting free-energy
functional
Fs[)’] = Z tisjo- Yijo T Gs[)"? N] (3.102)
ijo

within the set I'.(N) of all ensemble N-representable SPDMs y, where

Gily: NI = =T Sy N1 = 5 min'Tey {5 log p} (3.109)
is, apart of the factor —T, the universal entropy functional Ss[y; N| for N noninter-
acting Fermions. In contrast to its grand-canonical analog (3.74), no general explicit
expression is available for the functional S[y; N].

Let us now try to establish a connection between the given interacting system de-
scribed by the general Hamiltonian (3.1) and the noninteracting system described by
Eq. (3.98). Clearly, the canonical eq-SPDM of the interacting system minimizes the
corresponding free-energy functional (3.93), i. e., for the canonical eq-SPDM v of the
interacting system it must hold

OF[y] IGn[y]

—— =tj,+———=0 Vijo. (3.104)
3}’1']'0 ! (9}’1'}'0

Let us express the functional Gy[y] as

Gnlyl = Gs[y; N] + Wiply; N] + Gc[y; N], (3.105)

where G;[y; N] is the noninteracting functional (3.103), Wyr[y; N] the interaction-
energy functional in Hartree-Fock approximation, and G.[y; N| the correlation con-
tribution to the free energy of N interacting Fermions. Here, the interaction-energy
functional in Hartree-Fock approximation is given by Wir[y; N] = Trx{pn[y] W1,
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3 Density functional theory on a lattice

where pn[y] is the canonical density matrix of the unique noninteracting system
whose canonical eq-SPDM equals y. Notice, however, that the explicit expres-
sion (B.10) for the interaction energy in Hartree-Fock approximation, derived in Ap-
pendix B, is not valid for Wyr[y; N], since pny[y] does not describe an uncorrelated
mixed-state (see Appendix B).

Using Eq. (3.105), we can rewrite the stationary condition Eq. (3.104) as

OF[y] |

0Gs[y; N]
= . _
oy 0

5Yija

=0 Vijo, (3.106)

where we have introduced the effective single-particle hopping integrals

OWrr[y; N N 0G.[y;N]
6)/1']0 6)/1']0 .

tioly] = tije + (3.107)
Equation (3.106) is formally identical to the condition one would obtain for an ex-
tremal point of the noninteracting free-energy functional (3.102). Therefore, we con-
clude that the auxiliary noninteracting system with the hopping integrals #° given
in Eq. (3.107) yields the same canonical eq-SPDM as the interacting system with the
hopping matrix ¢. Thus, Egs. (3.60), (3.99), and (3.107) establish a scheme from which
the canonical eq-SPDM of a given interacting system can be determined by the solu-
tion of effective single-particle equations. Since the hopping integrals (3.107) of the
auxiliary noninteracting system depend on the SPDM Yy itself, the scheme must be
solved in a selfconsistent manner:

1. Start from an initial guess for the canonical eq-SPDM 7y of the interacting sys-
tem, for example from the canonical eq-SPDM of the corresponding noninter-
acting system which is obtained by setting W = 0.

2. Use the current guess for the canonical eq-SPDM y to compute the effective
single-particle hopping integrals (3.107), and solve Eq. (3.60) in order to ob-
tain new eigenvectors uy, and the effective single-particle energy levels ¢.
Subsequently, compute the new natural-orbital occupation numbers i, =
Trn{pN fiks }, Where pn is the canonical density matrix (3.99) of the effective
noninteracting system.

3. Compute the new SPDM yi’jg = uikgrykau;‘kg from the new occupation num-
bers i, and the new eigenvectors uy,.

4. Exit if convergence is achieved, i.e., y;;, = yijo Vijo. Otherwise, return to step 2
after having updated y with y’.
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Exploiting the links between ground-state
correlations and the independent-Fermion
entropy

In the past decades a large number of studies have been devoted to the problem of
electron correlations by applying the methods of density functional theory (DFT) to
lattice models [1, 69-87]. Indeed, taking into account the universality of DFT and
its efficiency in various complex ab-initio calculations, it is physically reasonable to
expect that DFT combined with a suitable ansatz for the kinetic- and interaction-
energy functionals should be a valuable approach for correlated lattice models. Early
studies have been devoted to the band-gap problem in semiconductors [69—71] and
have addressed the importance of the off-diagonal elements of the density matrix in
the description of strong correlation effects [72]. Density-matrix functionals for the
Anderson and Hubbard models have been successfully applied [73, 75] and even some
time-dependent approaches have been proposed [76]. In the context of this thesis
we focus on the lattice density functional theory (LDFT) formulated in Chapter 3,
which considers the single-particle density matrix (SPDM) y as central variable of the
many-body problem.

Several important lattice models of strongly interacting electrons have been ad-
dressed within the framework of LDFT. This includes the single-impurity Anderson
model [81-83] as well as the Hubbard model with homogeneous and inhomogeneous
local potentials, dimerized chains, attractive pairing interactions, and inhomogeneous
local repulsions [77-80, 83-87]. The basic idea behind the functionals proposed in
previous approaches is to adopt a real-space perspective, and to take advantage of
scaling properties of the interaction energy W as a function of the bond order y;,,,
which measures the degree of charge fluctuations between nearest neighbors (NNs).
The actual dependence of W on y;;, can then be inferred from the exact solution of
a reference system, such as the two-site problem (dimer), or some other exactly solv-
able system. By doing so, the dependence of W on the remaining SPDM elements y;j»
has been absorbed in the Levy-Lieb minimization (see Section 3.1.2), which is possible
whenever lattice models with hoppings only between NNs are considered, since the
kinetic energy K depends only on y;3, in this case such that the dependence of W on

Most of the content of this chapter has been published in Ref. [1], ©2018 American Physical Society.
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4 Links between ground-state correlations and the IFE

other SPDM elements is irrelevant for the minimization of the energy E = T + W.
While the restriction to NN hoppings and SPDM elements is a useful simplification,
it also brings about some profound limitations. Indeed, these approaches can only
yield the ground-state values of the diagonal and NN elements of the SPDM. This
means that more complex observables, whose functional dependence O[y] involves
all SPDM elements, as well as physical situations requiring interatomic hoppings be-
yond NNs, remain out of scope. Therefore, the domain of applicability of these previ-
ous approaches in the framework of LDFT remained somewhat limited. It should be
furthermore noted that the interaction-energy functional W{[y] forfeits its universal
character if its dependence on most of the SPDM elements is absorbed in the Levy-Lieb
minimization procedure. Consequently, taking into account the dependence of W on
the complete SPDM ¥y is both desirable and necessary in order to leverage the full
universality of LDFT. In fact, an approach based on the full SPDM would allow us to
investigate the distance dependence of y;j, and thus the long-range electron mobility,
which is most interesting in the context of strong electron correlations, even if the ac-
tual hybridizations are short-ranged as it is usually the case in narrow-band systems.
In this way it should be possible to investigate how electron localization develops in
real space as the Coulomb-repulsion strength increases.

Keeping these motivations and challenges in mind, we devote the present chapter
to the development of an interaction-energy functional W[y] for the Hubbard model
which takes into account its dependence on the full SPDM. To this aim, we will adopt
a delocalized k-space perspective and focus on homogeneous periodic systems. First,
we investigate the dependence of W on the eigenvalues 5y, of the SPDM, which rep-
resent the spin-dependent occupation numbers of the natural orbitals. Second, we
will derive a simple, yet very effective approximation to W[y] by exploiting certain
analogies between electron correlations in the ground state and the entropy of in-
dependent fermions having the occupation numbers ry,. Finally, we apply our new
functional to finite and infinite lattices in 1-3 dimensions as well as to the limit of infi-
nite dimensions. We will consider a variety of interesting physical situations, includ-
ing spin-polarized systems, correlated Fermions subject to an attractive interaction,
and we will study systems with arbitrary electron density exhibiting Luttinger-liquid
behavior.

4.1 Reciprocal-space approximation to W[y]

In order to derive an approximation to the interaction-energy functional W[y] which
takes into account the dependence of W on the full SPDM y, we will adopt a k-space
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4.1 Reciprocal-space approximation to W|[y]

perspective and focus on the homogeneous and periodic single-band Hubbard model

H=K+W = t;¢ ¢io +U > gy, . (4.1)
ijo i
In the usual notation, t;; stands for the hopping integral between atoms or lattice sites
at the positions R; and Rj, and U for the local Coulomb-repulsion strength. Due to
the translational symmetry of the underlying lattice, the elements of the correspond-
ing ground-state single-particle density matrix (gs-SPDM) y;j» depend only on the
vector R; — R; connecting the lattice sites i and j, such that we can write

1 ik(Ri-R;
Viie = Yo(Ri — Rj) = — > Mg e HERR) (4-2)
4 keBZ

where we have introduced the Fourier transform 5y, of the gs-SPDM. More generally,
Eq. (4.2) holds for any SPDM that is consistent with the translational symmetry of the
underlying lattice. Comparing Egs. (3.24) and (4.2) we infer the eigenvectors

1 kR,

Uu; = —=8 .
iko \/Jva (4 3)
of the SPDM as well as the corresponding eigenvalues
N, "
Nko = > | Yo(Ri) e R0 (4.4)
i=1

Consequently, any SPDM that is consistent with the translational symmetry of the
given lattice structure is fully characterized by its eigenvalues 1, = (b;gbka), which
represent the average occupation numbers of the corresponding Bloch-states

A 1 . +
b = — eikRi o (4.5)
ko /_Na Zl] io

If we focus on the Hubbard model on a given periodic lattice structure and are inter-
ested in the ground-state properties, we can restrict our considerations to the SPDMs
which are consistent with translational symmetry. In this case, we can regard the
SPDM functional of any physical observable O = O[n] as functional of the occupa-
tion numbers 1 = {n, } alone, since they characterize the corresponding translational
symmetric SPDM. This applies in particular to the functionals K[n], W[n], and E[n] of
the kinetic, interaction, and total energy. For example, the kinetic-energy functional
expressed in terms of the occupation numbers 7y, is given by

K[nl = > ek Mko» (4.6)
ko
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4 Links between ground-state correlations and the IFE

where
Na

e = > H(R) cos(k - Ry) (4.7)
i=1
is the single-particle dispersion relation. Here we made use of the fact that the hop-
ping integrals t;; = t(R;j) between the local orbitals at the sites i and j depend only on
the mutual distance R;; = |R; — R;| due to the translational symmetry.

In order to derive a physically sound approximation to the interaction-energy func-
tional W{[n], it is very useful to consider two important limiting cases. The first one
concerns idempotent SPDMs, i.e., y2 = vy, which implies g, € {0, 1} for all ko. The
corresponding many-particle state is the single Slater determinant made of the occu-
pied Bloch states which are defined in Eq. (4.5). The associated interaction energy W
is equal to

War =U Z YiitYiil = UN, niny, (4-8)
i

where we have used that y;;, = n, = Ny;/N, fori =1,...,N, [see Eq. (B.10) in Ap-
pendix B]. The second important limiting case concerns scalar SPDMs, i.e., y, = 1ng,
which implies that the corresponding occupation numbers i, = n, are independent
of k. This situation describes a fully localized state since y;j = 0 for all i # j. The
associated ground-state interaction energy is given by

0 if N <N,
Weo =UDs , where Dy = ) (4.9)
N-N, if N>N,

is the minimal number of double occupations for N localized electrons distributed
among the N, orbitals. Any physically sound approximation to the interaction-energy
functional W[n] should be able to reproduce these two important limiting cases, i. e.,
the results (4.8) and (4.9) for idempotent and scalar SPDMs.

In this context it is useful to consider the independent-Fermion entropy (IFE)*

S[nl = —ks D, [ ko 108 ke + (1 = i) log(1 — mieo)] (4.10)
ko

representing the entropy of an arbitrary occupation-number distribution 5 € [0, 1]*"e.
It is easy to verify that S[n] assumes its minimal value S = 0 if n;, € {0, 1} for all ko,

'Notice that the inclusion of the Boltzmann constant kg in Eq. (4.10) is arbitrary and that it could be
dropped as in the usual mathematical definition of the entropy of a probability distribution [104].
Here we shall keep it in order to facilitate some physical interpretations. It is, however, important
to keep in mind that this chapter, and in particular the functionals derived and applied in it, are
aimed towards the description of ground-state properties exclusively. The utility of the IFE defined
in Eq. (4.10) and the corresponding finite-temperature analog results from the fact that the entropy
of the occupation-number distribution {5 } is the quantity which best characterizes its diversity.
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4.1 Reciprocal-space approximation to W|[y]

and that its maximum under the constraint N, = X i, is attained when 1y, =
Ny /Ng = ng for all ko. In the important case of a half-filled band, i.e., ny + n| = 1,
the maximum of the IFE is given by

Seo = —2Nkg [”T log(ny) +n log(nl)] . (4.11)

Notice that the IFE (4.10) assumes its extremes for idempotent and scalar SPDMs, just
as the interaction energy W. This suggests to use S[n] as a measure of the degree of
electronic correlations, in terms of which the functional dependence of W[y] could
be effectively approximated.

In order to assess the actual connection between the IFE (4.10) and the interaction
energy W in the ground state of the half-filled Hubbard model, we have performed
exact numerical Lanczos diagonalizations for a number of lattice structures and sys-
tem sizes. A variety of ground-state occupation-number distributions {7y, } has been
obtained by scaling the hopping integrals in the Hubbard-model Hamiltonian (4.1)
from t;j = 0 to t;; > U. In this way, the complete range 0 < S < S, of the IFE
has been scanned. Our results, presented in Fig. 4.1, show a remarkable one-to-one
correspondence between W and S, which is approximately independent of the size
and dimension of the system under consideration if it is properly scaled by the max-
imum values Wyr and Se. It is, however, important to notice that the results shown
in Fig. 4.1 suggest a relation between W and S only for the ground state, i.e., for
the case of ground-state representable occupation-number distributions {3 }. For the
more general case of occupation-number distributions which are not ground-state
representable, i. e., which are not associated to any ground state of the model under
consideration, there is no one-to-one relation between the IFE S and the interaction
energy W, as we will demonstrate in the following. To this aim, let us assume there
would be a one-to-one correspondence between W and S for arbitrary occupation-
number distributions which are only constrained by the ensemble-representability
condition 0 < ng, < 1 Vko. This means, we assume that the interaction-energy
functional

Winl = W(S[nl) (4.12)

can be expressed as an ordinary function of the IFE defined in Eq. (4.10). In order
to obtain the ground-state energy E, and the ground-state occupation numbers for
a given number N, of electrons with spin polarization o, we have to minimize the
energy functional

E[n] = > &k ko + W(S[n]) (4.13)
ko

within the domain of the ensemble-representable occupation-number distributions
which correspond to the given particle number. To this aim, we seek for the extremes
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4 Links between ground-state correlations and the IFE

S/Se

Figure 4.1: Relation between the interaction energy W and the IFE S in the ground state of
the half-filled Hubbard model, as obtained from exact numerical Lanczos diagonalizations for
a number of different periodic lattice structures. Results are shown for finite 1D rings having
N, = 6 (circles), N, = 10 (upright triangles) and N, = 14 (squares) lattice sites, as well as for
2D square-lattices having N, = 2x4 (downright triangles) and N, = 3x4 (diamonds) lattice
sites. The solid symbols correspond to the Hubbard model with only NN hopping ¢, while
the open symbols represent results where also second-NN hoppings t, = t/2 are taken into
account. Adapted from Miiller et al. [1], ©2018 American Physical Society.

of the corresponding Euler-Lagrange functional

£ = E[I]] + Z Ho (Na - Z de) ) (4-14)
o k

where the Lagrange multipliers y, enforce the given number N, = Xk g, of spin-o
electrons. At an extreme of the Euler-Lagrange functional (4.14) one has

oL OE[n] oW 0S[n]
= — — U = — Us _— = 0 Vk . .
a’7k¢7 8’7k0' . kT Ho N 0’7k0 7 (4 15)

Introducing the effective temperature Tog = —0W /JS and using Eq. (4.10), it follows

that
1 1

with  feg = ool

This means that our initial assumption (4.12) leads to the conclusion that the ground-
state occupation-number distribution {5, } of the Hubbard model follows a Fermi-
Dirac distribution with an effective temperature Teg = —0W /dS which only depends

Nko (4.16)

- 1 + eBei(ex—po)
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4.2 Finite systems in one and two dimensions

on U and N,. This conclusion, however, contradicts the fact that the occupation num-
bers in the ground state of the Hubbard model follow a Luttinger-liquid or a Fermi-
liquid like distribution (see for example Refs. [105-107]) exhibiting a singularity at
the Fermi surface k = kr which does not occur in the Fermi-Dirac distribution (4.16).
Therefore, our initial assumption (4.12) must have been wrong, which means that
there is in general no one-to-one connection between the IFE S and the interaction en-
ergy W for arbitrary ensemble-representable occupation-number distributions {f }.
Notice, however, that a very accurate description of the occupation-number distribu-
tion {nk,} is not necessarily needed in order to obtain accurate values for the most
relevant observables derived from them, since most observables (such as the kinetic
energy or the average number of double occupations) involve an average over all k.
Furthermore, a detailed analysis of numerous exact numerical results for the ground-
state occupation-number distribution of the Hubbard model on various lattice struc-
tures shows the following:

1. Equation (4.12) is valid if ground-state representable distributions n are consid-
ered. Therefore, combined with a sound approximation to the set of ground-
state representable distributions 5, Eq. (4.12) is a very promising starting point
towards a flexible LDFT approach for the ground state of the Hubbard model.

2. For the half-filled band case the Fermi-Dirac distribution (4.16) yields a sound
approximation to the actual ground-state occupation-number distribution. This
means, the assumption that Eq. (4.12) holds for arbitrary ensemble representable
occupation-number distributions introduces only small errors in the ground-
state occupation numbers if one focuses on a half-filled band.

In the following Sections 4.2 to 4.5 we demonstrate that Eq. (4.12) in combination with
a very simple approximation to the function W(S) already provides a surprisingly
accurate account for the ground-state properties of the half-filled Hubbard model,
particularly in the challenging case of strong electronic correlations. Furthermore,
in Section 4.6 we combine Eq. (4.12) with a family of functions 7,(k) exhibiting a
Luttinger-like power-law singularity at the Fermi level, since this type of singularity
is expected in the ground-state momentum distribution of the 1D Hubbard model
away from half band-filling. In this way we leave the regime of a half-filled band and
explore how the electronic correlations are modified as the electron density changes.

4.2 Finite systems in one and two dimensions

For the following applications to the half-filled Hubbard model we assume that
Eq. (4.12) holds for arbitrary ensemble-representable occupation-number distribu-
tions {fx,}. On the basis of the numerical results shown in Fig. 4.1, we propose to
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4 Links between ground-state correlations and the IFE

approximate the corresponding function W(S) by the simple linear relation

w(s) = Wi [1- ). 47

Here, Wir is the Hartree-Fock (HF) interaction energy (4.8) and S, the upper bound
for the IFE given by Eq. (4.11). Notice that W(S) yields the exact interaction energy in
the localized limit (where S = S, and W = 0 for n = 1), as well as in the uncorre-
lated limit when ground-state degeneracies are absent (where S = 0 and W = Wyp).
Substituting Eq. (4.17) into Eq. (4.13) we obtain the energy functional

E[Tl] = ng Nko + UN, mn| (1 — ?) =

ko ” (4.18)
= D ek Mo + Wirr — Terr Sl
ko
with the effective temperature Tog = —OW /S = Wyp/Se. Consequently, in the

present linear ansatz for W(S), the correlation energy W, = W — Wyr of the inter-
acting problem is approximated by the entropy contribution —T.g¢ S to the Helmholtz
free energy of an auxiliary noninteracting system at an effective finite temperature Teg
which is proportional to the Coulomb interaction strength U. Thus, fractional occupa-
tion numbers 0 < 1, < 1 are obtained in the ground state of all interacting systems,
i.e, forany U > 0.

4.2.1 One-dimensional rings

Figure 4.2 shows results for several ground-state properties of the Hubbard model
on a ring with N, = 14 sites and Ny = N| = 7 electrons as functions of the
Coulomb-interaction strength U/t. These results were obtained by LDFT in com-
bination with the linear IFE-approximation (4.17) to the interaction energy W, and
we compare them with exact numerical Lanczos diagonalizations [108]. In Fig. 4.2 (a)
one observes that the proposed linear ansatz for W reproduces the ground-state en-
ergy Eq very accurately for all U/t. The relative difference between LDFT and the
exact results are always less than 1.1%. In particular, in the strongly correlated limit
we obtain Ey/N, = —at?/U with agg = 2.77, while the exact proportionality fac-
tor is @ex = 2.79. This demonstrates the ability of LDFT combined with the linear
IFE-ansatz (4.17) to account for the Heisenberg limit of the Hubbard model, where the
energies associated with spin and charge degrees of freedom are widely separated (see
Section 2.3.2). Moreover, it is important to remark that the accuracy of E, is not the
consequence of a significant compensation of errors. Indeed, as shown in Fig. 4.2 (b),
very good results are obtained also for the average number of double occupations D
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Figure 4.2: Ground-state properties of the 1D Hubbard model on a ring having N, = 14 sites
and Ny = N| = 7 electrons as functions of the Coulomb-repulsion strength U/t. Results of
LDFT combined with the linear IFE-approximation (4.17) to the interaction-energy functional
(blue full curves) are compared with exact numerical Lanczos diagonalizations (red dashed
curves): (a) ground-state energy Ey, (b) average number of double occupations D and kinetic
energy K, (c) natural-orbital occupation numbers nyt = nx |, and (d) gs-SPDM elements yos51 =
Yos| between site i = 0 and its 6th-NN. The inset in subfigure (a) highlights the strongly-

correlated Heisenberg limit (U > t) where E, o t?/U. Adapted from Miiller et al. [1], ©2018
American Physical Society.
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4 Links between ground-state correlations and the IFE

and the kinetic energy K. Only for very weak interactions (U/t < 1) the LDFT ap-
proximation overestimates D slightly by remaining too close to Dyr = N,/4. This is
a consequence of inaccuracies in our approximation to W[n] for nearly integer val-
ues of 1, which, for the most part, can be ascribed to the deviations from linearity
in W(S) for small S, as already observed in the context of Fig. 4.1. In fact, by adapting
the function W(S) for small values of S one obtains improved results for the double
occupations D at small values of U/t. In any case, these small inaccuracies in the
double occupations do not affect the ground-state energy E significantly. In fact, for
weak interactions (U/t < 1) the kinetic energy K dominates, which is always very
accurately reproduced by the linear IFE-approximation.

In addition to the kinetic and Coulomb energies, it is interesting to investigate the
influence of electronic correlations on the ground-state density matrix y° which min-
imizes the energy functional E[y]. A first insight from a k-space perspective is given
in Fig. 4.2 (c), where the ground-state occupation numbers 7, are shown as func-
tions of the Coulomb-repulsion strength U/t. We find eight distinct values for the
occupation numbers 7y, which correspond to the wave numbers k = 0, k = tvr/7
with v = 1-6 and k = 7, as implied by time-inversion symmetry (i. e., xs = N-ks Vk).
Taking into account Eq. (4.16) and the fact that the k-dependence of the single-particle
spectrum ¢ respects the point-group symmetry of the lattice, it is easy to verify that
the 1y, derived from any IFE approximation of the form (4.12) always satisty the local
symmetry properties of the model under consideration.

Another fundamental property of the average Bloch-state occupation numbers ob-
served in the absence of ground-state degeneracies in the unpolarized half-filled Hub-
bard model is the sum rule

ko + Nk+q.0 = 1, (4-19)
where the wave vector q satisfies e,y = —¢ for all k € BZ. From Eq. (2.15) one

finds q = & for a one-dimensional lattice with NN hopping and q = Zle b;/2 in the
general case of a d dimensional lattice, where b; denotes the elementary vectors of the
reciprocal lattice. In order to prove Eq. (4.19) let us consider the unitary electron-hole
transformation o

U:¢  — Ckigo Vko. (4.20)
Expressing the operator D = 3; ;) in terms of the Bloch states (2.13)
L1 p o )
°e Nu kZQeBZ “ki+0.1 il Chy-0,) Rl > (4.21)
1,12,

and using that e, = —é& for all k € BZ, it is straight forward to verify that the
Hubbard-model Hamiltonian H = 3y, exfix, + UD transforms to

B =U'AU = H - Wi, (4.22)
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4.2 Finite systems in one and two dimensions

where Wir = UN;N| /N, is the HF interaction energy (4.8). Since Wy is just a con-
stant if the number N, of spin-o electrons is kept fixed, it follows that H is (besides
of this irrelevant constant) invariant upon the electron-hole transformation (4.20).
Consequently, if |¥) is one of the eigenstates of H with energy E and N, spin-c
electrons, then the transformed state [¥’) = U|¥) is also an eigenstate of H with
energy E' = E — Wyr and N, = N, — N, spin-o electrons. One readily concludes that
[¥g) = U|¥,) must be the ground state for N, = N, — N, spin-o electrons if |¥y) is the
ground state for N, electrons with spin o. Consequently, in the absence of ground-
state degeneracies for Ny = N| = N,;/2 we must have [¥) = [¥;) = U|¥,), such
that
Mo = (Pole]_xo|¥o) = (Bo|UTe! &, U W) =
AF R (4.23)
= (¥o[1 - Ck+q7ack+q,o|\PO> =1- Nk+q,0 -

This proves the sum rule (4.19). In the present context it is important to note that any
IFE approximation of the form (4.12) satisfies this sum rule for Ny = N| = N,/2, since
Eq. (4.16) combined with py = ) = 0 and &5, 4 = —& implies Eq. (4.19).

The comparison between the exact and approximate results, shown in Fig. 4.2 (c),
leads to the conclusion that the linear IFE-approximation reproduces the occupation
numbers 7y, of the finite half-filled 1D Hubbard model quite accurately in the whole
range from weak to strong Coulomb interactions. For very weak interactions U/t < 1
one obtains the expected behavior ni, ~ 1 for |k| < 7/2 and 5, ~ 0 otherwise. The
gradual suppression of charge fluctuations with increasing values of U/t is reflected
by the decreasing (increasing) occupations of the Bloch states having lower (higher)
energies. Thus, 1, decreases (increases) for |k| < /2 (|k| > 7/2) until in the strongly
correlated limit ni, = 1/2 is reached for all ko. The only significant deviations be-
tween the exact and approximate results is observed for |k| = 37/7 (|k| = 47/7),
where 7y, is underestimated (overestimated) for intermediate values of U/t. Since
these values of k are those closest to the Fermi surface |kr| = 7 /2, we conclude that the
linear IFE-approximation overestimates the excitation of electrons across the Fermi
level e = 0. This is a consequence of the rather small slope dny,/d¢x of the Fermi
function (4.16) in the vicinity of the Fermi energy, when compared with the exact
occupation-number distribution. In fact, the ground-state occupation-number distri-
bution of the infinite Hubbard chain is expected to exhibit the typical power-law sin-
gularity of a Luttinger liquid, which leads to a divergence in the derivative dn,(k)/0k
at the Fermi level [98]. Notice that the Fermi-Dirac distribution (4.16), which is an im-
mediate consequence of the IFE approximation (4.12), can never reproduce this subtle
behavior.

In Egs. (4.2) and (4.4) we have already seen that the occupation numbers n, and the
SPDM v are related by a Fourier transformation. Since we are concerned with lattices

71



4 Links between ground-state correlations and the IFE

having translational and rotational symmetry, the elements y;j; = y,(|R; — R;|) of the
gs-SPDM depend solely on the distance between the lattice sites i and j. Therefore,
it is sufficient to consider the matrix elements yys, corresponding to a given lattice
site i = 0 and its 5th NN. Before analyzing the results shown in Fig. 4.2 (d), one should
notice that in the absence of ground-state degeneracies in the unpolarized half-filled
Hubbard model one has y;j, = 0 for lattice sites i # j belonging to the same sublattice.
This property is closely related to the above discussed electron-hole symmetry of the
Hubbard-model. In fact, by expressing the SPDM as Fourier transform of the Bloch-
state occupation numbers

Yijo = NL Z Nko e_lk.(Ri_Rj) (4'24)

4 keBZ

and using the sum rule (4.19), one obtains
Yijo (1 + e I RRy )) = ;.- (4.25)

Here q = 3; b;/2, and from the orthogonality relation a; - b; = 276;; between the ele-
mentary real and reciprocal lattice vectors it follows q-R = Mz with M = Z?zl n €z
for any lattice vector R = Z?:l n; a;. Finally, if the lattice is bipartite and the sites i # j
belong to the same sublattice, we have q - (R; — Rj) = Mz with M even, such that
Eq. (4.25) implies y;jo = 0. Since any approximation of the form (4.12) satisfies the
sum rule (4.19) for Ny = N| = N,/2, one concludes that this property is exactly repro-
duced within the IFE approximation.

In Fig. 4.2 (d) results are shown for the gs-SPDM elements yos,. As already dis-
cussed, we have yy5, = 0 for even § since in the one-dimensional chain the corre-
sponding lattice sites belong to the same sublattice as the site i = 0. The LDFT results
for the remaining four non-vanishing elements y,s, with § odd are in good qualitative
agreement to the exact ones. Both weakly- and strongly-correlated limits (U/t < 1
and U/t > 10) are very accurately reproduced for all SPDM elements. Moreover, yy1.,
which corresponds to NNs and is proportional to the kinetic energy in the considered
NN-hopping model, is obtained with remarkable accuracy for all values of U/t. This
is consistent with the very good accuracy of the calculated kinetic energy shown in
Fig. 4.2 (b). However, for intermediate values of U/t our approximation underesti-
mates the delocalization of the electrons beyond NNs (i. e., yo5, with § = 3,5,7). For
example, for U/t = 4 the LDFT approximation to |y3,| is about 50% smaller than the
exact result, while yys5, and yy7, nearly vanish. The discrepancies in yys, for § = 3, 5,7
seem more severe than what one might have expected on the basis of the results for its
Fourier transform 7. As already discussed in the context of Fig. 4.2 (c), the approxi-
mate values for 7y, are quite accurate except for k = +37/7 and k = +47/7. To sum
up, we conclude that the correlation-induced localization of the electrons is quite well
reproduced qualitatively. However, the degree of the localization is overestimated.
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4.2 Finite systems in one and two dimensions

4.2.2 Two-dimensional square lattice

Figure 4.3 shows results for the ground-state properties of the half-filled 2D Hubbard
model on a 4x4 square cluster with periodic boundary conditions (Ny = N| = 8).
The comparison with exact Lanczos diagonalizations shows that in two dimensions
the accuracy of LDFT in the linear IFE-approximation (4.17) is similar to the above
discussed 1D case. In particular, the ground-state energy E, shown in Fig. 4.3 (a) is
accurately reproduced for all values of U/t. In the strongly correlated limit we find
Ey/N, = —at?/U which correctly reproduces the behavior of localized Heisenberg
spins (see Section 2.3.2). Quantitatively, we obtain apg = 5.55 which is only 13%
larger than the exact value aey = 4.81 deduced from the Lanczos diagonalizations.
For intermediate values of U/t we find that the binding energy |Ey| is somewhat
overestimated. The main reason for this is an overestimation of the kinetic-energy
gain |K|, which turns out to be slightly less accurate than in the 1D case [compare
Figs. 4.2(b) and 4.3(b)]. Also the average number of ground-state double occupa-
tions D is mostly very well reproduced within the linear IFE-approximation, as can
be seen in Fig. 4.3 (b). Still, for U/t < 2 we find that D is significantly underestimated.
This is the reason for the slight underestimation of 9E,/0U in the weakly correlated
limit (U/t < 2), although the quantitative impact of D on E, is weak for small values
of U/t.

Notice that for U/t — 0 both the exact and LDFT results for D are smaller than
the HF value Dyr = N,/4. This is a consequence of the fact that the single-particle
spectrum of the finite 4x4 cluster is degenerate at the Fermi level ¢ = 0. As a re-
sult, the Bloch states having &, = ¢r = 0 can be partially occupied in order to reduce
the average number of double occupations even in the limit of vanishing interac-
tion energy U/t — 0. In fact, there are six Bloch states at the Fermi level ¢r, which
correspond to the wave vectors k = (x7/2,+7/2), (,0) and (0, 7). These states
are occupied by six electrons for U/t — 0 and the remaining 10 electrons occupy
the states having k = (0,0), (+7/2,0) and (0, £7/2). As shown in Fig. 4.3 (c), LDFT
yields i, = 1/2 for all k at the Fermi level, irrespectively of the Coulomb interac-
tion strength U/¢, in agreement with the exact diagonalizations. Furthermore, both
exact and LDFT computations yield the same occupation numbers ni, = 1y, for
Bloch states having ¢, = €. This is consistent with the general result (4.16), stating
that the k-dependence of the occupation numbers 7y, obtained from any IFE approx-
imation is determined by the single-particle spectrum ¢;. Nevertheless, the simple
linear IFE-approximation (4.17) happens to be unable to accurately reproduce the dou-
ble occupations D of the weakly-interacting finite Hubbard model in the presence of
essential degeneracies, i.e., in the case that the degenerate ground-states are cou-
pled by the action of D in the limit U/t — 0. Notice, however, that Eq. (4.21) implies

(‘I’éi)lm‘l’éj)) € {0,+1/N,} for two noninteracting ground states, i. e., for two differ-
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Figure 4.3: Ground-state properties of the 2D Hubbard model on a 4x4 square lattice with
N; = N| = 8 electrons and periodic boundary conditions as functions of the Coulomb-
repulsion strength U/t. Results of LDFT combined with the linear IFE-approximation (4.17) to
the interaction-energy functional (blue full curves) are compared with exact numerical Lanc-
zos diagonalizations (red crosses): (a) ground-state energy Ey, (b) average number of double
occupations D and kinetic energy K, (c) natural-orbital occupation numbers nxt = x|, and
(d) gs-SPDM elements yy51 = yos| between site i = 0 and its 5th NN, as illustrated in the inset.
The inset in subfigure (a) highlights the strongly-correlated Heisenberg limit (U > t) where
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4.2 Finite systems in one and two dimensions

ent Slater determinants in the occupied Bloch states ((‘Iféi)l‘lféj )) = 0). Consequently,
the effect of a finite degeneracy at the Fermi level vanishes in the thermodynamic
limit N, — oo. It is for this reason that in Fig. 4.1 we have focused on systems not
exhibiting this kind of finite-size degeneracy, since otherwise our inferred approxi-
mation (4.17) would have been plagued by spurious finite-size effects. In fact, in Sec-
tion 4.3 we will demonstrate that the ground-state observables of the infinite Hubbard
chain derived from the present IFE approximation are almost indistinguishable from
the exact Lieb-Wu solution. Moreover, we will show that very accurate results are
obtained for infinite lattices in higher dimensions as well.

As in the one-dimensional case, the occupation numbers 7, of the Bloch states
with energies below (above) the Fermi level e = 0 decrease (increase) with increas-
ing U/t, starting from 5, = 1 (g, = 0) in the uncorrelated limit (U/t = 0) un-
til nx, = 1/2 is reached for all k in the strongly correlated limit (U/t — o). Fig-
ure 4.3(c) shows that the occupation numbers 7y, obtained within the linear IFE-
approximation are remarkably accurate for all ko in the complete range from weak
to strong interactions. Furthermore, our approximation respects all point-group sym-
metries of 1, in the reciprocal lattice, since these are inherited from the dispersion
relation ¢.

Results for the gs-SPDM elements y;j, as functions of U/t are presented in
Fig. 4.3(d). Due to the symmetry of the lattice one only needs to consider the ma-
trix elements y,s, between an arbitrary lattice site i = 0 and its 5th NN, as illustrated
in the inset of Fig. 4.3 (d). Electron-hole symmetry implies that yos, = 0 for 6 = 2,3, 5,
since the corresponding sites belong to the same sublattice as the site i = 0. This
holds, since the 2D square lattice is bipartite and the ground state of the 4x4 cluster
with Ny = N| = 8 is non-degenerate. The LDFT results for the remaining non-
vanishing gs-SPDM elements yy1, and o4 follow closely the exact numerical values
for all U/t. In particular, the correlation-induced localization of the electrons is very
accurately reproduced. Remarkably, the results for yys5, are significantly more accu-
rate than in the case of the 1D chain [see Fig. 4.2 (d)], at least for the relatively short
distances which can be explored within a finite cluster.

4.2.3 Triangular lattice

In order to explore magnetically frustrated systems, we consider a 4x4 cluster of the
2D triangular lattice with Ny = N| = 8 and periodic boundary conditions. Figure 4.4
shows results for several ground-state properties obtained in the framework of LDFT
with the linear IFE-approximation (4.17). The comparison with exact numerical Lanc-
zos diagonalizations shows that the ground-state energy E, is fairly well reproduced
in the whole interaction range from weak to strong correlations. The binding en-
ergy |Ey| is overestimated, especially for intermediate interaction strength U /t, where
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Figure 4.4: Ground-state properties of the 2D Hubbard model on a 4x4 cluster of the tri-
angular lattice with Ny = N| = 8 electrons and periodic boundary conditions as functions
of the Coulomb repulsion strength U/t. Results of LDFT combined with the linear IFE-
approximation (4.17) to the interaction-energy functional (blue full curves) are compared with
exact numerical Lanczos diagonalizations (red crosses): (a) ground-state energy Ey, (b) average
number of double occupations D and kinetic energy K, (c) natural-orbital occupation num-
bers nx+ = 1k, and (d) gs-SPDM elements yy51 = yos5, between site i = 0 and its §th NN, as
illustrated in the inset. The inset in subfigure (a) highlights the strongly-correlated Heisen-
berg limit (U > t) where E; o t?/U. The open circles in subfigures (c) and (d) are obtained
by averaging the exact occupation numbers which belong to Bloch states having the same
energy ¢r. Adapted from Miiller et al. [1], ©2018 American Physical Society.
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4.2 Finite systems in one and two dimensions

the maximum deviation Ef* — E(I)FE = 0.22N,t is observed for U/t = 9.33. In the
strongly-correlated Heisenberg limit, the energy relation E, = —at?/U is correctly
reproduced, although the corresponding slope arg = 8.32 is significantly larger than
the exact value ayx = 5.14 inferred from the Lanczos diagonalizations.

The LDFT results for the average number of double occupations D shown in
Fig. 4.4 (b) follow the exact ones fairly close, except for U/t < 4 where D is underesti-
mated by up to 27% in the uncorrelated limit U/t = 0. This is probably a consequence
of the ninefold degeneracy of ¢, at the Fermi level of the 4x4 cluster, which is occu-
pied by only two electrons. Under these circumstances the linear IFE-approximation
overestimates the ability of the finite many-body system to take advantage of the
degeneracies in order reduce the double occupations. Nevertheless, this underestima-
tion of D has little impact on the ground-state energy Ey, since U/t is relatively small
and the kinetic energy K, which is fairly well approximated, dominates. A similar
behavior has already been discovered in the context of the finite 4x4 square cluster
(see Fig. 4.3).

The Bloch states of the triangular 4x4 cluster with Ny = N| = 8 can be classified in
two groups: those at the Fermi level having ¢ = er = 2t and those below the Fermi
level er. In the uncorrelated limit U/t = 0, the Bloch states having & < ¢f are fully
occupied (7, = 1) and the ninefold degenerate Fermi level is occupied by only two
electrons with opposite spin polarization. As shown in Fig. 4.4 (c), the exact diago-
nalizations do not yield a uniform occupation of all Bloch states having ¢, = ¢F, as
one might naively expect. In fact, the exact occupation numbers of the Bloch states
at the Fermi level deviate from the value ng, = 1/9 predicted by any IFE approx-
imation of the form (4.12). This behavior is a subtle finite-size electron-correlation
effect, by which the system manages to completely suppress the local Coulomb inter-
action between the two electrons at the Fermi level, already for arbitrary small values
of U/t. Concerning the dependence of 5i, on the Coulomb-repulsion strength U/t,
we observe a qualitatively similar behavior as in the previously considered bipartite
lattices: the occupation numbers of the Bloch states with ¢, < ¢ (ep = €F) decrease
(increase) from their initial value ng, = 1 (g, ~ 1/9) for U/t = 0, until ng, = 1/2
is reached for all k in the limit U/t — oo. The present IFE approximation correctly
reproduces the overall trend in 7, as a function of U/t, however, for U/t > 8 it
somewhat overestimates (underestimates) ny, when ¢ < ¢r (e = ep). Although the
IFE approximation cannot resolve the differences in the occupation numbers 7y, be-
longing to Bloch states having ¢ = ¢F, the occupation numbers 5y, predicted by the
linear IFE-approximation compare well with the exact ones if the latter are averaged
among the Bloch states having the same energy ¢. These averaged exact i, are in-
dicated by the green circles in Fig. 4.4 (c). It should be also noted, as already discussed
in the context of the finite square lattice, that the anomalies due to degeneracies at
the Fermi level of the single-particle spectrum become progressively irrelevant as the
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4 Links between ground-state correlations and the IFE

system size increases. Therefore, one expects that the accuracy of the occupation
numbers 7y, should improve in the thermodynamic limit.

The gs-SPDM elements ys, between a lattice site i = 0 and its §th NN are shown in
Fig. 4.4 (d). One observes a good qualitative agreement between the present approxi-
mation and the exact numerical results. The most significant deviations are observed
for small values of U/t, where the differences between yy,, and yg3, cannot be re-
solved. This is a consequence of the fact that the IFE approximation does not account
for the subtle finite-size correlation effects responsible for the selective occupation of
the Bloch states having ¢, = ep. Nevertheless, the gs-SPDM elements yys5, obtained
from the averaged exact ny, agree fairly well to the approximate results, as indicated
by the green circles in Fig. 4.4 (d). In summary, by comparing Figs. 4.3 and 4.4, one
may conclude that the overall accuracy of the present IFE approximation for magnet-
ically frustrated non-bipartite lattices, such as the triangular lattice, is comparable to,
though in general somewhat inferior than in the case of bipartite lattices.

