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Abstract

Within the framework of Kirchhoff-Love plate theory, we analyze a variational model
for elastic plates with rigid inclusions and interfacial cracks. The main feature of the
model is a fully coupled nonpenetration condition that involves both the normal com-
ponent of the longitudinal displacements and the normal derivative of the transverse
deflection of the crack faces. Without making any artificial assumptions on the crack
geometry and shape variation, we prove that the first-order shape derivative of the
potential deformation energy is well defined and provide an explicit representation
for it. The result is applied to derive the Griffith formula for the energy release rate
associated with crack extension.
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Introduction

Recent and ongoing advances in engineering and material science have increased
the need for mathematical tools in order to design and optimize in an efficient way
three-dimensional highly inhomogeneous thin structures.

In this paper, we confine our attention to the model of a composite Kirchhoff—
Love plate proposed in [17]. More precisely, we consider an elastic plate containing
a partially debonded rigid inclusion of regular shape. The displacement field of the
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inclusion is specified by an equality constraint and determined completely by six
unknown constants. In order to eliminate nonphysical interpenetration of the crack
faces, an inequality constraint that involves both the normal component of the longitu-
dinal displacements and the normal derivative of the transverse deflection of the crack
faces is imposed. This implies a full coupling between the longitudinal displacements
and transverse deflection of the plate. Our interest is in investigating the differentia-
bility of the potential deformation energy with respect to the shape variations of the
reference configuration and in finding an explicit form of the corresponding first-order
shape derivative. The motivation for such a study lies in the fact that this derivative
can be used to calculate efficiently the energy release rates associated with variation
of defects, which are utmost of importance to predict crack propagation [4,5,12,20].

The principal difficulty in the problem at hand comes from the equality and inequal-
ity constraints, which do not preserve their structure under domain variations. To
overcome this difficulty, we develop an approach that is purely based on the minimiz-
ing properties of variational solutions. The most important idea behind our technique
originates from [40], where the Griffith formula for the energy release rate associated
with crack extension was deduced in a rigorous way for two-dimensional elastic bod-
ies with curvilinear cracks subjected to the Signorini conditions. Following this idea,
in the case of Signorini-type constraints imposed on crack faces, general results on
the shape differentiability of the potential deformation energy supported by explicit
formulae for the first-order shape derivative were derived in [41] for linear elastic
materials, in [32] for a Mindlin—Timoshenko elastic plate model, and in [42] for a
Kirchhoff-Love elastic plate model. Another approach to the shape differentiability
of the potential deformation energy based on primal-dual Lagrange formulations of
the nonlinear crack problems goes back to [25,26] and the subsequent [15]. Recent
developments of the primal-dual shape sensitivity analysis in smooth domains and
some applications to fluid mechanics problems with divergence-free constraints were
given in [7,13,28,47]. We finally refer to [1,24] for a derivation of the Griffith formula
for elastic materials with cracks by using the Piola transform. We stress here that all of
the cited works related to solid mechanics, except [42], tackle inequality constraints
on the crack faces that do not involve the gradient of displacement fields, while in
the model under consideration the nonpenetration condition depends on the normal
derivative of the transverse deflection. This additional difficulty essentially affects the
computation of the shape derivative of the potential deformation energy.

In the context of Kirchhoff-Love plate theory, the nonpenetration condition for
vertical cracks was put forward in [16]. A dimension reduction from 3D to 2D in the
Kirchhoff-Love energy scaling regime for rate-independent fracture processes has
been the subject of research in two past decades. To our best knowledge, all of the
results are restricted to the use of the notion of global energetic solutions [34]; here
we just mention a couple of them. With the help of evolutionary I'-convergence [35],
a two-dimensional model for the propagation of a single crack in a plate from a three-
dimensional linearly elastic model involving a Barenblatt-like cohesive crack surface
energy was obtained in [8]. A similar scenario for deriving two-dimensional models
in the cases of Griffith-type delamination and an adhesive contact was performed in
[9]. The advantages of the energetic formulation are that the initial problems and their
two-dimensional counterparts have a derivative-free form and hence do not require
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any formulae for the energy release rate associated with crack extension; moreover,
the crack path is not prescribed in advance.

In the presence of a preexisting interfacial crack between strongly dissimilar mate-
rials, it is natural to assume that the interface is the weakest fracture path and to apply
the Griffith criterion [12] in order to describe propagation of the crack along the pre-
scribed path. We recall that the Griffith criterion states: a crack is stationary if the
energy release rate associated with crack extension is less than the fracture toughness
of a material, and otherwise the crack grows. The main result of the present study
gives a closed formula for the first-order shape derivative of the potential deformation
energy (Theorem 2.2), and its application consists in deducing the Griffith formula
for the energy release rate associated with extension of the crack along the interface,
under minimal assumptions on the regularity of the crack path (Remark 2.11). Recent
results in the same spirit of our work are [29,39,43,45].

Fracture behavior depends on many factors, among them the mutual dislocation
and interaction of inclusions and cracks. In a series of papers [23,30,31,44], this issue
was treated by an optimization technique based on regular shape variations. A more
delicate shape-topological analysis of the nonlinear crack problems aimed at retarding
or avoiding the crack propagation process was carried out in [22,27,33,49]. Inverse
problems for the nondestructive determination of elastic and rigid inclusions embedded
in Kirchhoff-Love bending elastic plates were investigated in [3,36,37].

The layout of the paper is as follows. In Sect. 1, we discuss the mechanical model
and present the functional framework used to assert the existence of the variational
solutions. After the necessary preliminaries regarding the velocity method, which we
employ to describe shape variations of the reference configuration, we formulate and
prove in Sect. 2 our main result. The paper closes with a short discussion of the case
when the elastic properties of the plate are inhomogeneous and an application of the
result to fracture mechanics: we derive the Griffith formula for the energy release rate
associated with crack extension.

1 Formulation of the Problem

We consider a composite plate, which is a planar thin-walled structure, within the
confines of linear Kirchhoff-Love theory. The 3D undamaged plate in the reference
configuration is the right cylinder

93D={<x1,xz,x3) R x=(x.10) €Q, x3 € (—h,h>},

where Q C R? defines the midsurface of the plate and 2/ denotes the thickness, which
we assume to be constant. The midsurface €2 is a bounded simply connected domain
with boundary 8Q of class C!+!, and let wg be a compact simply connected subdomain
of Q (i.e., wg € ), with boundary dwy of class C'!. The boundary dwy is the union
of two disjoint simple curves yp and dwq \ Yo, where yy is a relatively open set. The
outward pointing unit normal to dwq as well as to 9€2 is denoted by vy = (vo1, voo) Y.
Figure 1 provides a schematic visualization of the setup.
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Fig.1 Schematic of the
midsurface of the plate

4]

Q)

We make also the following assumption on the geometry of the non-Lipschitz
domain Q¢ = Q2 \ Y:

G1 Ihere g(ist two domains €21 and €2, with Lipschitz boundaries such that Qu
Q> =Q, yp C Q1 NIR,, and HL3Q;N9R) >0, = 1,2, where H! stands
for the one-dimensional Hausdorff measure.

