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Abstract

Complementary decompositions of monomial ideals—also known as Stanley
decompositions—play an important role in many places in commutative algebra. In
this article, we discuss and compare several algorithms for their computation. This
includes a classical recursive one, an algorithm already proposed by Janet and a
construction proposed by Hironaka in his work on idealistic exponents. We relate
Janet’s algorithm to the Janet tree of the Janet basis and extend this idea to Janet-
like bases to obtain an optimised algorithm. We show that Hironaka’s construction
terminates, if and only if the monomial ideal is quasi-stable. Furthermore, we show
that in this case the algorithm of Janet determines the same decomposition more
efficiently. Finally, we briefly discuss how these results can be used for the computa-
tion of primary and irreducible decompositions.
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1 Introduction

Combinatorial decompositions of polynomial ideals often appear in commutative
algebra, as they are very useful for many theoretical considerations [34]. Actually,
they were first prominently used by Riquier [25] and Janet [22] in their works on
general systems of partial differential equations and Janet also provided effective
algorithms for their determination. Within commutative algebra, such decompo-
sitions were studied with an emphasis on complementary ones only much later:
first by Rees [24] in a generic situation and then generally by Stanley [31] in
the context of Hilbert function computations. Algorithms for the construction of
complementary decompositions were presented e.g. by Sturmfels and White [33].
A particular combinatorial decomposition was also crucial for Dubé’s analysis of
the complexity of Grobner bases without genericity assumptions [12]. Combina-
torial decompositions were also studied recently by Ceria [10].

As the theory of involutive bases (see [30] for a general introduction and an
overview of applications) was developed by Gerdt and Blinkov [18] following
ideas underlying the Janet-Riquier theory of differential equations, it is not sur-
prising that involutive bases are closely related to combinatorial decomposi-
tions. Any (strong) involutive basis induces a direct sum decomposition of the
ideal as linear space and thus allows for the immediate construction of the vol-
ume function of the ideal (and indirectly of its Hilbert function). Complemen-
tary decompositions, i. e. decompositions of the factor ring, are a bit harder to
get, but the two types of involutive bases most often used in practise, Janet and
Pommaret bases, also induce such decompositions. We will show that Janet-like
bases—which may be considered as a condensed version of Janet bases intro-
duced by Gerdt and Blinkov [19, 20]—provide a more efficient algorithm for the
construction of a (condensed) complementary decomposition than Janet’s origi-
nal algorithm.

In his work on idealistic exponents, Hironaka [21] constructed a complemen-
tary decomposition for monomial ideals in generic position. We will show that
his construction terminates with a finite decomposition, if and only if the mono-
mial ideal is quasi-stable, i. e. we find here a by now well studied genericity con-
dition. This observation also implies that Hironaka essentially just rediscovered
Rees’ decomposition. We will show furthermore that Janet’s algorithm presented
almost 50 years before Hironaka’s work constructs the same decomposition more
efficiently.

This article is structured as follows. The next section collects and recalls the
basic notations and concepts used later on. Section 3 discusses a classical recur-
sive algorithm for the construction of a complementary decomposition. We deter-
mine its complexity and describe an iterative variant of it. The construction of
complementary decomposition following Janet’s ideas is the topic of Section 4.
We formulate his algorithm in a graph theoretical language showing that it cor-
responds to a simple breadth-first traversal of the Janet tree associated with the
given monomial ideal. This observation immediately gives us its complexity. We
then show how Janet-like bases can be used for obtaining a more efficient version
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of the algorithm. In Section 5, we recall Hironaka’s construction and relate it to
Pommaret bases and thus quasi-stable ideals. We then proceed to discuss in the
following section the relation of complementary decompositions with primary
and irreducible decompositions. We show that Hironaka’s construction yields as a
by-product a primary decomposition and explain how an irreducible decomposi-
tion can be extracted from a complementary one. Finally, some conclusions are
given.

2 Preliminaries

We review some basic definitions and notations from the theory of Grobner and
involutive bases which are used throughout the article. We consider the polynomial
ring P = K[X] = K[x,, ... ,x,] over a field K. Let f;,....f, € P be some polyno-
mials and Z = (f}, ....f;) the ideal generated by them. We denote the total degree
and the degree with respect to the variable x; of a polynomial f € P by deg(f) and
deg;(f), respectively. If Y = {y,, ..., y,} € X is a subset of variables, then we denote
by 7, = {y’f‘ ---y;:" | #; €Ny, 1 <i <k} the monoid of all terms in P depending
only on the variables in Y. We write shortly 7= 7, if all variables are considered. A
term ordering on 7 is denoted by <. The leading term of a given polynomial f € P
with respect to < is denoted by It(f). If F C P is a finite set of polynomials, we
denote by 1t(F) the set {1t(f) | f € F}.

A finite set G C P is called a Grobner basis for I with respect to <, if it satisfies
1t(Z) :=t(f) | f € ) = (It(G)). Grobner bases and the first algorithm to com-
pute them were introduced by Buchberger in his PhD thesis [8], for more details on
them see e.g. [11]. A key property of them is given by the following result due to
Macaulay which will allow us to restrict in the rest of this article to monomial ideals
(which we will identify with the set of terms contained in them).

Proposition 1 ([11, Prop. 4, pp. 250]) Let G be a Grobner basis of the ideal T <1'P.
Then, the factor ring P/ T is isomorphic as a K-linear space to the space generated
by all terms t & (1t(G)).