4.3 Infinite periodic lattices

Having tested the linear IFE-approximation (4.17) on finite one- and two-dimensional
clusters, we will now focus on the half-filled Hubbard model on infinite periodic lat-
tices. To be explicit, we focus on d-dimensional hypercubic lattices with NN hopping
tq = t/Vd, such that the corresponding single-particle dispersion relation (2.15) is
given by

2t

Vd

where k, € (-, ] are the components of the wave vector k € BZ. Notice that the
hopping integrals t; o 1/Vd have been scaled, in order to ensure that the second
moment

& =

d
Z cos(ky), (4-26)
a=1

wy = / e®p(e)de = 2dt§ =212 (4.27)

o

of the single-particle density of states (DOS) per atom and spin

1
(2m)?

pe)= — [ 5o dk (4.28)
BZ
is independent of the lattice dimension d. This allows us to compare results for differ-
ent dimensions on the same footing, and to explore the limit of infinite dimensions.
In order to apply our present linear IFE-approximation to infinite periodic lattices,
it is convenient to express the kinetic energy K and the IFE S in terms of the single-
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particle DOS p(¢) defined in Eq. (4.28):

=2 [ enptera (4.29)
and
S - k ) 1 1 d
=k 3 [ [ee)1og (0(6) + (1= o) log (1= 1o (0) | ). (a30)

Here, the spin-resolved occupation number of a Bloch-state with energy ¢ is, accord-
ing to Eq. (4.16), given by

1

with ﬁeff = m .
€

no(e) = (4.31)

1+ eﬁeff(g_ﬂo‘)
The effective temperature Tox = Whp/Se is independent of the IFE S within our
present linear approximation, and the chemical potential y, for spin-o electrons is
determined by the usual condtion

Ny = % = [m ne(€) p(e) de. (432)

From Eq. (4.29) one readily obtains the ground-state kinetic energy K, by using the
ground-state occupation-number distribution (4.31) and the well-known expression

pe) =7 [ costio) Jena (433

for the single-particle DOS of hypercubic lattices in d dimensions, where

h) = 7 [ costrsiny) dy (430

is the zero-order Bessel function of the first kind. Furthermore, from Eq. (4.30) one ob-
tains the ground-state IFE S and, in turn, the ground-state interaction energy W from
the linear approximation (4.17). For the moment we restrict ourselves to paramagnetic
systems having ny = n| = 1/2. In this case we have Wyr = UN,/4 and Se, = 2N, log 2
according to Egs. (4.8) and (4.11), and thus T = U/(8log 2). Spin-polarized systems
are considered in Section 4.4.

In Fig. 4.5 we show results for the ground-state kinetic, Coulomb and total energies
of the half-filled Hubbard model on hypercubic lattices in d = 1-3 dimensions and in
the limit d — oo. For the 1D case one observes that the ground-state energy E, ob-
tained within the linear IFE-approximation is nearly indistinguishable from the exact
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Figure 4.5: Ground-state properties of the half-filled Hubbard model on hypercubic lattices
in d = 1-3 dimensions and d — oo as functions of the Coulomb-repulsion strength U/t.
Results are shown for the (a) ground-state energy Ey, (b) average number of double occupa-
tions D, and (c) kinetic energy K. The full curves were obtained by LDFT in combination
with the linear IFE-approximation (4.17). The symbols correspond either to the exact Bethe-
ansatz solution for the 1D Hubbard model [49] (blue crosses) or to numerical quantum Monte
Carlo simulations for the 2D Hubbard model [57, 59, 64] (green open circles and triangles).
For each dimension d the NN hopping-integral f, is scaled as t; = t/Vd, such that the second
moment wp; = 2dt§ of the single-particle DOS is independent of d. Subfigure (d) shows the
relative difference AX = (XTE — X)/X* between the exact Bethe-ansatz solution and the
linear IFE-approximation, where X stands respectively for the ground-state energy Ey, the
kinetic energy K and the average number of double occupations D in the one-dimensional
Hubbard model. Adapted from Miller et al. [1], ©2018 American Physical Society.
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4.3 Infinite periodic lattices

Bethe-ansatz solution [49]. In fact, the relative difference AE, = (E%)FE — Eg¥)/ES* be-
tween the exact ground-state energy and the IFE approximation is always smaller
than 0.1%, as shown in Fig. 4.5(d). In particular, the exact asymptotic behavior
Ey = —4N,log(2)t?/U in the strongly correlated Heisenberg limit is recovered, as
discussed in more detail in Appendix E.1. It is most remarkable that the simple linear
approximation, relating W and S, is able to reproduce the exact energy of localized
spins in the strongly correlated limit of the 1D Hubbard model. Notice moreover,
that the linear IFE-approximation yields highly accurate ground-state averages, even
though the occupation numbers 7,(k) do not follow the Luttinger-liquid behavior that
is expected for the ground state of the one-dimensional Hubbard model [98]. Most
likely, the precise form of the occupation-number distribution in the vicinity of the
Fermi level ¢f, although crucial for the excitations and the low-temperature behavior,
has little influence on the total energy of the system.

We like to point out that the remarkable accuracy of the ground-state energy in
1D, obtained from LDFT and the linear IFE-approximation, is not the result of a sig-
nificant compensation of errors. In fact, also the kinetic energy K and the double
occupations D are almost indistinguishable from the exact results for all U/t. This
is quantified in Fig. 4.5 (d), where the relative errors of the kinetic and total energies
as well as the double occupations are shown. For example, the largest relative error
AD = 0.17% in the double occupations is only slightly higher than the largest relative
errors AK = 0.12% and AEj = 0.10% in the kinetic and total energies.

No exact solution is available for the half-filled Hubbard model on the 2D square
lattice. However, since the low-lying excitations in the strongly correlated limit are
described by the antiferromagnetic (AFM) spin-1/2 Heisenberg model (2.52) with cou-
pling constant J = 2t2/U, one can infer the value of « in the strong-coupling limit
Ey/N, = —at?/U of the ground-state energy from accurate quantum Monte Carlo
(QMC) simulations for the 2D Heisenberg model. As discussed in more detail in Ap-
pendix E.1, one obtains aipg = 8log2 =~ 5.55 within the linear IFE-approximation,
while agmc = 4.68 is inferred from QMC simulations [109]. This means, although
the linear IFE-approximation correctly reproduces the dependence E, o t?/U in the
strongly-correlated limit, the actual binding energy is overestimated by about 18%.
For finite values of U/t we find a very good agreement between our results and
the far more demanding QMC simulations for the 2D Hubbard model reported in
Refs. [57, 59, 64]. This applies to the ground-state energy E, shown in Fig. 4.5 (a), as
well as to the average number of double occupations D presented in Fig. 4.5 (b). Like in
the case of the one-dimensional chain, our approximation tends to slightly underesti-
mate the double occupations for weak to intermediate interaction strength (U/t < 4)
and to overestimate it to some extend when strong interactions are considered.
We conclude that not only the ground-state energy of the Hubbard model on the
2D square lattice, but also the more subtle double occupations are accurately repro-
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4 Links between ground-state correlations and the IFE

duced within the linear IFE-approximation.

Concerning the dependence on the dimension d of the hypercubic lattice, we find a
surprisingly fast convergence to the limit of infinite dimensions once the NN hoppings
are scaled as t; = t/Vd in order to keep the second moment w; = 2dtfl = 2t of the
single-particle DOS independent of the lattice dimension. This not only applies to the
total ground-state energy but also to the kinetic and Coulomb energies, which sug-
gests that, within the linear IFE-approximation, the most important dependence of Ey,
K, and D on the lattice dimension is concealed in the variance of the single-particle
spectrum. Only in 1D and for U/t < 10 the deviations from the common trend are
significant. Most notably, we obtain a universal behavior of Ey, K and D for all d in the
limit of strong correlations (U/t > 10). For example, the ground-state energy is ob-
tained as Ey = —4d log(2) tﬁ JU = —4log(2) t*/U in the strongly-correlated Heisenberg
limit (see Appendix E.1). This, however, contrasts with accurate QMC simulations
and exact diagonalizations on finite square clusters, which do not show such a simple
scaling between the ground-state energies of the 1D and 2D Heisenberg models [109—
112]. In fact, on the basis of these results for the Heisenberg model one infers, after
proper scaling of the hopping integrals t; = t/Vd, that the ratio between the ground-
state energies of the strongly correlated 1D and 2D Hubbard models is approximately
EJP/EP = 1.185. This also suggests that the convergence to the limit of infinite
dimensions is probably slower than predicted by the linear IFE-approximation.

In Fig. 4.6 we show results for the SPDM elements y,s, between a site i = 0 and its
Sth NN in the ground state of the half-filled 1D Hubbard model (ny = n| = 1/2). For
even values of § the electron-hole symmetry implies yys, = 0, since the corresponding
lattice sites belong to the same sublattice as the site i = 0 [see the discussion in the
context of Eq. (4.25)]. Figure 4.6 (a) shows how |yos.| decreases with increasing U /t,
as charge fluctuations are suppressed in order to reduce the average number of double
occupations. Notice that the long-range charge fluctuations (larger values of §) are
suppressed faster with increasing U/t than the short-range ones. This applies in par-
ticular to yo1,, which corresponds to the charge fluctuation between NNs, and which
decreases much slower than the long-range fluctuations (§ > 3). Most notably, in the
strongly-correlated Heisenberg limit we have K o« t?/U, such that y,;, decreases pro-
portional to t/U, while the long-range charge fluctuations |yys,| with odd § > 3 fall
off exponentially for large values of U/t. Notice that, to the best of our knowledge,
the exact values of yys5, with § > 1 cannot be inferred from the Bethe-ansatz solution
for the infinite Hubbard chain [49].

A different perspective is adopted in Fig. 4.6 (b), and yys, is shown as a function
of § for representative values of U/t. In the noninteracting limit (U/t = 0) the exact
result

Yoso = . " e k0 dk = sin(0x/2)

27 Jonso Sm (4.35)
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Figure 4.6: Single-particle density matrix elements yy51 = yo5| between a lattice site i = 0 and
its 5th NN in the ground state of the half-filled 1D Hubbard model, as obtained by the linear
IFE-approximation. In (a), yoso is shown as a function of the Coulomb-repulsion strength U /t.
In (b), yoso is shown as a function of the distance & for representative values of U/t. Electron-
hole symmetry implies yy5, = 0 for even § > 0. Adapted from Miiller et al. [1], ©2018 Ameri-
can Physical Society.

is obviously obtained, since for vanishing interaction strength only the low-lying
Bloch states are occupied, i.e., n,(k) = 1 for |k| < /2 and n,(k) = 0 else. Thus,
Yoss vanishes for even values of § > 0, and for odd § it decreases in absolute value
as ¢ increases. Notice that |yys,| with odd é decreases like 1/§ in the noninteracting
limit, and with increasing values of U/t the decrease becomes much more rapid. Con-
sequently, the oscillations in yys, are rapidly flattened as U/t increases, indicating the
suppression of charge fluctuations and the progressive onset of localization.

In order to investigate non-bipartite lattices, which may show different kinds of
correlations, and in order to address the problem of magnetic frustrations in infinite
lattices, we consider the half-filled Hubbard model on the infinite 2D triangular lat-
tice. In Fig. 4.7 results are shown for the ground-state energy E, the kinetic energy K
and the average number of double occupations D, as obtained from LDFT with the
linear IFE-approximation to the interaction-energy functional W|[n]. One observes
that the dependence on U/t is qualitatively similar to the one obtained from exact
diagonalizations of the Hubbard model on a 4x4 cluster from the triangular lattice
with periodic boundary conditions. In the weakly correlated limit the IFE approxima-
tion recovers the HF average number of double occupations Dyr = 1/4. In contrast
to the finite systems considered in the previous section, there are no issues related to
degeneracies at the Fermi-level in the thermodynamic limit, as already discussed in
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Figure 4.7: Ground-state properties of the half-filled Hubbard model on the infinite 2D tri-
angular lattice as functions of the Coulomb-repulsion strength U/t: (a) total energy E, and
(b) average number of double occupations D and kinetic energy K. The full curves are ob-
tained by LDFT in combination with the linear IFE-approximation (4.17), while the crosses
correspond to the exact diagonalization of a finite 4x4 cluster with periodic boundary condi-
tions. Adapted from Miiller et al. [1], ©2018 American Physical Society.

Section 4.2.2. Furthermore, the correct qualitative behavior Ey/N, = —at?/U is ob-
tained in the strongly correlated Heisenberg limit, with apg = 8.62. This result can be
compared with numerical estimates based on the extrapolation of finite-cluster diag-
onalizations for the Heisenberg model, from which one infers aex = 7.41 [113]. Notice
that the relative error in « is only about 16% and therefore significantly smaller than
in the case of the finite triangular 4x4 cluster discussed in Section 4.2.3.
Summarizing this section, we have shown that LDFT in combination with the linear
[FE-approximation (4.17) yields the ground-state properties of the half-filled Hubbard
model on infinite lattices with very good accuracy, as demonstrated by comparison
with available exact results or QMC simulations [49, 57, 59, 64]. Most remarkably,
not only the ground-state energy E, of the one-dimensional Hubbard chain, but also
the more subtle average number of double occupations D and the kinetic energy K
are reproduced almost exactly in the complete range from weak to strong interac-
tions. Furthermore, our results are exact in the strongly-correlated Heisenberg limit
of the one-dimensional chain, and qualitatively correct results are obtained in higher
dimensions with fairly accurate values for the coeflicient a of the ground-state energy
Eo/N, = —at?/U. Also results for the dependence of yys, on the distance § and the
Coulomb-repulsion strength U/t have been obtained for the one-dimensional Hub-
bard chain, which are not accessible by the exact Bethe-ansatz solution [49]. These
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4.4 Spin-polarized systems

results show how charge fluctuations decrease with the distance between the lat-
tice sites and, how increasing Coulomb interactions give rise to a gradual suppres-
sion of the electronic motion. We have also shown that the scope of the linear IFE-
approximation is not limited to bipartite lattices. In fact, the results obtained for the
magnetically frustrated triangular lattice are in good qualitative agreement with exact
diagonalizations on finite clusters, as well as with the exact results in the strongly cor-
related Heisenberg limit [113]. Regarding the dependence on the coordination num-
ber of the underlying lattice, we may conclude that the accuracy of the linear IFE-
approximation tends to worsen as the coordination number increases. Thus, the 1D
lattice is described more precisely than the 2D square lattice, which in turn is de-
scribed more precisely than the 2D triangular lattice. Furthermore, comparing the
results presented in this section with the ones of Section 4.2, one may conclude that
the accuracy of the linear IFE-approximation tends to improve as the system size in-
creases, which is true for both the weakly and strongly correlated regimes. This might
indicate that the statistical analog underlying the IFE approximation is more suitable
for infinite systems having continuous single-particle spectra.

4.4 Spin-polarized systems

In order to investigate the ground-state properties of the Hubbard model as a function
of the spin polarization, we minimize the energy functional E[n] under the constraint
of fixed ny — n| = 25,/hN,. In Fig. 4.8 we present results for the total, kinetic and
Coulomb energies of the half-filled 1D Hubbard model as functions of S,. As ex-
pected, the minimum energy is always attained for S, = 0, since the ground state has
total spin S = 0 for all U/t [49]. The polarization energy AE(S,;) = E(S;) — E(0)
results from the interplay between the kinetic-energy increase and the Coulomb-
energy decrease [see Figs. 4.8 (b) and 4.8 (c)] as the occupations 3y, of the antibond-
ing (¢¢ > 0) majority-spin Bloch states increase at the expense of decreasing oc-
cupations of the minority-spin bonding Bloch states (e < 0). Double occupations
are progressively suppressed as |S;| increases, since the probability of finding two
electrons with opposite spin-polarization at the same site decreases. In the extreme
case of the fully-polarized state (i.e., |S;| = 7N,/2), all lattice sites are occupied by
one majority-spin electron and therefore both, local double occupations and inter-
atomic charge fluctuations, are fully suppressed. This implies vanishing total, kinetic,
and Coulomb energies for all values of U/t (see Fig. 4.8). The maximum polariza-
tion energy AE(S, = iN,/2) = —E(S; = 0), i.e., the energy difference between the
fully-polarized and unpolarized states, decreases with increasing Coulomb-repulsion
strength U/t and tends to zero in the strongly correlated limit U/t — oo since the
ground-state energy Ey = E(S, = 0) is a monotonic increasing function of U/t. Fur-
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Figure 4.8: Ground-state properties of the one-dimensional half-filled Hubbard model as
functions of the spin polarization per atom ny — n| = 25,/AN, for representative values
of the Coulomb-repulsion strength U/t: (a) total energy E, (b) average number of double
occupations D, and (c) kinetic energy K. The curves were obtained by LDFT in the linear IFE-
approximation, while the crosses in (a) for U/t = 3 and 10 are results taken from Ref. [50].
Adapted from Miller et al. [1], ©2018 American Physical Society.

thermore, the fact that AE(S;) = 0 for all S, when U/t — oo signals that the energy of
the system becomes independent of the total spin S in the strongly-correlated limit,
as the effective Heisenberg exchange-coupling constant J o« t?/U between NN-spins
tends to zero.

In order to assess the accuracy of the present linear IFE-approximation, we com-
pare in Fig. 4.8 (a) our results for E(S,) with the corresponding results taken from
Ref. [50], which are based on the Bethe-ansatz solution and are exact in the unpolar-
ized limit S, — 0. One observes an overall satisfactory agreement between the two
approaches for the two available values of the Coulomb-repulsion strength U/t = 3
and 10. Notice, however, that the linear IFE-approximation tends to underestimate
the curvature of E(S,) in the vicinity of S, = 0, which anticipates an overestimation
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Figure 4.9: (a) Ground-state magnetization M = —2ugS, /% of the one-dimensional half-filled
Hubbard model as a function of the applied magnetic-field strength B. Results of LDFT com-
bined with the linear IFE-approximation are shown for representative values of the Coulomb-
repulsion strength U/t. (b) Zero-field magnetic susceptibility y in units of the uncorrelated
Pauli susceptibility yp = pi N, /7t as a function of the Coulomb-repulsion strength U/¢. The
blue curve corresponds to the linear IFE-approximation, while the red curve shows exact re-
sult taken from Ref. [50]. Adapted from Miiller et al. [1], ©2018 American Physical Society.

of the zero-field magnetic susceptibility y.

In order to obtain the ground-state magnetization M = —g.upS; /% in the presence
of a uniform external magnetic field B = B é,, we use our previous results for E(S;)
and simply minimize Eg(S,) = E(S;) + g.usBS,/h with respect to S,. Here, pp is
the Bohr magneton, and g, the Landé factor, for which it suffices to take g, ~ 2
in the following. In Fig. 4.9 (a) we present results for the ground-state magnetiza-
tion M of the half-filled one-dimensional Hubbard model as a function of the external
magnetic field-strength B for some representative values of the Coulomb-repulsion
strength U/t. These results were obtained by LDFT in the linear IFE-approximation.
As expected, the magnetization M increases monotonously with increasing field-
strength B, until saturation, i.e., M = N, pp, is reached. The magnetization and also
its slope y = dM /0B at B = 0 are increasing functions of U/t. Consequently, the crit-
ical field-strength B, for which the magnetization saturates decreases with increas-
ing Coulomb-repulsion strength U/t. The critical field-strength is therefore bounded
above by the value ppB, = 2t derived from the magnetization curve

M 2 B
=1-— arccos('ui) (4.36)
N, B T 2t
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of the noninteracting half-filled Hubbard chain. The more rapid increase of M and the
corresponding lowering of the critical field-strength B, with increasing values of U/t
can be understood by recalling that the energy difference AE(S, = /N,/2) between
the fully-polarized and the unpolarized states, which represents the band-width for
spin-excitations, decreases with U//t.

The zero-field magnetic susceptibility y can be directly related to the curvature o
of the ground-state energy E(S,) in the vicinity of S, = 0. In fact, from AE(S,) =
aS? [W?N, + O(S3) one readily obtains y = 2pZNy/a. In Fig. 4.9 (b) we compare the
zero-field susceptibility y obtained in the linear [FE-approximation with Takahashi’s
exact results for the half-filled one-dimensional Hubbard model [50]. In the noninter-
acting limit (U/t = 0) our approximation correctly reproduces the well known Pauli
susceptibility yp = 2u2N, p(er), where p(er) = 1/(2xt) is the single-particle DOS
per spin (4.28) of the Hubbard chain at the Fermi-level ¢ = 0. Furthermore, the
IFE approximation explains qualitatively the increase of y with increasing Coulomb
repulsion strength, as the electrons start to localize and the band width of spin exci-
tations narrows. Moreover, the IFE approximation reproduces qualitatively the linear
increase of y in the strongly-correlated limit. However, the corresponding asymp-
totic behavior y =~ (7 yp/4)(U/t) (see Appendix E.2) differs from the exact asymptotic
result y =~ (yp/7)(U/t) derived from the Bethe-ansatz solution [50]. Consequently,
our approximation overestimates the zero-field magnetic susceptibility by a factor
7%/4 ~ 2.5 in the strongly-correlated regime. This is consistent with the previously
observed underestimation of the curvature of E(S;) in the vicinity of S, = 0 [see

Fig. 4.8 (a)].

4.5 Attractive interactions

The study of electronic pairing, which leads to superconductivity, remains a major
challenge in solid-state physics. In this context, an alternative approach to the fa-
mous theory of Bardeen, Cooper, and Schrieffer (BCS) [114] is to consider the Hub-
bard model (4.1) with local attractive interactions, i.e., with U < 0. Clearly, these
two approaches to the problem of electronic pairing in metals are vastly different.
The effective attractive interactions in the BCS theory have an off-diagonal scattering
character, are mediated by phonons, and the spatial extension of the resulting Cooper
pair is quite large. In contrast, the interactions in the attractive Hubbard model are
strictly local, since they only affect electrons occupying the same lattice site. It is
because of these profound differences that the investigation of the physical proper-
ties of the attractive Hubbard model are of considerable interest in order to examine
the consequences of electronic pairing in solids from a complementary perspective.
The attractive Hubbard model has already been addressed in the framework of LDFT
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by Saubanere and Pastor [86], who used a simple but very effective scaling approx-
imation to the interaction-energy functional W[y], which is based on exact results
for the Hubbard dimer (N, = 2). In this way it was possible to obtain very accurate
ground-state observables for the case of bipartite lattices in 1-3 dimensions having
homogeneous and alternating local energy levels.

It is the purpose of this section to investigate the attractive Hubbard model from a
delocalized k-space perspective by generalizing the IFE approximation to the case of
attractive interactions. A rather straight-forward approach towards this goal would
be to exploit the electron-hole transformation discussed in the context of Eq. (2.39),
which maps the attractive model on a bipartite lattice to a (generally spin-polarized)
repulsive model, and to subsequently apply the well-established IFE approxima-
tion (4.17) to the resulting repulsive Hubbard model with N, — N| down-spins. Notice,
however, that this approach would be restricted to the case of bipartite lattices. Our
goal is to derive a physically sound approximation to attractive correlations from an
independent perspective in a general way, which is not restricted to bipartite lattice
structures. Nevertheless, the existence of a mapping between the attractive and repul-
sive Hubbard models suggests that the correlations caused by attractive and repulsive
interactions are deeply related. Indeed, with increasing interaction-strength |U|/t the
fermions tend to localize for attractive as well as for repulsive interactions. However,
the physical nature of the localization is quite different. Repulsive interactions lead
to the formation and stabilization of local magnetic moments, whereas attractive in-
teractions tend to suppress the local moments and stabilize localized fermion pairs
with opposite spin polarization. In spite of these differences, we can expect that the
competition between delocalization, driven by the hybridizations, and localization,
resulting from the interactions between the particles, is quite similar in the repulsive
and attractive cases. This encourages us to use the IFE defined in Eq. (4.10) as an effec-
tive measure for the degree of the correlations between the particles also in the case
of attractive interactions. In order to verify that the IFE is indeed a measure for the
correlations caused by attractive interactions, and to quantify its relation to the inter-
action energy W, we have performed exact numerical Lanczos diagonalizations for the
ground state of the half-filled attractive Hubbard model on multiple lattice structures.
To this aim, we have varied the hopping integrals from t;; = 0 to t;; > |U| in order to
scan the complete range of possible values 0 < S < S, of the IFE. In Fig. 4.10 the inter-
action energy W is scaled between the uncorrelated HF-limit Wyrp = UNyN| /N, and
the strongly-correlated limit Wy, = UDo, where Do, = min{N, N} is the maximum
number of double occupations. The results presented in Fig. 4.10 show a remarkable
one-to-one correspondence between W and S, which, after proper scaling with re-
spect to the extreme values Wyr, W, and Se, becomes approximately independent of
the size and dimension of the system under consideration. This one-to-one correspon-
dence between W and S could thus be exploited in order to derive broadly applicable
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Figure 4.10: Relation between the interaction energy W and the IFE S in the ground state
of the half-filled attractive Hubbard model, as obtained from exact numerical Lanczos diag-
onalizations for a number of different periodic lattice structures. Results are shown for fi-
nite 1D rings having N, = 6 (circles), N, = 10 (upright triangles) and N, = 14 (squares)
lattice sites, as well as for 2D square-lattices having N, = 2x4 (downright triangles) and
N, = 3x4 (diamonds) lattice sites. The solid symbols correspond to the Hubbard model with
only NN hopping ¢, while the open symbols represent results for the non-bipartite case where
second-NN hoppings t, = t/2 are included.

approximations to the interaction-energy functional W[n]. In the case of a bipartite
lattice it is straight forward to derive the relation W@ — W,, = W) between the in-
teraction energy in the ground state of the attractive and repulsive Hubbard models,
by applying the electron-hole transformation discussed in the context of Eq. (2.39) to
the majority spins. Therefore, in the case of bipartite lattices, the scaled ground-state
interaction energy shown in Fig. 4.10 follows the exact same dependence as a function
of S as the scaled interaction energy in the ground state of the previously considered
repulsive Hubbard model (see Fig. 4.1). Notice, however, that Fig. 4.10 also includes
results for non-bipartite lattices, such as the periodic 3x4 square-lattice cluster and
all lattices with second-NN hoppings. This shows that the common, approximately
linear one-to-one relation between the (scaled) interaction energy W and the IFE S is
not restricted to the bipartite case, but instead also holds for more general systems.
Therefore, we propose to generalize our previous approximation to the interaction-
energy functional W[n] of the Hubbard model in terms of the IFE S[n] as

Wial- We _ f (S[n]) : (4.37)

Wir — Woo Seo
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4.5 Attractive interactions

where the function f : [0,1] — [0, 1] accounts for the common relation between
the properly scaled interaction energy W and the IFE S in the attractive and repul-
sive cases, shown in Figs. 4.1 and 4.10. Furthermore, Wyr = UN;N| /N, refers to the
uncorrelated HF interaction-energy and

min{Ny, N } forU <0

.38
max{N — N,,0} forU >0 (4:38)

Weo =UDs with Dy = {

to the interaction energy in the strongly correlated limit (JU|/t — o0). Notice that
Eq. (4.37) applies to the Hubbard model with both attractive and repulsive interactions,
and thus the notion generalized IFE-approximation is justified. Since Eq. (4.37) approx-
imates W|[n] in terms of S[n], the consequences of the approximation (4.12) also apply
to Eq. (4.37) and thus also to the case of attractive interactions. This applies in particu-
lar to the result (4.16) which states that ground-state occupation-numbers 7y, follow a
Fermi-Dirac distribution with an effective U-dependent temperature T.g = —9W /0S.

Before we apply the generalized IFE-approximation (4.37) to the attractive Hubbard
model on finite clusters, it is useful to analyze its relation to the electron-hole trans-
formation (2.39) which maps between attractive and repulsive interactions. It turns
out that the relations between the attractive and repulsive models on bipartite lattices
are not reproduced for arbitrary particle numbers N;. Only for N| = N,/2, i.e,, if
the number of down-spins is conserved under the electron-hole transformation, one
can easily show that the generalized IFE-approximation (4.37) correctly reproduces
the relations K@ = K) and W@ + |[U|INy = W) between the kinetic and inter-
action energies of the attractive and repulsive Hubbard models on bipartite lattices.
Notice, however, that the generalized IFE-approximation predicts these relations in-
dependent of the lattice structure, i.e., also for non-bipartite lattices. Furthermore,
for N = N,/2 it is easy to verify that the generalized IFE-approximation yields the
same gs-SPDM y@ = y) for the attractive and repulsive Hubbard models on a bi-
partite lattice, while the electron-hole transformation implies that yl.(j‘? = J_ryl.(jrl) for
i # j, where the negative sign applies if the sites i and j belong to the same sub-
lattice and the positive otherwise. Consequently, the generalized IFE-approximation
fails to reproduce the sign-change of those SPDM elements that do not contribute to
the kinetic energy of the Hubbard model on a bipartite lattice. These SPDM elements
are non-vanishing in general, however, in the special case where the ground state
for Ny = N| = N,/2 is non-degenerate they vanish altogether (see Section 4.2.1). In
this case the predictions of the generalized IFE-approximation (4.37) are consistent
with the implications of the electron-hole transformation.

In order to apply the generalized IFE-approximation to the attractive Hubbard
model on finite lattices, we follow the route taken in the repulsive case and propose
to approximate the function f in Eq. (4.37) by the linear relation f(x) = 1 — x, such
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Figure 4.11: Ground-state properties of the attractive 2D Hubbard model on a 4x4 square lat-
tice cluster with Ny = N; = 8 and periodic boundary conditions as functions of the
attraction strength |U|/t. Results of LDFT combined with the generalized linear IFE-
approximation (4.39) (blue full curves) are compared with exact numerical Lanczos diagonal-
izations (red crosses): (a) ground-state energy Ey, (b) average number of double occupations D
and kinetic energy K, (c) natural-orbital occupation numbers 75 = 7y |, and (d) gs-SPDM el-
ements yo51 = Yo5| between site i = 0 and its 5th NN, as illustrated in the inset. The inset in
subfigure (a) shows the binding energy Eg = Wy, —Ej in the strongly-correlated limit (|U| > t).
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4.5 Attractive interactions

that the generalized IFE-approximation becomes

Win] = Wae + (Wes — Wi) 1. (439

o

In the repulsive case with N < N, i.e., W, = 0, this coincides with the linear IFE-
approximation (4.17) discussed in the previous sections. In Fig. 4.11 we show results
for the ground-state properties of the half-filled attractive 2D Hubbard model on a
4x4 square-lattice cluster with periodic boundary conditions and Ny = N| = 8. The
comparison with exact Lanczos diagonalizations shows that the quality of LDFT in
combination with the generalized IFE-approximation (4.39) is as good as in the repul-
sive case considered in Section 4.2.2. This is not surprising, since the 4x4 cluster with
NN hopping is bipartite, and for Ny = N| = N,/2 the generalized IFE-approximation
reproduces the relations between the attractive and repulsive Hubbard models in-
ferred from the electron-hole transformation (2.39). Also in this case, where the at-
tractive and repulsive models are connected by an electron-hole transformation, it is
very interesting to take a closer look at the ground-state properties of the attractive
Hubbard model and to investigate the differences and similarities to the previously
considered repulsive case.

Figure 4.11 (a) demonstrates that the ground-state energy E, of the attractive Hub-
bard model is accurately reproduced by the linear I[FE-approximation in the com-
plete range of the interaction strength |U|/t. In contrast to the repulsive case, we
find a monotonously decreasing ground-state energy as the attraction strength |U|/t
increases, since the pair-binding energy of the condensing fermions overcompen-
sates the increase in kinetic energy caused by the gradual fermionic localization.
Most notably, in the strongly correlated limit |U|/t — oo the pair-binding energy
of the condensing fermions dominates and gives rise to a diverging ground-state en-
ergy Ey ~ Wo = —|U|N,/2. Notice that first order hopping processes are prohibited
in the strongly-correlated limit, since they would break a strongly bound fermion
pair. The fermions can, however, lower their kinetic energy K o« t*/U by second
order (virtual) hopping processes which break and subsequently reassemble a lo-
cal fermion pair. Thus, one can expect that the binding energy Eg = W, — E; be-
haves like Eg = at?/|U| with @ > 0 in the strongly correlated limit [see the inset in
Fig. 4.11(a)]. In fact, one infers —Ep = Ey + |U|Ds = E(()r) from the electron-hole trans-
formation (2.39), i. e., the binding energy resulting from the virtual hopping processes
coincides with the negative ground-state energy E(()r) of the repulsive model. Thus, the
generalized linear IFE-approximation reproduces the binding energy Eg = at?/|U| in
the strongly correlated limit of the attractive Hubbard model qualitatively correct,
with a coefficient agrg = 5.55 which is only 13% larger than the exact value oy = 4.81
for the 4x4 square-cluster. These results are consistent with the ones for the repulsive
Hubbard model on the 4x4 square-cluster discussed in Section 4.2.2.
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4 Links between ground-state correlations and the IFE

Besides some discrepancies for |[U|/t < 2, which are the result of degeneracies at the
Fermi-level, we find in Fig. 4.11 (b) that also the average number D of ground-state dou-
ble occupations is very well reproduced by the generalized linear IFE-approximation.
As expected, we find increasing values of the double occupations D as the fermionic
attraction strength |U|/t increases, which is due to the formation of local fermion-
pairs, until the maximum possible value D, = N, /2 is attained in the limit |U|/t — oo.
The increase of the average number D of double occupations with increasing inter-
action strength |U|/t is accompanied with an increase of the kinetic energy K, since
the fermions condense into localized pairs and one-fermion hopping processes are
gradually suppressed as the interaction energy starts to overcompensate the binding
energy generated by the fermionic motion. Clearly, in the strongly correlated limit a
fully localized state is attained and the kinetic energy vanishes like K o t?/U, since
first-order hopping processes would break the local strongly bound fermion-pairs.

The dependence of the gs-SPDM elements y;j; on the interaction strength |U|/t
is shown in Fig. 4.11(d). Due to the symmetry of the underlying lattice it is suffi-
cient to focus on the matrix elements y;s, corresponding to some lattice site i = 0
and its dth NN, as illustrated in the inset. The non-vanishing SPDM elements yy;,
and yp4, display the typical correlation-induced suppression of the charge fluctua-
tions as |U|/t increases and the fermions condense into localized pairs. Like in the
previous case of repulsive interactions, the long-range charge fluctuations |yy4,| are
suppressed faster than the fluctuations yy;, between NNs. In fact, the dependence of
the gs-SPDM elements yys5, on the strength |U|/t of the attractive interaction coin-
cides with the one in the previously considered repulsive case. This is a result of the
electron-hole symmetry (2.39), which implies that the gs-SPDM of the attractive and
repulsive Hubbard models on bipartite lattices with Ny = N} = N,/2 coincide if the
ground state is non-degenerate. This implication is exactly reproduced by the gener-
alized linear IFE-approximation (4.39), such that the results for the gs-SPDM shown
in Fig. 4.1 (d) coincide with the ones of Fig. 4.3 (d) which accounts for repulsive inter-
actions. Clearly, since the gs-SPDM of the attractive and repulsive Hubbard models
coincide, the same must be true for its eigenvalues, i. e., for the Bloch-state occupation
numbers 3k, which are shown in Fig. 4.11(c). The fact that the occupation numbers
and gs-SPDM elements of the attractive and repulsive Hubbard models coincide on a
bipartite lattice with Ny = N| = N,/2 is a manifestation of the deep underlying rela-
tion between the correlation induced localization caused by attractive and repulsive
interactions in half-filled band systems.

In order to investigate situations where the ground-state properties of the repul-
sive and attractive Hubbard models are not related by an electron-hole transforma-
tion, we have to go beyond bipartite lattices. This can be achieved by considering
essentially non-bipartite structures, such as the 2D triangular lattice, or by includ-
ing hoppings beyond first-NNs. In order to address the second option we have com-
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Figure 4.12: Ground-state properties of the attractive 2D Hubbard model with second-
NN hopping t, = t/2 [as illustrated in subfigure (c)] on a 4x4 square lattice with Ny = N| = 8
and periodic boundary conditions as functions of the attraction strength |U|/t. Results of
LDFT combined with the generalized linear IFE-approximation (4.39) (blue full curves) are
compared with exact numerical Lanczos diagonalizations (red crosses): (a) ground-state en-
ergy Ey, (b) average number of double occupations D and kinetic energy K, (c) natural-orbital
occupation numbers 7yt = 7|, and (d) gs-SPDM elements yos1 = yos| between site i = 0
and its 5th NN, as illustrated in the inset of Fig. 4.11(d). The inset in subfigure (a) shows the
binding energy Eg = W, — Ej in the strongly-correlated limit (|U| > t).
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4 Links between ground-state correlations and the IFE

puted the ground-state properties of the half-filled attractive 2D Hubbard model on a
4x4 square-lattice with second-NN hopping ¢, = t/2 and Ny = N| = 8. The ground-
state energy E, shown in Fig. 4.12 (a) is very accurately reproduced by the generalized
linear IFE-approximation (4.39) in the complete range from weak to strong attrac-
tions. This is most remarkable, especially in the range of intermediate interactions
(1 < |U|/t < 10), since the interplay between delocalization driven by hybridiza-
tions and localization due to the formation of local fermion-pairs is far from triv-
ial within this regime. Moreover, the asymptotic behavior of the ground-state en-
ergy Eg ~ —|U|N,/2 in the strongly correlated limit |U|/t — co is exactly obtained
within the linear IFE-approximation. The qualitative behaviour Eg = at®/|U| of the
binding energy in the strongly-correlated regime is also correctly reproduced, with
a coefficient aipg = 6.93 which is about 18.5% larger than the exact value aex = 5.65
deduced from the Lanczos calculations [see the inset in Fig. 4.12 (a)]. We conclude that
the generalized IFE-approximation overestimates the binding energy in the strongly
correlated limit slightly more if second-NN hoppings are included, when compared to
the previous case where only hoppings between first-NN were implied. The depen-
dence of the average number of ground-state double occupations D and the kinetic
energy K on the interaction strength |U|/t, shown in Fig. 4.12 (b), is very similar to the
previously considered case where only NN-hoppings were involved [see Fig. 4.11(b)].
However, the inclusion of second-NN hopping allows the system to increase the ab-
solute kinetic energy |K| by about 16.7% in the weakly correlated regime and, at the
same time, to reduce the average number of double occupations D by about 8.2%
[compare Figs. 4.1 (b) and 4.12 (b)]. The kinetic-energy gain in the weakly-correlated
regime, resulting from the inclusion of second-NN hoppings, is exactly reproduced
within the linear IFE-approximation, while the average number of double occupa-
tions display the typical discrepancies resulting from degeneracies of the Fermi level.
Nevertheless, the linear IFE-approximation predicts a decrease of the average num-
ber of double occupations by about 12.5% in the weakly-correlated regime due to the
inclusion of second-NN hoppings, which is in qualitative agreement with the 8.2% de-
crease found in the exact results. Moreover, the discrepancies in D essentially disap-
pear for |U|/t > 2.

Regarding the dependence of the Bloch-state occupation numbers 7y, on the in-
teraction strength |U|/t, shown in Fig. 4.12 (c), we find the typical decrease (increase)
of ni, for Bloch states having ¢ < er (e > €p) as the interaction strength |U|/t
increases, which reflects the localization of the fermions. As in the repulsive case, a
homogeneous occupation of all Bloch states, i. e., 5, = 1/2 for all k, is attained in the
strongly correlated limit |[U|/t — oco. In contrast to the case which involves only hop-
pings between NNs, we find decreasing values of the occupation numbers 5y, also for
the Bloch states having &, = e = 0. This is a consequence of the qualitative changes
in the single-particle spectrum & resulting from the inclusion of second-NN hoppings.
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4.5 Attractive interactions

They lead to a fourfold degenerate Fermi level which is occupied by six fermions in
the noninteracting limit |U|/t — 0, such that 5, = 3/4 for 0 =1, and all four
Bloch states having e = ep. As shown in Fig. 4.12 (c), the occupation numbers ng,
obtained from the generalized linear IFE-approximation (4.39) are very accurate in the
complete interaction range from weak to strong correlations. Only the occupation of
the lowest-lying Bloch state [k = (0,0)] having ¢ = —6t is slightly overestimated
for intermediate |U|/t, which results in an overestimation of the absolute kinetic en-
ergy |K| in this range. For example, at |U|/t = 15 the average occupation-number
of the lowest-lying Bloch state is overestimated by 8.7%, which corresponds to an
overestimation of |K| by about 17%.

The gs-SPDM elements yys, corresponding to a lattice-site i = 0 and its 5th NN are
shown in Fig. 4.12 (d). The hoppings between second NN lift the electron-hole sym-
metry discussed in the context of Eq. (4.25), and as a result the matrix elements ys,
with § = 2,3 and 5, which correspond to sites within the same sublattice in the ab-
sence of second-NN hoppings, are no longer identically zero. An interesting non-
monotonous behaviour of yys5, is observed, which is qualitatively reproduced, al-
though somewhat exaggerated, by the generalized linear IFE-approximation. The
non-monotonous |U|/t dependence of yys, indicates that the second-NN hoppings en-
hance a charge transfer beyond 4th-NNs at intermediate interaction strength, which
optimizes the kinetic energy and, at the same time, lowers the interaction energy due
to the formation of local fermion-pairs, ie., due to an increase of the average number
of double occupations D.

As an example of an essentially non-bipartite lattice (i.e., a lattice which is non-
bipartite even if only NN hoppings are taken into account), we consider in Fig. 4.13
the 4x4 triangular lattice with periodic boundary conditions and Ny = N| = 8. The
comparison with exact numerical Lanczos diagonalizations in Fig. 4.13 (a) shows that
the ground-state energy E, is again very accurately obtained within the generalized
linear IFE-approximation in the complete range from weak to strong interactions.
Also the qualitative behaviour Eg = at?/|U| of the binding energy in the strongly-
correlated limit is correctly reproduced, and the corresponding coefficient aqpg = 8.32
is about 19% larger than the exact value aex = 6.73 deduced from the Lanczos calcula-
tions [see the inset in Fig. 4.13 (a)]. We conclude that the strongly attracting limit on
the 4x4 triangular-cluster is much better reproduced than the corresponding repul-
sive case, where the coefficient « is overestimated by 38% (see Section 4.2.3).

The average number of double occupations D and the kinetic energy K are shown
in Fig. 4.13 (b), and a very similar dependence on |U|/t as in the previously considered
attractive models is observed, which is in general very well reproduced by the present
IFE approximation. Only in the weakly interacting regime |U|/t < 3 we find the
already observed significant overestimation of the double occupations D, which is
known to be a consequence of the degeneracies in the single-particle spectrum at the
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Figure 4.13: Ground-state properties of the attractive 2D Hubbard model on a 4x4 cluster
of the triangular lattice with Ny = N| = 8 and periodic boundary conditions as functions
of the attraction strength |U|/t. Results of LDFT combined with the generalized linear IFE-
approximation (4.39) (blue full curves) are compared with exact numerical Lanczos diagonal-
izations (red crosses): (a) ground-state energy Ey, (b) average number of double occupations D
and kinetic energy K, (c) natural-orbital occupation numbers 775 = 7y |, and (d) gs-SPDM el-
ements yo51 = Yo5| between site i = 0 and its 5th NN, as illustrated in the inset. The inset in
subfigure (a) shows the binding energy Eg = Wy, —Ej in the strongly-correlated limit (|U| > ).
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Fermi level.