The region (2 \ @o)>P is occupied by a linearly elastic homogeneous material whose
properties are characterized by a fourth-order tensor C3P that is supposed to be positive,

that is, there exists ccap > 0 such that

CPX : X > cen|X > forall X e RS

sym >

symmetric
Clu=Cl=Ciy ivJ k1=123,
and monoclinic symmetric with respect to the (x1, x2)-plane, which implies
Cz]k3 Chs =0, i.j k=12 (1)

We refer the reader to Remark 2.10 for some comments on the choice of the elasticity
tensor. The region a)gD corresponds to a rigid inclusion, while the cylindrical surface
)/03D is aninterfacial crack. As usual in the theory of thin-walled structures, we deal with
quantities that refer to the midsurface of the undeformed plate 2g. Let W = (wq, wy)T
be the longitudinal displacements of the midsurface points in the (x1, x3)-plane, and
w is the vertical deflection of the midsurface points along the x3-axis. In what follows,
we use a variational approach to equilibrium and thus look for (W, w) belonging to
the Cartesian product of Sobolev spaces H L(Q0)? x HX(Qo).

Let C be the fourth-order tensor with components

c; m(ckm

(Cijk[ Cljkl (C3D 5 i,j,k,l == 1,2
3333
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Hence the resultant membrane stress tensor o can be expressed in terms of the mem-
brane strain tensor (W) = 1/2(V, W + (V, W)T) via

o =2hCe(W), @)

and the bending moment tensor m is related to the bending strain tensor — V)% w through
the constitutive equations

2h3
m= —chfw. (3)

The restriction of a displacement field (W, w) on the domain wy is an element of the
Cartesian product R,(wo) X Ry(wo), where R, (wo) and R,(wo) are the spaces of
infinitesimal rigid displacement fields on wy that represent ker ¢ and ker V)%, respec-
tively:

Rp(@o) = | W & H'(@0)?: e(W) = 0in o |,
Ry(wp) = {w € H*(wp): V2w = 0 in wp }

We observe that the following identities hold true [48, Lemma 1.1; Chapter III, Sub-
section 2.1.1]

Rp@0) = | W) = Bld, (1) + C: BeR¥?, B=—B", CeR% xem],
Ry(wp) = {w(x):A-Idx(x)—}—a: AcR? acR, x ea)()].

The regularity assumptions on the domains wgp and €2 \ @ provide that the trace
operators

k—1
Triwy: H (o) — [ H*' 72 0wo)*,
i=0
k—1
Tri om0 HY(Q\ @) — [ H*2(0w0: 9%,
i=0

where the superscript k., is equal to 2 if k = 1 and 1 if k = 2, are well defined and
continuous. Moreover, these operators have right continuous inverses (lifting opera-
tors) [14, Theorem 1.5.1.2], which we denote by Trk_’i)0 and Tr,;lmao, respectively.
According to the positive and negative directions of the unit normal vy on dwy, there
is a positive face 3606r and a negative face dw, . The double brackets [v] = v — v~
stand for the jump of a function v across dwy. For convenience, the same notation
serves as well for the jump of functions across another smooth curves, it always clear
from the context. In order to eliminate interpenetration of the crack faces, we impose
the inequality restriction

[W]-vo = h|[Vew] - vo| on o, 4)
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which is understood in the sense of traces. We emphasize that, from a mechanical point
of view, the nonpenetration condition (4) describes the interaction of the opposite crack
faces, admitting their frictionless contact (the equality case) or the absence of contact
(the inequality case), the contact surface being unknown a priori.

We finally suppose that the plate is clamped along its outer edge, which leads to
the homogeneous boundary conditions

W=00" w=V,w-1p=0 on 9.

The potential deformation energy of the system associated with a displacement field
(W, w) is the stored elastic energy minus the work of external loadings (F, f) €
Cl(Q)? x cl(Q):

EQo; W, w) = % / o(W) :e(W)dx — % / m(w) : V2w dx

Q\wg Q\@o
—/Fode—/fwdx. (@)
Qo Q0

The variational principle of minimum potential deformation energy forces that the

composite plate QSD clamped along the outer edge, with elastic part (2 \ @o)3P, rigid

part wSD, interfacial crack y3P, and potential deformation energy given by (5), is in

equilibrium if the displacement field of its midsurface (Wy, wp) is a solution of the
minimization problem

inf E(Qy; W, w), (6)

(W, w)eKo(20)

where the set of kinematically admissible displacement fields reads as follows

Ko(Q0) = { (W, w) € Hig(R0)> x Hig(R0): W, w)luy € Ry(wn) x Ry(w):
[W]-vo = h|[Vew] - vo| onyo}.

The convex set K((£2p) is closed in the Cartesian product Halg(Qo)2 X H(%Q(Qo) of
the Sobolev spaces

Hlo(20) = {v e H'(Q): v=0o0n asz},

H2 () = {veHz(Qo): v=V,v-vp=0on aQ}.

Since £ is convex and Gateux-differentiable, the minimization problem (6) is equiva-
lent to the variational inequality

(Wo, wo) € Ko(S20), / o(Wo) : e(W — W) dx — / m(wo) : vf(w— wo) dx
Q\wo Q\wo
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—/F (W — W) dx — / f@—wy)dx >0 YW, w) € Ko(Q). (7)
Qo Q0

Thanks to G1, the Korn inequality and the Friedrichs inequality are valid in €2;,
i = 1,2, which implies the coercivity of £. Moreover, the energy functional £
is weakly lower semicontinuous. The minimization problem (6) (and hence the
variational inequality (7)) therefore admits a solution (Wy, wg) € Ko(S20). It is
straightforward to check that the solution to (7) is unique.