Involutive bases are a special kind of Grobner bases with additional combinato-
rial properties. We recall some basic notions; for more details see [17, 30].

Definition 2 An involutive division £ on T associates to any finite set U C 7 of
terms and any term u € U a set of L-non-multipliers L(u, U) given by the terms
contained in a prime monomial ideal. The variables generating this prime ideal are
called the non-multiplicative variables NM (u, U) C X of u € U. The set of L-mul-
tipliers L(u, U) is given by the order ideal 7\ L(u, U); defining the set of multiplica-
tive variables M;(u, U) = X \ NM(u, U), we have T\ L(u, U) = TMK(M’U). For any
term u € U, its involutive cone is defined as C.(u, U) = u - L(u, U). Finally, £ must
satisfy the following conditions:
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1. Fortwo termsv # u € U with C,(u, U) N C,(v,U) # @, we have u € C,(v, U) or
veC (u,U).

2. Ifatermv € U lies in an involutive cone C,(u, U), then L(v, U) C L(u, U).

3. For any term u in a subset V C U, we have L(u, U) C L(u, V).

We write u |, w for a term # € U and an arbitrary termw € 7, if w € C,(u, U). In
this case, u is called an L-involutive divisor of w and w an L-involutive multiple
of u.

Definition 3 For a finite set of terms U C 7 and an involutive division £ on 7, the
involutive span of U is the union C,(U) = |,y C(u, U). The set U is involutively
complete or a weak involutive basis of the ideal generated by U, if C,(U) =7T-U.
For a (strong) involutive basis the union must be disjoint, i. e. every term in C.(U)
has a unique involutive divisor. An involutive division is Noetherian, if every mono-
mial ideal in P possesses an involutive basis.

One of the simplest involutive divisions is the Pommaret division:

Definition 4 Define the class of a term x* € 7 with exponent vector y = (uy, ..., i,)
as the index cls (x*) = min {i | y; # 0}. The Pommaret division P is defined as fol-
lows: Any variable x; withi < cls (x*) is P-multiplicative for x# # 1. For @0 = 1,
all variables are multiplicative.

Remark 5 The Pommaret division P is a global division, i. e. the assignment of mul-
tiplicative variables to a term x* is independent of any ambient set x# € U C 7. The
Pommaret division is not Noetherian, as e.g. the ideal 7 = (x,x,) does not possess a
finite Pommaret basis, as it does not contain any element of class 2.

Each finite set U C 7 contains a unique minimal subset A C U such that
(A) = (U) as monomial ideals, but no term a € A is Pommaret divisible by any
other term b € A \ {a}. We say that A is derived from U by the process of Pommaret
autoreduction.

The fact that the Pommaret division is not Noetherian singles out those mono-
mial ideals which do have a finite Pommaret basis. It turns out that this class of
monomial ideals is already well-known, as it appears in many different contexts.
Its classical characterisation is of a combinatorial nature.

Definition 6 A monomial ideal Z C P is called quasi-stable, if for any term
x* € 7 and for any index k = cls (x*) <i < n an exponent s > 0 exists such that

S oht
xxt/x, € T

Proposition 7 ( [30, Prop. 5.3.4]) A monomial ideal I possesses a finite Pommaret
basis, if and only if it is quasi-stable.

One of the most important involutive divisions is the Janet division which like
the Pommaret division was already introduced by Janet [22, pp. 16-17].
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Definition 8 Let U C P be a finite set of terms. For each sequence d,, ..., d, of non-
negative integers and for each index 1 < i < n, we introduce the corresponding Janet
class as the subset

Uy, q1={u€U|degw)=d, i<j<n}CU. (1)

The variable x, is Janet multiplicative (or shorter J-multiplicative) for the term
u e U, if deg, (u) = max {deg, (v) | v € U}. For i < n the variable x; is Janet multi-
plicative foru € Uldm,.--,d,lJ’ if deg; (1) = max {deg; (v) | v € Uld,-+1,--~»dnl}'

Remark 9 In contrast to the Pommaret division, the Janet division is Noetherian [30,
Lem. 3.1.19], but not global.

Example 10

1. Theideal (x,x,) C K[x,,x,] has the one-element set {x,x,} as Janet basis.
2. The ideal (x%,x%) has the set {x%,x%xz,xg} as smallest possible Janet basis. Note
that, for example, also {x%,x%xz,xg,xg } is another Janet basis of the same ideal.

To improve the computation of Grobner bases for ideals where the Janet basis is
much larger than the reduced Grobner basis, Gerdt and Blinkov in [19] introduced a
generalisation of Janet bases, the so-called Janet-like bases.

Definition 11 Let U C 7 be a finite set of terms. For any term u € U and any index
1 <i<n, weset

hi(u, U) = max {deg; (v) | u,v € Uy, 4} — deg; () .
If h;(u, U) > 0O, the power xf’ with
k; = min {degi (v) —deg;(u) | v,u € Ui,,....q,1»deg; (v) > deg; (u) }

is called a non-multiplicative power of u for the Janet-like division. The set of all
non-multiplicative powers of u € U is denoted by NMP (u, U). The elements of the
set

NM@w,U)y={veT|Iwe NMPu,U) : w|v}

are called the J-non-multipliers for u € U. The terms outside of it are the J-multipli-
ers for u. An element u € U will be called a Janet-like divisor of w € T ,if w=u-v
with v a J-multiplier for u.