Regarding the Bloch-state occupation numbers 7y, shown in Fig. 4.13 (c), one ob-
serves the familiar fermionic localization as |U|/t increases: decreasing (increasing)
occupations 1, for Bloch states having ¢ < ¢ (e > ¢F), starting from ng, = 1
(ke = 0) in the noninteracting limit, until n;, = 1/2 is reached for all ko in the
strongly correlated limit. Concerning the occupation numbers ny,, of the Bloch states
having ¢, = er = 2t, we find ng, = 1/9 for |U|/t — 0, since the nine-fold degenerate
Fermi-level is occupied by two fermions with opposite spin directions.

A very interesting difference to the previously considered repulsive case is the fact
that all Bloch states having ¢, = ef = 2t are equally occupied in the complete range
from weak to strong interactions, while they split into two groups if repulsive interac-
tions are considered [see the exact numerical Lanczos results shown in Fig. 4.4 (c)]. As
already discussed in Section 4.2.3, this splitting of the Fermi-level occupation numbers
in the repulsive case is a subtle finite-size effect, by which the local Hubbard interac-
tion between the two electrons at the Fermi level is completely suppressed. Clearly,
such a suppression of the mutual interaction between the two electrons at the Fermi
level would be energetically unfavorable in the present attractive case, and thus the
Fermi-level occupation numbers do not split. Figure 4.13 (c) shows that the generalized
[FE-approximation (4.39) reproduces the Bloch-state occupation numbers 1, quite
accurately in the complete range from weak to strong interactions. Only the occupa-
tion of the lowest-lying Bloch state [k = (0,0)] having ¢, = —6¢ is slightly overesti-
mated for intermediate values of the interaction strength |U|/t. It is worth noting that
for Ny = N| = N,/2 the generalized IFE-approximation always yields the same occu-
pation numbers for attractive and repulsive interactions, although the exact n, might
be different if non-bipartite lattices are considered. Comparing Figs. 4.4 (c) and 4.13 (c),
one concludes that the LDFT results are more accurate in the attractive case. This is
not only due to the absence of the finite-size splitting of the Fermi-level occupation
numbers in the attractive case, but also due to the higher accuracy of ny, for e < ¢
and intermediate values of the interaction strength. The very good accuracy of ng,
also implies accurate results for the gs-SPDM elements yys,, as seen in Fig. 4.13(d).
In the considered attractive case we find yo2, = Y03, in contrast to the repulsive case,
where yo25 # Y03 due to the finite-size correlations which manage to suppress the in-
teraction of the two fermions at the Fermi level. Since this type of correlation is not at
all favorable in the attractive case, we find yp2, = Y030, as predicted by the generalized
linear IFE-approximation (4.39).

In summary, the results presented in this section show that an appropriate general-
ization of the linear IFE-approximation allows us to extend the scope of LDFT to the
ground-state properties of the half-filled attractive Hubbard model. This is not only
true for bipartite lattices, where such an extension can be formally inferred from the
electron-hole transformation (2.39) which maps between the attractive and repulsive
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4 Links between ground-state correlations and the IFE

models, but also in more general situations involving non-bipartite structures or hop-
pings beyond first-NNs. We therefore conclude that the IFE (4.10) is a suitable measure
of the degree of fermionic correlations in the Hubbard model for both attractive and
repulsive interactions.

4.6 Arbitrary filling and Luttinger-liquid behavior

The focus of the previous sections has been on the ground-state properties of the
half-filled Hubbard model, which corresponds to the highest carrier density and is
therefore particularly interesting for the study of many-particle correlation effects.
Developing accurate interaction-energy functionals for the general case of arbitrary
band-filling n = N /N, poses a number of new challenges. For example, the ground-
state kinetic energy K of the Hubbard model does in general not vanish in the strongly
correlated limit U/t — oo if n # 1, due to the ability of the electrons or holes to avoid
each other completely in a correlated motion, for instance, by adopting a fully polar-
ized state. Consequently, away from half band-filling the strongly-correlated ground
state is no longer fully localized, and the gs-SPDM ¢y is thus no longer scalar. Non-
vanishing off diagonal elements y;j; (i # j) and kinetic energy imply that the Bloch-
state occupation numbers 7y, are no longer homogeneous in the strongly-correlated
limit. Therefore, the strongly-correlated IFE S.,, one of the essential scaling parame-
ters in the linear IFE-approximation (4.17), is no longer easy to obtain in the general
case of arbitrary band filling. Furthermore, it is not obvious a priori that the one-to-
one correspondence between the ground-state interaction energy W and the IFE S
persists for arbitrary values of the band filling n, and if so, one has to expect that the
relation between W and S depends on the electron density n. In particular, the simple
linear approximation to W(S) employed in the previous sections could be useless for
low values of the carrier density, i. e., if the density of the electrons or holes is low.
In order to investigate how the interaction energy W, the IFE S, and the electron
density n relate to each other, we have performed exact numerical Lanczos diagonal-
izations of the Hubbard model on a number of finite periodic lattice structures having
different sizes and numbers of electrons. The hopping integrals have been varied
from t;; = 0 to t;; > U in order to scan the complete range 0 < S < S, of the IFE. Our
results are shown in Fig. 4.14 (a), where we have scaled the interaction energy by its
uncorrelated HF value Wyr = UN;N| /N, and the IFE by its maximal value S, attained
in the strongly-correlated limit U/t — oo. The results demonstrate that a one-to-one
connection between W and S in the ground state of the Hubbard model exists not only
at half band-filling, but also in the more general case of arbitrary electron densities.
Notice, however, that the precise form of the connection between W and S depends
on n. In fact, the interaction energy W decreases more rapidly with increasing S if the
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Figure 4.14: Relation between the interaction energy W and the IFE S in the ground state
of the Hubbard model with different electron densities n = N/N,. The results are obtained
by exact numerical Lanczos diagonalizations for a number of periodic lattice structures and
different numbers of electrons N, as indicated in subfigure (a). We have scaled the interaction
energy by its uncorrelated HF value Wyr = UN1N| /N, and the IFE by its maximum value S,
attained in the strongly-correlated limit U/t — co. Results are shown for finite 1D rings
having N, = 6 (circles), N, = 10 (upright triangles) and N, = 14 (squares) lattice sites, as well
as for 2D square-lattices having N, = 2x4 (downright triangles), N, = 3x4 (diamonds) and
N, = 4x4 (pentagons) lattice sites. Solid symbols correspond to the Hubbard model with only
NN hopping ¢, while open symbols represent results where also second-NN hopping t, = t/2
is present. Subfigures (a) and (b) show the same data, however different scales are used in (b)
in order to highlight the scaling properties of the relation between W and S as the electron
density changes.

electron density is low, which reflects the fact that double occupations are more effec-
tively suppressed by the correlated motion of the electrons when the carrier density
is lower. Our numerical results show that for very low electron densities the rela-
tion between the interaction energy W and the IFE S follows approximately the circle
equation

1-wP+(1-s?=1 for n—0, (4.40)

where w = W /Wy and s = §/Se. On the other hand, at half band-filling (n = 1) the
relation between W and S is approximately linear, i.e., w = 1 — s, which implies

1-w)+(1-s)=1 for n=1. (4.41)

For intermediate values 0 < n < 1 of the electron density the relation between W
and S in the ground state of the Hubbard model passes smoothly from the low-density
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extreme (4.40) to the linear behavior (4.41) at half-band filling. Therefore, in order to
cast relation between W and S in a simple form for all n < 1, we propose to interpolate
between the two extremes (4.40) and (4.41) as follows

1-w?*"+(1-5*"=1, 0<n<1. (4.42)

In fact, as shown in Fig. 4.14 (b), we find an almost linear relation between (1 — w)*™"
and (1 — 5)*™", which is approximately independent not only of the size and dimen-
sion of the lattice structure under consideration but also of the band filling n, which is
most important for the desired extension of the IFE approximation. The largest devi-
ations from the common linear trend observed in Fig. 4.14 (b) are found at half band-
filling (n = 1), for which Eq. (4.42) reduces to the linear [FE-approximation w = 1 — s,
which has already proven to be very successful in the applications to the half-filled
Hubbard model discussed in the previous sections. One concludes that Eq. (4.42) is
a very promising generalization of the IFE approximation to the regime of arbitrary
electron densities in the range 0 < n < 1. To be explicit, we propose to approximate
the interaction-energy functional W|[n| of the Hubbard model with 0 < n < 1in terms
of the IFE S[n] as

Winl _J1- [1 - (1 - S‘S[—o’f)Z_n] i SInl < S

(4.43)
Whr

0 else.

Electron densities above half band-filling (n > 1) are easily handled by replacing
electrons with holes, which corresponds to replacing n by 2—nand W by W—-U(N—-N,)
in Eq. (4.43).

Since Eq. (4.43) approximates W|[n] in terms of the IFE S, all the conclusions drawn
in relation with Eq. (4.12) remain valid for the energy functional E[n] = K[n] + W[n]
obtained from Eq. (4.43). This applies in particular to the result (4.16), which states
that the ground-state occupation numbers 5y, follow a Fermi-Dirac distribution with
an effective temperature Teg = —OW /0S which depends on the Coulomb-repulsion
strength U and the electron density n. This contrasts, however, with several well-
established results, which state that the one-dimensional Hubbard model behaves like
a Luttinger liquid away from half band-filling [115, 116], whose momentum distribution
exhibits a typical power-law singularity

n(k) — n(kp) ~ sign(kr — k) |k — kp|® (4-44)

*Notice that the IFE S[n] and thus W[n] as given in Eq. (4.43) are invariant with respect to the addi-
tional implication ng, — 1 — g, VYko of the electron-hole transformation.
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4.6 Arbitrary filling and Luttinger-liquid behavior

in the vicinity of the Fermi level. Moreover, in higher dimensions the Hubbard model
is a Fermi liquid, having a characteristic step-like singularity in the momentum dis-
tribution at the Fermi surface [117]. Clearly, these kind of singularities in the mo-
mentum distribution are not obtained in the framework of any IFE approximation to
the interaction-energy functional, since the ground-state occupation numbers always
follow a Fermi-Dirac distribution.

Notice that the Fermi-Dirac distribution (4.16) is the result of any IFE approxima-
tion, if the minimization of the corresponding energy functional E[n,(k)] is restricted
only by the ensemble-representability condition 0 < n,(k) < 1 Vko. In order to
enforce a ground-state occupation-number distribution which displays the typical
Luttinger- or Fermi-liquid characteristics, one could restrict the minimization of the
energy functional E[n,(k)] to a suitable set of trial functions {5,(k)} which exhibit
the corresponding type of singularity. In the following we would like to derive a
family of functions which display a typical Luttinger-like power-law singularity at
the Fermi-level and are thus suitable to describe the ground-state occupation-number
distribution of the 1D Hubbard model away from half band-filling. In the subsequent
applications we will investigate whether or not the restriction of the energy func-
tional E[7n,(k)] to this set of Luttinger-like distributions leads to a significant improve-
ment of the resulting ground-state observables.

In order to obtain a family of Luttinger-like distributions we follow the ideas of
Koch and Goedecker [118]. They derived an excellent approximation for the ground-
state occupation-number distribution of the half-filled 1D Hubbard model by assum-
ing that the electronic localization, driven by the Coulomb interaction, can be asso-

ciated to an exponential decay yp5, = yég)a e~?l of the gs-SPDM elements. Here,

yég)o = sin(d7/2)/(6x) refers to the elements of the noninteracting gs-SPDM corre-

sponding to a given lattice site i = 0 and its dth NN [see Eq. (4.35)], and @ > 0 is a
decay constant which depends on the interaction strength. Similarly, away from half
band-filling Koch and Goedecker [118] proposed to associate the localization of the
electrons to a power-law decay of the gs-SPDM elements

—a . sin(kpq0)
Yose = Vog 16+ 117 with ) = n—g, (4-45)

where kp, = mn, refers to the Fermi wave-number for spin-o electrons. The corre-
sponding occupation-number distribution

> - ke 2 & sin(kpy 0 —a
1o = S yope e = o 250 Sikre0) (5 e osks)  (g46)
S——oo T T 53 Y

has a Luttinger-like power-law singularity with exponent « at k = kp,. The distri-
bution (4.46) is shown in Fig. 4.15 for different values of the decay parameter « and
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Figure 4.15: Occupation-number distribution (4.46) showing a Luttinger-like power-law sin-
gularity at the Fermi wave-number kr, = 7n, for different values of the decay parameter «,
as indicated by the color scale on the right.

the Fermi wave-number kr,. As a result of the singularity at kr,, we find in Fig. 4.15
a sharp decay of the distribution 7,(k) at the Fermi level if « < 1, while for ¢ > 1 a
finite slope is found in the vicinity of kr,. Notice that this behaviour is qualitatively
different from a Fermi-Dirac distribution, which has a finite slope at the Fermi level
for any positive temperature.

Before we are able to apply the IFE approximation (4.43) to the ground-state prob-
lem of the Hubbard model on periodic lattice structures with band filling n < 1, we
need to know the value S, of the IFE in the strongly-correlated ground state. This
is not an easy task a priori, since S, is obtained from the occupation-number dis-
tribution g, which yields the minimum kinetic energy under the constraint of van-
ishing double occupations D = 0. In practice, it is therefore often necessary to in-
troduce approximations to Se,. In the framework of the IFE approximation one can
start from a physically sound approximation for the strongly-correlated ground-state
energy E;°(n), which is purely kinetic for n < 1, and tune the parameter x which deter-
mines3 the occupation-number distribution 7,(k; x), i. e., x = T.g for the Fermi-Dirac
distribution (4.16) and x = « for the Luttinger-like distribution (4.46), such that

(Z“)d N IRCIXCRLS (447

From the occupation-number distribution 1, (k; x) one finally obtains an approximate

Ey(n) =

3 Apart from the chemical potential y, or the Fermi wave-number kr,, which are determined by n,.
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4.6 Arbitrary filling and Luttinger-liquid behavior

value for the IFE S, in the strongly-correlated ground state by means of Eq. (4.10).
Thus, the problem of finding an approximation to S is replaced by the problem to
approximate the strongly-correlated ground-state energy E;°(n). To this aim, one can
consider the lowest-lying fully polarized ferromagnetic (FM) state, since it fulfills the
fundamental constraint of vanishing double occupations D = 0. Even though the
energy Epp(n) of the lowest-lying fully polarized state is in general just an upper bound
for the strongly-correlated ground-state energy E;°(n), it has been found to yield a
good first approximation [77, 78]. Moreover, it has been shown that the lowest-lying
fully polarized state is always a ground state of the strongly-correlated Hubbard model
if there is exactly one hole (N = N, — 1) [52, 53], and in the case of the infinite one-
dimensional chain, the strongly-correlated ground-state energy (2.36) coincides with
the energy of the lowest-lying fully polarized state for arbitrary electron densities n.
To sum up, we propose to approximate the IFE S, in the strongly-correlated ground
state of the Hubbard model in the following manner:

1. Approximate the strongly-correlated ground-state energy by the energy of the
lowest-lying fully polarized state

w(n)
2 [ pterae. (0.48)

given by Eq. (4.28). Accordingly, the chemical potential p(n) fulfills the condi-
tion

where 0 < n < 1 is the band-filling and p(¢) the single-particle DOS per spin

()
n= /_ ple)de. (4-49)

(o)

2. Determine the effective temperature T.g in the Fermi-Dirac distribution (4.31)
such that the corresponding kinetic energy equals the energy (4.48) of the
lowest-lying fully polarized state, i. e., such that

EFJI\)Ian) B Zo'l [oo &N (& Ter) p(e) de . (450)

If one considers Luttinger-like occupation-number distributions of the
form (4.46) for the 1D Hubbard model, one instead determines the decay con-
stant « in a similar manner.

3. Once the effective temperature T.g or decay constant & has been determined,
it is straight forward to calculate S, as the IFE (4.30) of the corresponding
occupation-number distribution.
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4 Links between ground-state correlations and the IFE

4.6.1 The infinite Hubbard chain

Having a sound approximation to the IFE Sy, in the strongly-correlated ground state,
we are now in a position to apply our approximation (4.43) in order to determine
the ground-state properties of the Hubbard model with arbitrary electron density by
minimizing the corresponding energy functional E[n] = K[n] + W[n]. In Fig. 4.16 we
present our results for the ground-state energy E, and the average number of double
occupations D of the infinite 1D Hubbard chain and compare them with the exact
Bethe-ansatz solution [49]. The LDFT results were obtained either by a minimization
of the energy functional which is restricted to the Luttinger-like distributions (4.46), or
by a minimization involving arbitrary momentum-distributions 7, (k) which are only
restricted by the ensemble-representability condition 0 < 5,(k) < 1 and the given
electron density f_ 7; No(k)dk = nrx for o = T,]. As already discussed in the context
of Eq. (4.16), the latter leads to a Fermi-Dirac momentum-distribution. Figs. 4.16 (a)
and (c) show that both methods yield very accurate results for the ground-state en-
ergy Ey in the whole range of electron densities, starting from an empty band n = 0 up
to half band-filling n = 1, and for all values of the Coulomb-repulsion strength U/t.
In this context it is important to recall that the LDFT functional recovers the ex-
act ground-state energy in both the noninteracting (U/t = 0) and strongly corre-
lated (U/t — oo) limits of the 1D Hubbard model for arbitrary values of the electron
density 0 < n < 1, which are given by Egs. (2.20) and (2.36).

For low densities (n < 0.2) the differences between the ground-state energies ob-
tained from Luttinger and Fermi-Dirac momentum-distributions are marginal, and
the almost linear increase of the binding-energy |Ey| is perfectly reproduced in both
cases. For intermediate values of the electron density (0.2 < n < 0.8) we find that the
binding energy is slightly overestimated by the global minimum of the LDFT energy
functional, while the restriction to the Luttinger-like distributions leads to a slight un-
derestimation. Nevertheless, the minimization with respect to Luttinger-like distribu-
tions generally yields somewhat more accurate ground-state energies in this density
range. For example, for U/t = 4 the restriction to Luttinger-like distributions leads
to a maximal deviation from the exact ground-state energy of only 1.9% at n = 0.75,
while the global minimization yields a maximal error of 3.5% at n = 0.58. The trend
changes, however, as we approach half band-filling, and for n > 0.8 we find that the
global minimization of the LDFT energy functional leads to errors in the ground-state
energy which are always smaller than 2.0%, while the restriction to Luttinger-like
distributions introduces errors up to 4.4%. This is consistent with our observation in
Section 4.3 that the linear IFE-approximation reproduces the ground-state properties
of the half-filled infinite Hubbard chain with astonishing accuracy for all values of
the Coulomb-repulsion strength U /t.

Similar conclusions can be drawn from Fig. 4.16 (c), where the ground-state en-
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Figure 4.16: Ground-state properties of the one-dimensional Hubbard model with different
electron densities. Results are shown for (a) the ground-state energy E, and (b) the average
number of double occupations D as functions of the electron density N/N, for representa-
tive values of U/t, as indicated in (b). The solid curves correspond to the exact Bethe-ansatz
solution [49], while the crosses are the results of LDFT in combination with the IFE approx-
imation (4.43). The plus symbols indicate results obtained by restricting the minimization of
the LDFT energy-functional to the Luttinger-like momentum distributions (4.46). Similarly,
subfigures (c) and (d) show results for the ground-state energy E, and the average number
of double-occupations D as functions of the Coulomb-repulsion strength U/t for the electron
densities N/N, indicated in (d).
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4 Links between ground-state correlations and the IFE

ergy Ey is shown as a function of the Coulomb-repulsion strength U/t for represen-
tative values of the electron density. For rather small values of the electron density,
i.e, for n = 0.25 and 0.5, the ground-state energy is only slightly affected by the
strength of the Coulomb repulsion, since the electrons are able to avoid each other
very effectively in a correlated motion throughout the lattice. For low densities and
intermediate values of the Coulomb-repulsion strength (1 < U/t < 10) we obtain
somewhat more accurate results by restricting the minimization to the Luttinger-like
distributions. For very low or large values of U/t the differences between both meth-
ods become marginal. For n = 0.75 the absolute deviations from the exact solution are
found to be almost the same for the ground-state energy obtained from both global and
restricted minimizations. Notice, however, that the global minimum overestimates the
binding energy, while the restricted minimization leads to an underestimation of the
latter. Finally, for n = 1 the ground-state energy obtained from the global minimum
of the LDFT energy functional is far more accurate than its restricted counterpart. As
already discussed in Section 4.3 the error in the ground-state energy obtained from
the global minimum is always smaller than 0.1% in the whole range from weak to
strong coupling, while the restriction to Luttinger-like distributions leads to errors of
up to 4.1%.

Concerning the dependence of the average number of double occupations D on the
electron density n = N/N, and the Coulomb-repulsion strength U/t in Figs. 4.16 (b)
and (d), we find that the exact results obtained from the Bethe-ansatz solution are
qualitatively very well reproduced by LDFT in combination with the IFE approxima-
tion (4.43). In the noninteracting (U/t = 0) and strongly correlated (U/t — oo) limits
the corresponding exact values of the double occupations D/N, = n*/4and D = 0 are
reproduced within LDFT. For intermediate to large values of the Coulomb-repulsion
strength (U/t 2 2) one obtains more accurate double occupations from the minimiza-
tion with respect to Luttinger-like momentum distributions, especially in the range of
intermediate electron densities (0.2 < n < 0.8). For example, at U/t = 2 the relative
error in the double occupations obtained from Luttinger-like momentum distributions
is always below 2.7%, while errors up to 21% are found when the energy functional
is minimized globally. In contrast, when the interactions are weak (U/t < 2), the
Luttinger-like momentum distributions lead to a severe overestimation of the double
occupations near half band-filling. This is best seen in Fig. 4.16 (d), where the double
occupations obtained from the restricted minimization for n = 1 remain approxi-
mately constant for weak interactions (U/t < 1), whereas the global minimization re-
produces the double occupations of the half-filled Hubbard chain with astonishing ac-
curacy in the whole range from weak to strong interactions. These findings —namely
that the Fermi-Dirac momentum distributions obtained from the global minimization
yield more accurate results in the vicinity of half band-filling, while Luttinger-like
distributions are preferable if intermediate electron densities are considered— is in
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4.6 Arbitrary filling and Luttinger-liquid behavior

good qualitative agreement with the fact that the one-dimensional Hubbard model is
a Luttinger liquid only if the band is not half filled [116].

4.6.2 The two-dimensional Hubbard model

In order to go beyond the domain of integrable models, we have applied the IFE ap-
proximation (4.43) to the infinite square lattice with NN hopping. Figure 4.17 shows
our results for the ground-state energy E, and the average number of double occu-
pations D obtained by minimizing the LDFT energy functional with respect to ar-
bitrary ensemble representable occupation-number distributions 7,(k) which yield
the given electron density N/N,. Figures 4.17(a) and (c) show that the dependence
of the ground-state energy E; on the electron density N/N, and the Coulomb-
repulsion strength is qualitatively very similar to the previously discussed infinite
1D Hubbard chain. The proposed LDFT functional reproduces the exact value of the
ground-state energy in the noninteracting limit (U/t = 0). In the strongly corre-
lated limit (U/t — o), the energy of the lowest-lying fully polarized state (4.48) is
obtained, which is expected to slightly overestimate the strongly-correlated ground-
state energy. The ground-state energy obtained in the framework of LDFT agrees
fairly well with numerical QMC simulations for the Hubbard model on 12x12 and
8x8 square-lattice clusters [57, 59]. This applies to the complete range of electron
densities, starting from low densities up to the half-filled band. However, the com-
parison with QMC simulations suggests that the present IFE approximation slightly
overestimates the binding energy |Ey|.

In Figs. 4.17(b) and (d) we show results for the average number of ground-state
double occupations D. The comparison with numerical QMC simulations reported in
Refs. [57, 59, 64] demonstrates that LDFT in combination with the interaction-energy
functional (4.43) reproduces the ground-state double occupations D fairly well as a
function of the electron density N/N, and the Coulomb-repulsion strength U/t in
the complete range of parameters. Nevertheless, for weak to intermediate interaction
strength (1 < U/t < 4) the increase of double occupations with increasing electron
density seems to be somewhat underestimated by our approximation. Notice, how-
ever, that the more recent results reported by Varney et al. [64] suggest a less severe
underestimation of the double occupations than the previous QMC calculations of
Hirsch [57] and Moreo et al. [59].

Before closing this section, we like to investigate how the ground-state momentum-
distribution 7n,(k) depends on the electron density n = N/N, and the Coulomb re-
pulsion strength U/t. To this aim we compare in Fig. 4.18 the momentum distribu-
tion obtained within our present IFE approximation to the results of QMC simula-
tions [59, 64]. In Figs. 4.18 (a) and (b) the ground-state momentum distribution is
shown for the path in the first Brillouin zone (BZ) which crosses the Fermi surface
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Figure 4.17: Ground-state properties of the Hubbard model on the 2D square lattice with
different electron densities. Results are shown for (a) the ground-state energy E, and (b) the
average number of double occupations D as functions of the electron density N /N, for differ-
ent values of U /t, as indicated in (b). The solid curves correspond to LDFT in combination with
the IFE approximation (4.43), while the open symbols are the results of numerical QMC simu-
lations [57, 59, 64]. In (c) and (d) similar results are shown for the ground-state energy E, and
average number of double-occupations D as functions of the Coulomb-repulsion strength U /¢
for the electron densities N/N, indicated in (d).
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Figure 4.18: Momentum distribution (k) = (k) in the ground state of the Hubbard model
on the 2D square-lattice with different electron densities n = N/N, and Coulomb-repulsion
strengths U/t. Results are shown for the path in the BZ which crosses the Fermi surface along
the diagonal k, = k,, for (a) quarter (n = 0.5) and (b) half band-filling (n = 1) at different val-
ues of U/t. The solid lines correspond to LDFT in combination with the interaction-energy
functional (4.43), while the open symbols indicate results obtained from numerical QMC sim-
ulations [59, 64]. The color contour-plots show the LDFT momentum distribution in the com-
plete BZ for electron densities ranging from n = 0.2 to 1.0 for weak [U/t = 2, row (c)] and
intermediate [U/t = 4, row (d)] Coulomb-repulsion strength.
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4 Links between ground-state correlations and the IFE

along the diagonal k, = k,. Different values of the Coulomb-repulsion strength U/t
are considered for quarter band-filling (n = 0.5) as well as for half band-filling (n = 1).
The rather sharp Fermi surface found for weak interactions (U/t < 2) broadens con-
siderably as the Coulomb-repulsion strength increases. Notice that this broadening
is particularly pronounced near half band-filling (n = 1), where the carrier density
is maximal. Indeed, for low or intermediate densities the electrons are able to avoid
each other very effectively, without much impact on their kinetic- or binding-energy.
The momentum distribution obtained within our IFE approximation is in good agree-
ment with the available results of QMC simulations. In particular, the broadening
of the Fermi surface is very well reproduced in the case of half band-filling. The
IFE approximation slightly overestimates the occupation numbers of the low-lying
Bloch states having k, = k, < 37/8, while the occupation numbers of the states
with k, = k, 2 57/8 are underestimated by the same amount. This is consistent
with the overestimation of the binding energy |Ey| already discussed in the context
of Fig. 4.17. In any case, it is worth noting that our results are remarkably accurate
despite of the fact that the 2D Hubbard model is expected to be a Fermi liquid, having
a step-like singularity in the momentum distribution at the Fermi surface, a behavior
which cannot be reproduced by the continuous Fermi-Dirac distribution predicted by
our present IFE approximation.

In the lower part of Fig. 4.18 we visualize the momentum distribution obtained from
the IFE approximation in the complete BZ by means of color density-plots for different
values of the Coulomb-repulsion strength U/t and the electron density 0.2 < n < 1.
The plots in row (c) display the momentum distribution for a relatively weak interac-
tion U/t = 2, while the plots in row (d) show similar results for intermediate interac-
tion strength U/t = 4. Our results compare very well with similar ones obtained from
QMC simulations [64]. One observes how changes in the electron density n cause a
deformation of the Fermi surface, starting from a circular shape for low densities to
the rotated square in the case of half band-filling. Moreover, the broadening of the
Fermi surface with increasing electron density, which is a distinctive sign of elec-
tronic correlations, is clearly visible. A qualitatively similar broadening of the Fermi
surface is also observed when the electronic correlations are enhanced by increasing
Coulomb-repulsions U/t, as can be seen by comparing the plots in rows (c) and (d)
for a given electron density n.

4.7 Summary
We have developed new practical methods to tackle the ground-state problem of

the homogeneous Hubbard model on periodic lattice structures in the framework of
LDFT. Our approach is based on a delocalized k-space perspective, which exploits a

112



4.7 Summary

newly discovered connection between the interaction energy W in the ground state of
the model and the IFE S of the corresponding Bloch-state occupation-number distri-
bution #n,. This has opened up a completely new perspective to the ground-state
problem by taking into account the dependence of the central interaction-energy
functional W[y] on all elements of the SPDM y, and led to an approximation which
leverages the full universality of LDFT.

An almost linear connection between W and S has been discovered in exact numer-
ical results for the ground state of the half-filled Hubbard model, which led us to ap-
proximate the interaction-energy functional W[n| = W(S[n]) in terms of a simple lin-
ear function of the IFE S[n]. Subsequent applications to the half-filled Hubbard model
on finite and infinite lattices in d = 1-3 dimensions as well as in the limit d — oo have
demonstrated the predictive power of our method. In fact, within our approximation it
was possible to reproduce the ground-state properties in all considered situations with
very good accuracy in the complete range from weak to strong Coulomb interactions.
This applies in particular to the subtle strongly-correlated Heisenberg limit U/t — oo,
where the linear IFE-approximation exactly reproduces the asymptotic behaviour of
the ground-state energy Eq = —at®/U expected for localized Heisenberg spins. Most
notably, the ground-state properties of the infinite 1D Hubbard chain derived from the
linear IFE-approximation are almost indistinguishable from the exact Bethe-ansatz
solution [49]. In higher dimensions, the linear IFE-approximation has proven to be
very accurate as well, and the corresponding ground-state observables agree well with
available QMC simulations and exact diagonalizations. Moreover, the spin-polarized
Hubbard model has been studied in the framework of the linear IFE-approximation.
In this way we have obtained the magnetization curve and the zero-field magnetic
susceptibility of the infinite 1D Hubbard chain.

In order to study physical situations involving attractive interactions between the
fermions, giving rise to electronic pairing, we have considered the half-filled Hub-
bard model with negative coupling constant U < 0. Also in this case an almost linear
connection between W and S has been discovered in exact numerical results for the
ground state. This encouraged us to propose a generalized formulation of the linear
IFE-approximation to the interaction-energy functional W{[n], which treats attractive
and repulsive interactions on the same footing. Subsequent applications to the half-
filled attractive Hubbard model on finite bipartite and non-bipartite lattices in two
dimensions have proven that the IFE approximation is able to account for the correla-
tions caused by attractive interactions, and very accurate results have been obtained
for the most important ground-state observables in the complete range from weak to
strong interactions.

Our final challenge has been to go beyond half band-filling and to address the prob-
lem of arbitrary electron densities. The evaluation of exact numerical results for the
ground state of the Hubbard model on various lattice structures with different elec-
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tron densities has shown that a unique relation between W and S exists even in this
more general case. However, the connection between W and S has been found to
be strongly affected by the electron density n. Nevertheless, by an interpolation be-
tween the low-density limit n — 0 and the half-filled band case n = 1 it was possi-
ble to derive a physically sound extension of the IFE approximation, which applies
to arbitrary electron densities. Applications to the one- and two-dimensional Hub-
bard model have shown that the ground-state observables of the Hubbard model
are reproduced very accurately within this approximation to W[y] in the complete
range from low electron density up to half band-filling for all values of the Coulomb-
repulsion strength. We have also studied the implications of qualitative changes in
the occupation-number distribution 7,(k) near the Fermi level. To this aim we have
focused on the 1D Hubbard chain and we have restricted the minimization of the
LDFT energy functional E[n,(k)] to a class of functions 75,(k) exhibiting a typical
power-law singularity at the Fermi-level, which is characteristic for Luttinger lig-
uids, such as the 1D Hubbard model away from half band-filling. The correspond-
ing results have shown that Luttinger-like distributions are preferable if low electron
densities are concerned, however, in the vicinity of a half filled band (0.8 < n < 1)
the Fermi-Dirac distributions obtained from the unconstrained minimization of the
energy functional within the IFE approximation lead to significantly more accurate
results. We have also studied the ground-state occupation-number distribution 7, (k)
of the 2D Hubbard model on the square lattice in the framework of the IFE approxima-
tion. Our results agree surprisingly well with accurate QMC simulations, and the typ-
ical broadening of the Fermi surface, as the electron density and Coulomb-repulsion
strength increases, has been very well reproduced.
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Thermodynamic equilibrium and the
separation of spin and charge excitations

One of the major shortcomings of present-day density functional theory (DFT) is the
lack of effective approaches which account for correlated electrons in thermodynamic
equilibrium at finite temperatures. Therefore, a large number of fundamental many-
body effects which give rise to important new temperature scales cannot be addressed
within the framework of DFT. Examples include phase transitions in magnetic or su-
perconducting materials, the Kondo-screening, or metal-insulator transitions, which
appear at specific temperatures, such as the Curie or Néel ordering temperatures in
ferromagnets and antiferromagnets, or the Kondo temperature for magnetic impuri-
ties in metals. It is therefore most desirable to develop practical finite-temperature
approximations in the framework of DFT, which would extend the scope of DFT and
open the path to these crucial many-body effects.

It is therefore the aim of the present chapter to approach this problem from the per-
spective of lattice models for interacting electrons, and to extend the scope of practical
applications of lattice density functional theory (LDFT) to the regime of the thermo-
dynamic equilibrium at finite temperatures T > 0. To this aim, we will focus on the
Hubbard model and exploit the scaling properties of the functional G.[y] which ac-
counts for the correlation contribution to the free energy. In this way we derive a sim-
ple, yet very effective approximation to the central grand-potential functional Q[y].
Previous works in the framework of LDFT have employed similar scaling properties
of the interaction-energy functional W[y] in order to address the ground-state prob-
lem of the homogeneous and inhomogeneous Hubbard models [83-87], as well as the
single-impurity Anderson model [81-83].

In order to derive the approximate finite-temperature functionals, we focus on
homogeneous and periodic systems with hoppings only between nearest neighbors
(NNs), which enables us to reduce the complexity of the central grand-potential func-
tional Q[y] considerably. These simplifications allow us to investigate the nontrivial
correlation contribution G.[y] to the free-energy functional in an explicit manner,
and the scaling properties discovered in this context will lead us to propose a very
efficient approximation. The variational principle of Gibbs in combination with this
scaling approximation enables us to explore the equilibrium properties of the Hub-
bard model in 1-3 dimensions and to derive the temperature dependence of important

115

5



5 Thermodynamic equilibrium and spin-charge separation

observables such as the kinetic and interaction energies, the entropy S and the specific
heat Cy.

Most notably, we will demonstrate that the scaling approximation is able to repro-
duce the physical effects resulting from the separation of spin and charge degrees of
freedom in the strongly correlated limit (U > t) of the Hubbard model. In the half-
filled band case this fundamental fingerprint of strong electronic correlations mani-
fests itself through the appearance of two distinct peaks in the specific heat Cy, which
are caused respectively by low-lying spin excitations and higher-energy charge ex-
citations, the latter being caused by the onset of electronic motion throughout the
lattice and the associated fluctuations of the Coulomb energy. Moreover, we will ap-
ply our scaling approximation to the case of a less than half-filled band in order to
study the changes in the equilibrium properties caused by variations in the electronic
density. Finally, we will consider spin-polarized systems in order to investigate the
physical properties of strongly-interacting electron systems in the presence of exter-
nal magnetic fields.

5.1 Reduced density-matrix functionals

In Section 3.2 we have already developed the formalism of finite-temperature lattice
density functional theory (FT-LDFT), which accounts for the thermodynamic equilib-
rium in the canonical and grand-canonical ensembles. In a grand-canonical ensemble
with a given temperature T > 0 and chemical potentials y, for electrons with spin po-
larization o, the functional Q[y] defined by Egs. (3.52) and (3.53) incorporates Gibbs’
variational principle (3.54) and thus gives access to the equilibrium single-particle
density matrix (eq-SPDM) y®4. Subsequently, once the eq-SPDM is known, the equi-
librium average value of any physical observable can be obtained in principle by virtue
of Corollary 3.4. It is important to keep in mind that the functional (3.53) of the grand-
potential Q[y] involves the functional G[y], defined in Eq. (3.52), which includes the
contributions of the Coulomb energy and the entropy to the free energy. An explicit
exact expression for G[y] is, however, unknown at present. Consequently, the main
challenge in practical applications of FT-LDFT is the development of physically sound
approximations to G[y]. In order to address this fundamental problem, we focus on
the homogeneous single-band Hubbard model with NN hopping

H=K+W=t > & & +UD fnhy, (5.1)
(ij)o i

where (i, j) indicates the summation over all NN lattice sites, ¢ > 0 is the NN hopping
integral, and U the local Coulomb repulsion strength. The rotational and translational
symmetry of the lattices to be considered in the following (e. g., the linear chain, the
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5.1 Reduced density-matrix functionals

2D square and triangular lattices or hypercubic lattices in d dimensions) implies that
the elements

v = yS(R - Ry)) (5.2)

of the eq-SPDM depend only on the distance |R; — R;| between the corresponding lat-
tice sites i and j. Consequently, we may restrict ourselves to the subset of the ensemble
representable single-particle density matrices (SPDMs) y which fulfill the symmetry
constraint (5.2). In this case we have y;;; = y11, for all diagonal elementsi =1,..., N,
of the spin-dependent SPDM, which represent the local density n, = N, /N, of spin-c
electrons, and yjjo = Y12, for all i, j corresponding to NNs. If we furthermore focus
on the unpolarized case, i.e., 1 = p; = p, the grand-potential functional (3.53) of the
Hubbard model (5.1) takes the form

Qlyl = Glyl = Na(tzy1z + py11) (5-3)

where N, is the number of sites, z is the coordination number, and we have introduced
Y11 = 2o V110 and y12 = 25 Y120- Physically, y11 = N /N, represents the electron den-
sity and y;2 the degree of charge fluctuations or hybridization between NNs. Notice
that, as long as only NN hoppings are taken into account (i. e., t;; = 0 for i, j beyond
NNs), the dependence of Q[y] on all SPDM elements other than y;; and y;, appears
only through the interaction and entropy functional G[y]. Consequently, we can ab-
sorb all SPDM elements other than y;; and y;; in the Levy-Lieb (LL) minimization
procedure (3.52) and define the reduced functional

1
Gly11, = min Tr{p|U nnn; + =logplt. 5.4
[Yll YIZ] p—{y11.y12} {P( Zl] T ﬂ gp)} ( )

Here, the notation p — {y11, y12} indicates that the minimization is performed within
the set formed by the positive semidefinite density matrices p € # with unit trace,
satisfying
ZTr{ﬁ 6;61-0} =y for i=1,...,N, (5.52)
o

and
Z Tr{p¢] ¢o} =yi2 Vi,j € NNs. (5.5b)
(2

The reduced functional (5.4) has a universal character in the sense that it does not
depend on the chemical potential ; and the NN hopping-integral ¢. It depends on the
underlying Fock-space, which is determined by the number of lattice sites N, on the
temperature T, the Coulomb-repulsion strength U, and, in contrast to G[y], also on the
topology of the lattice structure under consideration. The dependence on the lattice
structure is introduced by the constraint (5.5b), requiring that all SPDM elements y;;
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5 Thermodynamic equilibrium and spin-charge separation

which correspond to NNs must equal y;,. Clearly, since this constraint makes explicit
reference to the NN, it is not transferable between lattice structures having different
local topologies.

The restriction to homogeneous systems with hoppings only between NNs intro-
duces a remarkable simplification: Given any explicit approximation to the reduced
functional G[y11, y12], the grand-potential Q is easily accessible as the minimum of
the corresponding functional

Qly11, y12] = Glyar, yizl = Na (tz yiz + pryan) - (5.6)

The minimizing values yle? and yfg directly yield the local electron density n = ylef
and the kinetic energy K/N, = —tz yfg in thermodynamic equilibrium, and additional
equilibrium averages can be obtained from corresponding derivatives of the grand po-
tential Q). Clearly, the minimization of the reduced grand-potential functional (5.6)
must be restricted to the corresponding domain of definition, which is given by the
set X, containing all tuples (y11, y12) that can be associated with a density matrix p € P
satisfying Eq. (5.5). Therefore, before we derive explicit approximations to the func-
tional (5.4), it is important to explore the domain X, and to characterize its boundaries.