We are now ready to give the classical formulation of the equilibrium problem. We
seek (Wp, wo) in the domain Qo, (WL, wk) € R,(wo) x Ry(wp), and (o, m) in the
domain 2 \ wy satysfying the following equations and boundary conditions

—divyo = F in Q\ wo, (8)
o —2hCe(Wp) =0 in €\ @, )
—divedivem = f in Q\ @y, (10)
2h3 . _
m—i—T(Cwao:O in Q\ oo, (11)
Wo = (0,07, wo=Vewp-19=0 on 9%, (12)
[Wol - vo = h|[Viwo] - vo| on o, (13)
ob =007, =0 rlml|<—0} on y, (14)
Ulj(;[[W()]] <V + m?,LO [Viwo] -vo=0 on yp, (15)
[Wol = 0,007, [wo] = [Vawo] - vo =0 on dwo\ w0, (16)
Wo=WE, wo=wl in w, (17)
- / oty - W dK! =/F~WR dx YW e Ry(wp). (18)
dwo wp

/ thwRdH' — / m} V. w® vy dH = f fufdx Ywk e Ry(wp). (19)
dwo dwo o

Here the traction o T vy, transverse force tj‘o, and bending moment mj‘o acting on dwy
are

T .
oty = (afr.voj, o;.voj) , t:r = —(div,m)t - vy — g, ((m+vo) . ro) ,
J j 0
T T
mi = —(m*vo) vy, 0= (t01.702)" = (—vo2. v01) ",

and the traction o T is decomposed into normal and tangential components given
by

+ _ 4Tt + _ 4t +
UUO—O' Vo - Vo, UtO—O' \)()—O'Uol)o.

A repeated Roman subscript signifies summation from 1 to 2. Equations (8) and (10) are
equilibrium equations for the elastic part of the plate with respect to the (x1, x2)-plane
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and x3-axis, respectively. Conditions (13)—(15) are the complementarity conditions
for contact of the crack faces. The nonlocal boundary conditions (18) and (19) ensure
that the rigid part of the plate in equilibrium, that is, the resultant force and moment
acting on it vanish.

It is a routine matter to verify that our minimizer (Wy, wo) € Ko(£2) is indeed a
weak solution of the Euler-Lagrange system (8)—(19), see [17].

Remark 1.1 We elucidate briefly in what sense the natural boundary conditions (14)-
(19) for the minimizer (Wy, wo) are satisfied. For each k = 1,2, we introduce the
Lions—Magenes space

Heg P 0) = { v e B 2w): a7 Polv e L), 0=i <k —1],

where 89011 =v, 0
the norm

V = 0qg,v, and d(s) = distye, (s, dy0). This space equipped with

1
0

k-1 5
_ 2 “1/24i 2
Il 17 ) = (”UHH’”/Z%) +2_1d 8ro””L2(yo>>
i=0

is a Banach space. Since dwy € C!!, the following equivalence holds [18, Proposition
1.1]

k—1/2 v oon Y

veHy "“(n) & v= { e H*123wy).

0 on Jdwo\ Yo

Denote by (-, ~)2(1] 2.7 the duality pairing between the space Hgo_ 1 2()/0) and its

topological dual space H&)kﬂ/z(yo). Ifo,m € L2(Q\@0)**2, diveo € L2(2\ wo)?,
and div,div,m € LZ(Q \ o), then

—1/2 —1/2 —3/2
0-;:; € H()o / (VO)za U,;g,m\_;) € HOO / (o), tj(_) € HOO / (o),

and the boundary conditions (14) and (15) read as follows [17]

00 1/2
(o i)y =0 Vo & Hog ()%, vv0 =0,

L 400 3/2
(tvo, v>3/2’y0 =0 Yve Hy (yo),

+ -1+
o+ h "m’, v>
( " 7 2.0

00 00
((T‘;g, [Wo] - vo)l/z,yo + (m";), [Viwo] - v0>l/2‘y0 =0,

<0 Vve Hy (), v=0,
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whereas the interpretation of the nonlocal conditions (18) and (19) is provided by

<a+v0, v)l/z’awo = —/F -vdx Yv e Ry(wp),

wQ

<t;g, v)3/2’8w0 — (mjo, Vv - Vo)l/z,awo = / fvdx Vv e Ry(wy).

QO

Here (-, -)x—1/2,8w, 18 the duality pairing between the spaces Hk_l/z(aa)o) and
H_k+l/2(8a)()).

We exploit some of these conditions to derive an explicit formula for the first-order
shape derivative of the potential deformation energy, see Theorem 2.2.

2 Shape Derivative of the Energy

We begin this section by recalling the velocity (speed) method [46, Section 2.9],
which we employ to describe shape variations of the reference domain 2. Let V €
Wli’coo (R?)? be a given shape velocity field. We assume further that V is compactly
supported in the domain 2. This assumption does not limit the generality of our
analysis, but it simplifies the presentation. The following proposition is a core of
the velocity method and allows us to construct a family of diffeomorphisms of R?
generated by V.

Proposition 2.1 Let V € Wli’coo (R2)? be a given shape velocity field satisfying the
property suppV € Q. Then there exists 6o > 0 such that:

(a) the Cauchy problem

d
%TSZVOTS for &6 #0, Ty=Idy,

has a unique solution Tj.} € C'((—8o, 80); Wl%’coo (R%)2);
(b) the Cauchy problem

d
%T[;‘ =-—VoTs for §#0, T, ' =1Id,,

has a unique solution T[El e Cl((=60, 80); Wli’coo (R2)2);
(c) fixed § € (—6¢, 80), the inverse mapping to Ts is T{l, that is,

TyoTy ' =1dy, Ty 'oTs=1Id:, x,yeR%.

Proof The proof is carried out in [21, Section 2] for W20 vector fields. Without any
changes, the arguments are also applicable to W2 vector fields V. O
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Before proceeding further, we record here a consequence of [2, Theorem 2.2] that
will be useful throughout the paper. For each k = 1, 2, the space W5°(Q) is alge-
braically and topologically isomorphic to C¥~1-1(Q).

Let us fix § € (—do, o) and set ws = Ts(wp) and ys = T5(yo). Since Tj is an
orientation-preserving C!!-diffeomorphism between Q and T3(S2), coinciding with
the identity on 9€2, we have T5(2) = 2, see [6, Theorem 5.5-2]. The domain ws € 2
is a simply connected one, and its boundary dws = Ts(dwp) is of class C L1 with
the outward pointing unit normal v®. Moreover, the boundary dws is the union of two
disjoint simple curves ys and dws \ ys, and ;s is a relatively open set. So we can put
Qs = @\ 5. Against this background, we conclude that the mapping 75 induces a
C!1-diffeomorphism between the non-Lipschitz domains €2y and 5. To complete
our considerations on the geometry of the perturbed domain s, let us note that from
the condition suppV & 2 follows the validity of G1 for ;.