Example 12 Consider the set U = {xg, )c;)c3 ,X1Xx3} C K[x, x5, x3]. We can deter-
mine the Janet-like non-multiplicative powers of the elements of U as follows:

1. xg has maximal x;-degree in U. This implies immediately that no non-multiplica-
tive power exists for it at the variable x;; moreover, since its x;-degree is unique
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in U, no Janet class of U containing this term will contain any other term. Hence,
NMP (x U)=

2. X and x1x2x3 both have x;-degree 1. Comparing with x it follows that
x% € NMP e %3, U) N NMP (x,x,x3, U), 2 being the dlfference of the x;-degrees.
Smce x2x3 has the highest x,-degree in U, we can conclude NMP (x2 X3, U) = {x }.

3. Looking at the Janet class Uy = {x 5X3, X1XX3 }, we observe a dlfference of 2 in
the x,-degrees. Hence, x € NMP (x1x2x3, U). Now, noting that Uy, | = {x;x,%3},
we conclude that NMP (x1x2x3, U)={x.x}.

The Janet-like division is not an involutive division, because it assigns sets of
non-multipliers that are generated by powers of variables instead of only variables.
Nevertheless, it preserves all algorithmic properties of the Janet division and allows
for the construction of Janet-like bases and in turn Grobner bases. Indeed, the main
algorithmic idea for the construction of Janet-like bases is similar to that of Janet
bases, instead of multiplying with non-multiplicative variables one now multiplies
with non-multiplicative powers. One can show that any ideal has a Janet-like basis
which is a subset of its Janet basis [20, Thm. 3].

2.1 The Janet tree

The lattice of the Janet classes together with the set theoretic inclusion relation pos-
sesses a natural tree structure for any finite set U C 7 of terms. Following Gerdt
et al. [15], we call this tree the Janet tree of U, although our tree is not the same as
theirs. As their main concern was efficiency, they presented immediately a represen-
tation as binary tree which somewhat obscures the very natural underlying math-
ematical structure. Our presentation follows [30, Addendum §3.1] adapted to our
purposes here. One should note that the bar codes of Ceria encode essentially the
same information in a different manner [9]. Janet trees allow us to perform many
operations relevant for Janet bases—like determining multiplicative variables or
finding an involutive divisor—in a very efficient manner. We will show later that
one can read off a complementary decomposition without any further computations
by simply traversing the Janet tree.

Each node in the Janet tree corresponds to a non-empty Janet class and the
edges represent inclusions. It turns out to be convenient to represent the Janet class
Ul....q,) by the term x;i - X, & (although this term is not necessarily contained in the
class!). Furthermore, we store in each node a list of variables which are multiplica-
tive for any term contained in the class so that each node is a pair (x, V) consisting
of a term and a subset of the variables X.

Assume that U = {x*,... ,x#»} where u; =(u;,...,H;,) for each i and
XM <y ot gy X with Xy <, oo+ <, X, We divide the tree into n + 1 levels with
the root being at level n + 1 and all leaves at level 1. The root contains the term 1
(corresponding to the Janet class Uy = U) and the empty set. Its children corre-
spond to the non-empty classes Uy, ; with 0 < d, < u,,, and each contains the term
x " and the empty set except for d,, = u,,, which contains the set {x,}, as x,, is mul-
tiplicative for all terms in this Janet class. Then we continue recursively. Assume
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(1,0)

/

(x5, {s})

(x5, {2, 23})

(z323, {z2})

(@1z2m3,{21})) ((@§es, {21,22))) (@} {21,22,25)))

Fig. 1 Janet tree of U = {x;x,%;, X

X35 xg} C K[xy, x5, x3]

(1,0,0)

(x3707 {x%}) (Ig,{:t:;LQ))

(@250, {s3,23)]  ((afas, {w2}, (a3}) (a3, {@2,23},0)

1
(@12223, {21}, {03,03))) ((aws, {z1, 22}, {=3})]

("Eg’ {x171291‘3}» Q))

Fig.2 Janet-like tree of U = {x,x,x3, x3x3, 3} C K[x}, x5, %3]

that we have a node (x",V) at level i + 1 with i < n, i. e. clsx¥ > i+ 1. Then its
children correspond to the non-empty Janet classes represented by terms of the
form x{x" and they all contain the same set V except for the one with the maximal
value of a where x; is added to V. We sort the children according to increasing
values of a, so that it is always the rightmost child which obtains the additional
multiplicative variable x;. The nodes at level 1 contain then in lexicographic order
the terms in U together with their Janet multiplicative variables. Figure 1 shows
the Janet tree of the set U = {x1x2x3, x§x3, x%} C Klxp, x5, %3]

2.2 The Janet-like tree

To adapt this tree representation to the Janet-like division, we add to each node
a set M of Janet non-multipliers and obtain what we call the Janet-like tree of
U. Assume as above that at level i + 1 we have the node (x*,V, M) and that it
has ¢ children represented by the terms x 'x where ap<ay<- . Then
the first £ —1 children are given by the nodes (x x¥,V, MU{x ’“ ’}) and
the last child is (x x’,VU{x;},M). We find then again at level 1 the terms of
U in 1ex1cographlc order together with their multiplicative variables and their
non-multiplicative powers. Figure 2 contains the Janet-like tree of the set
U= {x1x2x3, x§x3, xi} C Klxy, Xy, x3].
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3 Complementary decompositions from arbitrary generating sets

In this section, we recall the definition of complementary decompositions and
give a more efficient variant of a well-known recursive approach for their con-
struction for the special class of monomial ideals, for more details see [30, pp.
168-175].