5.1.1 Domain of ensemble representability

In order to identify the domain of definition X, of the reduced functionals (5.4)
and (5.6), it is sufficient to focus on ensemble representable SPDMs which fulfill the
constraint (5.2), since we are concerned with periodic lattices having translational and
rotational symmetry. Under these circumstances, the constraints (5.5) on the SPDM el-
ements, i.e., y; = yi1 fori =1,..., N, and y;; = yio for all i, j corresponding to NN,
are automatically satisfied for all (y11, y12) € Xe. Furthermore, the translational sym-
metry implies that the natural orbitals are the Bloch states of the lattice structure
under consideration. Thus, we can express the spin-resolved SPDM elements y;j; in
terms of the eigenvalues or Bloch-state occupation numbers 7, as (see Section 4.1)

1 —ik-(Ri—R.
Viig = Yo(Ri = Rj) = — > ke e R RR) (5.7)
4 keBZ

where the summation runs over the wavevectors in the first Brillouin zone (BZ). Since
the eigenvalues of ensemble representable SPDMs are bounded by 0 < g, < 1 Vko
(see Section 3.2.1), the domain of representability can be identified as follows. The
diagonal elements

1
Yiie = F Z Nko (5.8)
4 keBZ
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5.1 Reduced density-matrix functionals

are bounded by 0 < y;;, < 1, which is simply a consequence of Pauli’s exclusion
principle. This implies that y;1; = X, y110 satisfies 0 < y;; < 2. For the case of the NN
SPDM-element y;,,, we recall that the invariance with respect to the discrete rotations
in the point group of the lattice implies y;j» = y12, for all i, j belonging to NNs. Thus,

1 1
Vizo =~ 2 Yo(A) = = D3 OkTlkos (5.9)

AeNN a% keBZ

where A € NN indicates the unique vectors connecting a given lattice site to its z NNs.
In Eq. (5.9) we have introduced the numbers

Wk = Z cos(k - A), (5.10)
A€NN

which coincide with the Bloch-state energies (2.15) of the single-band Hubbard model
when the NN-hopping integral is set to t = —1, and play the role of the energy levels
in an effective single-particle problem. Therefore, we will refer to wy as “effective”
Bloch-state energies, regardless of the fact that they are dimensionless numbers. No-
tice that Egs. (5.9) and (5.10) are a simple consequence of the relation between y1;,
and the spin-resolved kinetic energy K,/N, = —tzy13, in periodic single-band sys-
tems with NN hopping. Equation (5.9) shows that for any number N, = N, y;1, of
spin-o electrons, the upper (lower) bound of y;,, is attained when the Bloch states
with the highest (lowest) wy are occupied (7, = 1) while all other Bloch states are
unoccupied (ng, = 0). Therefore, in order to determine the boundaries on y;,,, it is
save to assume that the Bloch-state occupation numbers g, = n,(wg) are determined
by the corresponding effective energies wy, and by introducing

1
p) = — 3 80 - on) (5.1)
4 keBZ
we can thus rewrite Egs. (5.8) and (5.9) as
[o¢] 1 [S¢]
o= [ m@p@do ad yu = [ on@pedo.  G)

Clearly, p(w) defined in Eq. (5.11) is simply the density of states (DOS) of the tight-
binding Hamiltonian
Hy, = > 8¢, (5.13)
(i.j)
whose single-particle eigenvalues coincide with @y given in Eq. (5.10). In particular,
in the unpolarized case y; = y| the upper and lower bounds on y;; = > y120 are
given by

2 00 . 2 Hmin
M= / wp(@)do and yp" = - / w p(w)do, (5-14)

llmax o
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Figure 5.1: Domain X, of ensemble representable (y;1, y12) for different lattice structures. The
results correspond to unpolarized SPDMs (y = y)) of the periodic (a) 1D chain, (b) square
lattice, (c) triangular lattice, and (d) simple-cubic lattice.

where pinin and g,y are associated with the electron density n = y;; by the condition

[} Hmin
mo_ / p()dw = / p(w)dw . (5.15)
Hmax -

(e

In Fig. 5.1 the domain X, formed by the ensemble representable values of y;; and y;,
is shown for a number of representative lattice structures. We have focused on the
unpolarized case and used Egs. (5.14) and (5.15) in order to determine the boundaries
on yp2 as a function of the electron density in the complete range 0 < y;; < 2. For bi-
partite lattice structures we find domains which are symmetric with respect to y;, = 0,
ie., yB™(y11) = —=y5*(y11). This symmetry is readily understood by recalling that for
bipartite lattices the tight-binding Hamiltonian (5.13) simply changes sign upon the
unitary transformation which replaces él.T — ié:, where the positive sign applies to
the sites i within one of the two sublattices and the negative to the others. In this case,
the spectrum of Hy, and thus the DOS (5.11) is symmetric with respect to » = 0, which
implies y™i" = —yMa according to Eq. (5.14). This symmetry does not apply to non-
bipartite lattice structures as, for example, the triangular lattice shown in Fig. 5.1(c).
Nevertheless, the upper and lower boundaries on y;, are always linked by the rela-
tion Y% (y11) = —y5¥(2 — y11), which follows from a similar argument by using the
fact that the tight-binding Hamiltonian (5.13) changes sign upon electron-hole trans-
formation. We conclude that the knowledge of only one of the bounds on y;2, upper
or lower, for all electron densities 0 < y;; < 2 suffices in order to characterize the
domain of ensemble representability. Moreover, in the case of bipartite lattice struc-

tures, the additional symmetry y/o" = —y15>* implies that it suffices to consider the
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5.1 Reduced density-matrix functionals

upper or lower boundary on y;, for electron densities up to half band-filling, i. e., in
the range 0 < yy; < 1.

5.1.2 Functionals for uncorrelated mixed-states

An important class s of many-particle states is formed by the uncorrelated mixed-
states, which are particularly relevant for the thermodynamic equilibrium in the non-
interacting limit U/t — 0 and in the limit of high temperatures T/U — oo (see Ap-
pendix B). Therefore, it is instructive to consider the restriction of the functional (5.4)
to the set of uncorrelated mixed-states, which is given by

1
G , = min Tr{p, (U nin; + —=log pg | ¢, .16
sy vizl 5 min {Ps( Zl] ML+ gps)} (5.16)

where p; — {y11,y12} indicates the minimization with respect to all uncorrelated
mixed-states ps € P which satisfy the conditions (5.5). If we focus on the unpolarized
case y; = Y|, the interaction energy W = U X; Tr{p; fi;;7i; |} in any uncorrelated
mixed-state which meets these requirements is given by (see Appendix B)

2
Y
Whirly11] = UN, % . (5.17)

Consequently, only the entropy contribution to G, needs to be minimized in Eq. (5.16).
Thus, we can write

Gslyit, yizl = Waelyii] = T Sslyis vizl s (5.18)

where we have introduced the reduced form

Sslyis vzl = —ks _ min  Tr{plog p} (5.19)
p—{ri.y12}

of the universal independent-Fermion entropy (IFE) functional (3.74). Notice that in
Eq. (5.19) it is not necessary to restrict the minimization to the subspace s, since the
minimizing p always represents an uncorrelated mixed state. This is readily seen by
considering the corresponding Euler-Lagrange functional

Na

L[ﬁ] = Tr{ﬁlogﬁ} T AZ (Tr{ﬁz é;rdéja} - le) - VZ (Tl‘{ﬁz ﬂia} - }/11)

<lvj> i=1

= Tr{ﬁ (/1 Z éjgéjg +logp — VN)} + N, (vyi1 — Az y12), (5.20)
(i,j)o
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5 Thermodynamic equilibrium and spin-charge separation

where N = 3;; fi;, and the Lagrange multipliers A and v enforce that the minimizing j
satisfies the conditions (5.5). Apart from irrelevant constants, the functional (5.20)
is of the Gibbs form (3.43) and thus the minimum within the set # of all positive
semidefinite density matrices p with unit trace is taken for

e_ﬂs (Hs —Hs N)

ps B Tr{e_ﬁs (HS_IJSN)} ’

(5.21)

where fi; = A and pg = v/A can be interpreted as effective inverse temperature and
chemical potential, and
A= > ¢ ¢, (5.22)
(ijyo
is the Hamiltonian of an auxiliary noninteracting system. We conclude that g, de-
scribes an uncorrelated mixed-state, since it is the grand-canonical density matrix of
a noninteracting system (see Appendix B).
Following the argument which led to the explicit expression (3.74) for the IFE func-
tional, we conclude that

Sslyis vzl = =k D, (ko 108 ks + (1 = 1ice) log(1 = ks ] (5.23)
ko
where
1
Nkt = Nk| = (5.24)

1 4 eBs (wr—ps)

are the occupation numbers of the Bloch-states with the effective energies wy given in
Eq. (5.10). Equation (5.24) implies that, for a given effective temperature and chemical
potential, the occupation numbers 7y, = 1,(wx) depend solely on the corresponding
Bloch-state energy wg. Therefore, we can express the reduced IFE-functional (5.23) in
terms of the tight-binding DOS (5.11) as

e vial = koMo 3 [ [1o(0)log (1) + (1-10(0) log (1-76(0) | p0) do

(5.25)
In practice, one calculates the Bloch-state occupation numbers (5.24) for given values

of the effective inverse temperature f; and the effective chemical potential y;, and uses
Eq. (5.12) in order to compute y1; = X5 Y110 and y12 = 2o Y120, as well as Eq. (5.25) in
order to obtain the corresponding IFE S;. Subsequently, one varies f; and y system-
atically in order to scan the complete domain of ensemble representability.

In Fig. 5.2 results are shown for the reduced IFE-functional Sg[y11, y12] correspond-
ing to different periodic lattice structures. For the bipartite lattice structures consid-
ered it is sufficient to focus on the partial domain 0 < y;; < 1 and y;2 > 0. Indeed,
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Figure 5.2: Reduced IFE-functional Sg[y11, y12] for different bipartite lattice structures. Color
contour-plots are shown for the periodic (a) one-dimensional chain, (b) square lattice, and
(c) simple cubic lattice. The color scale for S; is indicated on the right, where S¢** = kg N, log 4
refers to the structure-independent global maximum of S5, which is attained in the localized
limit y;, = 0 at half band-filling y;; = 1. Contour lines are drawn at equidistant values of S
in order to display its functional dependence more clearly.

changing the sign of the effective temperature in Eq. (5.24) leads to ng; — 1 — fko,
which leaves the IFE (5.23) invariant but changes the sign of y;,, which follows
from Eq. (5.12) if the DOS p(w) is an even function. Thus, one readily concludes
that S¢[y11, y12] = Ss[y11, —y12] if the underlying lattice structure is bipartite. Fur-
thermore, the fact that the auxiliary Hamiltonian (5.22) changes sign upon electron-
hole transformation implies that Ss[y11, y12] = Ss[2 — y11, —y12]- As already discussed
in Section 5.1.1, the upper bound on y;; is attained when the Bloch states with the
highest effective energies wy are occupied (i, = 1) while all other Bloch-states are
unoccupied (7, = 0). Consequently, S; vanishes on the complete delocalized bound-
ary (y12 = yip"), and for a given electron density y;; the IFE increases monotonously
as the degree of NN charge fluctuations y;, decreases, until the localized limit y;, = 0
is reached. According to Eq. (5.12) the localized limit y;;, = 0 corresponds to homo-
geneous occupations g, = yi1/2 for all ko. In this case the IFE (5.23) assumes its
maximal value

S¢™(y11) = ks N, [log 4 — (2 — y11) log(2 — y11) — y11 log y11] (5.26)

for the given electron density. Notice that this maximal value is independent of the
lattice structure under consideration.
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5 Thermodynamic equilibrium and spin-charge separation

5.2 Scaling approximation for correlation effects

Having discussed the case of uncorrelated mixed-states and derived the exact func-
tional dependence of the corresponding functional G[y11, y12] which comprises the
interaction energy and entropy of independent Fermions, we will now focus on the
effects caused by electronic correlations. To this aim it is helpful to express the func-
tional (5.4) in the form

Glyi1, vzl = Gslyi1s yazl + Gelyans vzl (5.27)

where G.[y11, y12] takes into account all contributions to the free energy which are the
result of electronic correlations. In order to investigate the functional G.[y11, y12] in
detail, one first needs to derive a practical implementation of the functional G[y11, y12]
defined in Eq. (5.4), which is possible by performing the corresponding minimization
in an explicit manner. To this aim, let us consider the corresponding Euler-Lagrange
functional

1
LIp] = Tr{p (U S gy + 5 logﬁ)} vy (Tr{,s > éjgaja} - m)
i o 7
Na

-n, (Tr{ﬁ ; ﬁia} - Yn) (5.28)

i=1
u AT A . . 1 . ~
= Tr{P (7L Z C;Cja + UZ niphi| + Elogp - .UN)} + No (y1n — Az yiz),
(ij)o i

where the Lagrange multipliers A and p enforce that the minimizing density matrix p
satisfies the conditions (5.5). Apart from an irrelevant additive constant, the func-
tional (5.28) is of the Gibbs form (3.43) and thus its minimum within the set # of all
positive semidefinite density matrices p with unit trace is taken for

e_ﬁ (I:Iaux _HN)

- Tr{e_ﬂ(Haux_ﬂN)} ’

A

Po

(5-29)

where p is identified as the chemical potential of the system described by the auxiliary
Hamiltonian
Hax =24 D & Gio +U D Ainphyy - (5.30)
(ij)o i
Clearly, the range of practical applications of this approach is limited, since it re-
quires one to compute the grand-canonical density matrix p, for the auxiliary Hamil-
tonian (5.30), which has the same level of complexity as the initial problem defined by
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5.2 Scaling approximation for correlation effects

the Hubbard-model Hamiltonian (5.1). Therefore, applications of the thus described
method are restricted to systems which are either soluble by exact analytical meth-
ods or which are sufficiently small in order to allow for an exact numerical calcula-
tion of the complete many-body spectrum. In these cases, one computes the grand-
canonical density matrix (5.29) for given values of the effective NN hopping-integral A
and chemical potential y, obtains the equilibrium electron density y;; and the degree
of NN charge fluctuations y;, as

vy = > Tr{poéléic} (5.31)

and the corresponding interaction- and entropy-contribution to the free energy is
given by

. A 1 .
Glyi, y12] = Tr{po (U Z fiphy) + B log p)} . (5.32)

Subtracting the uncorrelated part Gs[yi1, y12] finally yields the correlation contribu-
tion G.[y11, y12] to the free energy. Varying the effective NN hopping-integral A and
chemical potential y systematically allows us to scan the complete domain X, of en-
semble representability (see also Fig. 5.1). Alternatively, one may focus on a fixed elec-
tron density y1; by solving the eigenvalue problem for the auxiliary Hamiltonian (5.30)
and determining p such that the desired density is obtained. Varying the effective
NN hopping-integral A systematically then yields the functional dependence G [y2]
in the complete range of representable y;, for the given electron density.

In Fig. 5.3 we focus on the case of a half-filled band (y;; = 1) and present re-
sults for the correlation contribution G.[y;2] to the free energy of the 1D Hubbard
model on finite rings having N, = 2-7 sites as well as for the infinite chain. No-
tice that G/U and thus also G./U depends only on the ratio U/kgT and not on the
Coulomb-repulsion strength U and the temperature T individually [see Eq. (5.32)].
Thus, in Figs. 5.3 (a)-(c) we plot G./U against y;, for different ratios U/kpT. Further-
more, we focus on the sector 0 < y1, < yJ,, where y;, = y[3® refers to the upper bound
on the NN charge fluctuation [see Eq. (5.14)]. The correlation functionals G.[y;2] of
the finite rings were obtained from exact numerical diagonalizations of the auxiliary
Hubbard-model Hamiltonian (5.30), while the results for the infinite Hubbard chain
were obtained from the exact finite-temperature solution of Jittner, Kliimper, and
Suzuki [56]. In Fig. 5.3 one observes G, < 0 in the complete range of representable y;,
which is expected, since the correlated motion of the electrons necessarily yields a re-
duction of the free energy. Furthermore, |G,| increases monotonously with decreas-
ing y12, which reflects the fact that strong correlations in the electronic motion, aimed
at the reduction of the average Coulomb energy, are accompanied with a significant
suppression of the charge fluctuations. Concerning the dependence on the temper-
ature and the Coulomb-repulsion strength, we find that |G.|/U increases with the
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Figure 5.3: Correlation contribution G.[y11,y12] to the free-energy functional of the one-
dimensional Hubbard model at half band-filling (y;; = 1). Results are shown for finite rings
having N, = 2-7 sites as well as for the infinite chain with different ratios U/kgT between
the Coulomb-repulsion strength U and the temperature T. Subfigures in the right column
[(@)-(c’)] show the same data as their counterparts on the left [(a)-(c)], however, in the right
column the values of G, and the domain of representable y;, are scaled to a common range by
using the system-dependent upper bound y;, on the degree of NN charge fluctuations as well
as the correlation contributions G° and G? in the localized (y;, = 0) and delocalized (y12 = y{,)
limits.
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5.2 Scaling approximation for correlation effects

ratio U/kgT. Clearly, in the uncorrelated or high-temperature limit U /kgT — 0, the
Coulomb energy has negligible impact in the minimization (5.4) which determines
the functional dependence of G[y11, y12]. Therefore, the minimizing density matrix s
must be the one which yields the maximum entropy for the given y;; and y;,. This im-
plies G[y11, y12] = Gsly11, y12] (see Section 5.1.2), such that the correlation contribution
to the free energy vanishes in this limit. On the other hand, the Coulomb energy dom-
inates G[y11, y12] in the strongly-interacting or low temperature limit U /kgT — oo.
Thus, the minimization in Eq. (5.4) leads to a strongly-correlated mixed state P
which, regardless of the entropy loss, yields the minimal average number of dou-
ble occupations achievable for the given y;; and y;2. This strongly-correlated mixed
state p is in general very different from the uncorrelated mixed-state p; which yields
the maximal entropy. Thus, the correlation contribution |G;| = |G — G;| increases
with U/kgT as the underlying mixed-state evolves from p; in the uncorrelated limit
to P in the strongly-interacting limit.

In Figs. 5.3 (a)—(c) we find a qualitative similar dependence of G, on the NN charge
fluctuation y;, and on the ratio U/kgT for all considered systems. The most rele-
vant dependence on the lattice size N, originates from the system-dependent repre-
sentability domain, which is characterized by the upper boundary y?, on the degree
of NN charge fluctuations. In addition, a rather weak dependence on N, is intro-
duced by the minimal and maximal values G° and G? of the correlation functional,
which are attained, respectively, in the localized (y1, = 0) and delocalized (y12 = y;,)
limits. In fact, in Section 5.2.1 we will see that the correlation contribution G;° to
the free energy in the localized limit y;, = 0 is independent of the lattice structure
under consideration, and that it scales with the size of the system such that G.°/N,
depends solely on the electron density y;;, the Coulomb-repulsion strength U, and
the temperature T. Furthermore, in Section 5.2.2 we will demonstrate that the non-
vanishing, slightly system-dependent values G? observed in the delocalized limit of
some finite clusters [see, for example, the results for N, = 3-5 in Figs. 5.3 (a)—(c)] are
due to finite-size effects resulting from degeneracies in the single-particle spectrum.
These findings suggest that the functional G,[y;2] could reveal a quasi-universal be-
haviour if the system-dependent representability domains are scaled to a common
range. In order to test this conjecture, we plot in Figs. 5.3 (a’)—(c’) the relative correla-
tion contribution to the free energy (G.—G>)/(G? — G°) against the relative degree of
NN charge fluctuations y12/y?,. In this way, a nearly system-independent behaviour of
the scaled G,[y12] is indeed observed, which is especially true for intermediate to large
values of U/kgT, i.e., in the parameter range where correlation effects play a crucial
role. Therefore, it is reasonable to expect that the functional dependence of G [y12]
can be inferred to a very high level of accuracy from the properly scaled correlation
functional of a reference system which can be solved by exact analytical or numerical
methods. Consequently, we propose the following scaling approximation for the cor-
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5 Thermodynamic equilibrium and spin-charge separation

relation contribution to the free-energy functional of the half-filled Hubbard model:

. . Grf [er] _ Ggf,oo er,O
GC[YlZ] = Gc + (Gg - Gc ) < f :)2 .00 Wlth erg = }’12 % 5 (533)
Gc = Gc ’ ylZ

where the upper index “rf” on G, and y;, refers to the exactly solvable reference sys-
tem. Notice that the temperature T and the interaction-integrals WJ’IS/ merely play
the role of fixed external parameters in the framework of FT-LDFT formulated in Sec-
tion 3.2. Therefore, we require to consider the reference system in the scaling approx-
imation (5.33) at the temperature T and the Coulomb-repulsion strength U specified
by the target system in order to be compliant with the principles of FT-LDFT.

In this context, it is worth mentioning that the accuracy of the scaling approxi-
mation (5.33) can be improved by an appropriate choice of the reference system. As
already discussed in Section 5.1, the functional (5.4) and thus G.[y;2] depends to some
extent on the lattice structure. Therefore, although the scaling properties exploited
in Eq. (5.33) take into account most of the dependence of G.[y12] on the system size N,
it is clear that the nature of the correlated electronic motion and thus the extent of the
correlation effects expressed by G, also depend on the local topology of the underly-
ing lattice. This is especially true in the regime of small to intermediate values of y;3,
where short-ranged charge fluctuations dominate. Therefore, it is advisable to choose
a reference system whose local topology matches the one of the system under study.
For example, in the case of the 2D square lattice one expects more accurate results by
using a finite square-lattice cluster as reference system rather than a 1D ring.

Notice that the scaling approximation (5.33) involves the system-specific correla-
tion contributions G2° and G? to the free energy in the localized and delocalized limits.
Therefore, it is worthwhile to study the extent of electronic correlations in these cru-
cial limits in detail, before we move on and apply the scaling approximation to the
half-filled Hubbard model on 1-3 dimensional periodic lattices.

5.2.1 Correlation effects in the localized limit

The purpose of this section is to determine the correlation contribution G;° to the
free energy in the localized limit y;, = 0, which enters the approximation (5.33) as an
essential scaling parameter. We have already seen that the functional G[y;, y12] can
be determined from the solution of the thermodynamic equilibrium problem with the
auxiliary Hamiltonian (5.30), and it is clear that a localized thermal-equilibrium state,
ie,yj=2¢ Tr{ﬁo é;éja} = 0 for all i, j corresponding to NNs, can only be achieved
for A = 0. Thus, in order to handle the localized limit, the auxiliary Hamiltonian can
be simplified to

Hux = U D finhyy . (5-34)
i
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5.2 Scaling approximation for correlation effects

Since H,yuy is a sum of mutually commuting local terms, the corresponding grand-
canonical partition function

~ A Na
Z = Tr{e P Han=ZonaNo)} = [7] Ty {eF Vi -Zo poia)} = 7 Ne (5-35)
i=1

can be partitioned into a product of local contributions, where
7, = Trl{e‘ﬁ(UﬂTﬁl—Za /—laﬂcr)} =1 + ePH1 4 ePrL 4 @Blur+p=U) (5.36)

is the partition function for a single site and Tr; denotes the trace in the correspond-
ing four-dimensional singe-site Fock space. In order to be more general, we consider
a spin-dependent chemical potential y,, which will turn out to be useful in later ap-
plications to spin-polarized systems. From the partition function (5.35), we obtain the
grand potential as

1 N
Qy=-=logZ=-—" log(l +efr 4Py eﬁ(”“’“_U)) ; (5.37)
B p
and thus we readily infer the spin-dependent electron density as
N, 109, _ 1+efre (.38)
Y110 = N, _ N, Oty = 7 . 53

Combining Egs. (5.36) and (5.38), it is straight forward to express the single-site par-
tition function in terms of the spin-dependent electron density

Xm0+l - @y = DF + 46— 100 =y - )
b 2(1- }’11T)(1 - Y11L) ’

(5:39)
where x = e/ and y;; = X, y11,. Furthermore, using Eq. (5.38), we can express the

chemical potentials in terms of the spin-dependent electron density as

Ho = %log [Z1 (1 = y11-0) — 1] . (5-40)

Finally, we obtain the contribution (5.32) of the Coulomb energy and the entropy to
the free energy in the localized limit as
G* 1

N, - B log Z; + ;ﬂa}’na- (5-41)
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Figure 5.4: Correlation contribution G;’ to the free energy in the localized limit (y;, = 0) as
function of the electron density y;;. Results are shown for unpolarized charge distributions
(y111 = y11, = y11/2) and representative values of the ratio U/kgT between the Coulomb-
repulsion strength U and the temperature T.

Notice that G* /N, depends only on the spin-dependent electron density y11,, the
Coulomb-repulsion strength U, and the temperature T, but not on the structure or
size of the lattice, since the underlying many-particle state is fully localized.

In order to obtain the correlation contribution G° = G* — G;” to the free energy in
the localized limit, we subtract the uncorrelated part G;° = Wyp — T S;°, where Wi =
UNj, y111Y11) is the Hartree-Fock interaction energy (see Appendix B) and Si° the IFE
in the localized limit. In this case, the Bloch-state occupation numbers nx, = y115 Vk
are independent of the wave-vector k, such that we obtain the corresponding IFE from

Eq. (5.23) as

S;X’ = —kgN, Z [}/110 log yi15 + (1 = y110) log(1 — }’110)] . (5.42)

Clearly, just like G*/N,, the correlation contribution G.°/N, to the free energy per
lattice site in the localized limit does not depend on the lattice structure and size, but
only on the spin-dependent electron density y;1,, the Coulomb-repulsion strength U,
and the temperature T.

In Fig. 5.4 the dependence of G_° on the electron density y;; is shown for the
case of unpolarized charge distributions (y;11 = y11; = y11/2). The results shown
account for G°/U, which depends on the ratio U/kgT but not on the Coulomb-
repulsion strength U and the temperature T individually. Notice that |G.°| increases
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5.2 Scaling approximation for correlation effects

monotonously with the Coulomb-repulsion strength U and the electron density in
the considered range 0 < y;; < 1, and its maximum is reached the case of a half-filled
band (y;; = 1). Similar observations were already made in the context of Fig. 5.3.

5.2.2 Correlation effects in the delocalized limit

The purpose of this section is to determine the correlation contribution G° to the
free energy in the delocalized limit where the degree of charge fluctuations between
NN is maximal, i.e., y12 = y;,. As already discussed in Section 5.1.1, the many-body
states which yield y1, = y;, are Slater determinants where the Bloch states with ef-
fective energies (5.10) above the chemical potential, i. e., with wg > i, are fully occu-
pied (nx, = 1) while Bloch states having wy < p, are unoccupied (g, = 0). In order
to account for the delocalized limit, it is therefore sufficient to work in the truncated
Fock-space H, spanned by the Slater determinants

@) =71 [T (&)™ @) with ng, €{0,1}, (5.43)

0 Wk=Ho

which differ only in the occupation of the usually degenerate lowest occupied energy
level wp, = ps for spin-o electrons, which can be regarded as the Fermi level since
it marks the boundary between occupied and unoccupied Bloch states. Furthermore,
we have introduced the state

o) =[] [ ¢, Ivac), (5.44)

0 Wg>Ho

which represents the bulk of the Fermi sea. The Fock-space truncation reduces the
initially 4Ne-dimensional Fock-space to the 291%9¥-dimensional subspace which is
relevant in the delocalized limit. Here, gr, denotes the degeneracy of the Fermi
level wp, = pi; for spin-o electrons. The Fock-space truncation thus renders the de-
localized limit tractable if the degeneracy of the Fermi level is sufficiently low. For a
given spin-dependent electron density y;;,, the contribution of the Coulomb energy
and the entropy to the free energy in the delocalized limit is then given by

0 . x A 1 .
G = ﬁe{?llllfm} Tro{p (U Z Ann;) + 3 log p)} : (5.45)
where Try denotes the trace in the truncated Fock-space Hy, and p — {y117, y11)}
indicates that the minimization is performed with respect to all positive semidefi-
nite density matrices p € Py C P having unit trace in H, i.e., Tro{p} = 1, and
yield the desired local spin density Try { p éjaéig} = y1o foralli = 1,..., N,. Notice
that, in contrast to the definition of G[y11, y12] in Eq. (5.4), no constraint is needed
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5 Thermodynamic equilibrium and spin-charge separation

in order to enforce y1, = yJ,, since this condition is granted for all states within the
truncated Fock-space H,. Moreover, it is important to remark that, in contrast to
the localized limit discussed in the previous section, G° does depend on the lattice
structure under consideration, since the truncated Fock-space Hj is defined in terms
of the lattice-specific Bloch states and the corresponding effective energies wy [see
Egs. (5.10) and (5.43)].

In order to find the minimum in Eq. (5.45), one considers the corresponding Euler-
Lagrange functional £[p], which includes Lagrange multipliers in order to enforce
that the constraints Try { D éjgéig} = Y110 are satisfied for all i = 1,..., N,. As usual,
the Euler-Lagrange functional has the Gibbs form (3.43) and therefore, the minimum
within the set P of all positive semidefinite density matrices p having unit-trace in
the truncated Fock-space H, is given by

e—(Uﬁ—Za VO-NG)

A

Po

" Trofe-@hZo voRo)} (549
where D = 3 i Nip7;| is the operator counting the local double occupations, u = U/kgT
is the ratio between the Coulomb-repulsion strength and the temperature, and v, can
be considered as an effective chemical potential for spin-o electrons. Notice that, in
contrast to Eq. (5.35), the partition function in the denominator of Eq. (5.46) can not be
separated into a product of local contributions, since the trace is taken in the truncated
Fock space. Therefore, one expresses D in terms of the Bloch-states (2.13)

A 1 . . R .
and one constructs the matrix representation D, = (®, |D|®,,) in the truncated Fock
space spanned by the Slater determinants (5.43). Since D conserves the number N,
of spin-o electrons as well as the total momentum K = >, k ng,, one can diago-
nalize D within each (N, N|, K)-block separately. Expressing the minimizing density
operator (5.46) in terms of the thus obtained eigenvalues D, and orthonormal eigen-
states |¥,), one has

. 1 o )
o= 5 Sl Ze ) e, (5.482)
n
with .
Zy = Z e_(“D"_Z" voN”) : (5.48b)
n

In this way, we obtain the contribution (5.45) of the Coulomb energy and the entropy
to the free energy in the delocalized limit as

R A 1 R 1
G’ = Tro{ﬂo (U Z nihi| + B logpo)} = an (U Dy + B logpn) , (5-49)
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(n)
where p, = e~ (4Dn=Z0 voNG”) /Zy is the statistical weight of the eigenstate |¥,).

The correlation contribution G is finally obtained by subtracting the uncorrelated
portion G? = Wigp—T S? from Eq. (5.49). Clearly, a non-vanishing IFE S? in the delocal-
ized limit can only be the result of a partially filled Fermi level,i.e., 0 < ng, = np, < 1
for all Bloch states having wy = p, such that

530 = —kg Z 9Fo [nFa log nps + (1 — ngs)log(1 — nFa)] . (5.50)
[
However, the relative degree of degeneracy at the Fermi level
gr Hot+Aw
o — . — . - A )
R = [ plerdo = m o) o (5.51)

vanishes if the DOS (5.11) at the Fermi level is finite, which is always the case in the
thermodynamic limit N, — oo, at least somewhere in an arbitrarily small neighbor-
hood of p,. Therefore, we conclude that Sg /N; — 0 in the thermodynamic limit,
as already observed in the context of Fig. 5.2. The fact that gr,/N, vanishes in the
thermodynamic limit means that we can neglect all complications arising from de-
generacies at the Fermi level if the system under consideration is sufficiently large.
In this case, we can assume that |®y), given in Eq. (5.44), is the only many-body state
which yields the maximum degree y1, = y}, of NN charge fluctuations. Since |®)
is a single Slater determinant, we have G° = U (Do|D|Dy) = Wip = G'. Therefore,
one concludes that the correlation contribution G? = G — G? to the free energy in
the delocalized limit vanishes if sufficiently large systems are considered. For small
finite systems, such as the reference systems used in the following applications of the
scaling approximation (5.33), we use Eq. (5.49) in order to compute G explicitly.

5.3 Infinite periodic lattices

Having introduced the scaling approximation (5.33) for the correlation contribution G,
to the free-energy functional, and discussed the localized and delocalized limits in de-
tail, we are now in a position to apply our method in order to explore the equilibrium
properties of the Hubbard model in the framework of FT-LDFT. We will focus on the
thermodynamic limit N, — oo at half band-filling (N/N, = y;; = 1), and for given
NN hopping-integral ¢, Coulomb-repulsion strength U, and temperature T we mini-
mize the free-energy functional

Flyi2] = =tNaz y12 + Gslyi2] + Gelyiz] (5.52)

in the domain of ensemble representable y;,. As usual, G[y;2] stands for the
interaction-energy and entropy functional for uncorrelated mixed-states, given by
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5 Thermodynamic equilibrium and spin-charge separation

Eq. (5.16), and G.[y;2] for the correlation contribution to the free-energy functional
obtained from the scaling approximation (5.33) using an appropriate reference sys-
tem. We treat the reference system in a grand-canonical ensemble formulation at the
temperature T and Coulomb-repulsion strength U defined by the target system and
choose the chemical potential y,¢ of the reference system such that a half-filled band
is obtained. The minimization of the functional (5.52) directly yields the free energy F,
the degree of NN charge fluctuations y;; and thus the kinetic energy K = —tN,zy1,
in thermodynamic equilibrium. Additional equilibrium observables, such as the aver-
age number of double occupations D, the entropy S, and the specific heat Cy can be
subsequently obtained from appropriate derivatives of the free energy F.

5.3.1 The infinite Hubbard chain

In Fig. 5.5 we present results for several equilibrium properties of the half-filled
1D Hubbard model as functions of the temperature T for representative values of the
Coulomb-repulsion strength U/t. These results were obtained from FT-LDFT in com-
bination with the scaling approximation (5.33) for the correlation contribution G.[y2]
to the free-energy functional using a 7-site ring as reference system. The 7-site ring
has been chosen, since it is the largest 1D reference system for which the compu-
tations within our current implementation of FT-LDFT are feasible. Furthermore, in
order to account for long-range correlations a sufficiently large reference system is
required, such that one generally expects to obtain more accurate results if a larger
reference system is used. Further below we will quantify to which extent the equilib-
rium properties obtained in the framework of FT-LDFT depend on the choice of the
reference system. In order to assess the accuracy of the FT-LDFT results shown in
Fig. 5.5, we compare them with the exact finite-temperature solution of the 1D Hub-
bard model [56]. The free energy F, shown in Fig. 5.5 (a), results directly from the
minimization of the free-energy functional (5.52) and the comparison with the corre-
sponding exact analytical solution demonstrates that FT-LDFT is remarkably accurate
in the whole range of temperatures T and Coulomb-repulsion strengths U/t. Indeed,
the deviation between the exact and FT-LDFT results is smaller than the width of the
individual lines on the scale used in Fig. 5.5 (a). The temperature dependence of F is in
fact reproduced to such a high level of detail that accurate results are also obtained for
its derivatives with respect to the Coulomb-repulsion strength and the temperature.
Therefore, we obtain accurate results also for the average number of double occupa-
tions D = 0F/0U, the entropy S = —dF/0T, and the specific heat Cy = T dS/0T,
which are shown in Figs. 5.5 (d)-(f).

For the double occupations D, shown in Fig. 5.5 (d), we find a non-vanishing value
in the ground state (T = 0), which is the result of the competition between electronic
delocalization, driven by hybridization, and localization, which reduces the local
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Figure 5.5: Equilibrium properties of the half-filled infinite 1D Hubbard chain as functions of
the temperature T for representative values of the Coulomb-repulsion strength U/t. Results
obtained by FT-LDFT in combination with the scaling approximation (5.33) using a 7-site ring
as reference system (full curves) are compared with the exact solution of Juttner et al. [56]
(open circles): (a) free energy F, (b) total energy E, (c) kinetic energy K, (d) average number
of double occupations D, (e) entropy S, and (f) specific heat Cy.
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Coulomb energy. Thus, the average number of double occupations in the ground state
decreases monotonously as the Coulomb-repulsion strength U/t increases. Clearly,
the same is also true for any finite temperature, since the creation of double occu-
pations requires more energy, and thus higher temperatures, if the Coulomb repul-
sions are stronger. Remarkably, the minimum of D is not attained in the ground state,
but at a finite temperature which increases slightly with increasing U/t. This ef-
fect is caused by low-lying spin excitations from the antiferromagnetic (AFM) ground
state which leads to a partial ferromagnetic (FM) alignment of the spins, such that
the number of hopping processes permitted by the Pauli principle decreases. As a
result, the charge fluctuations which give rise to the binding energy in the ground
state are partly suppressed as the temperature increases, which is accompanied by a
decrease of the double occupations generated by them. As the temperature increases
beyond a critical threshold, charge excitations in the upper Hubbard band give rise to
a renewed increase of D and thus to the formation of a minimum at a finite temper-
ature which increases with U/t. Finally, in the high-temperature limit kg7 /U — oo
the electronic motion becomes essentially uncorrelated, and thus one has D = N, /4
regardless of the Coulomb-interaction strength (U < kgT). Notice that FT-LDFT re-
produces the decrease of the double occupations due to the spin excitations from the
AFM ground and the corresponding minimum in D very accurately for all values of
the Coulomb-interaction strength U /t. Also the increase of D in the high-temperature
regime is very well reproduced. In fact, the relative error AD = |Dex — DrrLprT|/Dex
in the double occupations obtained within the framework of FI-LDFT is in average'
just about 2% and always below 8% in the complete range of parameters shown in
Fig. 5.5 (d).

The temperature dependence of the kinetic energy K = —tN,zy;2, shown in
Fig. 5.5(c), is obtained directly from the minimization of the free-energy func-
tional (5.52). In the ground state we find the minimal value of K, which is the result
of the NN charge fluctuations in the AFM ground state. These charge fluctuations are
accompanied by double occupations, which have more impact on the energy if the
Coulomb repulsions are stronger. Thus, we find a monotonously decreasing kinetic
energy in the ground state and also at any finite temperature as U/t increases. As
already discussed above, increasing temperatures give rise to the excitation of low-
lying collective spin waves from the AFM ground state, causing a partial suppression
of the ground-state charge fluctuations, and thus a rather rapid increase of K is ob-
served in the low-temperature regime (kgT < t/2). Notice that K increases more
rapidly in the low-temperature regime if the Coulomb repulsions are stronger. This is

'Here and in the following the average error is calculated as the deviation between the results of
FT-LDFT and the given benchmark, averaged among the whole dataset. The FT-LDFT results are
always distributed equally spaced on the scale shown and the benchmark data are interpolated to
the same regular grid in order to compute the errors.
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due to the fact that the low-lying spin excitations are described by the AFM Heisen-
berg model (2.52) with coupling constant J = 2t?/U, and thus the bandwidth of the
spin waves narrows as U/t increases. As the temperature further increases, anti-
bonding Bloch-states are progressively excited and finally, in the high-temperature
limit kgT /t — oo, bonding and antibonding Bloch-states are equally occupied, result-
ing in an unbound state with y;; = 0 for all i # j. Thus, the kinetic energy vanishes
for all values of U < kgT in this limit. The comparison with the corresponding exact
results demonstrates that the increase of the kinetic energy caused by the low-lying
spin excitations from the AFM ground state, as well as the transition to an unbound
state as the temperature increases is very accurately reproduced within FT-LDFT in
the complete range of temperatures and Coulomb-interaction strengths. The relative
deviation AK = |(Kex — Krr-LDFT)/Kex| between the kinetic energy obtained from FT-
LDFT and the exact solution is in average about 4%, and a maximum deviation of 8%
is found for strong coupling U/t = 20 at kT = 0.2t. Clearly, the temperature depen-
dence of the total energy E = K + UD, shown in Fig. 5.5 (b), results from the kinetic
energy and the double occupations already discussed. Therefore, FT-LDFT yields very
accurate results also for the total energy E in the complete range from the ground state
to the high-temperature limit and for all values of the Coulomb-interaction strength.

The temperature dependence of the entropy S is shown in Fig. 5.5(e). We find
a rapid increase of the entropy at low temperatures if the Coulomb repulsion is
strong (U/t 2 10), which results from the excitation of low-lying collective spin
waves from the AFM ground state. A further entropy increase at higher tempera-
tures is the result of charge-transfer excitations from the lower to the upper Hubbard-
band, which involves the creation of double occupations. For weaker Coulomb repul-
sions (U/t < 8), the energy scales of spin and charge excitations have a noticeable
overlap, such that a rather continuous increase of the entropy is observed in this case.
Notice, however, that FT-LDFT fails to reproduce the linear entropy increase in the
regime of very low temperatures (kgT < 0.2t).”> This is an artefact of the finite size
of the reference system and results from the gap between the ground state and the
lowest-lying excited states, as well as from degeneracies of the ground state. How-
ever, for kgT > 0.2t the entropy obtained in the framework of FT-LDFT follows the
exact analytical result very closely and an average relative deviation of 0.6% is found,
which never exceeds 6% for all values of the Coulomb-repulsion strength shown in

*Notice that the NN hopping integral ¢ in transition metals is typically of the order 0.1-0.5 eV, such
that comparable temperatures T ~ t/kg = 1000-6000K are actually quite large for typical ex-
perimental setups. However, here and in the following the term “low temperature” refers to tem-
peratures kgT which are small when compared to the energy scales specified by the model under
consideration, such as the bandwidth w ~ 4dt for a lattice in d dimensions, the Coulomb-repulsion
strength U, or the effective exchange-coupling constant J = 2¢2/U which is relevant in the strongly-
interacting Heisenberg limit.
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Fig. 5.5 (e) as long as kgT > 0.2¢.

The specific heat Cy, shown in Fig. 5.5(f), displays a most interesting tempera-
ture dependence. For intermediate Coulomb-repulsion strengths (U/t < 5) we find a
broad peak in the specific heat which splits into two separate peaks as U/t increases.
The peak appearing at low temperatures corresponds to spin excitations in the lower
Hubbard-band, while the one at higher temperatures is caused by charge fluctua-
tions, which give rise to increasing Coulomb interactions. The low-lying spin excita-
tions are governed by the AFM Heisenberg model (2.52) with exchange-coupling con-
stant J = 2¢?/U. Therefore, we expect to find the low-temperature peak in the specific
heat, which marks the Néel transition from the AFM ground-state to the paramagnetic
(PM) phase, at a temperature kgTy o« t?/U which scales like the effective exchange-
coupling constant J with the Coulomb-interaction strength. In fact, in the strong-
coupling limit U/t — oo we expect to find the low-temperature peak in Cy at the
temperature kgTyy = J = 2t2/U where the transition between the AFM and PM phases
occurs in the one-dimensional spin-1/2 Heisenberg model [119, 120]. Figure 5.6 (a)
shows the Néel-transition temperature Ty inferred from the low-temperature peak in
the specific heat Cy as a function of the Coulomb-repulsion strength U/t. The com-
parison with the Néel-transition temperature derived from the exact solution [56]
reveals that FT-LDFT in combination with the scaling approximation (5.33) not only
reproduces the qualitative behavior Ty o t2/U correctly, but also yields very accurate
values for the transition temperature, such that the relative error in Ty is in average
about 13% and never exceeds 14.3% for all values shown in Fig. 5.6 (a). Furthermore,
the convergence to the asymptotic behaviour kg Ty = 2t%/U in the strongly-correlated
limit U/t — oo is very well reproduced within FT-LDFT.