As above, the equilibrium of the composite plate QSD clamped along the outer
edge, with elastic part (Q \ ws)>P, rigid part a)gD , interfacial crack ygD, and potential
deformation energy

E(Qs; W, w) =l / o(W):e(W)dy

2
Q\ws
1

-3 f m(w):vgwdy—/F-Wdy—/fwdy,
Q\ws Qs Qs

is achieved when the displacement field of its midsurface (W?, w?) is a solution of
the minimization problem

inf E(Qs; W, w), (20)
(W, w)eK?(Qs)

the set of kinematically admissible displacement fields being

K2 (25) = | (W, w) € Hig(R)% x Hig(@5): (W, w)luy € Rp(@s) X Ru(@s);
W] -v? > h [[Vyw] - v‘3| on ys }

The minimization problem (20) possesses a unique solution satisfying the variational
inequality

W, w®) e K% (Qy), /G(W‘S):S(W—W‘S)dy— / mw®) : V(w — w®) dy

Q\ws Q\@’

—/F (W = W% dy —/f(m— whdy >0 V(W,w) € K°().
Qs Qs

21
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By definition, the first-order shape derivative of the potential deformation energy £ at
o in the direction of V, if it exists, is given by the limit

. E(Qs WO, w?) — E(Q0; Wo, wo)
lim .
§—0 )

(22)

The questions we are now interested in are whether (22) does exist and how this shape
derivative can be expressed in an explicit form.

To state our main result, let us fix some notation. For U, W € H'! (90)2, we define
the bilinear form

Ap(ViU, W) =divyVo(U) : (W) —o(U) : E (VV; W) —a (W) : E(V,V; U),

(23)
where the second-order tensor E reads as
. _ T 2%x2
EX;W)=1/2 (VXWX—i— (Ve WX) ) X e R¥2,
Simultaneously, for u, w € H 2(Qo), we put
Ao(Vit, w) = —dive Vin(u) : Vw + m(u) : (2V§wvxv + Nwa)
Fm(w) : (2v§uvxv n Nqu> : (24)
where
(NViw)ij = (ViVi)ij (Vaw)i.
We finally set
1
&(Q; V) = 3 / (A, (Vi Wo, Wo) 4+ Ay(V; wo, wo)) dx
Q\wy
- / (divy (F Q V) - Wy 4+ divy (fV)wp) dx
Q\wo
n 00
— (o5 (Wo). Vi VIWol - o)y, .
+ T 00
= (i wo), [Vawol - (Vo + (V)T ) wo)
1/2,0
- <U+(W0)V0v BOv)l/z,awo + (t‘jg(wo), Ao - V>3/2,3w0
- <m;t)(w0)’ VX(AO : V) ° ])0)1/2,3010
—/(F-BOV+fA0-V) dx. (25)

wQ
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Theorem 2.2 Under the assumptions of Proposition 2.1, the limit in (22) exists and is
equal to (25).

The remainder of the paper is devoted to the quite long and technical proof of Theo-
rem 2.2. The key idea behind the proof consists in applying the mapping 75 : Q20 — 25
to transform the potential deformation energy £ (Qs; W?, w®) to the reference domain
20 and calculating the desired limitas 6 — 0 in €2. The particular steps are presented
below.

We begin with the study of properties of the mapping 75 : Q29 — 5. In view of [38,
Chapter 2, Lemma 3.4], it generates an isomorphism between the spaces H. aIQ(Q,s)2 X
H3,(Q) and HJ,(Q0)% x H2o(Q) via

Ts: Hyo(S25)* x Hiq(Q) — Hig(Q0)? x Hiq(Q): (W, w) - (W, w) o Tp.
For (U, u®) € H'(25)% x H%(Q;s), we introduce the notation
(Us, us)(x) = (U°, u®)(T5(x)), x € Q.

Then the derivatives of first and second orders of such transformed functions can be
calculated from the relations

Vo Us(x) = VU (T5(0) Vi T (x),
Vius(x) = (Ve T5(0)) ' Viu (T3 () Vi T3 (x) + (L Vyu®) (T3 (x)),

where
(LOVyu®)ij (T (x)) = (V3 Tk ()i (Vyu® )i (T3 (x)).
On the other hand, for (Us, ug) € H'(Q0)2 x H3(), with
(U° 1) (y) = (Us. us)(T7'(y). ¥y € Q.
it holds

VU (y) = Vo Us(Ty ' (0) (Vi T3) "N (T 7 (). Vil (v) = (Vi T) " (T ()
(V2us (737 () = (MsVaus) (T3 0)) (VT ™ (T ),

where
(M5Vus)ij (T (0)) = (V2T50)ii (T ) (Ve T3) 5 (T () (Vaus)i (T~ 1 ().

Let K5(Q0) be the image of the set of the admissible displacement fields K°®(Qs)
under the mapping Ts. In order to identify Ks(€2¢), we first note that any element
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(W, w) € Ks(R2) satisfies the inequality constraint
[W]-vs > h|(Vy T5)~ T [Viw] -vs| on yp. (26)

The transformed outward pointing unit normal vs = v° o Ty is related to vo through
the equation [6, Section 1.7]

by = —(VaT)” w0
|(VTs)=Twol|,”

where || - ||2 stands for the Euclidean norm in R2. Inequality (26) then reads
WD+ (V)" Tvo = & |[Vaw] - (VT9) ™ (VaT5) Too| on 0.

Additionally, the restriction (W, w) on the domain wg belongs to the Cartesian product
Ri (wo) x R®(wp) of the sets
8 — _ . 2x2 p _ _pT 2
R (wo) ={W(x)=BTs(x)+C: BER™",B=—-B", CeR", x € wy},
Ri(wo) = {wx)=A-Ts(x) +a: AcR?, a€R, x €ap).

Thus, K5(€20) may be defined as follows

Ks(Q0) = | (W, w) € Hig(R0)* x Hig(Q0): (W, w)luy € R3(@0) x R (@0);

WD+ (V) Tvo = h | [Vaw] - (VT3 ™ (VaT5) oo on o |,

and so Tj is a bijection between the sets K°(Q5) and K;5(2).
The change of variables y = Ts(x) in the variational inequality (7) implies that
(Ws, ws) € Ks(£20) is a unique solution of the variational inequality

2h / det(Vi T3)CE((ViTy) ™5 Wy) : E((VT3)™s W — W) dx
Q\wo

_23L3 et (9, T C {(V2T3) ™ (Vs — MyVows ) (7,70}

Q\wo
AT T (VE@ = wy) — MyVi@ - wp)) (VT de
> /det(VxTa)F(; . (W — Ws)dx + / det(VyTs) fs(w — ws) dx

Q0 Q0
YW, w) € Ks(S). 27

Here, (Fs, f5)(x) = (F, f)(Ts(x)).
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As a preliminary step towards the verification of the uniform boundedness of
(Ws, ws) in H)(S20)? x H3o(S0), we establish the next proposition.