Definition 13 A cone is a set of the form Cy(t) = 7, - t for some term t € 7T, its
vertex, and some set of multiplicative variables Y C X. A cone decomposition of
an arbitrary subset S C 7 is a representation as a disjoint finite union of cones:
S= |_|(t’Y)€D Cy(t) for some finite set D of pairs (r € 7, Y C X).

In the above definition, we consider arbitrary subsets S C 7 . In practice, two
cases are particularly relevant: S= Z N7 consists of the terms contained in a
monomial ideal Z or S is the complement of such a set, i. e. S consists of the
terms contained in an order ideal. In this work, we are mainly concerned with the
second case which we call a complementary decomposition of the monomial ideal
7. By Proposition 1, a complementary decomposition corresponds to a decompo-
sition of the factor ring P/ T as a K-linear space. Complementary decompositions
are often called Stanley decomposition, as Stanley [31] used them for comput-
ing the Hilbert function of an ideal Z (actually, this approach to Hilbert func-
tions goes back already to Janet [22]). Rees [24] considered already earlier the
special case where all sets ¥ of multiplicative variables are of the special form
Y = {x;,x;y4,...,x,} for some index i; one then speaks of a Rees decomposition.

Given any finite complementary decomposition D of an ideal Z, it is indeed
straightforward to read off the Hilbert series and the Hilbert polynomial of 7.
Given a cone induced by the pair (¢, Y) € D, we write g, = deg (¢) for the degree
of its vertex and k, = |Y| for its dimension. The Hilbert series of Z is then given
by

Ad

Ak

HS(4) =
#,Y)ED (I-

and the Hilbert polynomial by

g k-1
HP ()= )| <q P )
tLY)eD !
k>0

This follows immediately from the disjointness required from a cone decomposition
and from the fact that the above binomial coefficient gives the number of terms of
degree ¢ in the cone (¢, Y) (for degrees g > g,). For the Hilbert function, one must
enforce that the cone (#, Y) contributes nothing for any degree ¢ < ¢,. Hence, using
the Kronecker-Iverson symbol [-] which yields 1 if the condition in the bracket is
satisfied and O otherwise, we can write
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HF; ()= ), [ng,](q“,’;t’i'”) + ) la=ql.
Y)€eD t tY)ED )
k>0 k=0

Thus complementary decompositions provide us with an elementary proof of the
fact that the Hilbert function of any ideal is of polynomial type and the maximal
value of ¢, bounds the Hilbert regularity. In [7], one can find a number of further
results on Hilbert series that can be derived via complementary decompositions
stemming from Pommaret bases.

Remark 14 By definition, any involutive basis of a monomial ideal Z induces a cone
decomposition of Z. As we will discuss in more details in the subsequent sections,
Janet and Pommaret bases also induce complementary decompositions. In the case
of a Pommaret basis, both the decomposition of Z and the complementary decom-
position are Rees decompositions, see [30, Cor. 5.1.9].

The subject of computing complementary decompositions for monomial ide-
als has a long tradition, see e.g. [30-33]. The recursive Algorithm 1 represents a
slightly optimised form of an approach which seems to be folklore. It can be found
implicitly in [11] or explicitly in [33] (see also [30, Alg. 5.1] or [26] for variants).
However, it seems that its complexity has never been studied. We shall note that in
the sequel, the order of variables that we use for the recursive process is xi, ..., X,
however, we can impose any order of the variables that we might want to use.

ne

Algorithm 1: RecursiveComplementaryDecomposition

Data: Generating set U = {t1,...,tm} of monomial ideal Z < P
Result: Finite complementary decomposition D of 7

1 begin

2 (Aos A1, ..., Ap) <— sequence of xi-degrees of terms ¢; with Ao < A1 < -+ < Ap
3 if U =0 then

a | return {(1,{z1,...,z.})}

5 else if n =1 and A\g = 0 then

6 | return

7 else if n =1 and Ao # 0 then

8 |_ return {(17(2)),(x1,®),..47(a:f"_1,®)}

9 D«+—0

10 if Ao # 0 then

11 |_D<_{(zi\:{f@w»-amn})|)‘:Ow-»7)\0—1}
12 for i from 0 to ¢ do

13 U/’\’,%{tEK[zg,...,wn]lﬁwiZGU}

14 D\ <«— R.ecursiveComplementaryDecomposition(U;,0 U; )

i - J

15 if i = ¢ then

16 | D DU{(1] 27, ul2]U{z1}) |ue D], }

17 else

18 | D—DU{ll] 23,ul2) |ue D\ A= Xi,..., Aiy1 — 1}
19 | returnD
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Theorem 15 Algorithm 1 terminates in finitely many steps and is correct. Its arith-
metic complexity is 0((/1m)”) where

d=max { A0 A0 =AY, A = AL L= 1n )

with /lg) < ﬂ(li) < e < /lg) the sequence of the x-degrees of the terms t; used to gen-
erate the ideal T.