Another interesting feature of the specific heat is the almost unique high-
temperature crossing point of the curves for U < 8, which occurs at kgT =~ 1.4¢. This
nearly universal crossing point has attracted much attention in the past [121, 122],
since it not only occurs in the Hubbard model but has been also observed experimen-
tally in the specific-heat curves Cy(T) of strongly correlated systems at different pres-
sures. This includes normalfluid *H as well as heavy-fermion systems such as CeAls
and UBe;3 [123-126]. The comparison with the corresponding exact results shown in
Fig. 5.5 (f) demonstrates that FT-LDFT reproduces the nearly universal crossing point
of the specific-heat curves very accurately for the 1D Hubbard model.

For U/t > 6 we find a second peak in Cy at high temperatures, which corre-
sponds to charge excitations across the Hubbard gap. In Fig. 5.6 (b) the corresponding
charge-excitation temperature T¢, inferred from the position of the high-temperature
peak, is shown as a function of the Coulomb-repulsion strength U/t. Since the high-
temperature peak in Cy is caused by charge excitations in the upper Hubbard-band,
which lead to the creation of double occupations, we expect that the charge-excitation
temperature Tc scales linearly with the Coulomb-repulsion strength U. In fact, the
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Figure 5.6: (a) Néel-transition temperature Ty and (b) charge-excitation temperature T¢ of
the half-filled infinite 1D Hubbard chain as functions of the Coulomb-repulsion strength U/t.
The critical temperatures are inferred, respectively, from the positions of the low- and high-
temperature peaks in the specific heat Cy. Results obtained by FT-LDFT in combination with
the scaling approximation (5.33) using a 7-site ring as reference system are indicated by blue
crosses, while red plus-symbols correspond to the critical temperatures derived from the exact
solution of Jiittner et al. [56]. The gray solid line in (a) marks the asymptotic behaviour kgTy =
2t% /U of the Néel-transition temperature in the strongly-correlated limit U/t — oo, as inferred
from the 1D Heisenberg model [119, 120]. The gray dashed line in (b) marks the corresponding
strong-correlation asymptote kgTc = 0.21U of the charge-excitation temperature, which is
derived from the specific heat of the doublons (see Appendix F).

comparison with the temperature T derived from the exact finite-temperature solu-
tion of the 1D Hubbard-model [56] reveals that FT-LDFT not only yields the expected
behavior T¢ oc U but also reproduces the value of T almost exactly. The relative error
in T¢ is in average only 0.6% and never exceeds 1.5% in the complete range of parame-
ters shown in Fig. 5.6 (b). In the strongly-correlated limit U/t — oo, where the energy
scales of spin and charge excitations are widely separated, the dominant contribu-
tion to the specific heat at temperatures kgT ~ U results from the charge fluctuations
and the accompanying fluctuations in the average number of double occupations. In
this case, we can infer the asymptotic behaviour kg7 = 0.21U from the structure-
independent specific heat of the doublons, which we have calculated in Appendix F.
From Fig. 5.6 (b) we conclude that the charge-excitation temperature T¢ of the 1D Hub-
bard model converges rapidly to the strongly-correlated behavior kgT¢ = 0.21U and
that FT-LDFT is able to reproduce this rapid convergence with astonishing accuracy.

It is most remarkable that FT-LDFT in combination with the scaling approxima-
tion (5.33) is able to reproduce the gradual separation of spin and charge degrees
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Figure 5.7: Equilibrium properties of the half-filled infinite 1D Hubbard chain with U/t = 8
obtained from FT-LDFT in combination with the scaling approximation (5.33) using 1D rings
with NIf = 2-7 sites as reference systems. Results are shown for the temperature dependence
of (a) the average number of double occupations D and (b) the specific heat Cy. The thick
black curves mark the corresponding exact results for the infinite 1D Hubbard chain [56].

of freedom as the Coulomb-repulsion strength increases. In fact, this subtle effect
of strong electronic correlations has, to our knowledge, not been reproduced in the
framework of DFT before, neither on the qualitative and even less on the quantitative
level. Clearly, it is one of the major advantages of FT-LDFT in combination with the
scaling approximation (5.33) that the approximate functional G.[y;2] is derived from
an interacting system which already incorporates the effects of electronic correlations,
such as the separation of spin and charge degrees of freedom. In contrast, most ap-
proximations in conventional DFT are based on the homogeneous electron gas, which
does not incorporates most of the crucial effects of electronic correlations.

Before we apply the methods of FT-LDFT to the Hubbard model in two and three
dimensions, let us briefly assess the importance of the reference system and investi-
gate how the equilibrium properties obtained from the scaling approximation (5.33)
are influenced by the choice of the reference system. To this aim we compare in
Fig. 5.7 the average number of double occupations D and the specific heat Cy of the
half-filled infinite 1D Hubbard chain with U/t = 8 obtained from the scaling ap-
proximation (5.33) using 1D rings with NIf = 2-7 sites as reference systems. From
Fig. 5.7 (a) we conclude that the average number of double occupations depends rather
weakly on the choice of the reference system in the whole range from the ground
state to the high-temperature limit. As expected, the most noticeable deviations are
observed in the low-temperature regime (kgT < t), where correlation effects play a
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crucial role. At higher temperatures, the dependence of D on the choice of the refer-
ence system becomes rather negligible and the average number of double occupations
of the infinite 1D Hubbard chain is reproduced very accurately. The situation is dif-
ferent in the case of the specific heat Cy shown in Fig. 5.7(b), where the extent of
the low-temperature peak strongly depends on the chosen reference system. This is,
however, to be expected, since the specific heat Cy = —T §*F/dT? is a second-order
derivative of the free-energy and thus depends sensitively on minor changes of the
free-energy functional (5.52) in the vicinity of the minimum. Notice, however, that the
Néel-transition temperature Ty is nevertheless fairly well reproduced with a maximal
relative error of 28% when a 5-site ring is used as reference system. The only excep-
tion to this occurs for Nif = 3, where the low-temperature peak in the specific heat
degenerates into a shoulder. For higher temperatures (kgT > t) we observe a rapid
converge to the exact specific heat of the infinite 1D Hubbard chain as the size of the
reference system increases, such that the relative error in the charge-excitation tem-
perature Tc never exceeds 6.8% if rings with three or more sites are used as reference
systems.

We conclude that FT-LDFT in combination with the scaling approximation (5.33)
tends to yield more accurate results as the size of the reference system increases.
However, it should be noted that a reference system whose symmetries and local
topology matches those of the target system should always be preferred.

5.3.2 The square lattice

In Fig. 5.8 we present results for the equilibrium properties of the half-filled Hubbard
model on the 2D square lattice as functions of the temperature T for representative
values of the Coulomb-repulsion strength U/t. These results were obtained from FT-
LDFT in combination with the scaling approximation (5.33) using a 2X2 square-lattice
cluster with periodic boundary conditions as reference system. The periodic 2X2 clus-
ter has been chosen as reference system since its symmetries and its local topology
matches those of the infinite square lattice. The larger 2x3 cluster lacks the /2 rota-
tional symmetry and the 3x3 cluster is beyond the scope of our current implementa-
tion of the scaling approximation.

In order to assess the accuracy of the FT-LDFT results shown in Fig. 5.8, we com-
pare them with quantum Monte Carlo (QMC) simulations for the 2D Hubbard model
as well as to numerical linked-cluster expansions (NLCEs) [63, 66]. The total energy E,
shown in Fig. 5.8 (a), increases very slowly in the low-temperature regime kgT <« U
where spin excitations with energies of the order t*/U dominate. At higher temper-
atures of the order kgT ~ U also charge excitations in the upper Hubbard band con-
tribute, which lead to an increase of the average number of double occupations and
thus to a rather steep increase of the total energy. The absolute difference between
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Figure 5.8: Equilibrium properties of the half-filled Hubbard model on the 2D square lat-
tice as functions of the temperature T for representative values of the Coulomb-repulsion
strength U/t. Results obtained by FI-LDFT in combination with the scaling approxima-
tion (5.33) using a 2X2 square-lattice cluster with periodic boundary conditions as reference
system (full curves) are compared with QMC simulations of Duffy and Moreo [63] (diamonds)
as well as with the NLCEs reported by Khatami and Rigol [66] (open circles and dashed lines):
(a) total energy E, (b) average number of double occupations D, (c) entropy S, and (d) specific
heat Cy.
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the energy per lattice site E/N, obtained from FT-LDFT and the QMC simulations re-
ported by Duffy and Moreo [63] is in average about 4% of the NN hopping amplitude ¢
and never exceeds 8.5% of ¢ in the whole range of available data.

Concerning the average number of double occupations D, shown in Fig. 5.8 (b),
we find a similar temperature dependence as in the previously considered one-
dimensional case. Thus, we find monotonously decreasing values of D as U/t in-
creases in the complete range from the ground state to the high-temperature limit.
For intermediate to strong Coulomb-repulsions (U/t > 8) we observe the forma-
tion of a minimum in D at a finite, rather low temperature, which increases slightly
with U/t. Like in the previously considered one-dimensional case, this effect is caused
by spin excitations from the AFM ground state, which leads to a partial suppression of
the ground-state charge fluctuations and the accompanying double occupations. At
higher temperatures, charge excitations in the upper Hubbard band give rise to a re-
newed increase of D, which is more rapid if the Coulomb repulsions are strong. In the
case of rather weak Coulomb repulsions (U/t < 6) the energy scales of spin and charge
excitations have a noticeable overlap, such that we observe slightly increasing values
of D due to charge excisions already in the low-temperature regime (kgT < t). This
also explains the less rapid increase of D in the high-temperature regime (kT > 1.5)
observed for rather weak Coulomb repulsions, since in this case a large portion of
the charge degrees of freedom unfreezes already at low temperatures. Finally, in the
high-temperature limit kg7 /U — oo the electronic motion becomes essentially un-
correlated, such that D = N,/4 regardless of the Coulomb-interaction strength. The
average number of double occupations D obtained in the framework of FT-LDFT is
in overall very good agreement with the corresponding results of NLCEs [66]. The
relative difference between the double occupations obtained from both methods is in
average about 4.5% but can be as large as 24% if strong Coulomb-repulsions (U /t = 16)
and temperatures below the charge-excitation threshold (kgT < 2.5¢) are considered.
However, these large relative deviations are mainly caused by the small value of D
in the strongly-interacting and low-temperature regime, and the absolute difference
in D/Ny, in fact never exceeds 9.7 X 1073.

The entropy S shown in Fig. 5.8 (c) develops the typical plateau as the Coulomb-
repulsion strength U/t increases and the Hubbard gap is formed, which separates the
low-lying spin excitations from the high-energy charge excitations. The comparison
with the NLCEs reported by Khatami and Rigol [66] demonstrates that the formation
of the plateau and the overall temperature dependence of the entropy is well repro-
duced within the framework of FT-LDFT. However, in the low-temperature regime
the scaling approximation (5.33) in combination with the selected 2x2 square-lattice
cluster as reference system fails to reproduce the temperature dependence of the en-
tropy accurately, and for (kgT < 0.2t) even slightly negative values of S are obtained.
This unphysical behavior in the low-temperature regime results from an overestima-
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tion of the entropy loss caused by correlations in the electronic motion. In fact, the
comparison with the NLCEs in the low-temperature regime (kgT < t) reveals that FT-
LDFT predicts a too rapid decrease of the entropy as the system is cooled down, which
ultimately results in negative values of the entropy. Nevertheless, for sufficiently high
temperatures the entropy obtained within the framework of FT-LDFT is in excellent
agreement with the corresponding NLCEs and the relative difference between both is
in average only 0.4% and never exceeds 2.8% for kgT > t.

Let us now focus on the specific heat shown in Fig. 5.8 (d). The broad peak in Cy
which appears at kgT =~ t for intermediate Coulomb repulsions (U/t < 8) splits
into two well separated peaks as U/t increases. As already discussed in the con-
text of the one-dimensional Hubbard model, the low-temperature peak corresponds
to spin excitations in the lower Hubbard band, while the peak at higher temper-
atures is caused by charge excitations across the Hubbard gap. The formation of
the two-peak structure in the specific heat is well reproduced within the frame-
work of FT-LDFT on the qualitative level, however, the comparison with correspond-
ing NLCEs reveals that the low-temperature peak is overestimated by up to 36%.
Clearly, this is caused by the tendency of FT-LDFT to overestimate the entropy gain
in the low-temperature regime (kgT < t), as already discussed above. Nevertheless,
the temperature Ty at which the low-temperature peak occurs in Cy agrees fairly
well with the Néel-transition temperature inferred from NLCEs and QMC simula-
tions, as shown in Fig. 5.9 (a). In fact, the convergence to the theoretical asymp-
tote Ty = 4J/3 = 8t*/3U inferred from the specific heat of the AFM Heisenberg
model (2.52) on the 2D square lattice [127, 128] is accurately reproduced within the
framework of FT-LDFT.

For sufficiently high temperatures (kg7 > 1.5t) we find an excellent agreement
between the specific heat obtained from FT-LDFT and NLCEs, and the relative differ-
ences are in average as low as 0.13%. Within this temperature range we find the nearly
universal crossing point of the specific-heat curves, which appears for U/t < 12 ata
temperature kgT =~ 1.75¢, and which is very well reproduced by FT-LDFT. Further-
more, we obtain very accurate results also for the charge-excitation temperature T¢
derived from the position of the high-temperature peak in the specific heat. This
is shown in Fig. 5.9 (b), where the dependence of Tc on U/t is compared with cor-
responding results of NLCEs and QMC simulations. If the Coulomb-repulsions are
strong (U/t > 10) the dominant contributions to the high-temperature excitations are
due to charge fluctuations and the accompanying increase of the double occupations.
The corresponding energies are thus independent of the underlying lattice struc-
ture. Therefore, we find in Fig. 5.9 (b) a similar dependence of the charge-excitation
temperature Tc on the Coulomb-repulsion strength U/t as in the previously consid-
ered one-dimensional case [see Fig. 5.6 (b)] and a rapid convergence to the structure-
independent asymptotic behavior kgT¢ = 0.21U is observed (see Appendix F).
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Figure 5.9: (a) Néel-transition temperature Ty and (b) charge-excitation temperature T¢ of
the half-filled Hubbard model on the 2D square lattice as functions of the Coulomb-repulsion
strength U/t. The critical temperatures are inferred, respectively, from the positions of the
low- and high-temperature peaks in the specific heat Cy. Results obtained by FT-LDFT in com-
bination with the scaling approximation (5.33) using a 2X2 square-lattice cluster with periodic
boundary conditions as reference system are indicated by blue crosses, while green circles and
red plus-symbols correspond to the critical temperatures obtained from QMC simulations [63]
and NLCEs [66]. The gray solid line in (a) marks the asymptotic behaviour kgTy = 8t?/3U of
the Néel-transition temperature in the strongly-correlated limit U/t — oo, as inferred from
the 2D Heisenberg model [127, 128]. The gray dashed line in (b) marks the corresponding
strong-correlation asymptote kgTc = 0.21U of the charge-excitation temperature, which is
derived from the specific heat of the doublons (see Appendix F).

5.3.3 The simple-cubic lattice

Moving on to higher-dimensions, we have applied the methods of FT-LDFT to the
half-filled Hubbard model on the 3D simple-cubic lattice. The equilibrium prop-
erties shown in Fig. 5.10 were obtained from the minimization of the free-energy
functional (5.52) using the scaling approximation (5.33) for the correlation contribu-
tion G.[y;2]. We have chosen a 2x2x2 simple-cubic cluster with periodic boundary
conditions as reference system, which is the smallest system resembling the local
topology of the 3D simple-cubic lattice and, at the same time, the largest 3D reference
system for which the computations within our current implementation of FT-LDFT
are feasible. The equilibrium properties of the 3D Hubbard model obtained by FT-
LDFT are in overall excellent agreement with available results of accurate QMC sim-
ulations reported by Paiva [65] and Kozik et al. [67], as well as with NLCEs performed
by Khatami [68]. The energy E, shown in Fig. 5.10 (a), displays a very similar tem-

145



E/N,t

S/Naks

5 Thermodynamic equilibrium and spin-charge separation

47 (@)  Simple-cubic lattice

5 - m=n = 1
1 =—— FT-LDFT

2 1 ooo QMC [65]

14 244 QMCJ[67]
] ooo NLCE[68]

0

/2

1.4 4

—_— 4 — 12
6 — 16
— 8 — 20
— 10
TTT T T T TTTTTT T T T TTTTIT T T
107! 10° 10!
kgT/t

N

D/N,

0.25

0.20

0.15

0.10

0.05

0.00

--- NLCE[68] (d)

TTT T T T T TTTT] T T T TTTTTT T T
1071 10° 10!
kgT/t

Figure 5.10: Equilibrium properties of the half-filled Hubbard model on the 3D simple-cubic
lattice as functions of the temperature T for representative values of the Coulomb-repulsion
strength U/t. Results obtained by FI-LDFT in combination with the scaling approxima-
tion (5.33) using a 2x2X2 simple-cubic cluster with periodic boundary conditions as reference
system (full curves) are compared with QMC simulations of Paiva [65] (diamonds) and Kozik
et al. [67] (triangles), as well as with the NLCEs reported by Khatami [68] (open circles and
dashed lines): (a) total energy E, (b) average number of double occupations D, (c) entropy S,

and (d) specific heat Cy.
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perature dependence as in the previously considered two-dimensional case. Thus, a
slow increase of E is observed in the low temperature regime (kgT < U), where the
spin excitations dominate, while a steep increase of the energy is found when tem-
peratures of the order kgT ~ U give rise to charge excitations across the Hubbard
gap, resulting in the creation of double occupations. Concerning the accuracy of the
energy per lattice site E/N, obtained in the framework of FT-LDFT, we find the abso-
lute deviation from the available QMC simulations [65, 67] in average as low as 3% of
the NN hopping amplitude ¢ and no discrepancies larger than 7.5% of t are observed
in the whole range of available data.

The temperature dependence of the average double occupancy D, shown in
Fig. 5.10 (b), closely resembles the qualitative features already observed in the case of
one- and two-dimensional lattices. Thus, we observe that D decreases monotonously
with increasing U/t regardless of the temperature, and a minimum is formed at a
finite temperature which increases slightly with U/t. Just like in the previously
considered low-dimensional cases, the minimum in D is caused by spin excitations
from the AFM ground state, which leads to a partial suppression of the ground-state
charge fluctuations and the accompanying double occupations. Again, at higher tem-
peratures D increases more rapidly with the temperature if the Coulomb repulsions
are strong, until D = N,/4 is attained for all values of U/t in the high-temperature
limit kgT /U — oo. The comparison with available results of NLCEs [68] reveals that
the temperature dependence of the double occupations in the 3D Hubbard model is
very accurately reproduced within FT-LDFT. The relative difference between D ob-
tained from both methods is in average as low as 1.4% and a maximal relative deviation
of 10.5% is found at low temperatures and strong Coulomb-repulsions (kgT = 0.3t,
U/t = 16). Again, this somewhat large relative deviation is a result of the fact that dou-
ble occupations are largely suppressed in the regime of low temperatures and strong
Coulomb repulsions. In fact, the absolute deviation between the double occupations
per lattice site D/N, obtained from FT-LDFT and NLCEs never exceeds 2.2 X 107>
for U > 10 and the largest absolute deviation in D/Nj is found to be 5 x 1072 in the
weak-coupling case (U/t = 4) at rather low temperatures kgT ~ t.

Also the entropy of the 3D Hubbard model, shown in Fig. 5.10 (c), displays a very
similar temperature dependence as its counterpart in two dimensions. Thus, we ob-
serve the formation of a plateau as the Coulomb-repulsion strength U/t increases,
which is due to the increasing Hubbard gap and the resulting separation of the energy
scales for spin and charge excitations. The comparison with the results of QMC sim-
ulations [65] indicates that the scaling approximation (5.33) in combination with the
selected 2x2x2 simple-cubic cluster as reference system again leads to somewhat in-
accurate values of the entropy in the low-temperature regime (kT < t). Thus, FT-
LDFT predicts a finite entropy in the ground state and for kg7 < 0.2t the entropy
increases too rapid with the temperature, while for 0.2t > kgT > t the increase of S is
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Figure 5.11: (a) Néel-transition temperature Ty and (b) charge-excitation temperature T¢
of the half-filled Hubbard model on the 3D simple-cubic lattice as functions of the Coulomb-
repulsion strength U/t. The critical temperatures are inferred, respectively, from the positions
of the low- and high-temperature peaks in the specific heat Cy. Results obtained by FT-LDFT
in combination with the scaling approximation (5.33) using a 2x2x2 simple-cubic cluster with
periodic boundary conditions as reference system are indicated by blue crosses, while red plus-
symbols correspond to the critical temperatures obtained from NLCEs [68]. The gray solid line
in (a) marks the asymptotic behaviour kgTy = 3.78 t?/U of the Néel-transition temperature in
the strongly-correlated limit U/t — oo, as inferred from the 3D Heisenberg model [129]. The
gray dashed line in (b) marks the corresponding strong-correlation asymptote kgTc = 0.21U
of the charge-excitation temperature, which is derived from the specific heat of the doublons
(see Appendix F).

underestimated. Nevertheless, for sufficiently high temperatures an excellent agree-
ment between the entropy obtained from FT-LDFT and QMC simulations is obtained,
and the relative deviation between both is in average as low as 0.3% for kgT > t and
never exceeds 1.7% within this temperature range.

The specific heat Cy shown in Fig. 5.10 (d) exhibits the typical behavior caused
by the separation of spin and charge degrees of freedom as the Coulomb-repulsion
strength U/t increases. Thus, the broad peak which appears at a temperature kgT ~ t
for fairly weak Coulomb-repulsions (U/t < 6) splits into two well separated peaks
which correspond to the spin excitations in the lower Hubbard-band and the charge
excitations across the Hubbard gap. The comparison with results of NLCEs [68]
demonstrates that the formation of the two-peak structure in the specific heat of
the 3D Hubbard model is very well reproduced within the framework of FT-LDFT,
however some deviations from the NLCEs are observed in the low-temperature
regime (kT < t). The NLCEs for the 3D Hubbard model do not converge down to
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arbitrary low temperatures, such that the corresponding results shown in Fig. 5.10 (d)
do not account for the low-temperature peak in Cy. However, since FT-LDFT in
combination with the scaling approximation (5.33) and the selected 2x2x2 simple-
cubic cluster as reference system underestimates the entropy increase in the temper-
ature range 0.2t > kgT = t, we expect that FT-LDFT underestimates the specific
heat Cy = T 0S/0T in the vicinity of the low-temperature peak as well. The temper-
ature Ty at which the low-temperature phase transition from the AFM configuration
to the PM phase occurs can be inferred from the position of the low-temperature peak
in the specific heat. In Fig. 5.11 (a) we compare the Néel-transition temperature Ty ob-
tained from FT-LDFT to corresponding results derived from the AFM structure factor
of NLCEs [68]. In the strong-coupling regime (U/t > 12) the Néel-transition tem-
perature obtained from both methods is in excellent agreement and the mutual rela-
tive deviations are less than 4.3%. This implies that the convergence to the expected
asymptotic behavior Tyy = 1.89] = 3.78 t?/U, inferred from the AFM-PM phase tran-
sition in the 3D Heisenberg model [129], is accurately reproduced within FT-LDFT.
However, the convergence to the strong-coupling asymptote Ty = 3.78 t*/U appears
too rapid in the framework of FT-LDFT, such that Ty it is considerably overestimated
for weaker Coulomb-repulsions (U/t < 12) and deviations up to 25% are observed.

For higher temperatures (kgT > 1.5t) we find an excellent agreement between the
specific heat obtained from FT-LDFT and NLCEs. This implies that the nearly univer-
sal crossing point of the specific-heat curves, which appears at kgT ~ 2t for U < 12, is
accurately reproduced within FT-LDFT. Also the peak at higher temperatures, which
corresponds to the charge excitations in the upper Hubbard band, and the correspond-
ing charge-excitation temperature T¢ is very well reproduced. From Fig. 5.11(b) we
conclude that the relative deviation between the charge-excitation temperature T¢
obtained from FT-LDFT and NLCEs is in average as low as 5.5% and the maximal
deviation is found to be 11.6% for U/t = 8. Like in the previously considered low-
dimensional cases, also the rapid convergence to the structure-independent asymp-
totic behaviour kgTc = 0.21U in the strong-coupling limit is very accurately repro-
duced (see Appendix F).

5.4 Arbitrary electron densities

Having applied the methods of FT-LDFT to the thermodynamic equilibrium problem
of the half-filled Hubbard model in 1-3 dimensions, we would now like to go beyond
half band-filling and to generalize our scaling approximation (5.33) such that arbitrary
electron densities can be taken into account. The most general approach towards
this goal would be to infer the functional dependence G.[y11, y12]| of the correlation
contribution to the free energy of a given target system with electron density n = y;;
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from the corresponding, properly scaled functional of some suitable reference system
with (possibly different) electron density n,¢ = yf{, ie,

Grf [er’ yrf] _ Grf,oo . Viz
Gelyi, yiz] = G + (G2 - GF) ———=——— with yj] = v o (5:53)
G. " -G Y12

Here the reference system is treated in a grand-canonical ensemble formulation at
the temperature T and Coulomb-repulsion strength U defined by the target system,
and the chemical potential i, of the reference system is chosen such that the desired
electron density ylrf is obtained. In order to ease the notation we have not indicated the

explicit dependence of G = GX(y11) and G = Gif’oo(ylrg), aswellas of y{, = y%,(y11)

and erg,o = ylrg’o(ylr{) on the electron density in the target and reference systems (see

Sections 5.1.1 and 5.2.1). Notice that also G° = G%(y;;) and sz,o = sz,O(ylrg) depends on
the respective electron density if the corresponding system is finite (see Section 5.2.2).
The most natural choice in Eq. (5.53) would be to consider a reference system with
the same electron density as the target system, i.e., y1;1 = ylr{ However, it turns
out to be sometimes favourable to choose the electron density in the reference sys-
tem slightly different from the one in the target system. In order to understand this
point, we consider in Fig. 5.12 the functional dependence of the correlation contri-
bution G, to the free energy of the one-dimensional Hubbard model for the case
of strong Coulomb-repulsions or low temperatures U/kgT — oo and quarter fill-
ing (n = 0.5). In the previous applications to the half-filled Hubbard model we have
already seen that an accurate approximation to G, is most crucial in the regime of
strong Coulomb-repulsions or low temperatures, since correlation effects are most
pronounced within this regime. Clearly, in the limit U/kgT — oo depicted in Fig. 5.12,
the entropy-contribution to G, can be neglected, such that the functional dependence
of G, = U (D — Dyr), leaving constants aside, coincides with the one of the doublons.
Notice in Fig. 5.12 (a) that the overall shape of G, as a function of y;; is largely affected
by the degree of NN charge fluctuations y;; in the strongly-correlated ground state.
This is particularly true for rather low electron densities (n < 0.5). The non-vanishing
degree of NN charge fluctuations y;; > 0 remaining in the strongly-correlated ground
state away from half band-filling (n < 1) results from the ability of the electrons to
avoid each other very effectively in a correlated motion, such that double occupations
can be fully suppressed as long as yi2 < y;,. In other words, y;; is the maximal de-
gree of NN charge fluctuations which is consistent with the requirement of vanishing
double occupations D = 0. Furthermore, y;7 is directly related to the ground-state
energy
E® = —tNazyy, (5.54)
in the strongly-correlated limit U/t — oo if a not more than half-filled band is consid-
ered. We conclude that y; is a crucial parameter for the low-temperature physics of
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Figure 5.12: (a) Correlation contribution G.[y11, y12] to the free-energy functional of the one-
dimensional Hubbard model for the case of strong Coulomb-repulsions or low temperatures
U/kgT — co and quarter filling (n = y;; = 0.5). The functionals of finite rings with 3-7 sites
as well as of the infinite chain are scaled to a common domain and range, and the inset
highlights the region around the relative degree of NN charge fluctuations y;y/y?, remain-
ing in the strongly-correlated ground state. Subfigure (b) is similar to (a), however the elec-
tron density y;; in the finite rings has been slightly adapted such that the relative degree of
NN charge fluctuations in the strongly-correlated ground state matches the corresponding
value yj3 /y%, =1/ V2 ~ 0.707 of the infinite quarter-filled chain.

the Hubbard model away from half band-filling. However, from Fig. 5.12 (a) one con-
cludes that a scaling of the functionals G, taken from systems with the same electron
density does in general not bring the relative degree of NN charge fluctuations y;3 /y?,
remaining in the strongly-correlated ground state to a common point. As a conse-
quence, the scaling approximation (5.53) will in general fail to reproduce the ground-
state energy (5.54) in the strongly-correlated limit U/t — oo if the electron density in
the reference system matches the one in the target system, i.e., if y{{ = ¥11. There-
fore, it is in general favourable to choose the electron density ylrg in the reference
system such that the corresponding relative degree of NN charge fluctuations in the
strongly-correlated ground state matches the one of the target system, i. e.,

rf,00

Yo~ () _ yis(rn)
YOy iy

(5.55)

This situation is depicted in Fig. 5.12 (b), where the band filling of the finite rings
having 3-7 sites is chosen according to Eq. (5.55), such that the relative degree of
charge fluctuations in the strongly-correlated ground state matches the correspond-
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Figure 5.13: Equilibrium properties of the infinite 1D Hubbard chain with electron density
n = 0.8 as functions of the temperature T for representative values of the Coulomb-repulsion
strength U/t. Results obtained by FT-LDFT in combination with the scaling approxima-
tion (5.53) using a 7-site ring with electron density ylrf = 0.8013 as reference system (full
curves) are compared with the exact solution of Jittner et al. [56] (open circles): (a) average
number of double occupations D, (b) kinetic energy K, and (c) specific heat Cy.

ing value y{3/y", = 1//2 of the infinite Hubbard chain with quarter filling (n = 0.5).
Notice that the choice of the band filling in the reference system according to Eq. (5.55)
not only guarantees that the scaling approximation (5.53) reproduces the correct
ground-state energy in the strongly-correlated limit (5.54), but in general also leads to
a significant improvement of the approximation to G, in the vicinity of y;7 [compare
the insets in Figs. 5.12 (a) and (b)], which is crucial in the regime of low temperatures
or strong Coulomb repulsions. The exact value of the ground-sate energy E in the
strongly-correlated limit and thus the corresponding degree of NN charge fluctua-
tions y;; is, however, unknown in general, such that Eq. (5.55) usually requires some
approximations. One possibly is to proceed in a similar fashion as in Section 4.6,
and to approximate the strongly-correlated ground state energy E* ~ Epp by the en-
ergy (4.48) of the lowest-lying fully polarized state. The resulting approximation y;; ~
—Epp/(tN,z) is in general a lower bound for the degree of NN charge fluctuations in
the strongly-correlated ground state, but matches the exact result y;, = sin(zn)/x in
the case of the infinite Hubbard chain.

Figure 5.13 shows the temperature dependence of several equilibrium average val-
ues of the infinite Hubbard chain with electron density n = 0.8 for representative
values of the Coulomb repulsion strength U/t. The results of FT-LDFT in combina-
tion with the scaling approximation (5.53) are compared with the exact solution of
Juttner et al. [56]. As reference system we have chosen a 7-site ring with electron
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density ylr{ = 0.8013, which has been determined from Eq. (5.55) such that the rela-
tive degree of NN charge fluctuations in the strongly-correlated ground state of the
reference system matches the corresponding value of the infinite chain with electron
density n = 0.8. Notice that the electron density determined from Eq. (5.55) differs
only very slightly from the one in the target system in the present case of a nearly
half-filled band. Therefore, the modification of the electron density in the reference
system has only marginal impact on the equilibrium averages obtained in the frame-
work of FT-LDFT. In fact, the results obtained when a 7-site ring with electron den-
sity ylrf = 0.8 is used as reference system differ by less than the line width from the
ones presented in Fig. 5.13. Nevertheless, the differences become substantial if lower
electron densities are considered, as we will see further below when the methods of
FT-LDFT are applied to the infinite Hubbard chain at quarter filling.

Concerning the average number of double occupations in Fig. 5.13(a), we find a
temperature dependence which is qualitatively very similar to the previously con-
sidered case of a half-filled band [compare Fig. 5.5 (d)]. However, in the present case
of a less than half-filled band we find noticeable smaller values of D for any given
temperature T and Coulomb-repulsion strength U/t, which is a consequence of the
fact that the electrons are able to avoid each other very effectively in a correlated
motion throughout the lattice. Clearly, this is also reflected in the U-independent
high-temperature limit D = Dy = 0.16 N,;, where the average number of double oc-
cupations is 36% smaller than in the previous half-filled band case. We also observe the
formation of a pronounced minimum in D at a finite, rather low temperature which
increases slightly with U /¢. Just like in the half-filled band case we associate this min-
imum with the tendency of the spins to prefer an AFM alignment in the ground state,
since the low-energy physics of the Hubbard model away from half band-filling is
described by the t-J model (2.51) with AFM exchange-coupling J = 2t2/U > 0. Low-
lying spin excitations give rise to a partial suppression of the ground-state charge fluc-
tuations and the accompanying double occupations, such that we observe decreasing
values of D in the low-temperature regime. At higher temperatures, charge excita-
tions in the upper Hubbard band give rise to a renewed increase of D, and thus to
the formation of a minimum at a temperature which increases with U/¢t. The average
number of double occupations obtained in the framework of FT-LDFT is in excel-
lent agreement with the exact solution of Juttner et al. [56] in the whole range from
the ground state to high temperatures as well as for weak to strong Coulomb repul-
sions U/t. The relative difference between the exact and FT-LDFT double occupations
isin average aslow as 1.5% and never exceeds 5.7% in the whole range of temperatures
and Coulomb repulsions shown.

In contrast to the double occupations, the temperature dependence of the kinetic
energy K, shown in Fig. 5.13 (b), is quite different from the previously considered case
of a half-filled bad, at least if strong Coulomb-repulsions (U/t > 8) are considered
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[compare Fig. 5.5(c)]. Away from half band-filling, the suppression of the kinetic
energy in the low-temperature regime as a result of increasing Coulomb repulsions is
considerably less pronounced than in the previous case of a half-filled band. Clearly,
this is due to the fact that the holes can move freely throughout the lattice without
any impact on the Coulomb energy, which ultimately leads to the remaining kinetic
energy in the strongly-correlated ground state. The kinetic energy increases with
the temperature as antibonding Bloch-states are thermally excited, until bonding and
antibonding Bloch-states are equally occupied in the high-temperature limit kg T/t —
oo resulting in a vanishing kinetic energy K = 0 for all values of U/t. The comparison
with the corresponding exact results demonstrates that the temperature dependence
of the kinetic energy of the infinite Hubbard chain with electron density n = 0.8 is
very accurately reproduced within the framework of FT-LDFT. In fact, the relative
error in K is in average as low as 0.7% and no discrepancies larger than 3% are found
in the whole range of parameters explored.

Moving on to the specific heat, shown in Fig. 5.13 (c), we find a temperature depen-
dence which is qualitatively similar to the one at half band-filling in the sense that the
pronounced peak observed for intermediate Coulomb repulsions (U /t = 4) splits into
two well separated peaks as U/t increases. However, in contrast to the half-filled band
case, the low-temperature peak also includes contributions from charge excitations
corresponding to the degrees of freedom of the holes. Thus, in comparison to the pre-
vious half-filled band case [see Fig. 5.5 ()], we observe a more pronounced peak in the
low-temperature regime if the Coulomb repulsions are strong (U/t > 6). However,
the comparison with the specific heat obtained from the exact solution shows that
the increase of the low-temperature peak due to the admixture of charge excitations
is considerably overestimated by FT-LDFT. In fact, the extent of the low-temperature
peak in Cy is overestimated by up to 25%. Nevertheless, the temperature at which the
low-temperature peak arises in the specific heat is quite accurately reproduced with
a relative error of less than 6.4% for U/t > 6. Furthermore, the specific heat obtained
in the framework of FT-LDFT converges to the exact solution as the temperature in-
creases, and for sufficiently high temperatures we find both in excellent agreement.
In fact, for kgT > 0.6¢ the relative error in Cy is in average as low as 0.5% and never
exceeds 2.7% within this temperature range.

In order to investigate the equilibrium properties at rather low electron densi-
ties, we present in Fig. 5.14 results for the infinite 1D Hubbard chain at quarter fill-
ing (n = 0.5). These results were obtained from FT-LDFT in combination with the
scaling approximation (5.53) using a 7-site ring as reference system. The electron
density in the reference system has been determined from Eq. (5.55) as ylrf = 0.556. In
order to illustrate the influence of the electron density in the reference system we also
include results obtained by matching the band filling in the reference system to the
one in the infinite chain (i.e., yf{ = 0.5). The comparison with the exact solution of
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Figure 5.14: Equilibrium properties of the infinite 1D Hubbard chain at quarter band-filling
(n = 0.5) as functions of the temperature T for representative values of the Coulomb-repulsion
strength U/t. Results obtained by FT-LDFT in combination with the scaling approxima-
tion (5.53) using a 7-site ring with electron density yf{ = 0.556 as reference system (full curves)
are compared with the exact solution of Jiittner et al. [56] (open circles): (a) average number
of double occupations D, (b) kinetic energy K, and (c) specific heat Cy. Results of FT-LDFT
obtained by matching the electron density in the 7-site reference system to the one of the
infinite chain (i. e., ylrg = 0.5) are indicated by thin dashed lines.

Jiittner et al. [56] demonstrates that the modification of the electron density accord-
ing to Eq. (5.55) improves the FT-LDFT results considerably in the low-temperature
regime (kgT < t). Nevertheless, in the present quarter-filled case, FT-LDFT vyields
slightly less accurate equilibrium averages at low temperatures as in the previously
considered cases close to or at half band-filling. The deviations between the exact
and FT-LDFT results might be attributed to finite-size effects in the reference system,
which are more pronounced if lower electron densities are considered.

Concerning the average number of double occupations D, shown in Fig. 5.14 (a),
we find the familiar qualitative behaviour already observed previously. Clearly, as
the density decreases the electrons are able to avoid each other more effectively in a
correlated motion throughout the lattice. Thus, in the present case of a quarter-filled
band, we find noticeable smaller values of D at any given temperature T and Coulomb-
repulsion strength U/t than in the previous case n = 0.8. This is also reflected in
U-independent high-temperature limit D = Dyr = N,/16, which is 61% smaller than
in the case n = 0.8. We also observe the formation of a pronounced minimum at a
finite temperature, which we associate with the tendency of the spins to prefer an
AFM alignment in the ground state, and the corresponding low-temperature spin ex-
citations. Concerning the accuracy of the average number of double occupations ob-
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tained in the framework of FT-LDFT, we find some noticeable deviations of up to 30%
from the exact results within the regime of rather low temperatures (kgT < t). For
higher temperatures, the dependence of the doublons is more accurately reproduced
with relative errors never exceeding 11% for kgT > t. Since the electrons are able
to avoid each other very effectively without much impact on their kinetic energy K
in the present case of a rather low density, we observe in Fig. 5.14 (b) a temperature
dependence of K which is rather insensitive to variations of the Coulomb-repulsion
strength U/t. The comparison with corresponding exact results demonstrates that
FT-LDFT reproduces the temperature dependence of the kinetic energy very accu-
rately in the present low-density case. The relative error of K is in average as low
as 0.5% and never exceeds 2% in the whole range of data shown.

The specific heat Cy, shown in Fig. 5.14 (c), displays a temperature dependence
which is qualitatively very different from the one observed at and close to half band-
filling. In the present case of a rather low electron density, the formation of the
two-peak structure in Cy as the Coulomb-repulsion strength U/t increases is largely
suppressed since the low-lying spin excitations are superimposed by charge excita-
tions corresponding to the holonic motion. We thus observe a single broad maximum,
which appears at kgT ~ 0.6t and is rather insensitive to the value of U/t. However,
for sufficiently strong Coulomb repulsions (U/t = 8) we still observe a small satellite-
peak which appears at a very low temperature (kgT ~ 0.1t) and it is believed to be
caused by low-lying spin excitations [56]. The comparison of our results to the specific
heat derived from the exact solution shows that the broad peak at kgT ~ 0.6t is very
well reproduced within FT-LDFT. Noticeable deviations are, however, observed in the
low-temperature regime (kg7 < 0.5t), such that the small satellite-peak at kgT ~ 0.1t
is not accurately obtained. Nevertheless, for sufficiently high temperatures the spe-
cific heat obtained in the framework of FT-LDFT is in excellent agreement with the
exact result and the relative error never exceeds 2% for kgT > t.

In order to assess the performance of our FT-LDFT approach in higher dimensions,
we present in Fig. 5.15 results for the temperature dependence of the doublons D in
the Hubbard model on the 2D square lattice and the 3D simple cubic lattice with
electron densities ranging from n = 0.65 to 1.0. Like in the previous applications to the
half-filled Hubbard model, we have chosen a 2x2 square lattice cluster with periodic
boundary conditions as reference system in 2D, and a periodic 2X2x2 simple cubic
cluster in 3D. In the present applications to the two- and three-dimensional Hubbard
model it turns out to be favorable to match the electron density in the reference system
to the one in the target system, instead of choosing it according to Eq. (5.55), where we
approximate the degree of NN charge fluctuations in the strongly-correlated ground
state in terms of the energy Epp of the lowest-lying fully polarized state:

Erp
tN,z

Yi2 & — (5.56)
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Figure 5.15: Temperature dependence of the doublons D in the Hubbard model on [(a) and
(b)] the 2D square lattice and (c) the 3D simple cubic lattice with electron densities ranging
from n = 0.65 to 1.0. Results obtained by FT-LDFT in combination with the scaling approxi-
mation (5.53) are indicated by solid lines, while open circles correspond to NLCEs reported by
Khatami et al. [68, 130]. FT-LDFT results in 2D were obtained by using a 2X2 square lattice
cluster as reference system, while in 3D a 2x2X2 simple cubic cluster has been used. The elec-
tron density in the FT-LDFT reference system matches the one in the target system. Results
obtained by choosing the electron density in the reference system according to Eq. (5.55) are
indicated by thin dashed lines.