Proposition 2.3 The following Taylor formulae as § — 0 are valid:

Ts =1dc +8V +ri, i lyecoqpe = 08, (28)

Vils = [ +8ViV 4715, rillwieoqpee = 0(d), (29)

det(VyTs) = 1 4+ 8div,V + 75, 73 llyieoi) = 0(), (30)

(ViT) ™ =1 =8V, V +rf, [l = 0(8), (31)

Proof This is an immediate consequence of Proposition 2.1. O

Lemma 2.4 There exists 51 € (0, 8o) such that the solution (Ws, ws) of the transformed
variational inequality (27) is uniformly bounded with respect to § € [—§1,81] in
Hg}Q(Qo)2 X HBZQ(QO) by a constant ¢ > 0 :

[(Ws, wa)ll 51 (@0)2 x H2(20) = C- (32

Proof Since (W%, w? Nws € Rp(ws) x Ry(ws), we can replace the integration domain
Q\ ws by Q5 in (21) and the integration domain 2 \ @( by €2¢ in (27). The modified
variational inequality (27) is referred to as (27)q,. Let (W, w), (U, u) € H ! (Qo)2 X
H?(£). Invoking Proposition 2.3, we deduce that the integrals on the left-hand side
of (27)q, admit the following asymptotic expansions as § — 0 :

Zh/det(VxT,;)(CE((Vng)_l; U): E(VyTs) "' W)dx

Q0
- / (0(U) : e(W) + 8A,(V: U, W) + R (5, U, W)) dx, 33)
Q0
2 f det(V, T3)C {(vng)—T (Vzu - Mngu> (VXT(;)_l}
3 .
Qo
: {(Vng)’T (vﬁw — Mngw) (vng)*l} dx

:/ (—m(u) : Vfw—}—(SAv(V;u,w)+R2(8,u,w)) dx, 34)
Q0

where

RIS, U W)l < ctU8DIU N1 e I Wil g2 0 < c1(18]) = 0(8),
(35)
IR, 1, )l 1) < 208D Null 20 10l r2gpye 0 < 2(18]) = 0(8). (36)
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The terms in the right-hand side of (27)gq, can be rewritten in like manner:

/det(Vng)Fg -Wdx = f (F-W448divy(F®V) - W+ R3(8, W)) dx(37)

Q0 Qo
/det(VxT(g)f(;w dx = / (fw + 8divy (fV)w 4+ R4(5, w)) dx, (38)
Qo Qo
where
1R3(8, Wl < c3USDIWlL2p2, 0 =< c3(18]) = 0(d), (39
[Ra(3, w1 gy < callSDlwll 2y, 0 = ca(ld]) = o(d). (40)

Moreover, since V, V € C*1(Q)2*2 and (F, f) € C'(Q)? x C1(Q), we arrive at the
estimates

HAI;(V, U’ W)“LI(Q()) < C”U“HI(Q())Z”W“HI(QO)Z»

Ay (V; u, w)”Ll(QO) = C”””Hz(QO)”wHHZ(QO)» (41)
Idivy (F @ V) - WliLiqy < cllWllr2qq)2s
Idiv (£ VYWl gy < cllwllz2qy)- (42)

We next take W = (0, 0)T and w = 0 into the variational inequality (27)g, and use
the asymptotic expansions (33)—(34) and (37)—(38) to discover

/O‘(W(s) :e(Ws) dx —/m(wg) : V2w dx
Qo Qo
< —8/ (Ap(V; Ws, Ws) + Ay(V; ws, ws)) dx
Qo
+/ (F-Ws + fws + 8 (divy(F @ V) - Ws + dive (fV)ws) — R1(8, Ws, Ws)

Q0
—R(8, ws, ws) +R3(8, Ws) + R4(8, ws)) dx. (43)

Applying the Korn inequality and the Friedrichs inequality on the left-hand side of
(43), the Cauchy inequality and estimates (35)—(36), (39)—(40), and (41)—(42) on
the right-hand side of (43) yields that there exists §; € (0, §g) such that for every
8 € [—61, 1] the uniform estimate (32) takes place. This proofs the lemma. O

For convenience purposes, we collect here auxiliary statements that will be
employed repeatedly in the sequel.
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Proposition 2.5 [19, Lemma 1.14] Let u € H'/?(dwy) and v € C%'(dwy). Then
uv € H'2(3wy) and

vl 172 3eg) = il 51723 1Vl 001 ()

with ¢ > 0 independent of u and v.

We label the part 92 U dwy \ yo of the outer boundary of the domain ¢ \ wo as
Y. For each k = 1, 2, we introduce the extension operator Exty : Hé (2 \Eo)k* —

HY o, (Q0)* given by
©,...,00T in wy,
e e
V= ks
v in Q\ @g.
It is clearly that Ext; are well defined, linear, and continuous operators.

With these preliminaries behind us, we are able to state the key assertion of our
analysis that guarantees the existence of certain test elements.

Theorem 2.6 Let (Wy, wg) € Ko(S20) be the solution of the variational inequality (7),
and let (W5, ws) € Ks(20) be the solution of the transformed variational inequality
(27). Then there exists 8, € (0, 8] and tuples (W, wg) such that for every § €
[—62, 82] the inclusions

(W, @b = (Wo, wo) + 8(W, w)) € K5 (),
(W2, B2) = (Ws, ws) — 8(WZ, w?) € Ko(S),

and uniform in § bounds
(W4, wé)llHl(QoﬂxHZ(szo) <c¢ i=12, (44)

are valid.

Proof For each i = 1 2, ‘we construct the required tuple (Wa', wé) as sums WS =
P’ + Q! 5 and w; 5 = = pi 5T q. 5» Where the set {Pal p 5} provides the appropriate inequality
constraint for (Wg, wg) on yp, and the set {Qf, ‘15} is responsible for the correct
structure of (WE, w 5) in wo, which is specified by the equality constraint. The case
6 = 0 is trivial, so we assume that § # 0.

We start with the construction of (W(Sl, wé). Since [Wo] € H'?(dwp)? and by
Proposition 2.5, the function

V., T;
P(S1 = Ext; OTrI,IQ\BO (L[[Wo]] 0,0) ) (45)

belongs to HgQ(Qo)z. We define w g in the following way. Observe first that Zs =
(ViT5) " (V T5)~T e €%1(22)?*2. For any function v € H*(Q \ @), we write

(V)T - v)vo - Zsvo = (V)T - Zsvg + (Viv) T - (v ® v90Zs — Zs)vy on dap.
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There exists 6 € (0, §1] and ¢ > 0 such that a5(s) = (vo - Zsvo)(s) > « for every
(8,5) € [=82, 82] x dwy. For Zsyy = (vo®voZs —Zs)vo, we compute vy - Zs, = 0 on
dwp, whichimplies Zs,, = Bsto with 85 = 70 Zs,. By construction, Bs € CO ().
With the help of standard arguments in local coordinates (see also [11, Proposition
3.1]), we infer

(Va) ™ = (35 v )70 + (Vi) - vo)vg on dan,
and so
as(Vou)t vy = (Vo) - Zsvg + Bsdvt on dayp.