Proof The termination and the correctness follow from [30, Prop. 5.1.3]. To prove
the complexity bound, we first note that one can construct the Janet tree of U using
O(m?* + nm) comparisons, see [23, Thm. 4.2]. Now, it suffices to show (by an induc-
tion over the number n of variables) that at each iteration the number of constructed
cones in D is 0((/1m)”). Here, following the notations used in the algorithm, we may
assume without loss of generality that the elements of U are distributed uniformly
and thus U;i contains m/(Z + 1) elements for each i. If n = 1, then there is nothing to
prove. Assume now that the assertion holds for n — 1. Then the for-loop is repeated
¢ + 1 times and in each iteration the set U}:o Uﬁ}_ has (i + I)m/(Z + 1) elements.
Thus, by the lines 16 and 18, the number of cones in D is
AX Zfzo 0((/1(1' + m/(& + 1))"‘1) ~ 0(/1(1,” + 1)(/1m)”‘1). It follows from the fact
that £ + 1 < m that the total number of elements added to D is O((4Am)"). Finally,
we may assume that A,m,n > 2 and therefore (Am)” is the dominant factor in the
complexity O((Am)" + m* + nm) and this ends the proof. O

Example 16 Let us consider the ideal Z = (x2x,x;, x3x3, x3) in the polynomial ring

P = K[x;,x,,x3]. By considering x, as the first variable, we have A, =0, 4, =2,
U, = {x3x;, xJ} and U} = {x,x3}. By applying the algorithm to U], we get

Dz) = {(17 ﬂ)? ()C3, g)v (-X%? ﬂ)? (-x2’ ﬂ)7 (x2x37 ﬂ)? (-x2-x§7 Q)7
(5, 9), (5x3,9), (5x3.9), (3, {x,1)} .

Thus, by multiplying the first component of the elements of this set by both 1 and x;,
we obtain the first version of D. Now, we continue with 4,. Here, one observes that
’ 3 3
U;n U U/11 = {xpx3, X303, X3 }

and the ideal generated by this set is (x2x3,x§>. Applying the algorithm to it, on
obtains its complementary decomposition {(l,ﬁ), (x5, 9), (x%,ﬂ), (x,, {xz})} and
finally

DU {(, {x ), (8x3, {x, 1), (13, {x, D), (g, {3, 5, }

defines a complementary decomposition for Z.

@ Springer



Complementary decompositions of monomial ideals and involutive... 801

For a better understanding of the structure of the recursive Algorithm 1, we
describe now an iterative variant of it: Algorithm 2. In it, we first order the set U
according to the lexicographical order and then construct sets D;;, where—with
the notations used in the algorithm—D, ; provides a complementary decomposition
for the ideal (7, ..., 7,)|, =...o,_ —1- Thus, D;, defines the desired complementary
decomposition for the given ideal Z.

Algorithm 2: ComplementaryDecomposition

Data: Generating set U = {t1,...,tm} of monomial ideal Z < P
Result: Finite complementary decomposition D of 7

1 begin

2 Sort U = {t1,...,tm} such that tm <jez -+ <jez t1 With T < --- < 21
3 ()\Y) , /\§>7 AU A5}2) <— sequence of z;-degrees of elements of U

4 for j from 1 to m do

5 A e—min A7, AG )

6 L ,D'VLJH {(1,@),(1‘n,®),..4,(323‘7471,@)}

7 for i from n —1 to 1 do

8 Di,m<—{(1?7{l‘i+17-»-ymn})\)\Zoa---,A%)—l}U

A0
{ (e} ul2] U {z}) | w € Digrm
9 Reorder U such that /\gi) > )\y) > )\%)
10 for j from m — 1 to 1 do
A
" Diy— {(ull)z;” ul2U{ei}) |u€Digay}u
{(u[l]xf,u[Q]) |[w€Digre, L=5+1,...,m, s= )\2221, .. ‘,)\éi) - 1}

12 if AL £ 0 then

13 L Di,j +— D; ; U {(Z‘i\, {zit1,... ,l‘n}) [A=0,... ,)\syzl) — 1}
14 | return (D1,1)

Theorem 17 Algorithm 2 terminates for any input and is correct. Its arithmetic com-
plexity is O(ym(/lm)”‘l) where

d=max { A0 A0 =AY A = AL = 1n )

with /1((;) < /1(11') < < /15? being the sequence of the x;-degrees of the generators t;
andy = /15;).

Proof Since this algorithm is a non-recursive variant of Algorithm 1, its finite termi-
nation and correctness follow from those of Algorithm 1. To prove the arithmetic
complexity, we mainly follow the lines of the proof of Theorem 15. We proceed to
find the number of cones in the decomposition Uj”; 1Di J for each index i =n,...,1

and the total number of constructed cones determines the complexity of the
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algorithm. We observe that for i = n the number of constructed cones is O(ym). It
follows from line 11 by applying a simple induction, that the number of cones in D, ;
is  O(y(Amy"~"). Thus, the total number of constructed cones is
ym + ym(Am) + - ym(Am)"~'. We may assume that Am > 2 and this shows the
claim. a

Remark 18 One can see that arithmetic complexity of this algorithm is very close to
that of Algorithm 1. However, at each iteration of Algorithm 2, we get complemen-
tary decompositions for the ideals (#, ..., 1,)|, —..—,_ -3 Which provide additional
information about the input ideal. More precisely, for eachl <i<nand1 <j<m,
the set D, ;, constructed during the algorithm, forms a complementary decomposi-
tion for this ideal.