This can be attributed to the fact that the approximation (5.56) generally underesti-
mates y;;, such that the electron density in the reference system determined from
Egs. (5.55) and (5.56) tends to be too large. Thus, Eq. (5.55) must be combined with
a more accurate approximation to y;7 in order to improve the results of FT-LDFT in
two and three dimensions. However, in contrast to the previously considered one-
dimensional case, it turns out that the scaling approximation (5.53) yields excellent
results in higher dimensions if the electron density in the reference system is chosen
to match the one in the target system. Thus, in Fig. 5.15 we observe that the temper-
ature dependence of the doublons in the 2D and 3D Hubbard models is remarkably
well reproduced in the complete range of electron densities n and Coulomb-repulsion
strengths U /t. This includes the gradual suppression of D as the electron density de-
creases, which reflects the fact that the electrons are able to avoid each other more
effectively if the density is lower. Also the minimum in D, which is a result of low-
lying spin excitations, is very accurately reproduced for all electron densities. Notice
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that the upturn in D, which leads to the sharp increase of D in the high-temperature
regime, occurs at higher temperatures if the electron density is lower. This can be as-
cribed to the fact that charge excitations have less impact on the double occupations
if low electron densities are concerned. The comparison with the NLCEs reported by
Khatami et al. [68, 130] confirms that FT-LDFT yields highly accurate results for the
double occupations and we find relative deviations for the 2D square lattice which
are in average as low as 1.8% for U/t = 8, as seen in Fig. 5.15(a), and 3.5% for the
strong-coupling case U/t = 16 shown in Fig. 5.15(b). Similarly, for the doublons in
the 3D simple-cubic lattice with U/t = 12, shown in Fig. 5.15 (c), we find relative devia-
tions which are in average as low as 1.7%. Concerning the dependence on the electron
density, we notice that FT-LDFT tends to yield more accurate results if the electron
density is lower. Thus, we find no discrepancies larger than 3% for the 2D square lat-
tice with U/t = 8 and n = 0.65, while at half band-filling (n = 1) relative differences of
up to 12.6% are observed. Similarly, in the strong-coupling case U/t = 16 the maximal
deviation for n = 0.65 is less than 4%, while close to half band-filling (n = 0.95) differ-
ences of up to 24% are observed in the low-temperature regime (kgT < t). However,
these large relative deviations are mainly due to the fact that the doublons are largely
suppressed in the low-temperature regime if the Coulomb repulsions are strong. In
fact, the absolute deviation in D/N, never exceeds 3.5 X 1073 for U/t = 16. Con-
cerning the 3D simple cubic lattice with U/t = 12, the largest relative discrepancy
is found to be 11.5% at kgT ~ 0.7t and n = 0.8. Again, the relative deviation might
be slightly misleading and thus we notice that the absolute differences in D/N, never
exceed 3.1 X 1072 in the whole range of data shown in Fig. 5.15 (c).

We conclude that FT-LDFT in combination with the scaling approximation (5.53)
and a suitable reference system is able to account very accurately for the modifications
in the electronic structure and the resulting changes in the equilibrium observables
caused by variations in the electron density. Thus, the crossover from the regime
around half band-filling, where the spin-charge separation dominates the strong-
coupling physics, to the low-density regime, where low-lying charge excitations as-
sociated with the holonic motion lift the separation between spin and charge degrees
of freedom, is accurately reproduced within FT-LDFT. Furthermore, the ability of the
electrons to reduce double occupations more effectively in a correlated motion as their
density decreases is very well reproduced, not only in one spatial dimension but also
for lattice structures in 2D and 3D.

5.5 Spin-polarized systems

In order to investigate the physical properties of interacting electron systems in the
presence of external magnetic fields, it is desirable to extend the scope of FT-LDFT
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to the regime of spin-polarized electron densities. We will focus on the single-band
Hubbard model in the presence of an external magnetlc field B = B e, which couples
to the spins by means of a Zeeman term Hs = —fis - B = g.ugBS,, such that the energy
of the system is described by the Hamiltonian

H=-t Z cwcﬂ, + = ge,uBBZ ny — il) + UZ At (5.57)
(i.j)o i

Here pp is the Bohr magneton and g, the Landé factor for which it suffices to take
ge = 2 in the following. Since the inclusion of an external magnetic field only breaks
the spin-rotational symmetry but not the rotational and translational symmetries
in real space, it follows that the eq-SPDM of the system described by the Hamilto-
nian (5.57) still fulfills the symmetry (5.2). Thus, similar to Eq. (5.3), for a given chem-
ical potential = (yy + p;)/2 and magnetic field strength B = (u) — p1)/2pg we can
write the grand-potential functional (3.53) of the Hubbard model (5.57) as

Q[y] = Gly] = N, [tZ Yizt+ [ (}’11T + }’11i) — ugB (YuT - Y11¢)] ) (5.58)

where N, is the number of sites and z the coordination number of the lattice. Notice
that, as long as only NN hoppings are taken into account (i.e., ¢;; = 0 for i, j beyond
NNs), the dependence of Q[y] on all SPDM elements other than yiq1, y11; and yi2
appears only through the interaction and entropy functional G[y]. Therefore, we can
absorb all other SPDM elements in the LL minimization procedure (3.52) and define
the generalization of the reduced functional (5.4) to the case of spin-polarized electron
densities:

1
G , Viils = min Trip|U > napny + =logp];. 5.59

[YHT i Y12] p—=A{ruryingayiz} {P( Z L ,B gp)} ( )
The usual notation p — {yi11, Y11, y12} indicates that the minimization is performed
within the set formed by the positive semidefinite density matrices p € £ with unit
trace, satisfying

Tr{ﬁ é;éw} =y, for o=7,l and i=1,...,N, (5.60a)

and
Z Tr{ﬁ éjo_éjo'} =7Yy12 Vi,j € NNs. (5.60Db)

The reduced functional (5.59) has a universal character in the sense that it does not
depend on the chemical potential p, the external magnetic filed strength B, and the
NN hopping integral ¢t. Like its unpolarized counterpart (5.4) it depends on the un-
derlying Fock-space, which is determined by the number of lattice sites N,, on the
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temperature T, the Coulomb-repulsion strength U, and on the topology of the lattice
structure under consideration.

In the present case of a spin-dependent electron density we will proceed in a similar
fashion as in the previously considered unpolarized case in order to derive a practi-
cal approximation to the reduced functional (5.59). Thus, we start by exploring the
corresponding domain of definition and subsequently we derive the exact functional
dependence G[y111, Y11y, y12] for the important case of uncorrelated mixed-states. Fi-
nally, we will propose a scaling approximation for the remaining correlation contri-
bution G, = G — G.

5.5.1 Domain of ensemble representability

Building on the preliminary work done in Section 5.1.1, it is straight forward to iden-
tify the domain of definition of the reduced functional (5.59). This is the set of all
tuples (y111, Y114, Y12) that can be associated with some density matrix p € # which
satisfies Eq. (5.60). In the context of Eq. (5.8) we have already seen that y;;, is bound
to the interval [0, 1], which is simply a consequence of Pauli’s exclusion principle
since y110 = Ny /N, represents the average spin-dependent occupation of the local-
ized Wannier orbitals. Furthermore, adapting the argument which led to Eq. (5.14) to
the case of a spin-polarized electron density, we readily obtain the upper and lower
bounds on y12 = X Y126 @S

- 1 00 min 1 llglin
lea = ; Z /max «w p(C()) dC() and YIZ = ; Z / w p(('o) d(,() . (561)
o Ho o -

Here, p(w) is the DOS of the tight-binding Hamiltonian (5.13), and y™®* and p™® are

[
associated with the spin-dependent electron density y;;, by the condition

min

o= [ o= [ pordo. (5.62)
i j

i
P o0

Figure 5.16 shows the domain formed by the set of ensemble representable SPDM el-
ements yi17, y11), and yi for the case of bipartite lattice structures in 1-3 dimen-
sions. The boundaries on y;» have been determined from Egs. (5.61) and (5.62)
by varying the spin-dependent electron densities in the complete range of repre-
sentable values 0 < y;;, < 1for ¢ = T,|. The resulting domains are convex
and highly symmetric. The reflection symmetry with respect to the y;2 = 0 plane,
Le, Y™y y11) = —Va™(y1ip, y111) observed for the bipartite lattice structures
in Fig. 5.16, has already been discussed in Section 5.1.1. In the general case, which
includes non-bipartite lattice structures, the upper and lower boundaries on y;, are
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Figure 5.16: Domain formed by the set of ensemble representable SPDM elements y111, y11],
and yy; for the periodic (a) 1D chain, (b) 2D square lattice, and (c) 3D simple-cubic lattice. Sub-
figures in the bottom row, indicated by primed letters, show cuts through the corresponding
domains at the top along the n = y;;1+y11; = 1 plane, which corresponds to a half-filled band.
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related by y5™(y11p, y11)) = —¥3*(1 = yuip, 1 — y11y), which follows from the fact
that the tight-binding Hamiltonian (5.13) changes sign upon the unitary electron-
hole transformation él.T — ¢;. A further prominent symmetry of the representabil-
ity domains results from the fact that the upper and lower boundaries on y;3, given
by Eq. (5.61), are additive in the equivalent contributions of the up and down spins.
Therefore, the upper and lower boundaries on y;, are invariant upon interchange
of the spin-dependent electron densities, i.e., yo™(y111, y11y) = ¥ (y115. y1rp) and
Ylnzlm()’m’ }’ni) = Ylnzlm()’ui’ }’11T)-

In the following we will mainly focus on the important case of a half-filled band
and thus, in Figs. 5.16 (a’)-(c’), we present cuts through the corresponding domains
along the n = y317 +y11) = 1 plane. The boundaries on y;; within this plane have been
determined from Egs. (5.61) and (5.62) by varying the spin polarization y11p — y11] =
2S;/hN, in the complete range of representable values —1 < y;17 —y1q < 1.

5.5.2 Functionals for uncorrelated mixed-states

Following the route we took in order to describe unpolarized systems in the frame-
work of FT-LDFT, we would now like to consider the restriction of the functional (5.59)
to the set $; formed by the uncorrelated mixed-states (see Appendix B). This means,
we consider the functional

1
G , , = min Tri{p, |U fiA; + = log pg| ¢, 5.63
S[YHT Yl Yiel ps—={rumynyiz} {Ps( Zz: T p gps)} ( )

where p; — {y111, Y11, Y12} indicates the minimization with respect to all uncorre-
lated mixed-states ps € Ps which satisfy the conditions (5.60). Since the interaction
energy W = U X; Tr{p; fiyn;) } in any uncorrelated mixed-state which meets these
requirements is given by (see Appendix B)

WHF[YUT’ Ylll] = UNgyinby» (5.64)
it is sufficient to minimize the entropy contribution to G;. This means we can write
Eq. (5.63) as

Gslyiin yuap Yizl = Waelyan vagl = T Sslyats vangs vzl » (5.65)

where we have introduced the generalization of the reduced IFE-functional (5.19) to
the case of spin-polarized electron densities

Sslyirsy1i>vizl = —ks~ min Tr{plogp} . (5.66)
P_’{)’nT’Ynls}’lz}

Like in the previous unpolarized case, it is not necessary to restrict the minimization
in Eq. (5.66) to the set P, since the minimizing p always represents an uncorrelated
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mixed-state. As usual, the minimization in Eq. (5.66) is carried out by seeking for the
extremes of the corresponding Euler-Lagrange functional

LIp] = Tr{plogp} + 1> (Tr{ﬁ el - m) = e (Te{pie} = y11o)

(L.J) io

= Tr{p ()L >l o +logp— > vs Na)} - Nq (Az Yiz— > Vo Yllo) . (5.67)

(ij)o o

where NU = X; hj, and the Lagrange multipliers A and v, enforce that the minimiz-
ing p satisfies the conditions (5.60). Following a similar argument which led from
Eq. (5.20) to Eq. (5.25), we obtain the reduced IFE-functional (5.66) as

Ssyins yig» vizl = —ksNg D | [ [na(w)log(na(w))

+ (1= 15() log(1 - 15() | @) dor, (5.68)

where p(w) is the tight-binding DOS (5.11) and

1

1+ eﬁs (w_;usa') (569)

No(w) =
the spin-dependent occupation number of the Bloch state with energy w at the effec-
tive temperature s = A and the effective chemical potential y;, = v, /A.

In Fig. 5.17 we focus on the case of a half-filled band (n = y;11 + y1;; = 1) and
present results for the reduced IFE-functional (5.68) on periodic lattice structures in
1-3 dimensions. Since we focus on a fixed electron density, we can express the IFE-
functional in terms of the spin polarization y111 — y11; = 25;/hN, and the degree of
NN charge fluctuations y;,. Furthermore, for the bipartite lattice structures under
consideration it is sufficient to focus on the partial domain y;, > 0 and y111 > yi1).
The reflection symmetry of S; with respect to y;2 = 0 has already been discussed in
Section 5.1.2. The invariance upon interchange of the spin-dependent electron densi-
ties, i. e., Sg[y117, Y110» Y12l = Ssly11y, Y111 Y12l is evident from the fact that the additive
contributions of the up and down spins to the IFE-functional (5.68) are equivalent. The
functional dependence of the IFE-functionals shown in Fig. 5.17 is deeply related to
the previously considered case of unpolarized electron densities (see Fig. 5.2). Thus, S
vanishes on the complete delocalized boundary (y;, = y;;*), since this limit is attained
when the Bloch-states with the highest effective energies w are occupied [n,(w) = 1]
while all other Bloch-states are unoccupied [n,(w) = 0]. Starting from the delocal-
ized boundary, the IFE increases monotonously as y;, decreases, until the localized
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2D square 3D simple cubic
n=1 (b)

Y12 Y12

Figure 5.17: Reduced IFE-functional Sg[y111, y11], y12] for the case of a half-filled band (n =
Yiir + yiry = 1) and different bipartite lattice structures. Color contour-plots are shown for
the periodic (a) one-dimensional chain, (b) square lattice, and (c) simple cubic lattice. The
color scale for S is indicated on the right, where ST = kgN, log 4 refers to the structure-
independent global maximum of S5, which is attained in the localized limit y;, = 0 with
vanishing spin polarization y;11 = y31; = 1/2. Contour lines are drawn at equidistant values
of S5 in order to display its functional dependence more clearly.

limit y;, = 0 is reached, where S; assumes its maximum for any given spin-dependent
electron density y;1,. The localized limit y;2 = 0 corresponds to homogeneous occu-
pations 1,(w) = y11, across the complete Bloch-state spectrum, such that the corre-
sponding structure-independent maximal value of the IFE (5.68) is given by

Se ™ (y111s Y111) = —ks N, Z [v110 log Y116 + (1 = y110) log(1 = y115)] - (5.70)

5.5.3 Scaling approximation for correlation effects

Having derived the exact functional dependence G[y111, 11, y12], which represents
the interaction-energy and entropy contribution to the free energy of independent
Fermions, it remains to account for the contributions resulting from the electronic
correlations. We follow the approach taken in Section 5.2 and begin by carrying out
the minimization procedure (5.59) in an explicit manner. To this aim we seek for the
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extremes of the corresponding Euler-Lagrange functional

L[p] = Tr{ﬁ (U Z Aty + %log P)} +A> (Tr{ﬁ D 5,'Tgéjcr} - Y1z)

()
- Z Ho (Tr{ﬁ flio-} - }/110) (5-71)
io

o 1 A o
= Tr{p (HauX + E log p — Z Lo Ng)} - N, (AZ Y12 — Z Ho }/110) )

where H,uy is the auxiliary Hamiltonian (5.30) and the Lagrange multipliers A and pi,
have been introduced in order to enforce that the minimizing p satisfies the condi-
tions (5.60). Apart from an irrelevant additive constant, the functional (5.71) is of the
Gibbs form (3.43) and thus, the minimum among the set # of all positive semidefinite
density matrices p with unit trace is taken for the grand-canonical density matrix of
the auxiliary Hamiltonian I:Iaux, i.e., for

e_ﬁ (I:Iaux_Zo' ,UUNU)

- Tr{e_ﬁ (Haux_z:a ﬂaNcr)} ‘

Po (5.72)
The functional dependence of G[y111, y11}, Y12] can thus be obtained from the solution
of the finite-temperature problem with the auxiliary Hamiltonian (5.30), which has
the same level of complexity as the initial problem defined by the Hubbard-model
Hamiltonian (5.57). Like in the previously considered case of unpolarized electron
densities, we conclude that the range of applications of the thus described method
is limited to systems which can be solved by either analytical or numerical meth-
ods. Nevertheless, it provides us with a practical means to access the exact functional
dependence G[yi11, Y11, y12] for a number of relevant systems.

In Fig. 5.18 we focus on the infinite one-dimensional Hubbard chain with a half-
filled band (n = 1) and show results for the nontrivial correlation functional

Gelyiir, Yips vzl = Glyun viag Yizl = Gslyanrs yaags vzl - (5.73)

The results shown account for different ratios U/kgT between the Coulomb-
repulsion strength U and the temperature T and were obtained from the exact finite-
temperature solution of Juttner, Klumper, and Suzuki [56]. The infinite chain with
NN hopping is bipartite, and thus we have Gc[y111, Y115, y12] = Gelyi11, ya1)> —yiz]. Fur-
thermore, from the fact that the auxiliary Hamiltonian (5.30) is invariant with respect
to spin flips (é; — éi_g) we conclude that Gc[y111, 11y, Y12l = Gelyai), 111, y12] must
hold in general. Thus, in Fig. 5.18 it is sufficient to focus on the sector having y;, > 0

and yi11 > y11y-
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Figure 5.18: Correlation contribution G¢[y111, y11» y12] to the free-energy functional of the
infinite spin-polarized Hubbard chain at half band-filling (n = y;11 + y11; = 1). Subfigures in
the right column [(a’)-(c’)] show the functional dependence of G, for different ratios U/kgT
between the Coulomb-repulsion strength U and the temperature T in the sector having 12 > 0
and yy11 > y11). Subfigures in the left column [(a)—(c)] correspond to the same values of U /kgT
as their counterparts on the right, and show the functional dependence of G, along cuts with
fixed spin polarizations s, = 7 (y111 — y11])/2. The correlation functionals along the cuts with
fixed s, have been scaled to a common range by using the upper bound y;,(s.) on the degree
of NN charge fluctuations, as well as the correlation contribution G¢°(s;) to the free energy in
the localized limit y;, = 0.
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5.5 Spin-polarized systems

For a given spin polarization s, = S;/N, = 7 (y111 — y11))/2 we observe in Fig. 5.18 a
qualitatively similar dependence of G, on the degree of NN charge fluctuations y;; as
in the previously considered unpolarized case (see Fig. 5.3). Thus, starting from the
localized limit y1; = 0, where G, assumes its minimum G, = G.°(s;) for any given spin
polarization s,, we find G, monotonously increasing with y;,, until G, = 0 is reached
on the complete delocalized boundary y1, = y),(s;).> Here

P(52) = = cos(rs. /M) 574

refers to the upper bound on the NN charge fluctuations in the half-filled 1D Hubbard-
chain. Regarding the dependence of the correlation contribution to the free energy
on the spin polarization s,, we find that |G, | decreases with increasing values of |s,|,
since the correlated electronic motion is gradually suppressed as the system polarizes.
Thus, the global minimum of G, is attained in the localized limit y;, = 0 with vanishing
spin polarization (y111 = y11) = 1/2), and it is given by (see Section 5.2.1)

Ge(0) U 1 1+ ePU/2
=—-= (—) (5.75)

N, & BT 2

Therefore, the correlation contribution to the free energy is bound by G°(0) < G, < 0,
and since the lower boundary G;°(0)/U is a strictly decreasing function of U, we
conclude that |G.|/U increases with the ratio U/kgT. Clearly, this is simply a con-
sequence of the fact that correlation effects are most pronounced in the regime of
strong Coulomb repulsions and low temperatures, as already observed in the context
of unpolarized spin densities in Section 5.2.

In order to approximate the functional dependence of the correlation contribu-
tion Gc[y111, y11), y12] to the free energy of the half-filled Hubbard model, we aim
to extend the scaling approach (5.33) to the regime of spin-polarized electron den-
sities. The most naive generalization would be to focus on a fixed spin polariza-
tion s; = 7 (y;11 — y111)/2, and to extract the dependence of G, on the degree of
NN charge fluctuations y;; from the properly scaled functional of a suitable reference
system having the same s,. However, for the applications we have in mind, involving
dynamic variations of the magnetization due to changes in the external magnetic field
strength and the temperature, this approach turns out the be inappropriate if small
finite reference systems are used, as discussed in more detail in Appendix G. In or-
der to develop a more suitable generalization of the scaling idea, let us now focus on
Figs. 5.18 (a)—(c), where the functional dependence of the correlation contribution G,
to the free energy of the infinite half-filled Hubbard chain is shown along cuts through

3See Sections 5.2.1 and 5.2.2 for a detailed discussion of the correlation effects in the localized and
delocalized limits.
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the domain which correspond to fixed spin polarizations s,. When scaled to a com-
mon domain and range, using the upper bound y’,(s;) on the degree of NN charge
fluctuations, given in Eq. (5.74), as well as the correlation contribution G°(s;) in the
localized limit y;2 = 0 (see Section 5.2.1), the functional dependence of G, reveals a re-
markable quasi-universal behaviour, which is approximately independent of the spin
polarization s,. This is especially true in the regime of strong Coulomb-repulsions or
low temperatures U > kpT, where correlation effects play a crucial role. This quasi-
universal behaviour of G, upon proper scaling suggests that its dependence on the
spin polarization is to a great extent concealed in y,(s;) and G2(s;), at least in the
present case of the infinite half-filled Hubbard chain. We conclude that the depen-
dence of G, on y;; could be well approximated for any —7#/2 < s, < /2, if it would
be known for some fixed value of s,. Building upon the success of the scaling approx-
imation (5.33) to account for the unpolarized case, it is thus most reasonable to focus
on s, = 0, and to infer the qualitative dependence of G, on the degree of NN charge
fluctuations y;, from an unpolarized reference system. The only modification of the
scaling approximation (5.33) is then to account for the s,-dependence of the scaling
parameters of the infinite target system, i.e., y°, = y2(s;), G2 = GX(s;) and G? = 0.
We thus arrive at the following generalization of the scaling approximation (5.33) to
the infinite spin-polarized Hubbard model at half band-filling:

G - Gyt riz
Gelsz, = GO(s:) ————= with y}f =y}," '
c[sz, v12] ¢ (s2) Gif,o ~ Ggf,oo 12 = Y12 Y?Z(SZ)

Here the upper index “rf” on G, and y;, refers to the exactly solvable, half-filled,
and unpolarized (sf = 0) reference system. Furthermore, we consider the reference
system at the temperature T and the Coulomb-repulsion strength U specified by the
target system, in order to be compliant with the principles of FT-LDFT.

(5.76)

5.5.4 Application to the infinite Hubbard chain

Having introduced the scaling approximation for spin-polarized systems (5.76), we are
now in a position to apply our method in order to explore the equilibrium properties of
the infinite Hubbard chain in the framework of FT-LDFT. To this aim we focus on the
half-filled band case (y111 + y11; = 1), and for given NN hopping integral ¢, Coulomb-
repulsion strength U, temperature T, and magnetic field strength B we minimize the
free-energy functional

S
Flsz, y12] = —=tNaz y12 + 2N, upB %Z + G[sz, y12] + Gelsz, y12] (5.77)

in the domain of ensemble-representable spin polarizations —#/2 < s, < h/2 and
NN charge fluctuations y;2. As usual, G;[s;, y12] stands for the interaction-energy and
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entropy functional for uncorrelated mixed-states, given by Eq. (5.63), and G.[s;, y12]
for the correlation contribution to the free-energy functional obtained from the scal-
ing approximation (5.76) using an appropriate reference system. We treat the unpo-
larized reference system in a grand-canonical ensemble formulation at the temper-
ature T and Coulomb-repulsion strength U defined by the infinite chain and chose
the chemical potential y;¢ of the reference system such that a half-filled band is ob-
tained. The minimization of the functional (5.77) directly yields the free energy F,
the spin polarization s,, and the degree of NN charge fluctuations y;; and thus the
kinetic energy K = —tN,z y;2 in thermodynamic equilibrium. Additional equilibrium
observables, such as the average number of double occupations D, the entropy S, the
specific heat Cy, and the magnetic susceptibility y can be subsequently obtained from
appropriate derivatives of the free energy F.

In Fig. 5.19 we present results for several equilibrium properties of the infinite half-
filled Hubbard chain with strong Coulomb repulsion U/t = 8 in the presence of an
external magnetic field B. The results shown were obtained from FT-LDFT in combi-
nation with the scaling approximation (5.76) for the correlation contribution G.[s,, y12]
to the free energy, using a 7-site ring as reference system. In order to assess the accu-
racy of the equilibrium properties obtained in the framework of FT-LDFT, we compare
them with the exact finite-temperature solution of the infinite 1D Hubbard chain [56].

Let us begin our discussion by considering in Fig. 5.19 (c) the dependence of the
magnetization M = —2upS, /% on the temperature T and the magnetic field strength B.
In the present case of a strong Coulomb repulsion U/t = 8, the low-lying spin exci-
tations in the Hubbard model are described by an effective Heisenberg model (2.52)
with NN exchange-coupling constant J = 2¢t?/U. Thus, we expect to find the grad-
ual crossover from the AFM ground state in the absence of an external magnetic
field (B = 0) to the fully polarized FM ground state at field strengths of the or-
der ygB ~ ] = t/4. In fact, for rather weak* magnetic fields (0.2t < pgB < 0.4t)
we find a partially polarized ground state, while for stronger fields the ground state is
fully polarized. The magnetization decreases as low-spin states are thermally excited
with increasing temperature, and for sufficiently high temperatures we discover the
typical Curie-law M = C B/T of a paramagnet with Curie-constant C ~ :”123 /(2kg) [131].
In fact, for ugB > t/2, where the ground state of the Hubbard chain is fully polar-
ized, the magnetization curves can be roughly approximated by the well-known rela-
tion M/N = pptanh(uB/kgT) for N noninteracting spin-1/2 particles with magnetic

4Notice that the NN hopping integral ¢ in transition metals is typically of the order 0.1-0.5 eV, such
that comparable magnetic field strengths B ~ t/ug = 2000-9000 T are actually very large for typical
experimental setups. However, here and in the following we relate the magnetic field strength pgB
to the energy scales specified by the model under consideration, such as the bandwidth w = 4t,
the Coulomb-repulsion strength U, or the effective exchange-coupling constant J = 2t?/U which
is relevant in the strongly-interacting Heisenberg limit.
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Figure 5.19: Equilibrium properties of the half-filled infinite 1D Hubbard chain as functions
of the temperature T for the case of strong Coulomb repulsion U/t = 8 and representative
values of the external magnetic field strength B. Results obtained by FT-LDFT in combination
with the scaling approximation (5.76) using a 7-site ring as reference system (full curves) are
compared with the exact solution of Jiittner et al. [56] (open circles): (a) kinetic energy K,
(b) average number of double occupations D, (c) magnetization M = —2ugS, /i, (d) entropy S,
(e) specific heat Cy, and (f) magnetic susceptibility y = dM/0JB.
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moment ;1 = pg/V2, which is chosen such that the corresponding Curie-constant
C=pu?lkg = ,u%/ (2kg) matches the one of the Hubbard chain. The results obtained in
the framework of FT-LDFT correctly predict the transition to a fully polarized ground
state at ygB ~ t/2 and exactly reproduce the high-temperature Curie-law. The magne-
tization curves obtained within the framework of FT-LDFT show an overall very good
quantitative agreement with the corresponding exact analytical results in the com-
plete range of parameters explored. Only in the low-temperature regime (kgT < 0.5¢)
with rather weak fields (ugB < 0.4t) some noticeable deviations are observed. For
example, at ygB = 0.4t FT-LDFT underestimates the ground-state magnetization by
about 15%. For intermediate and strong fields the FT-LDFT results are in excellent
agreement with the exact analytical solution. In fact, for ygB > 0.5t the relative error
in M is in average as low as 1% and never exceeds 6% within this range.

Concerning the influence of external magnetic fields on the kinetic energy K,
shown in Fig. 5.19 (a), we observe that charge fluctuations are gradually suppressed
as the magnetic field strength increases. This is a simple consequence of Pauli’s ex-
clusion principle, since the spins tend to align in a FM pattern as the external field
strength increases, and hopping processes are prohibited if NN sites are occupied by
parallel spins. In the extreme case of a fully-polarized state, as found in the ground
state for ugB > t/2, the kinetic energy vanishes completely since the band is half
filled. However, at temperatures of the order kgT =~ ppB low-spin states are ther-
mally excited, opening up the way for NN hopping processes, which give rise to a
rapid increase of |K| for intermediate magnetic field strengths (¢/2 < ugB < t). The
comparison with the exact analytical solution demonstrates that FT-LDFT is able to
reproduce the thus described effects of external magnetic fields on the kinetic energy
of the lattice electrons very accurately. However, in the range of rather low temper-
atures (kgT < t) and weak to intermediate fields (ugB < t/2), where the transition
from the AFM to the FM ground-state occurs, we find some noticeable deviations
between the exact and FT-LDFT results. For example, at ugB = 0.4 FT-LDFT overes-
timates the binding energy |K| in the ground state by about 24%. Nevertheless, for
intermediate to strong fields, the agreement between the exact and FT-LDFT results
is excellent in the whole range of temperatures considered, such that the error in the
kinetic energy per lattice site is in average as low as 2.8t X 107> for ygB > 0.7t and
never exceeds 1.5t X 10”2 within this range, which is just about 0.4% of the band-
width w = 4¢.

Let us now focus on the average number of double occupations D, shown in
Fig. 5.19 (b). Starting from the B-independent high-temperature limit D = N,/4, we
find a decrease of the doublons upon cooling which is more rapid if strong magnetic
fields are applied, since strong fields stabilize a FM alignment of the spins and thus
lead to a rapid suppression of D. The typical increase in D upon further cooling in the
low-temperature regime (kgT < t/2), signalling the onset of an AFM configuration if
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no magnetic field is applied, is gradually suppressed as the magnetic field strength in-
creases, and for pgB > t/2 a fully polarized ground state with D = 0 is formed. These
modifications in the temperature dependence of the doublons, caused by the external
magnetic field, are very well reproduced within the framework of FT-LDFT. In fact,
the error in the double occupations per lattice site is in average as low as 4.3 x 107*
and never exceeds 5.6 X 107> in the whole range of data shown in Fig. 5.19 (b).

Concerning the influence of external magnetic fields on the temperature depen-
dence of the entropy S, shown in Fig. 5.19 (d), we find the rapid entropy-increase in
the low-temperature regime (kgT < t) gradually suppressed as the magnetic field
strength increases. Clearly, for intermediate to strong fields (ugB > t/2), the spin ex-
citations from the FM ground state and the charge excitations across the Hubbard gap
are suppressed until temperatures of the order kgT ~ upB are reached. In contrast to
the unpolarized case (B = 0), where degeneracies in the ground state of the reference
system prevent FT-LDFT from reproducing the linear increase of S in the regime of
very low temperatures (kgT < 0.2t), as already discussed in the context of Fig. 5.5, we
find that FT-LDFT reproduces the entropy of the infinite Hubbard chain in the pres-
ence of intermediate to strong magnetic fields very well also in the low-temperature
regime. In fact, for ugB > t/2 we find errors in the entropy per lattice site (measured
in units of kg) which are in average as low as 3 X 10> and never exceed 3 x 1072 in
the complete temperature range shown in Fig. 5.19 (d).

Also the temperature dependence of the specific heat Cy, shown in Fig. 5.19 (e), dis-
plays very interesting modifications in the presence of external magnetic fields. If no
field is applied (B = 0), the specific heat exhibits the typical two-peak structure, where
the low-temperature peak at kgT ~ 0.23t corresponds to the excitation of spin waves
from the AFM ground-state, while the peak at higher temperatures (kg7 =~ 1.75t)
corresponds to charge excitations across the Hubbard gap. As the magnetic field
strength increases above values of the order ugB ~ 2t*/U = t/4, an antiferromag-
netic alignment of the spins becomes energetically unfavorable and the crossover to
a FM ground-state occurs. For intermediate field strengths (0.5t < pgB < 0.7t) we
still observe a low-temperature structure in the specific heat, which is caused by low-
lying spin excitations from the FM ground-state. As the field strength exceeds values
of ugB ~ t = U/8, the low-temperature structure in Cy is suppressed and a single
broad peak is formed. Upon further increase of the external magnetic field strength
the broad peak in Cy is shifted to higher temperatures, since spin and charge excita-
tions remain suppressed until temperatures of the order kgT ~ ppB are reached. All
of the thus described modifications in the temperature dependence of Cy, caused by
variations in the magnetic field strength, are very well reproduced within the frame-
work of FT-LDFT. Only in the low-temperature regime (kgT < 0.7t) with intermediate
fields (0.5t < pgB < 0.7t) we find noticeable deviations from the exact results of up
to 20%. For higher temperatures (kg7 > 0.7t), the relative error in the specific heat
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Figure 5.20: Temperature T, at which the peak in the magnetic susceptibility of the half-filled
Hubbard chain with U/t = 8 occurs as a function of the magnetic field strength B. Results
obtained by FT-LDFT in combination with the scaling approximation (5.76) using a 7-site ring
as reference system are indicated by blue crosses, while red plus symbols correspond to the
exact solution of Juttner et al. [56]. The gray solid line marks the asymptotic behavior kgT, =
upB expected for strong magnetic fields.

obtained from FT-LDFT is in average as low as 1.4% and never exceeds 7% within this
range of temperatures for all values of the magnetic field strength.

The temperature dependence of the magnetic susceptibility y = dM/IB of the
half-filled Hubbard chain with U/t = 8, shown in Fig. 5.19 (f), is very similar to the
one of the spin-1/2 Heisenberg chain if intermediate to strong fields (ugB > 0.7t) are
applied [120]. Thus, starting from T = 0, where y vanishes since the ground state is
already fully polarized, we find the magnetic susceptibility increasing with the tem-
perature until a pronounced peak at kgT, =~ ppB is formed. The temperature T,
where the peak in y occurs roughly marks the transition from the fully polarized
regime at low temperatures to the Curie-law decay of the magnetization in the high-
temperature range. In Fig. 5.20 we show the dependence of the temperature T, on the
external magnetic field strength, and for sufficiently large values of B the expected
behavior kgT, = ppB is observed. The comparison with the temperature T, derived
from the exact analytical solution demonstrates that the position of the peak in y is
very well reproduced within the framework of FT-LDFT and the relative error in T is
less than 5% in the whole range of parameters explored in Fig. 5.20. However, for in-
termediate values of the magnetic field strength (ugB = 0.7t) FT-LDFT overestimates
the peak in y by about 18%, as seen in Fig. 5.19 (f). Nevertheless, as the temperature in-
creases beyond T, the magnetic susceptibility obtained in the framework of FT-LDFT
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Figure 5.21: (a) Magnetization curve of the infinite half-filled Hubbard chain with U/t = 8 for
representative values of the temperature T. (b) Zero-field magnetic susceptibility of the half-
filled infinite Hubbard chain for representative values of the Coulomb-repulsion strength U /¢.
The solid lines in both figures mark results obtained by FT-LDFT in combination with the
scaling approximation (5.76) using a 6-site ring as reference system, while the exact analytical
solution of Juttner et al. [56] is indicated by open circles.

approaches the exact result, and for kgT > t an almost perfect agreement is obtained.
The same is true if strong fields (ugB > t) are considered. Within this range, the ab-
solute error in the magnetic susceptibility per lattice site (measured in units of 12 /t)
is in average as low as 4.8 X 107> and never exceeds 3.9 X 1072 for ugB > t.

In Fig. 5.21 we present results for the magnetization curve M(B) of the infinite half-
filled Hubbard chain for representative values of the temperature T, as well as for
the temperature dependence of the zero-field magnetic susceptibility y at different
values of the Coulomb-repulsion strength U/t. Results obtained by FT-LDFT in com-
bination with the scaling approximation (5.76) using a 6-site ring as reference system
are compared with the exact analytical solution of the Hubbard chain at finite tem-
peratures [56].

The magnetization curves shown in Fig. 5.21(a) correspond to a fairly strong
Coulomb repulsion U/t = 8, where the low-lying spin excitations in the Hubbard
chain are governed by the spin-1/2 Heisenberg model (2.52) with exchange-coupling
constant J = 2t2/U. Thus, at very low temperatures, magnetic field strengths of
the order pygB =~ ] = t/4 are sufficient in order to destabilize the AFM alignment
of the spins, and we expect to observe a gradual crossover to a fully polarized state
within this region. In fact, for kgT = /10 we observe in Fig. 5.21(a) a rapid increase
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of the magnetization in the weak-field regime, and a fully-polarized state is formed
for upB > t/2. As the temperature increases, low-spin states are thermally excited,
giving rise to a gradual suppression of the magnetization if the field strength B is kept
fixed. The comparison to the corresponding exact analytical results demonstrates
that FT-LDFT reproduces the magnetization curve of the infinite Hubbard chain with
astonishing accuracy. Only at very low temperatures (kg7 = t/10) we find some
noticeable deviations of up to 17% in the weak-field range (upB < t/2), where the
magnetization increases very rapidly. For higher temperatures (kgT > 0.4¢), the rel-
ative error in the magnetization obtained form FT-LDFT is in average as low as 0.6%
and never exceeds 5% within the whole range of field strengths considered.

In Fig. 5.21(b) we show the zero-field magnetic susceptibility of the infinite half-
filled Hubbard chain as a function of the temperature for intermediate to strong
Coulomb repulsions U/t. Since the low-lying spin excitations in the Hubbard chain
have energies of the order J = 2t*/U, we find y increasing in the low-temperature
regime and a pronounced peak is formed at a temperature kgT = J. The effec-
tive exchange-coupling constant J decreases like 1/U with the Coulomb-interaction
strength, and thus, the maximum in y increases approximately proportional to U.
For higher temperatures (kgT > 2t?/U), the magnetic susceptibility decreases rather
rapidly, and for sufficiently high temperatures the typical Curie-law decay y = C/T
of a paramagnet is observed. The comparison with the exact analytical solution
demonstrates that the temperature dependence of the zero-field susceptibility is over-
all very accurately reproduced within the framework of FT-LDFT. Only in the low-
temperature regime (kT < t/2) FT-LDFT tends to overestimate the susceptibility.
For example, at U/t = 7 FI-LDFT overestimates the magnetic susceptibility in the
ground state by 17%. Nevertheless, for sufficiently high temperatures (kgT > t/2), the
susceptibility obtained in the framework of FT-LDFT is in excellent agreement with
the exact analytical solution, and the relative deviations are in average as low as 1.1%
and never exceed 4.2% within this range.

5.6 Summary

We have developed practical methods to handle the thermodynamic equilibrium prob-
lem of the Hubbard model in the framework of FT-LDFT. Our focus has been on
the homogeneous Hubbard model with hoppings only between NNs. In this case
we can regard the grand potential Q[y] as a functional of the SPDM elements y;1,
and y12 = X, Y120 alone, which represent the spin-dependent local electron density
and the total degree of charge fluctuations between NNs.

In a first step we have focused on the unpolarized case y; = y|, and we have iden-
tified the corresponding domain of definition of the reduced grand-potential func-
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5 Thermodynamic equilibrium and spin-charge separation

tional Q[y11, y12]. Furthermore, we have derived its exact functional dependence in
the subspace formed by the uncorrelated mixed-states. Subsequently, we have fo-
cused on the important case of a half-filled band (y;; = 1), and we have devoted our
attention to the nontrivial correlation contribution G, = G — G to the free energy
F = K + G, where Gy = Wyr — T S; incorporates the interaction energy and entropy
of independent fermions. Exact numerical results have been presented for the func-
tional dependence G,[y;2] of the correlation contribution to the free energy of finite
Hubbard rings and the infinite 1D Hubbard chain. Our numerical results have re-
vealed that G.[y12] only depends weakly on the system size if it is properly scaled
between the localized (y1, = 0) and delocalized (y1 = yJ,) limits. This quasi-universal
behaviour of the scaled functional G.[y;2] led us to propose a scaling approximation,
which extracts the functional dependence of G, along the crossover from the localized
to the delocalized limit from a suitable reference system.

The scaling approximation has been applied in order to explore the equilibrium
properties of the infinite half-filled Hubbard model by minimizing the corresponding
free-energy functional F[y;2] = K[yi2] + Gs[y12] + Gelyi2] within the set of ensem-
ble representable y;,. In this way, very accurate results have been obtained for the
most important equilibrium observables of the half-filled Hubbard model in 1-3 di-
mensions, such as the energy E, the average number of double occupations D, the
entropy S, and the specific heat Cy. In fact, the deviations between the results of the
scaling approximation and available exact or accurate numerical results are usually
found in the lower one-digit percent range. Noticeable deviations have been observed
only in the low-temperature regime (kgT < t) for observables which are higher-order
derivatives of the free energy F, such as the specific heat Cy.

One of the most important results is the fact that our newly developed scaling ap-
proximation is able to account for the physical effects caused by the separation of spin
and charge degrees of freedom in the strongly-correlated Hubbard model. This effect
is most clearly reflected by the temperature dependence of the specific heat Cy, which
develops a characteristic two-peak structure as the Coulomb-repulsion strength U /¢
increases. The low-temperature peak corresponds to collective spin wave excitations
from the AFM ground state, which are described by an effective Heisenberg model
with exchange-coupling constant J = 2t2/U. The peak which occurs at higher tem-
peratures is caused by charge excitations across the Hubbard gap, which involves the
creation of double occupations with energies of the order U. The gradual formation
of this two-peak structure in Cy with increasing Coulomb-repulsion strength is very
well reproduced within our scaling approximation. Furthermore, the qualitative and
quantitative dependence of the temperature Ty « t*/U, at which the low-temperature
peak arises in Cy and which marks the Néel transition from the AFM to the PM phase,
is accurately reproduced. The same is also true for the temperature To o U, which
corresponds to the high-temperature peak and marks the onset of charge excitations.
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5.6 Summary

Motivated by the excellent performance of the scaling approximation in the case
of the half-filled Hubbard model, we have proposed a very intuitive extension which
takes into account the dependence of G, on the electron density n = y;;. In this
way it was possible to explore the equilibrium properties of the Hubbard model in
1-3 dimensions at various band fillings in the framework of FT-LDFT. The comparison
with available exact results, as well as with accurate QMC simulations and NLCEs, has
demonstrated that FT-LDFT in combination with the scaling approximation is able
to reproduce the dependence of the most important equilibrium observables on the
electron density very accurately in the complete range from low to high temperatures
and weak to strong Coulomb repulsions.