Exploiting the inclusions [wo] € H3?(@wp) and [V,wo] € H'/?(dwp)* and once
more Proposition 2.5, we conclude that the function

I —

_ 1 Zs
ps =Extr o Trz,é\ao ([[woﬂ; 0; w ([[Vx wo] - Vo + B0z, [[wo]]) ; 0)

is from the space HazQ (20). Under the circumstances, a straightforward calculation
reveals

1 1\t N\t 1+
[[praﬂ “Zsvy = (pra> < Zsvg = as (pr(s) s Vo — ﬁaampg
1 — Zs

= [Vywo] - Vo on Jdwyg. (46)

Let us set

1 Ts — Id,
(x), g5(x)=A¢- T(x), x e Q.

Ts — Id,

0}(x) = By ;

The functions Qé and ‘151 vanish in a neighborhood of 2. We now check that
(WSI, @g) € K;5(Q20). In fact, the inequality constraint follows from the following
chain of equalities and inequalities

WA - (VeTs)Tvo = [Wo+8P)] - (VaT3) Two

D ([Wol + (VeTs — 1) [Wo]) - (Ve T3) " Tvo = [Wo] - vo

> h|[Vewo] - vo| = & |[Vxwo] - (I — Zs + Zs) v

46 -~
1 h ‘ [[Vx(wo +6p§)]] . Z(;vo‘ =h ‘ [[waé]] . ngo‘ on Y.

Moreover, we have no difficulty in verifying the equality constraint,

Wi(x) = Wolx) + 80} (x) = Bold, (x) + Co + Bo(Ts(x) — Id, (x))
= ByTs(x) + Cop in wy,
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Wi(x) = wo(x) +8g3 (x) = Ag - Idy (x) + ap + Ag - (Ts(x) — Id,(x))
=Ag-Ts(x)+ap in wy.

We next turn our attention to (W(SZ, wg). The construction of W(S2 is not much harder
than that for Wal. Indeed, with [Ws] € H'/2(dwp) and Proposition 2.5 in mind, the
function

= (Vi Ty)™!

P{ = Ext; o Tr| gz ( g

[Ws]; (0, O)T) (47)

is an element of the space HJQ(QO)Z. To define wg, we appeal to slightly simpler

arguments than for wgl. Taking into account the inclusions [ws] € H3/?(dwp) and

[Viws] € H'/?(3wp)? and applying Proposition 2.5 again, we derive that the function

_ I —Zs
pg = Exty o Trz,b\wo <[[w3]]; 0; [Vyws] - 5 Vo; 0) (48)

belongs to Hazg(Qo). We finally put

Ts — 1d
0%(x) = BaT"u), q: = As

Ts — 1Id,

3 x), xeqQ.

The functions Q% and qg vanish in a neighborhood of 9€2. In view of the above
discussion, we obtain

[W3] - vo = [Ws = 8PF] - vo L (IWs] = (1 = (V1)) [Ws]) - wo

_ 48
= [Ws] - (VxT5) " Tvo = |[[Vews] - Zswo @, ‘ [[Vx(ws - 8p§)]] : VO‘

=h ‘ [[Vxﬂ?g]] . v0’ on Y.
Furthermore,

W2(x) = Ws(x) — 8Q3(x) = BsTs(x) 4+ Cs — Bs(Ts(x) — Id, (x))
= Bsld,(x) + Cs in wg,

Q%(JC) = ws(x) — 5q§(x) =As - Ts(x) +as — As - (Ts(x) —1d,(x))
= As-Idy(x) +as in wo.

We thus can conclude that (W(SZ, ﬁg) € Ko(20), as asserted.
In order to complete the proof, we observe that the uniform estimates (44) is an
immediate consequence of (32) and continuity of the lifting and extension operators.
(]

These considerations allow us to establish convergence properties of the trans-
formed solutions (Ws, ws) as § — 0.

@ Springer



Applied Mathematics & Optimization (2021) 84:2775-2802 2793

Lemma 2.7 There exists a constant ¢ > 0 that is independent of § such that it holds
for every § € [—82, 82] :

[(Ws, ws) — (Wo, wo)ll g1 ()2 x H2(220) = €V 18]

Proof Asin the proof of Lemma 2.4, we change the integration domain €2\ @wg by ¢ in
the variational inequality (7). The resulting variational inequality is referred to as (7)g .
Inserting (VT’I, w ;) and (VT/(%, 1’17(%) as test functions for (27)g, and (7)g,, respectively,
and adding both variational inequalities, we invoke the asymptotic expansions (33)—
(34) and (37)—(38) to obtain

/O(Wg — W) : e(Ws — Wy)dx — /m(wg —wp) : Vf(w(g — wp) dx
Qo Q0

< a/ (Ap(V: W5, Wo -+ 8W} — W)+ Ay(V: w5, wo + 8w} — wy)) dx
Qo
+ 5/ (F (W2 —WH + fw? —w)) —divi(F® V) - (Wo + W) — Wy)
Q0
— dive (f V) (wo + sw) — w(;)) dx

+ 5/ (U(W(s) Ce(Wh) — m(ws) : vgwg) dx
Qo
- af <G(W0) L e(W3) — m(wo) : v)%wg) dx
Q0
+ [ (R1(8, Ws, Wo + W) — Ws) + Ra(8, ws, wo + dw) — wa)) dx
Qo
4 / (Rs(3. W+ 5W) — Wa) 4 Ra(6. ws. wo + S} — wy)) dr.

Q0

By virtue of estimates (32),(35)-(36),(39)—(42), and (44), it holds for every § €
[—62,82] :
/U(W,; — Wo) : e(Ws — Wp)dx — /m(w(s —wop) : Vf(wg — wp) dx < cl|d].

Qo Qo

We finally apply the Korn inequality and the Friedrichs inequality to complete the
proof. O

Corollary 2.8 The sequence (Bs, Cs, As, as) converges to (Bg, Co, Ao, ag) in R2x2
RZ x R2 x Ras§ — 0.
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Proof By Lemma 2.7, it follows that (W5, ws) — (Wp, wo) strongly in H 1(a)o)2 X
H?(wyp), in other words,

1
Bsld, + Cs + 5 B; (V + %) — Bold, + Co stronglyin H'(w)?,  (49)

1
-
As - 1d, +as + 8As - (V + ?‘3) — Ag-Idy +ag stronglyin HZ%(wp).

(50)

Estimate (32) forces that the sequences Bs and A are uniformly bounded with respect
to small enough 8. Thus we can rewrite (49)—(50) as

Bsld, + C; — Bold, + Co strongly in H'(wp)?

and (up to a subsequence) a.e. in  wy, (@28
As - 1dy +as — Ag-1d, +ag strongly in  H>(wp)
and (up to a subsequence) a.e. in  wy. (52)

The strong convergences Vi (Bsld, + Cs) — V,(Bold, + Cp) in L*(wg)>*? and
Vi(As - 1d, + as) — V. (Ag - Id, + agp) in H'(wp)? mean in particular B; — By
in R2*? and A; — Ao in R?. Hence (51)—(52) imply the remaining convergences
Cs — Cpin R? and as — ag in R, so we are done. ]

We intend now to identify the limit of the sequence (Wg, wg) foreachi =1, 2.