The following example illustrates the steps of the algorithm.

Example 19 Let us consider the 1dea1 Z =(U) in the polynomial ring
P =Klx;, x5, x3] with U = {x XoX3, x3x3, x; } Obviously, we have 1(13 =1, A9 = 1,
and /1(3) =3. We get Dy = {(1 9), (x5, @), (xg,(é)} and Ds, = D5 = {(1, ﬂ)? Note
that D3 » = D; since x; € <x3,x ). Entering into the main for-loop, we must con-
sider in the iteration with i = 2 the three terms x,x;, x3x3, x; € [K[x,, x;] and hence
obtain /1(2) =1, 2(2) =3, /1(2) 0. The algorithm then yields

Dy = { (1. (x2)), (33, 1)), (3 2) }
Dy = { (1.9 (65,0, (2.0, (o2 ). (35,0, (2. ). (3 ). (35,9, (22,0, (. (o)) .
D, = {(1,@), (3, B), 62, B), (2, {xz})} .

It is worth noting that we may simplify the construction of D, ; by removing the
extra term xJx; and considering only the two terms x,x3, x For i = 1, we consider
the given set U and obtain /1(1) /1(1) /1(1) 0. Thus,

D1,3 = {1’ {xl’xz})’ ()C3, {xl’x2})’ (x37 {xl’x2})} )

D,y = {1 {x, ), @3, {x, ), (x%, (), (o, {2 1), (o3, {3 1), (603, {3 D),
(xz’ {xl }) ()C X3, {xl }) (X2 3 {xl }) (xzs {xl’xz})}

Dll = {(l,g), (X3, ﬂ), (x3, g), (-x2’ ﬂ)a (x2x3’ Q), (x2x3, ﬁ), (.X%, ﬂ)’ (X§X3, ﬂ),
x2x39 g) (x;, {-x2})7 (-xl’ g)’ (-xl-x3a ﬂ), (-xl-x%’ Q)» (xlxzs ﬂ),
(o, x5x5, 9), (xlxzxg,ﬂ), (xlxg,ﬁ), (x1x§x3,ﬂ), (xlxgxg,ﬂ),
(015, f2})s (e (). (s, (), (3, (). (e, {xlaxz})} :

D =D, is the constructed complementary decomposition for Z. Finally, we note

that since the sequence of the x;-degrees in U is 2, 0, we do not need to construct
D ;5
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4 Complementary decompositions from Janet and Janet-like bases

Janet 22, Sect. 15] presented an algorithm for the construction of a complemen-
tary decomposition from a Janet basis. Gerdt [14, Lem. 24] proposed a version that
related the form of the cones to the Janet division. However, his proof is not com-
pletely correct. Algorithm 3 corresponds to the version appearing in [30, Alg. 5.2]
(more precisely, an improved form contained in the errata to [30 obtainable at the
web page of the author). It has been formulated in a manner that makes it appar-
ent that this algorithm does nothing but a breadth-first transversal of the Janet tree
associated to the given monomial ideal. Thus this algorithm does not need any real
computations, but simply writes down a complementary decomposition. All compu-
tations have already taken place when the Janet tree was determined as an extended
form of the Janet basis.

Algorithm 3: Complementary decomposition (from Janet tree of Janet basis)

Data: Janet tree JT' of Janet basis of monomial ideal Z < K[z1,...,Zx]
Result: Finite complementary decomposition D of Z

1 begin

2 D+—0

3 for k=n,...,1do

4 foreach node (z¥,V) at level k+ 1 in JT do

5 let (z'z¥, W) be the left most child of (z¥,V)

6 if m > 0 then

7 N(—{.’El,”.,xk,l}uv

8 fori=0,...,m—1do

® | D+«—Du{(z}a”,N)}

10 return D
Theorem 20 Let the ideal T be generated by the terms t,, ... ,t,. Algorithm 3 ter-

minates in finitely many steps and is correct. Its arithmetic complexity is O(nm?A*")
where

A = maxdeg,(t)) .
ij

Proof 1t follows from [30, Lem. 3.1.19] that the set
{xt; |i=1,....mx" |lem(z,...,1,)/t;}

contains a Janet basis of Z. The maximal number of elements in this set is mA”. On
the other hand, the construction of the Janet tree corresponding to the Janet basis of
T needs O(m*A*" + mnA™) comparisons, see [23, Thm. 4.2]. By the structure of the
algorithm, it is seen that the number of constructed cones is at most nmA™*!. These
arguments show that the arithmetic complexity of the algorithm is O(nm?4?*). 0O

Remark 21 If we compare the algorithmic complexity of the Algorithms 1 and 2 on
the one hand and of Algorithm 3 on the other hand (and in particular the number of
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constructed cones), then we see that in the algorithms from the last section the cardi-
nality m of the generating set of 7 is the decisive factor, as it appears in the form m”".
For the algorithm using a Janet basis, the maximal degree A in an individual variable
is the dominant factor, whereas m plays only a minor role. Thus for ideals with a
large number of generators it should be preferable. One should also note that the fac-
tor mA" coming from the use of [30, Lem. 3.1.19] is generally much larger than the
actual size of the Janet basis.