The final challenge has been the extension of our scaling approximation to the
regime of spin-polarized electron densities, in order to investigate the influence of
external magnetic fields on the most important equilibrium observables in the frame-
work of FT-LDFT. As a prerequisite, we have identified the domain of definition of
the reduced grand-potential functional Q[yi11, y11], y12], and we have derived its ex-
act functional dependence for the case of uncorrelated mixed-states. Subsequently,
we have focused on the half-filled band case (y111 + y11; = 1), and we have studied
the correlation contribution G.[s;, y12] to the free-energy functional of the infinite
1D Hubbard chain. This has led to the remarkable result that G.[s,, y12] only de-
pends weakly on the spin polarization s, = 7 (y111 — y11y)/2 if it is properly scaled
between the localized (y1, = 0) and delocalized [y12 = y;,(s;)] limits. This led us
to propose an approximation, which extracts the functional dependence of G.[s;, y12]
along the crossover from the localized to the delocalized limit for arbitrary spin po-
larizations —7/2 < s, < fi/2 from a suitable unpolarized reference system.

Our scaling approximation has been subsequently applied to the half-filled infi-
nite 1D Hubbard chain in the presence of an external magnetic field. In this way
we were able to investigate the modifications in the temperature dependence of the
most important equilibrium observables caused by variations in the magnetic field
strength. This includes the kinetic and Coulomb energies, the magnetization M, the
entropy S, the specific heat Cy, and the magnetic susceptibility y. Only in the re-
gion pgB < t/2, where the transition from the AFM ground state to the fully polarized
state occurs, some noticeable deviations from the exact results have been observed in
the low-temperature regime (kgT < t). For stronger fields (t/2 < ugB < t), only
higher-order derivatives of the free energy, e.g., the specific heat Cy and the mag-
netic susceptibility y, show such discrepancies at low temperatures, while for very
strong fields (ugB % t) an almost perfect agreement with the exact analytical solu-
tion has been achieved in the complete range from low to high temperatures. Also
the magnetization curves M(B) at different temperatures and the temperature depen-
dence of the zero-field magnetic susceptibility for intermediate to strong Coulomb
repulsions have been very accurately reproduced within the framework of FT-LDFT.
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Summary and outlook

A density functional theory for lattice models of strongly interacting fermions has
been formulated, which applies both to the ground state as well as to the thermo-
dynamic equilibrium at finite temperatures. The finite-temperature formalism repre-
sents an important fundamental extension of current lattice density functional theory
(LDFT) and has been formulated in two different flavours accounting for canonical and
grand-canonical ensembles. In order to pave the way to practical applications of LDFT
for the ground state as well as for the finite-temperature case, we have focused on the
Hubbard model and developed new approximations to the central functionals W[y]
and G.[y] representing respectively the interaction energy and the correlation contri-
bution to the free energy. Our new functionals have demonstrated their universality
in applications to a wide range of physical situations, and very accurate results have
been obtained for the most important observables in the ground state as well as in the
thermodynamic equilibrium at finite temperatures.

For the ground-state problem in the framework of LDFT we have focused on the
homogeneous Hubbard model on periodic lattice structures. We have adopted a delo-
calized k-space perspective and discovered a remarkable one-to-one connection be-
tween the interaction energy W in the ground state of the model and the entropy S of
the corresponding Bloch-state occupation-number distribution 7. This has opened
up a completely new perspective to the ground-state problem by taking into account
the dependence of the central interaction-energy functional W[y] on all elements of
the single-particle density matrix (SPDM) p, and led to an approximation which lever-
ages the full universality of LDFT.

The almost linear connection between W and S discovered in exact numerical re-
sults for the ground state of the half-filled Hubbard model led us to approximate the
interaction-energy functional W[n] = W(S[n]) in terms of a simple linear function
of the independent-Fermion entropy (IFE) S[n]. In order to obtain the ground-state
properties of the model, the corresponding energy functional E[n] = K[n]+ W|[n] has
been minimized with respect to 1., where K[n] = X, €xolko stands for the kinetic-
energy functional. In this way, the predictive power of the linear IFE-approximation
has been demonstrated in applications to the half-filled Hubbard model on finite and
infinite lattices in d = 1-3 dimensions as well as in the limit d — oo. In fact, within
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our approximation it was possible to reproduce the ground-state properties in all con-
sidered situations with very good accuracy in the complete range from weak to strong
Coulomb interactions. This applies in particular to the subtle strongly-correlated
Heisenberg limit U/t — oo, where the linear IFE-approximation exactly reproduces
the asymptotic behaviour of the ground-state energy Ey = —at?/U expected for lo-
calized Heisenberg spins. Most notably, the ground-state properties of the infinite
1D Hubbard chain derived from the linear IFE-approximation are almost indistin-
guishable from the exact Bethe-ansatz solution [49]. In higher dimensions, the lin-
ear [FE-approximation has proven to be very accurate as well, and the corresponding
ground-state observables agree well with available quantum Monte Carlo (QMC) sim-
ulations and exact diagonalizations. Moreover, the spin-polarized Hubbard model has
been studied in the framework of the linear [FE-approximation. In this way we have
obtained the magnetization curve and the zero-field magnetic susceptibility of the
infinite 1D Hubbard chain.

In order to study physical situations involving attractive interactions between the
fermions, giving rise to electronic pairing, we have considered the half-filled Hub-
bard model with negative coupling constant U < 0. Also in this case an almost linear
connection between W and S has been discovered in exact numerical results for the
ground state. This encouraged us to propose a generalized formulation of the linear
IFE-approximation to the interaction-energy functional W[n], which treats attractive
and repulsive interactions on the same footing. Subsequent applications to the half-
filled attractive Hubbard model on finite bipartite and non-bipartite lattices in two
dimensions have proven that the IFE-approximation is able to account for the corre-
lations caused by attractive interactions, and very accurate results have been obtained
for the most important ground-state observables in the complete range from weak to
strong interactions.

We also went beyond half band-filling and addressed the problem of arbitrary elec-
tron densities. The evaluation of exact numerical results for the ground state of
the Hubbard model on various lattice structures with different electron densities has
shown that a unique relation between W and S exists even in this more general case.
However, the connection between W and S has been found to be strongly affected
by the electron density n. Nevertheless, by an interpolation between the low-density
limit n — 0 and the half-filled band case n = 1 it was possible to derive a physically
sound extension of the IFE-approximation, which applies to arbitrary electron densi-
ties. Applications to the one- and two-dimensional Hubbard model have shown that
the ground-state observables of the Hubbard model are reproduced very accurately
within this approximation to W([y] in the complete range from low electron density
up to half band-filling for all values of the Coulomb-repulsion strength. We have also
studied the implications of qualitative changes in the occupation-number distribu-
tion 1, (k) near the Fermi level. To this aim we have focused on the 1D Hubbard chain
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and we have restricted the minimization of the LDFT energy functional E[7,(k)] to a
class of functions 7,(k) exhibiting a typical power-law singularity at the Fermi-level,
which is characteristic for Luttinger liquids, such as the 1D Hubbard model away from
half band-filling. The corresponding results have shown that Luttinger-like distribu-
tions are preferable if low electron densities are concerned, however, in the vicinity
of a half filled band (0.8 < n < 1) the Fermi-Dirac distributions obtained from the
unconstrained minimization of the energy functional within the IFE-approximation
lead to significantly more accurate results. We have also studied the ground-state
occupation-number distribution 7,(k) of the 2D Hubbard model on the square lat-
tice in the framework of the IFE-approximation. Our results agree surprisingly well
with accurate QMC simulations, and the typical broadening of the Fermi surface, as
the electron density and Coulomb-repulsion strength increases, has been very well
reproduced.

After the ground-state properties of the periodic Hubbard model have been ex-
plored in the framework of the IFE-approximation, we have devoted our attention
to the thermodynamic equilibrium at finite temperatures. Our applications of finite-
temperature lattice density functional theory (FT-LDFT) were aimed at the homoge-
neous Hubbard model with hoppings only between nearest neighbors (NNs). In this
case we can regard the grand potential Q[y] as a functional of the SPDM elements y;1,
and y12 = X, Y120 alone, which represent the spin-dependent local electron density
and the total degree of charge fluctuations between NNs.

In a first step we have focused on the unpolarized case y; = y|, and we have iden-
tified the corresponding domain of definition of the reduced grand-potential func-
tional Q[y11, y12]. Furthermore, we have derived its exact functional dependence in
the subspace formed by the uncorrelated mixed states. Subsequently, we have fo-
cused on the important case of a half-filled band (y;; = 1), and we have devoted our
attention to the nontrivial correlation contribution G, = G — G; to the free energy
F = K + G, where G; = Wyyr — T S; incorporates the interaction energy and entropy
of independent fermions. Exact numerical results have been presented for the func-
tional dependence G,[y12] of the correlation contribution to the free energy of finite
Hubbard rings and the infinite 1D Hubbard chain. Our numerical results have re-
vealed that G.[y;2] only depends weakly on the system size if it is properly scaled
between the localized (y;, = 0) and delocalized (1, = yfz) limits. This quasi-universal
behaviour of the scaled functional G.[y;2] led us to propose a scaling approximation,
which extracts the functional dependence of G, along the crossover from the localized
to the delocalized limit from a suitable reference system.

The scaling approximation has been applied in order to explore the equilibrium
properties of the infinite half-filled Hubbard model by minimizing the corresponding
free-energy functional F[y12] = K[y12] + Gs[y12] + Gc[y12] within the set of ensemble-
representable y;;. In this way, very accurate results have been obtained for the most
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important equilibrium observables of the half-filled Hubbard model in 1-3 dimen-
sions, such as the energy E, the average number of double occupations D, the en-
tropy S, and the specific heat Cy. In fact, the deviations between the results of the
scaling approximation and available exact or accurate numerical results are usually
found in the lower one-digit percent range. Noticeable deviations have been observed
only in the low-temperature regime (kgT < t) for observables which are higher-order
derivatives of the free energy F, such as the specific heat Cy.

One of the most important results is the fact that our newly developed scaling ap-
proximation is able to account for the physical effects caused by the separation of spin
and charge degrees of freedom in the strongly-correlated Hubbard model. This effect
is most clearly reflected by the temperature dependence of the specific heat Cy, which
develops a characteristic two-peak structure as the Coulomb-repulsion strength U /¢
increases. The low-temperature peak corresponds to collective spin-wave excitations
from the antiferromagnetic (AFM) ground state, which are described by an effective
Heisenberg model with exchange-coupling constant | = 2t2/U. The peak which
occurs at higher temperatures is caused by charge excitations across the Hubbard
gap, which involves the creation of double occupations with energies of the order U.
The gradual formation of this two-peak structure in Cy with increasing Coulomb-
repulsion strength is very well reproduced within our scaling approximation. Fur-
thermore, the qualitative and quantitative dependence of the temperature Ty o t2/U,
at which the low-temperature peak arises in Cy and which marks the Néel transition
from the AFM to the paramagnetic (PM) phase, is accurately reproduced. The same
is also true for the temperature Tc oc U, which corresponds to the high-temperature
peak and marks the onset of charge excitations.

Motivated by the excellent performance of the scaling approximation in the case
of the half-filled Hubbard model, we have proposed a very intuitive extension which
takes into account the dependence of G, on the electron density n = y;;. In this
way it was possible to explore the equilibrium properties of the Hubbard model in
1-3 dimensions at various band fillings in the framework of FT-LDFT. The compar-
ison with available exact results, as well as with accurate QMC simulations and nu-
merical linked-cluster expansions (NLCEs), has demonstrated that FT-LDFT in com-
bination with the scaling approximation is able to reproduce the dependence of the
most important equilibrium observables on the electron density very accurately in
the complete range from low to high temperatures and weak to strong Coulomb re-
pulsions.

The final challenge has been the extension of our scaling approximation to the
regime of spin-polarized electron densities, in order to investigate the influence of
external magnetic fields on the most important equilibrium observables in the frame-
work of FT-LDFT. As a prerequisite, we have identified the domain of definition of
the reduced grand-potential functional Q[y111, Y11y, y12], and we have derived its ex-
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act functional dependence for the case of uncorrelated mixed-states. Subsequently,
we have focused on the half-filled band case (y111 + y11; = 1), and we have studied
the correlation contribution G[s;, y12] to the free-energy functional of the infinite
1D Hubbard chain. This has led to the remarkable result that G.[s;, y12] only de-
pends weakly on the spin polarization s, = 7 (y;11 — y11y)/2 if it is properly scaled
between the localized (y1, = 0) and delocalized [y12 = y;,(s;)] limits. This led us
to propose an approximation, which extracts the functional dependence of G.[s,, y12]
along the crossover from the localized to the delocalized limit for arbitrary spin po-
larizations —7/2 < s, < fi/2 from a suitable unpolarized reference system.

Our scaling approximation has been subsequently applied to the half-filled infi-
nite 1D Hubbard chain in the presence of an external magnetic field. In this way
we were able to investigate the modifications in the temperature dependence of the
most important equilibrium observables caused by variations in the magnetic field
strength. This includes the kinetic and Coulomb energies, the magnetization M, the
entropy S, the specific heat Cy, and the magnetic susceptibility y. Also the magne-
tization curves M(B) at different temperatures and the temperature dependence of
the zero-field magnetic susceptibility for intermediate to strong Coulomb repulsions
have been studied in the framework of FT-LDFT, and the comparison with the exact
analytical solution confirms the accuracy of our method.

This work has opened up a new perspective to the ground-state properties of
strongly interacting electrons on a lattice in the framework of LDFT by adopting a
delocalized k-space perspective which leverages the full universality of the theory.
Furthermore, it has extended the scope of the theory to the regime of the thermo-
dynamic equilibrium at finite temperatures by providing a rigorous formulation of
FT-LDFT and first applications to the unpolarized Hubbard model at various band
fillings, as well as to the case of spin-polarized systems. Future developments in the
framework of LDFT could transfer the methods developed in this thesis to other lat-
tice models, such as the single-impurity Anderson or Kondo models, in order to study
magnetic impurities in metals and the related Kondo effect. Furthermore, it would be
very interesting to investigate if a connection between the entropy S of the Bloch-state
occupation-number distribution 5x, and the correlation contribution G, to the free en-
ergy, similar to the one exploited in our k-space approach for the ground state, could
be established also in the case of the thermodynamic equilibrium at finite tempera-
tures. This would provide a new, potentially most effective perspective to practical
approximations in the framework of FT-LDFT.

Another fundamental challenge in the framework of LDFT would be to derive prac-
tical approximations to the functionals of more general observables, such as the spin-
and charge-correlation functions. To this aim one could focus on homogeneous and
periodic systems, where all physical observables O[n] can be regarded as a functionals
of the Bloch-state occupation numbers 7y, alone. A very promising approach towards
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approximate functionals of more general observables would be to employ supervised
machine-learning techniques, and to train a model on a large set of data (O, i) ob-
tained from exactly solvable systems. One of the most important challenges one
would face in the framework of such machine-learning approaches is to find suit-
able extrapolations of the models’ predictions to larger systems or to the thermody-
namic limit, since the data used in the training phase is usually obtained from the
exact numerical solution for small finite clusters. Nevertheless, taking into account
the universality of LDFT, such machine-learning methods would be most promising,
since robust approximations, especially to the central functionals W[n] and G.[n],
would provide a unified method which gives access to the ground-state and equilib-
rium properties of arbitrary lattice models.
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Fundamentals of density functional theory

One of the major breakthroughs in condensed-matter physics and the general quan-
tum many-body problem in general is the development of Hohenberg-Kohn-Sham’s
density functional theory (DFT), in which the many-particle wave function |¥) is re-
placed by the many-particle density n(r) as the central variable [2, 3]. This major sim-
plification opened a completely new perspective to the quantum many-body problem
and made it possible to efficiently calculate a large variety of important ground-state
properties, such as binding energies of molecules, band structures of solids, or mag-
netic moments of nanoparticles with high accuracy.

Historically, DFT was not the first attempt to formulate a quantum many-body the-
ory which is solely based on the particle density n(r). Already in 1927 Thomas and
Fermi (TF) proposed the first, from today’s perspective very rudimentary, approach
to compute atomic energies on the basis of the electronic density [4, 5]. In the TF the-
ory, the local contribution to the kinetic-energy functional K[n(r)] of the interacting
many-electron system is approximated by the kinetic energy of noninteracting elec-
trons having the homogeneous density n = n(r), and the interaction energy W{n(r)]
is approximated by the classical Hartree-energy Wi[n(r)]. Shortly after its formula-
tion, it turned out that the TF theory is not able to describe any molecular bonding,
which is mainly due to the simple approximation to the kinetic-energy functional,
and was therefore rapidly abandoned. After the failure of the TF theory to account
for molecular bonding has been discovered, the density functional (DF) approach was
not used very intensively, until in 1964 Hohenberg and Kohn (HK) [2] demonstrated
that in principle all ground-state observables of a many-particle system can be ex-
actly obtained from the ground-state electron density ny(r) alone. The HK theorem
ensures the existence of a universal functional Fyg[n(r)], representing the optimal
sum of the kinetic and the interaction energy of a many-particle system having the
density n(r), and the variational principle of the corresponding energy functional
gives access to the ground-state density and to all ground-state properties in prin-
ciple. Just a few month after the formulation of the ground-breaking HK theorem,
Mermin [6] extended the HK theorem to finite temperatures by proving that in prin-
ciple all equilibrium averages of an interacting many-particle system can be obtained
from the equilibrium particle density neq(r).
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The actual way to most-current practical applications of DFT was pawed by Kohn
and Sham (KS), who showed that the interacting many-particle system can be re-
placed by an auxiliary system of noninteracting particles [3]. In the same work KS
also provided the first local density approximation (LDA) to the nontrivial exchange
and correlation (XC) part Ex.[n(r)] of the universal functional Fyg[n(r)]. In the fol-
lowing decades several improvements over the LDA have been developed. Presently,
the generalized gradient approximations (GGAs) [8—14] and the so-called hybrid func-
tionals [15-19] are the most widespread approaches for practical applications.

The remainder of this chapter is organized as follows. In Section A.1 a brief
overview of the formulation of DFT for the many-particle ground state problem is
provided and in Section A.2 the extension of the theory to the equilibrium at finite
temperatures is presented.

A.1 Ground-state formalism

In this section we briefly review the formulation of DFT for the ground-state problem
of interacting many-particle systems. For simplicity, the focus is on systems having
nondegenerate ground states, although the formalism can be easily extended to the
degenerate case [132, 133]. Section A.1.1 recalls the HK theorem from which some
important conclusions are drawn. The following Section A.1.2 briefly discusses the
representability problem for the density functions n(r), some related formal difficul-
ties, and how they can be circumvented by the Levy-Lieb (LL) constrained-search
method. The KS method is reviewed in Section A.1.3. Finally, the LDA approximation
to the XC energy is presented in Section A.1.4.

A.1.1 The Hohenberg-Kohn theorem

In order to formulate the HK theorem we consider a system of N particles subject to an
external potential v(r) (e. g., the lattice potential generated by the ions in a crystal) and
to their mutual interaction w(r, r’) [e. g., the Coulomb repulsion w(r, ') = e*/|r—r'|].
The corresponding electronic Hamiltonian reads

H=K+V+W, (A1)
where
A B o N
k=g > [ v ewar (A2)
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is the kinetic-energy" operator,
V=3 [ ianar = [wriear (A3)
the operator describing the interaction with the external potential, and
W =3 3 [T ) o) ety v (a9

describes the interaction between the particles. In the usual second-quantization no-
tation, tﬁ;(r) [tﬁg(r)] stands for the creation [annihilation] operator for an electron
with spin polarization o at the position r, and A(r) = X, rﬁ; (r) vfg(r) for the electron-
density operator. Notice that the interaction w(r, r’) is specified by the type of parti-
cles under consideration, such that we can consider a system as uniquely character-
ized by the external potential v(r). Before we can formulate the HK theorem we need
a small

Lemma A.1. Two reasonably well-behaved® potentials v(r) and v'(r) lead to the same
ground state |Yy) if, and only if; the potentials differ by an additive constant.

Proof. The fact that two potentials v(r) and v’(r) which solely differ by an additive
constant must lead to the same ground state is obvious. Thus, let us assume that the
two potentials differ by more than an additive constant, i. e.,

V#V' +c¢ with ceR (A5)

within the given N-particle Hilbert space, but nevertheless lead to the same ground
state | %), such that

(1% + 7+ W) %y) = Eo|¥) and (K 7+ W) o) = E}[ W) . (A.6)
Subtracting these two equations leads to
(V= V') %) = (Eo — Ep) [¥0) - (A7)

Thus, since V and V’ are multiplicative operators, we conclude that V-V’ = E, —-Ej €
R if |¥) does not vanish on a set of positive measure, which is guaranteed by the

'Notice that within this Appendix, which provides a formulation of DFT in the continuum, K refers
to the operator of the pure kinetic energy, whereas in the chapters concerning the DFT of lattice
models, K refers to the full single-particle part of the Hamiltonian H. Nevertheless, as it is common
practice, we refer to K as “kinetic energy” in these chapters as well.

*We call potentials reasonably well-behaved if the unique-continuation theorem applies to them [134,
135]. This excludes, for example, potentials exhibiting infinite barriers.
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unique-continuation theorem, which is valid for the reasonably well-behaved poten-
tials under consideration [134, 135]. This, however, contradicts our initial assump-
tion (A.5) which thus must have been wrong. We conclude that there are no reason-
ably well-behaved potentials which differ by more than a constant but nevertheless
lead to the same ground state. O

Theorem A.1 (Hohenberg and Kohn [2]). The external potential v(r) of a many-
particle system is (apart from an irrelevant additive constant) a functional of the elec-
tronic ground-state density n(r).

Proof. Assume that the ground state |¥,) of H is non degenerate and that there exists
another potential v'(r) which differs from v(r) by more than an additive constant but,
nevertheless, leads to the same ground-state density n(r) as the potential v(r). Then,
if B and |¥;) denote the Hamiltonian and ground state associated with v'(r), the
corresponding ground-state energy is given by

Ey = (W |H'|¥}) = / V' (r)n(r)dr + (%K + W|¥)) . (A.8)

Since the potentials v(r) and v’(r) differ by more than an additive constant, the cor-
responding ground states |¥y) and |¥;) must be different from each other according
to Lemma A.1. Therefore, from the minimal principle for the ground-state energy
Ey = (¥|H|¥,) of the Hamiltonian H it follows that

Ey < (W)|H|Y) = /v(r) n(r)dr + (¥)|K + W|¥)) =
(A.9)
=Ej + / [o(r) =o' (r)]n(r)dr.

Notice that the strict inequality holds, because we assumed that the ground state asso-
ciated with v(r) is non degenerate. By interchanging primed and unprimed quantities
one obtains

Ey < (190 = B+ [ [00) - o] n(r) dr. (A10)

where no strict inequality holds, since the ground state associated with v’(r) could be
degenerate. Adding Egs. (A.9) and (A.10) the contradiction

Ey + E6 < E6 + E, (A.ll)

is obtained, which proves that two potentials v(r) and v'(r) differing by more than
an additive constant cannot yield the same ground state density n(r). One concludes
that v(r) is (apart of a constant) a functional of n(r). O
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The HK theorem states that the external potential v(r) is a functional of the ground-
state density n(r). Consequently, as long as the interaction w(r, r’) is fixed, the full
Hamiltonian H and all the physical properties derived from it must be functionals of
the ground-state density as well. This applies in particular to the ground state |¥;)
but also to all excited states. Notice however, that the one-to-one correspondence
between the ground-state density n(r) and the external potential v(r) established by
the HK Theorem A.1 is no longer valid in the presence of ground-state degenera-
cies. Clearly, if the ground state is degenerate, the ground-state density n(r) is no
longer unique. Nevertheless, due to the variational principle and the simple fact that
all ground states share the same energy, a one-to-one correspondence between the
set {n(r)} formed by the densities of all degenerate ground-states and the external
potential v(r) can be established [132]. Thus, the density of any one of the degenerate
ground-states uniquely determines the external potential v(r) and thus defines the
Hamiltonian H and all its ground-state and excited-state properties. Returning to the
case of a nondegenerate ground-state, where the unique ground-state density n(r)
determines v(r) and thus the Hamiltonian H, we may immediately formulate the im-
portant

Corollary A.1. The ground state |¥,) of a many-particle system is a functional of the
ground-state density n(r).

Moreover, the converse statement is also true, i.e., the ground-state density n(r) =
(¥y|a(r)|¥o) is a functional of the ground state |¥,). This establishes a bijective map
between the set ¥, containing all nondegenerate ground states and the corresponding
set N\, of the ground-state densities. Furthermore, from Corollary A.1 we obtain the
important

Corollary A.2. The ground-state expectation value of any observable Oisa functional
of the ground-state density n(r).

Proof. From Corollary A.1 we know, that the ground state |¥,) = |¥[n(r)]) is a func-
tional of the ground-state density n(r). Therefore, the ground-state expectation value
of any observable O can be obtained from the ground-state density as

Oln(r)] = (¥o[n(r)]|O%o[n(r)]) . (A.12)
O

In particular, the kinetic and interaction energies are functionals of n(r). One there-
fore defines the functional

Fg[n(r)] = (%[n(r)]IK + W[%[n(r)]), (A.13)
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representing the sum of the kinetic and interaction energies, which is a universal
functional of n(r) in the sense that it does not depend on the external potential v(r).
Notice that the functional (A.13) is defined for all densities n(r) = (¥ |A(r)|¥,) which
can be derived from the N-particle ground state |¥;) associated with some external
potential v(r). Using Eq. (A.13), the functional corresponding to the ground-state
energy is obtained as

E[n(r)] = /v(r) n(r)dr + Fax[n(r)] . (A.1g)

Clearly for the actual ground-state density ny(r), the energy functional E[n(r)] as-
sumes its minimum and equals the ground-state energy E, associated with the given
external potential v(r). If the functional Fyg[n(r)] were known, the ground-state
energy and density corresponding to arbitrary potentials v(r) could be obtained by
minimizing the energy functional E[n(r)]. Therefore, the main challenge in practical
applications of DFT is to determine the universal functional Fyg[n(r)]. In the next
section we will see that already the characterization of the domain of definition of
Fuk[n(r)] is far from trivial.

A.1.2 The Levy-Lieb constrained-search method

In the previous section we have seen that the ground-state energy and density can be
obtained by minimizing the energy functional (A.14) with respect to all functions n(r)
that can be derived as the ground-state density of the N-particle problem with inter-
action w(r,r’) and some external potential v(r). This class of functions is called pure-
state v-representable. At first, this does not seem to pose a major restriction on n(r),
since all density functions of physical interest for the ground-state many-body prob-
lem must be pure-state v-representable. However, any practical implementation of
the variational principle for the ground-state energy (A.14) must in principle ensure
that the minimization is constrained to the set of pure-state v-representable densi-
ties, since otherwise Fyug[n(r)] would be ill-defined and the result of the minimization
would be uncontrolled or simply unphysical. This raises the problem of characteriz-
ing pure-state v-representable density functions. The early hope that all reasonably
well behaved non-negative functions, corresponding to an integer particle-number
N = / n(r) dr, are pure-state v-representable has been proven to be wrong. The first
kind of non pure-state v-representable density functions has been discovered inde-
pendently by Levy [136] and Lieb [135]. They considered a system having q degenerate

ground states |¥1), ..., |¥,;) and constructed the density matrix
q q
p=Dpil¥N¥| with p;>0 and > pi=1. (A.15)
i=1 i=1
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The resulting density

q
n(r) = Te{pa(r)} = D pi (¥IAF)| ) (A.16)
i=1

can be shown to be not pure-state v-representable (except for very special choices
of the weights p;). Density functions n(r) of the form (A.16) are called ensemble
v-representable. One can easily extend the functional (A.14) and the corresponding
variational principle to the set of ensemble v-representable densities [137]. How-
ever, Englisch and Englisch [137] have shown that even the criterion of ensemble
v-representability is not met by all reasonably well-behaved non-negative functions.
Therefore, in order to render the variational principle for the ground-state energy
useful in practice, the domain of definition of the functional (A.14) must be extended
to an even larger set of trial densities.
The first such extension has been proposed by Levy [138] and Lieb [135], who de-
fined the functional
Filn(r)] = min (¥|K + W|¥). (A.17)
[¥)—n(r)

The notation |¥) — n(r) indicates that the minimization is performed with respect
to all normalized N-particle states |¥) which yield the given density n(r), i. e., which
satisfy the condition (¥|Ai(r)|¥) = n(r) Vr. The major advantage of the LL func-
tional (A.17), as compared to the HK functional (A.13), is that it is defined for all func-
tions n(r) that correspond to the density of some normalized N-particle state |¥),
not necessarily a ground state. These functions n(r) are consequently called pure-
state N-representable, and Gilbert [20], Harriman [139], March [140], Zumbach and
Maschke [141] have shown that any non negative function which integrates to the
given particle number N is pure-state N-representable.

In order to establish the connection with the many-body problem, and to render
the LL functional useful in practice, we have to prove the following statement.

Theorem A.2. The LL functional (A.17) is a reasonable extension of the HK func-
tional (A.13) in the sense that

(a) it holds
Fio[n(r)] = Fux[n(r)] (A18)

for any pure-state v-representable density n(r), and

(b) the corresponding energy functional

Euuln(r)] = / o(r) n(r) dr + Fuu [n(r)] (A.19)
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assumes its minimum at, and only at, the ground-state density ny(r) which corre-
sponds to the external potential v(r), and the minimal value equals the associated
ground-state energy Ej.

Proof. According to the Rayleigh-Ritz principle, the ground-state energy E, of an in-
teracting N-particle system described by the Hamiltonian (A.1) is given by

Ey = r|ni>n<\11|1f1|\lf>, (A.20)
¥
where the minimization is restricted to all normalized N-particle states |¥'). Denoting

by Ny the set of pure-state N-representable functions, we can perform the minimiza-
tion in Eq. (A.20) in two consecutive steps:

Ey = n(?)lér)\l/N {/ v(r)n(r)dr + |\F§r££1(r)(\1’|[€ + W|‘I’)} =
(A.21)
= (gleirk(N { / o(r)n(r)dr + FLL[n(r)]} = (gleirij Erln(r)].

This already proves the second part of statement (b), namely that the minimal value
of the energy functional (A.19) equals the ground-state energy E,.

Assuming that the ground state associated with the external potential v(r) is non-
degenerate, the state |¥)) yielding the minimum in Eq. (A.20) is unique. Consequently,
the density yielding the minimum in Eq. (A.21) must be the corresponding unique
ground-state density no(r). More generally, we can state that any N-particle state |¥;)
which minimizes (A.20) for some external potential v’(r) is a ground state by con-
struction and thus, the corresponding density n(r) must be pure-state v-representable.
This means, there is no density n(r) which does not belong to the set of pure-state v-
representable functions but leads to a minimum of Ejy[n(r)]. Clearly, any pure-state
v-representable density n(r) that is different from the true ground-state density ny(r)
must correspond to a ground state |¥]) that differs from the true ground state |¥y), and
therefore |¥]) can not yield the minimum in Eq. (A.20) for the given potential v(r).
Consequently Eyp[n(r)] > Ey must hold, which concludes the proof of statement (b).

Let us now assume that n(r) is an arbitrary pure-state v-representable function, and
let v(r) be the external potential associated with it according to the HK Theorem A.1.
Then, the state which yields the minimum in Eq. (A.20) for this potential v(r) must
coincide with the ground state |¥y[n(r)]) associated with n(r). Therefore, F 1 [n(r)] =
(¥o[n(r)]|IK + W|¥[n(r)]) must hold, which coincides with Eq. (A.13). This concludes
the proof of statement (a). O

The LL functional (A.17) extends the HK functional (A.13) to the domain of pure-
state N-representable densities, i. e., to the set of all non negative functions n(r) which
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integrate to N. This opens the way to practical implementations of the variational
principle (A.19) from which the ground-state energy and density and in principle all
ground-state observables can be obtained via Eq. (A.12). The next section addresses
the problem of implementing the variational principle for the ground-state energy in
practice. It will be shown that the interacting many-particle system can be mapped to
a system of N noninteracting particles in an effective potential v([n]; r), which is a
functional of the electronic density n(r) itself. In this way, the ground-state problem
for N interacting particles can be formally reduced to the selfconsistent solution of
single-particle equations.

A.1.3 The Kohn-Sham scheme

In the previous sections we have demonstrated that the ground-state energy and den-
sity of a many-particle system can be obtained by from the variational principle of
the energy functionals (A.14) and (A.19). In order to formulate a practical implemen-
tation of the corresponding minimization procedure, we consider an auxiliary system
of noninteracting particles described by the Hamiltonian

A

H =K+V,

K+ /vs(r) a(r)dr. (A.22)

In the following we assume that the electronic ground-state density n(r) of a given
interacting N-particle system can be obtained from the ground state of N noninter-
acting particles under the action of some external potential vy(r), as described by the
Hamiltonian (A.22). Such densities, which can be associated with the ground state of a
noninteracting system, are termed noninteracting pure-state v-representable. Thus, we
assume that all interacting pure-state v-representable densities are also noninteracting
pure-state v-representable. The validity of this hypothesis is discussed, for example,
in Ref. [133]. Assuming vy(r) exists, its uniqueness follows from the HK theorem,
which, of course, also holds for noninteracting systems.

The ground state of the noninteracting system (A.22) can be obtained from the
solution of the corresponding single-particle Schrodinger equation

[—f—zvz + Us(r)] $i(r) = & ¢i(r) (A.23)
m

as the Slater determinant constructed with the single-particle orbitals ¢;(r) having the
N lowest single-particle energies ¢;. In the absence of degeneracies, the ground-state
density is given by

N
n(r) = 3 14" (A24)
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From Corollary A.1 we know that the ground state of a many-particle system is a
functional of the ground-state density n(r), and consequently, for a noninteracting
system the solutions of Eq. (A.23) must be functionals of n(r), i.e., ¢;(r) = ¢;([n]; r).
Furthermore, for noninteracting particles, the HK functional (A.13) is solely given by
the contribution of the kinetic energy. This means that the noninteracting kinetic
energy K[n(r)] is a universal functional of the electronic density n(r). An explicit
expression for K [n(r)] is readily obtained in terms of the solutions of Eq. (A.23)

2 N
Kin) = =2 37 [ 1nlir) Vgi(inl: ) dr (A25)
i=1

In order to obtain ¢;(r) and thus n(r), one needs to chose the single-particle poten-
tial vg(r) such that the auxiliary single-particle system (A.22) has the same ground-
state density n(r) as the interacting system under consideration. In order to handle
this problem, it is useful to write the kinetic- and interaction-energy functional (A.13)
or (A.17) in the form

Fln(r)] = Ks[n(r)] + % / n(r)yw(r,r)n(r")dr dr’ + Ex.[n(r)], (A.26)

where K;[n(r)] is the noninteracting kinetic-energy functional (A.25), the second term
is the Hartree energy Wy[n(r)], and

Exc[n(r)] = F[n(r)] = Wa[n(r)] — K[(r)] (A.27)

is the exchange-correlation (XC) energy. Here and in the following we drop the in-
dex to F[n(r)] which distinguishes between the HK and the LL functionals (A.13)
and (A.17), since the discussion applies to both. Notice that the XC functional (A.27) in-
cludes not only the contribution to F[n(r)] resulting from XC effects on the Coulomb-
interaction energy W, but also those caused by XC effects on the kinetic energy K. Just
like F[n(r)], the XC energy Ex.[n(r)] is a universal functional of the density n(r) in the
sense that it does not depend on the external potential v(r), and it applies to arbitrary
numbers of particles. For the minimum of the energy-functional (A.14) or (A.19), i.e,,
for the true ground-state density n(r), the corresponding Euler-Lagrange functional

L =E[n(r)]-p (/ n(r)dr — N) (A.28)

must be stationary. Here we have introduced the Lagrange multiplier y in order to
enforce the condition that the density yields the given particle number N. The station-
ary condition on the Euler-Lagrange functional (A.28) corresponds to the vanishing
functional derivative

5L  SE[n(r)]

sn(r)  On(r)

—p=0. (A.29)
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Using Eq. (A.14) or (A.19) together with Eq. (A.26), this condition is equivalent to

0K
% +05([nl;r) —p =0 (A.30)
with
i) = o)+ [ nr) i) dr + vl ). (A1)
where we have introduced the so-called XC potential
y _ OEx[n(r)]
Uxe([n]sr) = on(r) (A.32)

Equation (A.30) is the same stationary condition that one would obtain for a system of
noninteracting particles moving in the external potential vy([n]; r), with the notable
difference that the potential v5([n]; ) in Eq. (A.30) depends on n(r) in addition to being
a function of the electron position r. We may identify v([n]; r) as the unique single-
particle potential for which the auxiliary noninteracting system (A.22) yields the same
ground-state density n(r) as the interacting system with the external potential v(r).

Equations (A.23), (A.24), and (A.31) define the KS-scheme. Due to the fact that
the effective single-particle potential (A.31) depends on n(r), the corresponding prob-
lem must be solved in a selfconsistent way: One starts from an assumed n(r), con-
structs vs([n]; r) from Eq. (A.31), and solves Eq. (A.23) from which a new n(r) is ob-
tained by means of Eq. (A.24). This procedure is iterated, starting from the new den-
sity n(r), until the output density obtained from Eq. (A.24) equals the input density
that was used to construct the single-particle potential vs([n]; r). After convergence
is achieved, the ground-state energy of the interacting system is obtained as

N 1
E= > & +Ex[n(r)] - 3 / n(r)yw(r,r’)n(r’)dr dr’ - / oxe([nl;r) n(r)dr. (A.33)
i=1

The question of how the XC energy Ey.[n(r)] is obtained, which enters the effec-
tive single-particle potential vs([n]; ) through the XC potential (A.32), and which is
required in order to compute the ground-state energy (A.33), remains so far open. An
explicit expression for Ex.[n(r)] is unknown in general, and therefore one has to resort
to approximations. In the next section we present the most basic approximation for
the XC energy, which is derived from exact results for the homogeneous interacting
electron gas.

A..4 Local density approximation

The first approximation to the XC energy Ey.[n(r)] was introduced by Kohn and
Sham [3]. They proposed to approximate the XC energy by

%wm=/%wmmmm (A3q)
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where &4.(n) is the XC energy per electron of a homogeneous electron gas having the
density n = n(r). This means, for a given system of interacting electrons, having the
density n(r), the XC energy per electron at a given point r is approximated by the
XC energy of an electron gas having the homogeneous density n = n(r). Functionals
of this type are called local, since they are constructed from a sum of local contri-
butions, i.e., contributions which depend only on the density n(r) at the particular
point r.

The exchange part ¢ of the XC energy . can be obtained from the Hartree-Fock
(HF) approximation, since exchange effects are treated exactly within the HF method.
For the homogeneous electron gas one obtains

3e? (97 /3
E, = — e — . A
X 47[1’3( 4 ) (A.35)

where e is the electron charge and r; the radius of a sphere containing one electron,
i.e., (4/3)r3 = n7! (see for example Ref. [133]).

The correlation part ¢, of the XC energy & is more subtle. Even in the homo-
geneous case an exact result, which is valid for all values of the electron density n,
is unknown at present. Exact results are available for the regimes of high and low
densities, as well as parametrizations for intermediate densities. In particular, the
two-parameter form suggested by Hedin and Lundqvist [142]

Ce? 3 1 x 1 r
=——{(1+x*) log|1+—|+=—x*—= ith x= — A6
b= {( x°) og( x) ;% 3} with x =27 (A.36)

is widely used in practical applications of the LDA. The parameters C = 0.0225 and
A = 21 yield reliable results in the density range characterized by ay < r; < 6ay,
where a is the Bohr radius.

The LDA (A.34) is by construction exact for the homogeneous electron gas, where
the density is uniform. Therefore, one could expect that it would yield accurate re-
sults only for systems having slowly varying densities, a condition which is satisfied
in some metals but certainly not in atoms and molecules. Nevertheless, it turns out
that the LDA gives ionization energies of atoms, dissociation energies of molecules,
bond-lengths, and molecular geometries with a satisfying accuracy. The LDA can be
easily extended to spin-polarized systems [7]. In addition, noticeable improvements
have been proposed [133]. Most notably the GGAs, which take into account the den-
sity gradient [8-14], and the hybrid functionals [15-19], which combine the exchange
energy computed with the KS orbitals and some appropriate approximation to the
XC energy, have been proven to be quite successful.

There are however many situations, where the LDA fails to yield accurate results.
One prominent example is the semiconductor band-gap, for example in silicon, which
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is largely underestimated by the LDA [33]. Another example are van der Waals inter-
actions, which are caused by dynamical density fluctuations, and are therefore beyond
the scope of the LDA [34]. Particularly important in the context of the present thesis
is the fact that the LDA and its extensions systematically fail to account for the ef-
fects caused by strong electronic correlations, such as the physics of spin-fluctuations,
the Kondo-screening, heavy-fermion materials [35], high-temperature superconduc-
tivity [36, 37], and Mott-insulators [38—40]. It is therefore most desirable to extend
the scope of DFT in order to account for systems exhibiting strong electronic corre-
lations. Strongly correlated systems are usually best described in the framework of
lattice-model Hamiltonians, which focus on the most relevant many-body dynamics
of the valence electrons. Therefore, we present in Chapter 3 a reformulation of DFT
which applies to many-body lattice models.

A.2 Extension to finite temperatures

In the previous section we have reviewed the Hohenberg-Kohn-Sham formulation of
DFT, which accounts for the ground-state properties of general many-particle sys-
tems. There are, however, a myriad of important physical phenomena which can not
be described within a ground-state formalism. For example, phase transitions in mag-
netic or superconducting materials, the Kondo-effect, and metal-insulator transitions
are the consequence of specific qualitative features in the many-body spectral den-
sity of the electronic system. These effects therefore manifest themselves at specific
temperatures, such as the Curie or Néel ordering temperatures in ferromagnets and
antiferromagnets or the Kondo temperature for magnetic impurities in metals. Con-
sequently, an extension of the scope of DFT in order to describe the properties of
many-particle systems at finite temperatures is indispensable. In fact, shortly after
its publication, Mermin [6] demonstrated a finite-temperature version of the funda-
mental HK theorem, in whose framework it is possible to determine the tempera-
ture dependence of the equilibrium properties of a general many-particle system. A
finite-temperature formulation of the KS scheme for mixed-states or ensembles had
already been provided by Kohn and Sham [3]. Despite some efforts to obtain sound
approximations to the functionals involved in Mermin’s theory [90, 91], no practical
implementation of this method is available so far. However, a number of less rigorous
approaches, for example, the functional-integral spin-fluctuation theory [143, 144],
or a combination of the LDA and dynamical mean-field theory (DMFT), have been
proposed in order to describe remarkable finite-temperature effects such as the mag-
netism in iron and nickel [145]. In the following we present the foundations of finite-
temperature density functional theory (FT-DFT), including the fundamental Mermin
theorem in Section A.2.1 and the finite-temperature KS scheme in Section A.2.2.