Lemma 2.9 Let (Wo, W) = (P + Qo, Po + qo), where Py = Ext; o Tri}z\ao(VxV
[Wol: (0.0)T), Qo = BoV, po = Exty o Trz_,b\ao ([wol: 0; [Viwo] - (Vi V+
(Vy V)T) Vo3 O) ,and go = Ag - V. Then, for eachi = 1,2, the sequence (Wg, wé)
converges strongly to (VT/O, wo) in HSIQ(QO)2 X H(%Q(QO) as$ — 0.

Proof We first note that, by construction, (Wo, o) € HJ,(Q20)% x H3(Q); further-
more, Py = (0,0)T and po = 01in wg. Since all the functions Pai and pg vanish in wq,
it is enough to investigate their convergence in 2 \ wy.

Thanks to the asymptotic expansion (29), continuity of the lifting operator Tr - 5\50 ,
and Proposition 2.5, we have Pal — Py strongly in H'(Q\ @0)?. From the asymptotic
expansion (28), it follows that Q(]s — Qg strongly in H' (£20)?%, and qg — qo strongly
in H%(£2). The asymptotic expansion

Zs=1-35 (vxv + (VXV)T) +15, Il =0(),  (53)
strong convergences g — 1 and 5 — 0 in C%!(dwp), and Proposition 2.5 imply
that (V,p)™ - vg — (Vipo)™ - vg strongly in H'/2(dwp). In view of p§+ = pd on

dwo and the continuity of the lifting operator Tr, 19\50, we conclude that pg — Po
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strongly in H>(2 \ @o). Consequently, (W, w g) converges strongly to (Wo, Wo) in
HJo(Q0)% x HZ,(Q), as claimed.

By Lemma 2. 7 and the continuity of the trace operators Tr o\z, and Try ., , we find
[Ws] — [Wo] strongly in H'/?(dwp)?. Therefore, using the asymptotic expansion
(31), continuity of the lifting operator Trl_,}Z\BO’ and Proposition 2.5, we deduce that
P2 — Py strongly in H' (2 \ @o)?. With the aid of the asymptotic expansion (53) and
continuity of the trace operators Tr2 o\@, and Trz o, we derive p 5 T po strongly
in H3/2(dwp) and (Vi p)*t - vp — (pro)Jr Vg strongly in Hl/z(awo) Employing
the continuity of the lifting operator T1r2 o\, Ve infer that p5 — po strongly in

HZ(Q \ @p). Additionally, Corollary 2.8 yields Qa — Qo strongly in H (QO)2 and
‘15 — qo strongly in H%(Q0). Thus, the strong convergence (W5 , Wi ) to (Wo, We) in
HBIQ(QO)2 x H Q(SZO) is established, and the lemma is entirely proved O

Now we have enough tools at hand to prove Theorem 2.2.

Proof of Theorem 2.2 For the calculation of limit (22), we first transform the potential
deformation energy £(L2s; -, -) to the reference configuration €2p, which leads to

Es(Qo; W, w) = h / det(V T5)CE((V T5) ™' W) : E((V2Ts) ™ W) dx

Q\@o

+l13_3 / det(V, T3)C {(VXTB)*T (Vfw — MSwa) (VxTa)*l}
Q\@o

: [(Vsz)_T (Vfw - Mszxw) (VxT,s)_l} dx

—/det(VxT,s)Fg - Wdx —/det(VxT(s)f(;w dx,
Qo Q0

(W, w) belonging to H 1(Q0)2 x H2(Q). Utilizing the same machinery as in the
proof of Lemma 2.4 yields

8
Es(Qo; W, w) = E(Qo; W, w) + 5 / (Ap(V; W, W)+ Ay(V; w, w)) dx
Q\wo
—8/ (divy(FQ V) - W 4+ div,(fV)w) dx + / Rs5(8, W, w)dx,
Qo Qo
(54)

where

IRs (S, W, w)ll gy = es8D (1OV, 011 gy 2. 2 + 1OV )l 120000 )
0 < ¢5(18]) = 0(8).
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Since T is a bijection between the sets K 5(Q2%) and K5(S2), it follows that

Es(Qo; Ws, ws) = EQs; Wow’) = inf  E(Qs; W, w)
(W,w)eK‘S(Q,g)
= inf Es(Qo; W, w). (55)

(W, w)eKs(S20)
Let § > 0. Using (VT/I, 1’17;) € Ks5(L20) as a competitor in (55), we discover

E(Qs; WP, w') — E(Qo; Wo, wo)  E5(Qo; Ws, ws) — E(Qo; Wo, wo)

1) 1)
Es(Q: Wi, 1) — £(Q0: Wo.
- 5(S20; Wy, wg) — E(Ro; Wo w0)7 (56)
1)
which implies
. E(Qs; Wi, w®) — £(Qo; Wo, wo) . Es(Qo; VT’,;l, W) — E(Q0; Wo, wo)
lim sup < lim sup .
NG 3 NG )
(57)

On the other hand, considering (WSZ @g) € Ko(f20) as a competitor in (6), we arrive
at

E5(Q: Wa. ws) — E(Qo: W3 BF) _ E5(Q: Wa, ws) — E(R0: Wo., w)
) - d '

(58)
so that

o €5(Q0: Ws, ws) — Q03 W2, @2)

Qs 8 8y _ Qn:
lign\l0 <1iminfg( 53 W w®) — E(Q0; Wo,wo).

1) AN 1)

(59
Invoking the asymptotic expansion of the transformed potential deformation energy
(54), we can calculate the limit superior on the right-hand side of (57) and the limit
inferior on the left-hand side of (59). Direct computations based on Lemmas 2.7 and
2.9 reveal that they are finite and equal. Therefore,

_E(Qs WO wd) — E(Qo; Wo, wo) 1
(%I\I‘I(l) 5 = 3 / (AP(V; Wo, Wo) + Ay (V; wo, wo)) dx
Q\wo

- / divy (F® V) - W +divy (fV)w) dx

Q\wo

[ ot seyar— [ mwo s Vi
Q\wy Q\wy

—f(F - Wo + fio) dx. (60)
Qo
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For § < 0, we just have to flip inequality signs in (56) and (58) and reason as before
to prove that

. E(Qs WO wd) — E(Qo; Wo, wo) .. E(Qs; WP, w®) — E(Q0; Wo, wo)
lim = lim .
5,0 1) SN0 k)

In view of the above discussion, the limit in (22) exists and coincides with the right-
hand side of (60). Thus it remains to show that the right-hand side of (60) is equal to
&(Qp; V). To do so, let us set

fo(WO):s(ﬁ/o)dx - / m(wo) : V2o dx
Q\@o Q\wy

- /(F - Wo + filo) dx = 1,(Wo, Wo) + L (wo, Wp).