If the monomial ideal Z < P is quasi-stable and H is its Pommaret basis, then
H is also the minimal Janet basis of Z by [16, Thm. 17]. In this situation, for each
term ¢t € H, we have the equality M (t, H) = Mp(?) of the sets of Janet and Pom-
maret multiplicative variables. This means that in order to compute a comple-
mentary decomposition for a quasi-stable ideal, we can apply Algorithm 3 to the
minimal Pommaret basis of Z.

Remark 22 Note that we can apply Algorithm 3 to any Janet basis H, i. e. also to
non-minimal bases. Since the minimal Janet basis H,;, is a subset of any other Janet
basis H of the same ideal, each Janet class of the minimal basis H,, is also a Janet
class of H. This observation implies that each leftmost child node chosen in Line 5
of Algorithm 3 when applied to H,;, is also chosen when the algorithm is applied
to H. Hence, in the complementary decomposition obtained from the basis H, we
get at least as many cones as in the decomposition obtained from H,;,. Since a term
t € H,;, possesses potentially less Janet-multiplicative variables when considered as
element of the non-minimal basis H, some of these cones may be of smaller dimen-
sion than their counterparts in the decomposition obtained from H,;,. Hence the
decomposition obtained from H will contain in general strictly more cones than the
decomposition obtained from H,;,. So we may speak of the minimal Janet comple-
mentary decomposition which is obtained from the minimal Janet basis H ;.

In the remainder of this section, we will describe how we can obtain the Janet
complementary decomposition of a monomial ideal Z already from its minimal
Janet-like basis, which is always a subset, and most often a proper subset, of the
minimal Janet basis of 7. As a starting point, we recall the following result which
explains how the minimal Janet-like basis is related to the minimal Janet basis.

Proposition 23 Given a Janet-like basis U C T of the monomial ideal T = (U) 4 P,
a Janet basis U’ of the same ideal is defined by

(- L xH U .1
U—{txlteU/\xI I ~ }
X2eNMP (1,U)

Proof The assertion follows immediately from elementary properties of the Janet
and Janet-like division, respectively. See also [20, Thm. 3], a related, though not
identical, statement. O
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Algorithm 3 traverses the Janet tree of the minimal Janet basis and adds for
each node which is the left-most node of its parent certain cones to the comple-
mentary decomposition. The Janet-like tree of the same ideal can be regarded as
a subtree of this tree. To be able to read off the Janet complementary decompo-
sition already from this subtree, one needs to relate the minimal child nodes of
the larger tree to certain nodes of the smaller tree. This is indeed possible with
Proposition 23.

Proposition 24 Let 7 < P be a monomial ideal with Janet basis U’ and Janet-like
basis U. We denote by JT and JLT its Janet and Janet-like tree, respectively. Moreo-
ver, for any tree S, we denote by Left,(S) the set of nodes at level i which are the
minimal children of their respective parent nodes. Then for each i with1 < i < n the
sets Left,(JT), Left,(JLT) are related by

Left,(JT) = {(r, V)| 3(s, V,M) € Left,(JLT):s | t A (t/s) | H x’;ﬂ} )
e M, 3)
a>i

Proof Let (¢, V) € Left,(JT) be a minimal child node at level i in the Janet tree. The
term ¢ is of the form 7|, _.._, _;, with 7€ U’. Then, by Proposition 23, there is a
term § € U such that § | 7. We can consider its projection s := 5[, _._, _;; this
term is contained in a node (s, V, M) € JLT. Moreover, again by Proposition 23, we
have the degree conditions deg](s) < deg](t) < deg,(s) + h where h is defined by
x € M, for all j > i with X; & V. Now, if deg; (s) < deg; (t) were true then § would
mduce a term xdeg’ (S)(t/ deg; (t)) in the Janet basis U’, a contradiction to
(t,V) € Left,(JT). Hence degl (s) = deg; (). In addition, if (s, V, M) were not in
Left;(JLT), then there would be a node (u, W,N)€ Left,(JLT) with
deg; (1) < deg; (s) but with deg,- () = deg_,- (s) for all j > i. In particular, we would
have NNK[x;,...,x,]=MnK[x;,...,x,]. Hence it would induce a node
(v, W) € JT with deg, (v) = deg; (u) and deg; (v) = deg; (¢) for all j > i. This is again
a contradiction to (¢, V) € Left;,(JT). Thus, we have shown the inclusion C in
equality (3).

Conversely, if (s, V,M) € Left,(JLT) and (t,V) € JT is a node in the Janet tree
derived from it by the rules stated in equality (3), then, using a basic fact about the
Janet-like division [20, Prop. 2], it is not hard to see that (¢, V) is indeed in Left;(JT),
proving the inclusion 2 and finishing the proof. |

The very technical Proposition 24 has the benefit that the Janet complementary
decomposition of a monomial ideal Z can, with its help, be read off already from
its Janet-like tree. Moreover, the cones come in a natural grouping. This grouping
helps to write the decomposition down in a much better readable way. The cones
of the decompositions are sorted into groups. The cones in each group have the
same multiplicative variables and there is one cone in the group whose vertex
divides all other cone vertices of the group:
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Corollary 25 Let T <P be a monomial ideal and let JLT be its Janet-like tree. Let
MinNodes(Z) denote the set of nodes in JLT which are minimal children of their
respective parent nodes. For each such node (x*,V,M), let k denote its level in the
tree. Then, a complementary decomposition of T is given by

D= U {(x"-x”,{xl,...,xkfl}UV’) | x* |x,:"7l H xZ“’l} .
(Y, V, M) € MinNodes( T ) sreM
with parent (x*, V', M")

4)
Proof The assertion is an immediate consequence of Proposition 24 and the correct-
ness of Algorithm 3. O

Corollary 25 induces Algorithm 4 computing a complementary decomposition
of a monomial ideal from a Janet-like basis of it.