197



A Fundamentals of density functional theory

A.2.1 The Mermin theorem

In contrast to the ground-state formalism of the preceding section, the state of a sys-
tem at a finite temperature T > 0 cannot be described by a pure state but instead by
a mixed state. Mixed states are characterized by their density matrix p, which is a
hermitian positive semidefinite operator. As such, p can be expressed in terms of its
eigenvalues p, and orthonormal eigenstates |¥,) in the form

p= %) (¥l with py>0 and Tr{p}=> ps=1, (A.37)

where Tr indicates the trace in the corresponding Fock space containing all states
with arbitrary particle number. The eigenvalue p, of the density matrix p represents
the probability of finding the system in the eigenstate |¥,). The sums in Eq. (A.37)
go over the complete set of eigenstates, which are not restricted to a fixed particle
number. The expectation value of any observable O can be expressed in terms of the
density matrix p as

O =Tr{pO} = 3 pa(%alOI¥,) . (A-38)

In the following we consider a system which is open with respect to exchange
of energy and particles with the environment, where the latter is characterized by
a fixed temperature T and chemical potential p. Before we formulate the Mermin
theorem, let us first record Gibbs variational principle for the grand potential, which
is the finite-temperature analog of the Rayleigh-Ritz variational principle (A.20) for
the ground-state energy. To this aim we consider the functional

Q[p] = Tr{ﬁ (H + %log p - yN)} : (A.39)

where H is the Hamiltonian (A.1) of the electronic problem under consideration, which
is characterized by the external potential v(r). Furthermore, f = (kgT)™* with the
Boltzmann constant kg, and

=3 [Hnianar= [ (A40)
is the operator counting the number of particles. Gibbs variational principle states
that the grand potential is given by

QO = min Q[ﬁ] ’ (A41)
pEP

where the minimization is performed within the set # of all density matrices of the
form (A.37), i. e., within the set of all positive semidefinite density matrices with unit
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trace. It is easy to show that the functional (A.39) has a local minimum at the grand-
canonical density matrix
e_ﬂ (I:I—/lN)
g = ———————, A.42
Po Tr{e—ﬂ(H—/JN)} (A.42)
and Mermin [6] has demonstrated that this minimum is unique and global, i. e., that
the strict inequality

Q[p] > Qlpol = Qo,  p # po (A.43)
holds for any density matrix p € P different from py. With these preliminaries it is
now straight forward to prove the following fundamental statement.

Theorem A.3 (Mermin [6]). For any fixed temperatureT > 0 and chemical potential 1,
the external potential v(r) of a many-particle system is a functional of the equilibrium
particle density n(r).

Proof. The proof is carried out in close analogy to the one shown for the HK Theo-
rem A.1. Suppose, there would be another external potential v'(r) different from v(r)
which, at the given temperature T and chemical potential y, gives rise to the same
equilibrium density n(r) as v(r). If H =K+V' +W and p, denote the Hamiltonian
and grand-canonical density matrix of the system with the external potential v'(r),
the corresponding grand potential is given by

A N 1 A
Qp = /v'(r) n(r)dr + Tr{ﬁ(') (K + W + B log py — /JN)} . (A.44)

Here we have used that, by our assumption, the average external-potential energy is
given by

V' =Tr{p,V'} = /v'(r) Tr{py A(r)} dr = /v'(r) n(r)dr. (A.45)

Since the potentials v(r) and v’(r) are by assumption different from each other, the
associated grand-canonical density matrices py and pj, must differ as well.> Thus, from
the minimal principle (A.43) it follows that

Qo < Q[p)] = Tr{ﬁ6 (H 1 log pf) — pN)} = Q)+ Tr{py (V-V')} =
p
(A.46)
= Q)+ / [v(r) - v'(r)] n(r)dr.

3Notice that the grand-canonical density matrices gy and p; are different from each other even in
the case where the external potentials v(r) and v’(r) only differ by a constant energy shift. The
grand-canonical density matrix given in Eq. (A.42) depends on v(r) — p and therefore, once the
chemical potential y is fixed, there is no ambiguity with respect to a constant energy shift.
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A Fundamentals of density functional theory

By interchanging primed and unprimed quantities one obtains

Q< Qo + / [v'(r) = v(r)]| n(r)dr. (A.47)
Adding Egs. (A.46) and (A.47) the contradiction
Qo+ Q) < Qp+ Qo (A.48)

is obtained, which proves that two different potentials v(r) and v’(r) cannot yield the
same equilibrium density n(r) at a given temperature T > 0 and chemical potential .
Therefore, v(r) is a functional of n(r). O

The Mermin theorem states that for a given temperature T > 0 and chemical poten-
tial p the external potential v(r) is a functional of the equilibrium density n(r). Con-
sequently, if the type of interaction defined by w(r, r’) is fixed, the full Hamiltonian H
and all physical properties derived from it must be functionals of the equilibrium den-
sity as well. This applies in particular to the grand-canonical density matrix (A.42),
which immediately proves the important

Corollary A.3. For any fixed temperature T > 0 and chemical potential i1, the grand-
canonical density matrix py is a functional of the equilibrium particle density n(r).

Notice that the converse statement is also true, since the equilibrium density n(r) =
Tr{po 7i(r)} is a functional of the grand-canonical density matrix py. A further impor-
tant consequence of the Mermin theorem is

Corollary A.4. For a fixed temperature T > 0 and chemical potential i, the equilibrium
average value of any observable O is a functional of the equilibrium particle-density n(r).

Proof. From Corollary A.3 we know that for any temperature T > 0 and chemical
potential y the grand-canonical density matrix py = po[n(r)] is a functional of the
equilibrium particle-density n(r). Therefore, the equilibrium average-value of any
observable O can be obtained from the equilibrium particle-density as

O[n(r)] = Tr{po[n(r)] O} . (A.49)
|

Similar to the ground-state formalism presented in Section A.1, the formulation of
FT-DFT requires the construction of a density functional from which the equilibrium
density n(r) can be obtained by means of a variational principle. We will derive such
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A.z Extension to finite temperatures

a functional by using a constrained search method, which is analogous to the LL for-
mulation of Section A.1.2. This will allow us to bypass all problems related to the
representability of equilibrium densities n(r). To this aim we introduce the functional

A A 1
G[n(r)] = min Tr{ﬁ (K + W+ —log ﬁ)} , (A.50)
p—n(r) p

where the notation p — n(r) indicates the minimization with respect to all density
matrices p € P which yield the given density via

n(r) = Te{p(r)} = > pa(Fali(r)|¥n) - (A.51)

This means, the functional (A.50) is defined on the set of the density functions n(r),
which, via Eq. (A.51), can be associated with some density matrix p € #. This type of
functions n(r) is called ensemble representable, and we denote the set of all ensemble-
representable functions by N,. The question of how ensemble-representable density
functions are characterized is easily answered by noting that, according to Eq. (A.51),
any n(r) € N, can be expressed as a linear combination of pure-state N-representable
density functions (¥,|A(r)|¥,) € Ny with non-negative coefficients p, > 0. Thus,
we conclude that N, must contain all real valued, non-negative functions, since the
sets Ny with N € Nj contain all real valued, non-negative functions that integrate
to N, as already discussed in Section A.1.2. The functional (A.50) is valid for arbitrary
non-negative particle numbers N = / n(r)dr, and it is universal in the sense that it
does not depend on the external potential v(r).

Using the functional G[n(r)], given by Eq. (A.50), we can now define the grand
potential density-functional

Q[n(r)] = / [o(r) = pln(r) + Gln(r)] . (A.52)

The minimal value of the functional Q,[n(r)] within the set N, of ensemble-
representable density functions equals the grand potential Q. This can be most easily
seen by performing the minimization in the Gibbs variational principle (A.41) in two
consecutive steps:

A 1 A
Q = minTr{/S (H+ —log p —yN)} =
pEP ,3

= min [/[v(r) — uln(r)dr + min Tr{ﬁ (K + W+ %log ﬁ)}] =  (As3)

n(r)eN, p—n(r)

= min [/[v(r) —pln(r)dr + G[n(r)]] = min Q,[n(r)].

n(r)eN, n(r)eN,
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A Fundamentals of density functional theory

Furthermore, from Eq. (A.43) it follows that the density matrix p which yields the min-
imum in Eq. (A.53) is the grand-canonical density matrix (A.42) associated with the
given external potential v(r), temperature T and chemical potential u. Consequently,
the minimizing density n(r) must be the equilibrium density of the system.

A.2.2 Finite-temperature Kohn-Sham scheme

In order to formulate a finite-temperature extension of the KS scheme, we seek for an
auxiliary noninteracting system described by the single-particle Hamiltonian (A.22)
with an external potential vy(r), which is chosen such that the corresponding equi-
librium density n(r) equals the equilibrium density of the interacting system with the
external potential v(r). Once the existence of v,(r) is granted, its uniqueness follows
from the Mermin Theorem A.3.

For a noninteracting system with external potential vy(r), the equilibrium particle
density at a given temperature T and chemical potential i is given by

N2
n(r) = S 9O (A54)

— 1 + efle—p) ’

where ¢;(r) and ¢; are the solutions and corresponding eigenvalues of the single-
particle Schrodinger equation

2
[—zh—Vz + vs(r)] $i(r) = & ¢i(r). (A.55)
m

From Corollary A.4 we know that the grand-canonical density matrix ps of the non-
interacting system, and thus the corresponding average values of all physical observ-
ables are functionals of the equilibrium density n(r). Consequently, the noninteract-
ing kinetic energy

Koln(r)] = Tr{4,[n(r)] K} (A56)

and the noninteracting entropy

Ss[n(r)] = —ksTr{ps[n(r)] log ps[n(r)]} (A.57)

are universal functionals of the equilibrium density n(r).

In order to find the potential vy(r) which characterizes the noninteracting system
whose equilibrium density n(r) equals the one of the interacting system under con-
sideration, we write the functional (A.50) in the form

G[n(r)] = Gs[n(r)] + % / n(ryw(r,r')Yn(r")dr dr’ + Gy [n(r)], (A.58)
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A.z Extension to finite temperatures

where Gs[n(r)] = K[n(r)] — TSs[n(r)], and Gy.[n(r)] is the XC contribution to the
free energy of interacting electrons with equilibrium density n(r). Thus, Gy[n(r)]
includes the contribution to G[n(r)] resulting from XC effects on the Coulomb-
interaction energy W, the kinetic energy K, and the entropy S = —kgTr{plogp}.
The grand potential density-functional Q,[n(r)], defined in Eq. (A.52), assumes its
minimal value at the actual equilibrium density, and the corresponding stationary

condition reads
5Qy[n(r)]  6G[n(r)]

o = 2 () - = 0. (As9)
Writing G[n(r)] in the form (A.58), we obtain
5G;
% s o(nlir) - p=0 (A.60)
with
vs([n];r) = o(r) + /n(r’) w(r,r")dr’ + py([n];r) (A.61)
e 5Gieln(r)]
celn(r
pxc([n]sr) = “on(r) (A.62)

Equation (A.60) is formally the same condition one would obtain for a system of non-
interacting particles moving in the effective potential vs([n]; r). Therefore, we identify
vs([n]; r) as the unique external potential, for which the noninteracting system (A.22)
yields the same equilibrium density n(r) as the interacting system in the presence of
the external potential v(r). Equations (A.54), (A.55), and (A.61) define the finite tem-
perature KS-scheme. Due to the fact that the effective single-particle potential (A.61)
explicitly depends on the density n(r), it must be solved in a selfconsistent way which
is analogous to the ground-state procedure described in Section A.1.3.
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Hartree-Fock approximation for the
interaction-energy functional

Within the Hartree-Fock method, one assumes that the ground state |¥) of an inter-
acting many-body system can be approximated by a single Slater determinant. Con-
sequently, one seeks for the Slater determinant

In) :]_[(ng)"“”wa@ with ng, € {0,1}, (B.1)

ao

which yields the minimal value of the total energy (HY = (K) + (W). Here, the
operators bl, correspond to a complete, yet to be determined, set of single-particle
states {¢qs(r)}, and n = {ny,} represents the corresponding occupation numbers.
The minimization procedure in the Hartree-Fock approximation requires one to com-
pute the average value of the two-particle operator

W= > Wi el bt (B.2)

ijkl

oo’

which represents the interaction between the particles. Therefore, we aim to derive
an explicit expression for the interaction energy W = (n|W|n) of a Slater determi-
nant (B.1) in terms of the corresponding single-particle density matrix (SPDM) y. Since
the operators bl in Eq. (B.1) correspond to a complete set of single-particle states, we
can expand the operators éjg which appear in Eq. (B.2) as

échr = Z Uigo me ’ (B3)
o

with some coeflicients u;,, € C. Using this relation together with the fact that for a
Slater determinant it holds

(nlbl,bpeIn) = 8up (nliis|n) = 84p e, (B.4)
one obtains the SPDM of a Slater determinant as

Yijo = <n|éjoéja|n> = Z Uiao u;ﬁ(,(nlb:;o-bﬁaln) = Z Uiao Nac u;ag . (B.5)
ap a
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B Hartree-Fock approximation for the interaction-energy functional

Furthermore, using Eq. (B.3) one obtains
&yl oo = D) tiao Wiper sy Ueyy Diobl bsorbys (B-6)
afyd

and from the definition (B.1) of a Slater determinant |n) it follows that

(n|Agshpsr|n) = ngenpor . (B.7)
Thus, it is easy to verify that
(b s} bsorbyo|n) = Neo npor (8ay 05 = Soor Bas Spy) (B.8)
Combining this relation with Eq. (B.6), one obtains
<"|é;rgé;-r0/éla'éka|n> = Zﬁ] Uias Ujfo’ Upgyr Upgo Nac Mo’
a

o (B:5)
— 8507 Z Uias Ujfo Uy U po Nao Mo =5 (B.9)
ap

= Yiko Yjlo’ — 500’ Yilo Yjko -

Finally, replacing this result in Eq. (B.2), one obtains the interaction-energy functional
in Hartree-Fock approximation as

Wiyl = (nlWln) = 3" W35 (Viko Yito' = Soo Yilo Viko) (B.10)

ijkl

oo’
In this thesis we refer to Eq. (B.10) as Hartree-Fock approximation for the interaction-
energy functional W[y]. It is, however, worth noting that this expression is far more
general than the usual self-consistent Hartree-Fock (HF) energy, since it corresponds
to the exact interaction energy of any Slater determinant yielding the given SPDM y.

Uncorrelated mixed-states

In the following we would like to demonstrate that Wyg[y], as given in Eq. (B.10), rep-
resents the exact interaction-energy functional not only for pure Slater determinants,
but also for an uncorrelated superposition of Slater determinants. By this we mean a
special kind of mixed state, which is described by a density matrix of the form

p= npaa(ﬂaa) with  pgo(n) = g, (1 - ’70:0)1_” s Nao €[0,1] Vao. (Ba)
ac
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In Eq. (B.20) below we will demonstrate that the numbers 7,, represent the average
occupation of the orbitals ¢,,(r), i. €., 4o is the probability of finding the correspond-
ing orbital occupied in the mixed state described by p. Clearly, the eigenstates of p are
the Slater-determinants |n) defined in Eq. (B.1), and for the corresponding eigenvalues

p(n) = l—[paa(nacr) (B.12)

itholds 0 < p(n) < 1, which means that p is positive semidefinite. Furthermore, if we
take the Slater determinants (B.1) as basis of the underlying Fock space, it is easy to
verify that p is properly normalized:

11 1
Tr{p} = D3 23 [ [Pac(tac) = [ | 2 pac(n) = 1. (B.13)

ny=0n;;=0 ao ao n=0

Here we have used that p,;(0) + ps(1) = 1 for all @o, according to Eq. (B.11). Notice
that p has unit trace in Fock space and not in the N-particle Hilbert space which is
relevant in a canonical-ensemble formalism. A density matrix of the form (B.11) would
not represent a proper mixed state when working in a canonical ensemble, since its
eigenstates do not have a fixed particle number N, and furthermore, since it does not
has unit trace in N-particle Hilbert space. We refer to a state described by a density
matrix p of the form (B.11) as uncorrelated mixed-state, since its eigenstates are single
Slater determinants and the corresponding occupation numbers n,, are uncorrelated
due to the product form (B.12) of the eigenvalues p(n), which represent the probability
for the corresponding occupation-number configuration n = {ny}.

One prominent example of an uncorrelated mixed-state is the grand-canonical
thermal-equilibrium state of a non-interacting system described by the Hamiltonian

I:IO = Z €ao Nao » (B.1g)

ao

whose grand-canonical density matrix is given by

e_ﬁ(ﬁo_Za )uO'NU) e_,B(EaU_IJO') ﬂao

5 = : — == A B.1
po Tr{e FH-Zo 1oNo) ) 1;[1+e—ﬁ(fm—ﬂa) 1;[‘0“"( a) (B15)

with
1

T3 P i) " (B.16)

pzxa(n) = ’72{0 (1 - ’70{0)1_” and Nao =

In Eq. (B.15) we have used the well-known grand-canonical partition function of a
non-interacting system described the Hamiltonian (B.14)

7 = Tr{e PtoZonNo) = T (1 + e—ﬁ(saa—pc,)) ‘ (B.17)
oo
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B Hartree-Fock approximation for the interaction-energy functional

More generally, uncorrelated mixed-states yield the maximal value of the entropy
S = —Tr{p log p} for a given distribution of the average occupation numbers 71,, =
Tr{p figs}. In order to prove this statement, we seek for the minimum of the Euler-
Lagrange functional which corresponds to the negative entropy

LIp) = Tr{plog p} + 3 tus (Tr{p s} = o) =
” (B.18)

= Tr{pA (Z Eqo flao- + logﬁ)} - Z Eac Nao »
aoc ao

where the Lagrange multipliers ¢,, enforce the condition that the minimizing density
matrix p yields the desired average occupation numbers 7, € [0, 1]. Apart from an ir-
relevant constant, Eq. (B.18) equals the Gibbs functional (3.43) with f = 1, y, = 0, and
the non-interacting Hamiltonian (B.14). Consequently, the minimum of £[4] within
the set # of all positive semidefinite density matrices p with unit trace is taken for
the corresponding grand-canonical density matrix gy = e /Tr{e"f}. Thus, py is
the mixed state which yields the maximal entropy for the given average occupation
numbers 7,,, and in the context of Eq. (B.15) we have already seen that p, represents
an uncorrelated mixed-state.

In order to show that Eq. (B.10) represents the exact interaction-energy functional
for uncorrelated mixed-states, we mainly have to demonstrate that the analog of
Eq. (B.7)

Tr{ﬁ flwﬁlga/} = Tr{ﬁ ﬁw} Tr{ﬁ ﬂﬁaf} (B.19)

holds for any density matrix p of the form (B.11). This is most easily seen by taking
the Slater determinants (B.1) as basis of the underlying Fock space. In this way one

obtains . )
Telpe) = 3 D) nuo [ T pporngor) =
Bo’

anZO i’lll=0
(B.20)

1
= pad(l) 1_[ Zpﬁo”(n) = paa(l) = Nao >

Bo’#ac n=0

and similarly

1 1
Te{p fantipor} = >, D -+ Mahgr [ | prar(ingar) =
yo”

an:O n1l=0

1
= paa(l)pﬁa’(l) l—[ Zpya”(n) = P(w(l)Pﬁa’(l) = Nao Npo’ -

yo''#ao,po’ n=0

(B.21)
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Finally, using this relation and the substitutions
Nge — Moo and (n|(§|n) — Tr{ﬁ (5} (B.22)

in Egs. (B.4) to (B.10), it follows that Eq. (B.10) is the interaction energy functional
for uncorrelated mixed-states. In particular, since the grand-canonical density ma-
trix (B.15) of any non-interacting system describes an uncorrelated mixed-state, we
conclude that Wyr[y], as given in Eq. (B.10), represents the average interaction en-
ergy W = Tr{p, W} in the thermal-equilibrium state j, of the unique non-interacting
system whose grand-canonical equilibrium single-particle density matrix (eq-SPDM)
equals y. However, since an uncorrelated mixed-state does not correspond to a fixed
particle number, the equivalent statement is not true if one works in a canonical en-
semble.
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Minimal principle of the Helmholtz
functional F[p]

We wish to demonstrate that the Helmholtz functional
A 1
Flp] = TrN{ﬁ (H + E log ﬁ)} (Ca)
satisfies the strict minimal principle

FIpl > Flpn], p#pn (C2)

for all positive semidefinite N-particle density matrices with unit trace p € Py, as
defined in Eq. (3.17). Here, the canonical density matrix py is given by

N )
pN = —————. 3
Try {e_ﬁH }
We start by demonstrating that py is in fact a stationary point of the Helmholtz func-
tional F[p]. To this aim we seek for the extremes of the corresponding Euler-Lagrange
functional

LIp] = TrN{p (H + %logﬁ)} — e (Trv(p) - 1)) (C.q)

where we have introduced the Lagrange multiplier ¢ in order to enforce that the min-
imizing density matrix has unit trace in N-particle Hilbert space. Clearly, if p is a
stationary point of the Euler-Lagrange functional (C.4), its variation

0L[p] = TrN{5/5 (ﬁ + %(logﬁ +1) - 6)} (C.5)

must vanish for any infinitesimal §p with Tr{ép} = 0. This condition is certainly
satisfied if

e_ﬂH

el-pe’

~ 1
H+E(logﬁ+l)—£:0 = p= (C.6)

Here, the Lagrange multiplier ¢ must be chosen such that the condition Try{p} =1
is satisfied, i. e., we must have e!f¢ = TrN{e_ﬂH }, which means that py, as given in
Eq. (C.3), is in fact a stationary point of the Helmholtz functional (C.1) within Py.
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C Minimal principle of the Helmholtz functional F[p]

In order to demonstrate that the Helmholtz functional (C.1) is bounded below
by F[pn], i.e., that Eq. (C.2) holds, we closely follow the proof of Mermin [6] con-
cerning the analog statement for the Gibbs functional Q[p] defined in Eq. (3.43).
Let p € Py be an arbitrary positive semidefinite density matrix with unit trace, and

define for A € [0, 1]

. e_ﬁH/l
pr=

A A " A A1
=——— with Hi=H+AA and A=- (H +—1lo A) . (C.7)
TrN{e‘ﬁHA} p &p

The operator H) is hermitian since § is positive semidefinite, and consequently we can
regard p, € Py as the canonical density matrix of a system described by the auxiliary
Hamiltonian H;. Furthermore, one has Pir=0 = pn and pj=1 = p, and consequently we
can write

1
. . J ..
FIpL - Flpnl = [ 5Flp1d2. (3)
0o OA
In order to evaluate the derivative we write
. O ~ 1 u . A
Flp;] = TrN{pA (H+)LA+ Blogm)} - ATen{paA} . (C.9)

Here, the first trace is the Helmholtz functional (C.1) for a system described by the
Hamiltonian Hy = H + AA, and it is therefore stationary with respect to variations
of p, around the corresponding canonical density matrix (C.7). Consequently, we need
to differentiate the first trace in Eq. (C.9) only with respect to the explicit occurrence

of A, which leads to

0

5 Flpi] = -ATa {am A} (C.10)

oA

In order to compute the derivative dj;/dA we have to take in to account that H in
general not commutes with j and consequently also not with A. In order to handle
this difficulty, we will make use of Feynman’s ordering technique [146], i. e., we attach
an index to each operator, and it is understood that operators act in order of increasing
value of their indices. Thus, for two operators A and B one has ABy = ABif s > s
and ABy = BAif s < §'. In this way we can apply the rules of ordinary commutative
calculus to the operators A; and By,. However, in a final step we have to disentangle
the operators, before we can drop their indices an return to the usual notation. Using

212



this technique, one can write

2 e—ﬂﬁl _ ﬂ o b /Ol(ﬁzs,+ms,)ds' _

oA Y
1 1/4 a
= [ ) ekt
0

1 s A . ) )
= —ﬁ/ ds e_ﬂfo (Hs/+/1AS/)dg’ As e_ﬁfsl(Hs"*'AAs')ds/ _
0

! 3 A ’
= —ﬂ/ ds e PsHa A o= P(1-9)H) B =ﬁ:(l—s)
0

Y
= —e PH / dp A(B), (C.11)
0
where we have introduced A 2(B) = P LA e=F'H, Using this result, one obtains
0P _ (%e‘ﬁHA ~ e—PH) rN{ie—ﬁHA} _
04 Tey{e Pt} (TrN{e—ﬁm})z o
A P /A / A p / A A /
—<pu [ AF )+ [ 9 Tenlin B} (C12)
0 0

Since p, commutes with Hj, we obtain by cyclically permuting operators within the
trace

(A (B2 = Tty {ﬁa # A e_ﬂ/ﬁ*} = Trn{p2 A} = (A);, (Ca13)

where we have introduced the shorthand notation ((j} 1 =Try { D (j} Consequently,
we can write Eq. (C.12) as

Wi " ap (A8 - (). (Caa)

Using this result in Eq. (C.10), one obtains

=2 [ (b1 - ) ) =
b (Cas)
1 [ ap (B - B3)
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C Minimal principle of the Helmholtz functional F[p]

and again, by cyclically permuting operators within the trace, similar to Eq. (C.13), it
is easy to verify that

(A(B) Aya = (AaEBY AT (C.16)
By introducing 3(/3’) = AA(%,B’) — (A),, one obtains

(B(B) ST (B2 = (MY AT — 2 (AR (A + (A): =

[
=(A)2 (Ca7)
= (Ai(B) Ay — (B3,
and consequently we can write Eq. (C.15) as
0 A g v S ST pr
el =2 [ 4 G . 9
0

The operator 5(8")67(f') is positive semidefinite, such that the right-hand side of
Eq. (C.18) is non-negative and only vanishes if §(f’) = 0, i.e., if

M) = e A e = (A, (Ca9)
Since (A); is just a real number, Eq. (C.19) can only be satisfied if A is a multiple of the

identity operator, which, according to Eq. (C.7), is only the case if p = py. Therefore,
Egs. (C.8) and (C.18) establish the strict inequality (C.2).
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Solving Shiba’s integral equations

In this Appendix we present a method for solving Shiba’s integral equations (2.28)
and (2.33), which utilizes the trapezoidal rule in order to approximate the integrals
and, in turn, leads to a set of coupled linear algebraic equations. Thus, in order to find
a solution p(k) of Shiba’s integral equation

plk) = — p(k') dk’, (D.1)

cos(k) (4 (sm k — sink’) )

we discretize the interval [-Q, Q] into a grid of M + 1 equally spaced points k,, =
-Q+mAk,m=0,...,M with Ak = 2Q/M, and we approximate the integral on the
right-hand side by means of the trapezoidal rule

€ W ) + f) (S flko) + f(knr)
[Qf(k)dk~Ak”; . _Ak(;ﬂkmnf

(D.2)

Here we focus on the trapezoidal rule, since it allows for an easy implementation,
however, it is straight forward to generalize the following procedure to higher order
quadrature rules. Using the trapezoidal rule (D.2) and p,, = p(k;;), we can cast Eq. (D.1)
into the following set of M + 1 coupled linear algebraic equations

COS(kn) M= nO Po + RnM PM
n= 5_ nm Pm ) D.
pn=5—+ (n; - (D:3)
where

R, = R(4 (sink, — sin km)) (D)

u

with R(x) defined in Eq. (2.29). If we introduce
a o Dkeosthn {1 /2 ifm e {0, M} Ds)

u 1 else
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D Solving Shiba’s integral equations

we can write Eq. (D.3) in the compact form

M 1
=S Ay i = — (D.6)
= 2
or, equivalently,
1
(I-A)p=v with v:2—(1,...,1)T. (D.7)
T
Solving this system of linear equations yields a discretized solution p for the density

function p(k), from which the ground-state energy E as well as the electron den-
sity n = N/N, can be obtained by means of

Q M
N, =2 /—Q p(k) cos(k)dk ~ Aka:l [pm_1 cos(km—1) + pm cos(km)] , (D.8)

0 M
n:/ plk) dk ~ Ak S Emt EPm (D.9)
-Q

m=1 2

In order to obtain the average number of double occupations

= 2N, / (cosQ — cosk) —— Gp(k) (D.10)
we need to find dp(k)/du from the solution of the integral equation
Q _ ’ ’
dp(k) _ cos(k) ® 4 (sink — sink’) (k) i’ + cos(k) / a 22D dp(k) o
ou ur Joo u ou
o [R(él(smk —sink )) B lR(4(smk - st)) _ ER(4(smk + st))] (D)
u 2 u 2 u

with the function ®(x) defined in Eq. (2.34). Having the discretized solution p for the
density function p(k), we can approximate the first integral on the right-hand side by
means of the trapezoidal rule

0 . i I
cos(ky) CI>(4 (sink, — sink )) oK) dk ~
u

2

m=1 m=0

~ COS(kn) (MZ] nO Lo + (DnM PM _ % B p (D 12)
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where we have introduced

4 (sink, — sink,,
D, = (D( ( )) (D.13)
u
and
A . 1/2 if 0, M
. k cos(k,) b, /2 ifme{ } (D)
u? 1 else.

Furthermore, with dp,, = dp(kp,)/0u and

Tnm_R(4(sinkn—sinkm)) lR(4(sinkn—sinQ)) lR(4(sinkn+sinQ)),

u 2 u 2 u
(D.15)
we can approximate the second integral on the right-hand side of Eq. (D.11) by
COS(kn) = TnO apO + TnM apM M
Ak Tum OPm + = Cum 0pm D.16
( ( par : Sumip. O
where, for the sake of simplicity, we have introduced
Ak k, 1/2 ifme{0,M
cnm=L()Tnmx{/ ttm € 10, M} (D.17)
u 1 else.

Combining Egs. (D.12) and (D.16), we can cast Eq. (D.11) into the following set of M + 1
linear equations
(I-C)op=b with b=Bp. (D.18)

Finally, having the discretized solution dp for the function dp(k)/du, we obtain the
average number of double occupations D by approximating the integral on the right-
hand side of Eq. (D.10) by means of the trapezoidal rule

D

M
N, ~ Ak Z [(cos Q —coskpy—1) Opm-1 + (cos Q — cos ky,) (9pm] . (D.19)

m=1
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Strongly-interacting limit within the linear
IFE-approximation

We consider the strongly-interacting limit U/t — oo of the half-filled Hubbard model
on a hypercubic lattice in d dimensions within the linear independent-Fermion en-
tropy (IFE) approximation (4.17), and derive the corresponding expressions for the
ground state total, kinetic, and interaction energy. Our main result is that the ground-
state energy obtained in the strongly-correlated limit of the linear IFE-approximation
reproduces the expected behaviour Eg/N, = —at?/U of localized Heisenberg spins,
where the slope is given by @ = 4dlog(2) in the unpolarized case ny = n| = 1/2.
Thus, the exact asymptotic behaviour of the ground-state energy is recovered for the
one-dimensional Hubbard model (d = 1). We also demonstrate that the asymptotic
behaviour of the zero-field magnetic susceptibility in the strongly-correlated limit is
given by y = UN,p3 /(4dt?) within the linear IFE-approximation.

E.1 Ground-state energy and related quantities

We are interested in the ground-state properties of the half-filled Hubbard model on
a d-dimensional hypercubic lattice in the thermodynamic limit N, — oo with n, =
Ny /N, kept fixed for o = T,]. Therefore, within the linear IFE-approximation (4.17),
we consider the energy functional

Eln] (2;1)‘1 Z / e(k)no(k)dk + Wyp (1 — SS[_Z]) (E.1)
Here
d
e(k) = -2t Z cos(ky), kne€[-m, m) (E.2)
n=1

is the single-particle dispersion relation corresponding to the d-dimensional hypercu-
bic lattice under consideration, Wyr = UN,nqn| the Hartree-Fock interaction energy,

kN,
st =~ 2 I otk t0g neti + (1= o) o1 = ol | ke @
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E Strongly-interacting limit within the linear IFE-approximation

the IFE, and

Seo = —2Ngkg (nylogny + nylogn,) (E.4)
its maximal value, which is attained if 5,(k) = n, for all k. The integrations in
Egs. (E.1) and (E.3) are taken over the first Brillouin zone (BZ). As discussed in the
context of Eq. (4.16), the occupation-number distribution 7, (k) which minimizes the
energy functional (E.1), and thus corresponds to the ground state within the linear
[FE-approximation, is given by

1 S
kpTer  ksWar '

1
Ne(k) = ———— with z,=eP# and f=

E.
zgePelk) 41 E5)

where Tog = Wip/Seo o U is an effective temperature. We conclude that fe(k) o< t/U,
and thus we can expand Eq. (E.5) as

1 zoPe(k) +O(ﬁ).

o) = = = 2+ Ol

(E.6)
We require that the occupation-number distribution 7,(k) yields the particle den-
sity n,, and thus we obtain to first order in t /U

1 _1—-n,

1
= k)dk = = = E.
ne (27T)d -/BZ ’70( ) Zo + 1 Zg g s ( 7)

where we have used /Bz ¢(k) dk = 0, which is obvious from Eq. (E.2). Substituting the
result (E.7) back into Eq. (E.6), we obtain to first order in t /U

No(k) = ny +6n(k) with dn(k) = —mynfe(k) < t/U . (E.8)

For the kinetic energy we thus obtain to first order in t /U

K 1 2pnyn
Mo~ G /Bz ek ==, T>”’l /Bz ]k =
a T o T
(E.9)
) 8dt?
= —4fdt’nin| = - (nlogny +nylogny),
where we have used the well-known result
e(k)|’ dk = 2412, (E.10)
(2r)* /BZ [o(6)

which is valid for hypercubic lattices and straight forward to derive from Eq. (E.2).
Moving on to the IFE (E.3), we can expand the integrand in powers of 65 « t /U using
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E.z Magnetic suspeptibility

Eq. (E.8)

—nologne — (1 —ny)log(1 —ny) =
= _(no + 5’7) log(no + 5’7) - (1 —Ng — 5’7) log(1 —Ng — 5’7) =

(E.11)
= onl — 0 .
2kgN, Ton og( Ny ) 2nin| - 0( 7 )
Thus, we obtain the IFE (E.3) up to second order in t/U as
S-S ks / 2 2 5.2
= - on(k)|” dk = —2kgp“dt“nyn, (E.12)
N, nTnl(Zn)d BZ [ 1 ] B/ ™

where we have used dn(k) = —nqn|fe(k) and Eq. (E.10). With this result we obtain
the interaction energy within the linear IFE-approximation as

W _ War ( S ) 1 (500 -5 (E.13)

Ne No \ So) ksp\ N,
Thus, within the linear IFE-approximation the ground-state energy of the strongly

correlated Hubbard model at half band-filling on a d-dimensional hypercubic lattice
is, to lowest order in t /U, given by

K
= 2pdt? =——.
) parmn, = =35,

E, K+W K _ 4df?
N, N, 2N, U

(nqlogny + nylogny) . (E.14)
Therefore, the expected behavior of localized Heisenberg-spins

Ey  at*
F = —7 with o = —-4d (nT log nm+n| lOg nl) (E-15)

is reproduced in the strongly-interacting limit of the linear IFE-approximation. For
the case of an unpolarized spin-density (ny = n| = 1/2) the slope of the ground-state
energy is given by a = 4d log(2), such that the exact result Ey = —4N, log(2) t?/U for
the strongly-interacting Hubbard chain is recovered, which can be inferred from the
exact analytical solution of the one-dimensional Heisenberg model [110].

E.2 Magnetic suspeptibility

In order to derive the asymptotic behavior of the zero-field magnetic susceptibility
in the strong-coupling limit of the linear IFE-approximation (4.17), let us express the
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E Strongly-interacting limit within the linear IFE-approximation

ground-state energy (E.14) in terms of the spin-polarization s, = S;/N, = ii(ny —n})/2

Bo(s) _ 4dt® [(1 se) o (1 s} (1o se), (1 s)]
Na_Uzthh 2 7))\ T w)| T

4 2
_ % (282/7 — log 2) + O(s?) .

(E.16)

In the presence of an external magnetic-field B = B é, we have to add a Zeeman term
to the energy, i. e., E(s;) = Eo(s;) +2upBN,s; /h. Thus, leaving terms of the order O(s?)
aside, we obtain the magnetization from the necessary condition dE/ds, = 0 for alocal
minimum of the energy as

S, UNu B

M = —2;13%2 = thB. (E.17)
Thus, within the linear IFE-approximation we finally obtain the asymptotic behaviour
of the magnetic susceptibility y = dM/0B in the strongly-correlated limit of the half-
filled Hubbard model as y = dM/dB = UNa,ulz3 /(4dt?). In the one-dimensional case
(d = 1) we can compare this result to the exact value y;p = UNa,ulz3 /(rt)?, derived from
the Bethe-ansatz solution for the half-filled Hubbard chain [50], which leads to the
conclusion that the linear IFE-approximation overestimates the zero-field magnetic
susceptibility of the strongly-correlated 1D Hubbard model by a factor 72/4 ~ 2.47.
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Specific heat of the doublons

We are interested in the contribution of the doublons to the specific heat of the half-
filled Hubbard model, and thus we would like to investigate the thermal-equilibrium
properties of the system described by the Hamiltonian

I‘AI =U Z ﬂlTﬁll . (Fl)
i

As already discussed in Section 5.2.1, the grand-canonical partition function of the
system described by the Hamiltonian (F.1) is given by Z = Zf] “, where Z; is the single-
site partition function (5.39), which, in the considered case y;11 = y11; = 1/2, is given
by

Z1 =2 (1 + eﬂU/z) . (F.2)

From the corresponding grand-potential Q = —N,log(Z;)/f we obtain the entropy of
the doublons as

aQ BUPU2
S=—-—— = Nykp |logZ; - ——|. F.
oT B ( 0g Z1 7 (F.3)
Finally, the specific heat of the doublons is obtained as
(95 NakB X 2 . ﬁ U
C = _—= — Wlth X =—. F
Y 0T cosh?(x) 4 (.0

In Fig. F.1 the specific heat of the doublons is shown as a function of the ratio kgT /U
between the temperature T and the Coulomb-repulsion strength U. We find a single
broad maximum in Cy, which corresponds to the charge excitations across the Hub-
bard gap, i. e., to the fluctuations in the average number of doublons. In the following
we would like to determine the temperature T at which the peak in the specific heat
occurs. For a local maximum in the specific heat it must hold

dCV _ 2Naka

I~ cosh’(x) [1 — xtanh(x)] = 0. (F.5)

This equation has solutions at x = 0 and x — oo, which correspond to the limits
T — oo and T = 0 where the specific heat vanishes. The solution of interest, which
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Figure F.1: Specific heat of the doublons as a function of the ratio kgT /U between the tem-
perature T and the Coulomb-repulsion strength U.

corresponds to a finite non-vanishing temperature, is obtained from x tanh(x) = 1.
This equation can be easily solved by numerical methods and one obtains

xc=1.19968 = kgTc = 0.21U . (F.6)
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Discontinuities in finite-size domains

In this Appendix we briefly discuss the issues arising from a naive generalization
of the scaling approximation (5.33) to the regime of spin-polarized electron densi-
ties. Within this naive generalization of the scaling idea, one first focuses on a fixed
spin polarization s; = 7 (y117 — y111)/2 and one extracts the functional dependence
of G.[s;, y12] on the degree of nearest neighbor (NN) charge fluctuations y;, from the
properly scaled functional of a suitable reference system having the same s,.

In order to understand the issues arising from this approach, let us notice that the
upper bounds y!, and ylrg,o on the degree of NN charge fluctuations, which enter the
approximation (5.33) as essential scaling parameters, generally depend on the given
spin-polarization s,. In contrast to the thermodynamic limit N, — co, where y,,(s;)
is a smooth function of s, (see Fig. 5.16), one observes that the derivative of yfz(sz)
exhibits discontinuities at characteristic values of s, if finite systems are concerned.

This situation is illustrated in Fig. G.1, where the domain of representability is
shown for a number of typical reference systems used in the framework of finite-
temperature lattice density functional theory (FT-LDFT). We have highlighted the lo-
cations where discontinuities in the derivative of y;,(s;) occur by red points. These
discontinuities are a simple consequence of the fact that the spectrum of the tight-
binding Hamiltonian (5.13) is discrete if finite systems are considered. As already
discussed in Section 5.1.1, the delocalized limit y;, = y¥, is attained when the Bloch
states with effective energies (5.10) above the chemical potential y, are fully occu-
pied while Bloch states having wr < p, are unoccupied. Thus, as electrons with
spin-polarization o are added to the system the tight-binding energy changes like

d(Hip) _, dyy, _
dN, “4n, ~Heo

(Ga)

where z is the coordination number of the finite cluster under consideration. We
conclude that discontinuities in the derivative of y{, occur whenever the Fermi
level wps = ps is completely filled and a further increase in the number of spin-o
electrons requires a discontinuous jump of y,. At this point, it is worth mentioning
that in the case of finite systems also the correlation contribution G%(s,) to the free
energy in the delocalized limit (y1, = yJ,), which enters the approximation (5.33) as
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Figure G.1: Representability domains of typical FT-LDFT reference-systems. Results are
shown for the half-filled Hubbard model (n = y;14+y11) = 1) ona (a) 7-site ring, (b) 2X2 square-
lattice cluster and (c) 2x2x2 simple-cubic cluster. The spin polarizations s, = 71 (y117 — y111)/2
where discontinuities in the derivative of y;,(s,) occur are highlighted by red points.

another scaling parameter, displays a discontinuous derivative at the same values of's,
where discontinuities in the derivative of yloz(sz) occur. The origin of these disconti-
nuities is, however, more subtle and they usually occur only in the limit U/kgT — oo,
i.e., in the case of strong Coulomb repulsions or low temperatures.

Returning to the naive generalization of the scaling idea mentioned above, we must
conclude that the discontinuities in the derivative of ylrg’o(sz), which always occur if a
finite reference system is used, would lead to artificial discontinuities in the derivative
of the approximate functional G.[s;, y12]. This ultimately leads to very unphysical
discontinuities in the thermal equilibrium averages obtained from the minimization of
the corresponding approximations to the free-energy or grand-potential functionals.
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