Qo

An application of the Green formula [17, Theorem 1.17] gives

1,(Wo, Wo) = / (divyo (W) — F) - Wodx—/F-vaodx
Q\wo [20)]

— <a+(W())VOv Q0>1/2,8w0

+ + + +
- <GVO(WO)9 P() : vO)]/z’awO - (UTO(WO)S POTO>]/2,B(;)O )

where POJ;O = Py" — (P - vo)vo. Since Py" = (0,0)T on dwp \ y0, we find

+ + + + [t + 00
(0 (Wo), B¢ - wo), /2,3w0+<a,0<wo>,PO,O)UWO = o (Wo), B§ - wol),

00
+ +
+ (o (W), POTO>1/2,)/0 .
Owing to the equilibrium equations (8) and Remark 1.1, we infer

1,(Wo, Wo) = —f F - ByV dx — (o (Wo)vo, BoV)

wQ

00
— (o0 (Wo). Vi VIWol - vo) ), -

1/2,0wp
(61)

Let us turn now to I, (wg, Wo). We employ the Green formula [17, Theorem 1.19] to
deduce

Iy (wo, o) = / (—divydivem(wo) — f)wo dx — / fio dx + (175, (w0). 90} 5 5.

Q\wo [20)]
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+
- (ij(UJ()), qu() : v0>1/2’3w0 + <t1;;(w0)7 Py )3/2,30)()

= (3, (o). (Vxpo)* - 0), 1 51 -
Taking into account that p = 0 and (V, po)* - vy = 0.on dwp \ o, we thereby obtain

(26 0. g }3 5 0y = 10 W0). (Vapo)™ - v0), 0

oo 00
= (t,F (wo), pg >3/2,yo — {m3f (o). (Vxpo)™ - ”0>1/2,yo ‘

Furthermore, the equilibrium equation (10) and Remark 1.1 yield

Iy (wo, Wo) = — / fAo -V dx + (1 (wo), Ao - V>3/2,8wo

wQ

— {mi, (o). Vi (Ao - V) - vo), 50

_ (mvt)(wo), [Vwo] - (VxV + <VxV>T) “0)(1)?2,%) -

Combining (60)—(62) completes the proof. O

Remark 2.10 The structural assumption (1) arises in dimension reductions from 3D
to 2D within the Kirchhoff-Love energy scaling regime [8—10]. In the case of an
undamaged elastic plate, this assumption provides in particular that the limit stored
elastic energy is a sum of uncoupled bending and stretching energies.

From a mathematical standpoint, we have no difficulty in treating a more general
case in which the elastic properties of the plate depend on the spartial variable x as in
[17]. Indeed, let C?, CY € C!(2)2*2%2%2 pe fourth-order tensors. Foreachn = p, v,
the tensor C” is assumed to be positive, i.e., there exists ccr > 0 such that

C"(x)X : X > con|X)? forall X e RZX? andall x € Q,

sym
and symmetric
n . mn . mn P _
(Cijkl = (Cijlk = (Ckll-j, i,j,k,l=1,2.

We denote by C™" the fourth-order tensor with components (C:'],Z = VX(C;’J.M -V,

i, j,k,I =1, 2, and replace the constitutive relations (2),(3) (see also (9),(11)) by
o =CPe(W), m= —(Cvaw
and the bilinear forms (23),(24) by

A,(V;U, W) =div,Vo(U) : (W) — o (U) : E (V,V; W)
—o(W): E(VyV;U)+CPVeU) : (W),
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Ay(Viu,w) = — dive Vm(u) : Viw + m(u) : (zvfwvxv + Nwa)
. 2 w2, . o2
+ m(w) : (2V2uV,V + NVar) + €Y Vi s Vi,
Exploiting the asymptotic representations
C"o T(S =C" + S(Cn'V + I"gﬁ, ||rgl6||L00(Q)2><2><2><2 = 0(8),

we can easily adapt the arguments above to show that all our results remain valid.

Remark 2.11 (Griffith formula) We now demonstrate how one can apply the result
obtained to derive the Griffith formula for the energy release rate associated with
extension of the crack along the interface.

We assume that there exists a simple curve A of class C>! suchthat yy & A C dwy,
and let A : (0, H'(A)) — R? be its arc-length parametrization, whereas yy = A(0, [)
with [ = H' (). For technical reason, we require the validity of G1 for the domain
Q\A. The cylindrical surface A3P is a prescribed crack path. For§ € (=1, H'(A\)),
the admissible crack setis y;° = A(0,1 4 8) x (—h, h), and we put Qs = Q \ V.

The energy release rate associated with crack extension ERR(L2p) is formally
defined as the opposite of the derivative of the potential deformation energy with
respect to the crack length:

Qe $ Sy Q-
ERR(Q) = —alirr%) E(Qs; W2, w) . E(Q; Wo,wo)’
o

(63)

where (W‘S, w5) and (W, wo) are the displacement fields corresponding to 25, § 7#~ 0,
and Qp, respectively. Thanks to the regularity assumptions on A, we can find u > 0
and ¥; € C>'([A1(1) — w, A1 (1) + ) such that

A ={n () xn € ) — s A (@) 4wl }

Choose a cut-off function € C*®(R?) so that 0 = 1 on B,,/3(0) and 6 = 0 outside
By, /2(0), and define the mapping 7; 5 : R? — R2 by
A1 +8) = A (NOA() — x)
T = .
Lolx) =x+ (wz (1 + Ol +8) — A DO — 1) — (xo)

Hence there exists 6o > 0 such that 7;. € CZ1([=680, 801 x R%)? and, for every
8 € [—80, 80], the mapping 7} s is a C>!-diffeomorphism on R? with 7; 5(Q20) = Qs,
T;s(A(1)) = A +8), T;,5(y0) = vs5, and Tj s(wp) = wp, see [24, Lemma 3.5]. By
construction, the vector field

Var(x) = 85(T1,5(x))|s=0 = A, (DO — x)(1, Y1 (x1)"
belongs to C!! (R?)? and is compactly supported in . We thus deduce that the energy

release rate associated with crack extension (63) is well defined and can be calculated
as
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ERR(Ly) = —&(R0; Var)-

We conclude this remark and paper by noting that, in view of the definition (63), the
energy release rate associated with crack extension ERR(£2p) is independent of the
choice of the cut-off function 6.
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