Algorithm 4: Complementary decomposition (from Janet-like basis)

Data: Janet-like tree JLT of monomial ideal Z < K[z, ..., zx]
Result: Finite complementary decomposition D of Z

1 begin

2 D+—0

3 for k=n,...,1 do

4 foreach node (z”, V', M’) at level k+1 in JLT do

5 let (z}*zP,V, M) be the left most child of (z”, V', M")
6 if m > 0 then

7

®

N(—{xl,...,xk_l}UV’
—1 hg—1
D%'DU{(IPIP‘,N)| xh | a) Hzf}aeM’I“ }

9 return D

The following example serves to illustrate how Proposition 24 can be applied.

Example 26 Let 7 =(x|,...,x;)CP. Its minimal Janet basis has
l+n+-+n""'=® —1)/(n—1) elements and its Janet tree has, including the
root, (ZZ;(Z) ZI;’,ZO n’)+2(m" = 1)/(n— 1) = O(*") nodes. There are n"~! nodes
in the tree which contribute cones to the Janet complementary decomposition.
They are all at the lowest level 1 of the tree, and they are of the form (¢, V, M) with
deg, () =nand V C {x, }. This means that each of them contributes exactly n zero-
dimensional (one-element) cones to the complementary decomposition of Z.

By contrast, the minimal Janet-like basis of Z is equal to its minimal gen-
erating set, it has n elements and its Janet-like tree has (counting also the root)
n+ (n* + n)/2 nodes, of which exactly one contributes cones to the complementary
decomposition. It is the node (x’l’ @,{x], ... ,xZ}) at level 1. It yields the complemen-
tary decomposition of Z without any further computation:

D={@"0) | x| &7 eexr )
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If Z C P is a monomial ideal, then its complementary decomposition obtained
from its Janet-like tree as described in (4) can be used to derive a representa-
tion of the Hilbert polynomial and function of Z as linear combinations of bino-
mial coefficients. By (4), the cones of the Janet complementary decomposi-
tion D of 7 can be collected into groups. Each group contains all cones of the
form (¢ - s, Y,) where (¢, V, M) is a node in the Janet-like tree of Z and the term
s varies in the complement of a zero-dimensional irreducible monomial ideal
A, = (xZ;, ,xaf:) < K[xa], ,xar] C P. Note that, according to (4), the genera-
tors of A4, are the non-multiplicative powers M of the node (¢, V, M) together with
x,*, where (x*, V, M) is the minimal child node of (z, V, M) at level k. The main
point here is that all cones in such a group have the same set of multiplicative
variables Y,. Define the compressed decomposition D° C D which contains for
each such group only its minimal representative (¢, Y,) together with the irreduc-
ible ideal 4,. The Hilbert function of A, has non-zero values only for integers i
in the range 0 < i <m, := Z;=1(fj — 1). Additionally, we write again g, = deg (¢)
and k, = |Y,|. Summing up, we then obtain:

Proposition 27 With the above notations and assumptions, the Hilbert function of
the monomial ideal T is

m, . . 3 ) k_l
HF7(q) = Z Z[CIZQ,+1]HFA/(,)<‘I (q,]:l_)1+, >

t,Y,,A)eD’ i=0
k>0
" 5)
+ ) Dlg=q,+i|HF, ).
Y, A)eD" i=0
k=0

Moreover, the Hilbert polynomial of T is obtained by simply dropping the contribu-
tions of zero-dimensional cones and all Kronecker-Iverson symbols:

C — (g +i)+k -1
HP;(q) = > > HF, () <‘1 (qf]:”_);r ’ > :
(1.Y,, A) € D =0 ’ ©
k>0

If we compare (5) with the expression obtained by applying (2) to the Janet
complementary decomposition, then it will in general have much less sum-
mands. However, it is not fully explicit, as the numbers HF A,(i) (the h-vectors
of the zero-dimensional ideals .4,) have to be computed for each vertex ¢. Thus,
one may say that Proposition 27 reduces the problem of computing the Hil-
bert function of an arbitrary monomial ideal to the determination of the Hilbert
function of zero-dimensional irreducible ideals. As these are very special ide-
als, it is not difficult to obtain the required values. For simplicity, we work with
A= (xf‘, ,xf’) A K[x,...,x,]. It is easy to see that the Hilbert series of the
ideal A is
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r ;-1

HS,4 =[] 2 7

i=1 j=0

Hence, the values to be computed are just the coefficients of z* in HS 4(z) for all
0<k< er: (Z; = 1). One way to proceed is to use known fast algorithms for poly-
nomial multiplication, using fast Fourier transforms and related techniques.
However, irreducible monomial ideals are highly structured and possess a sym-
metry which can be exploited to achieve a lower complexity. Observe that the map

fFiT\A->T\A, ur (ﬁx?’_l>/u
=1

is a bijection with inverse f~! = f. This implies HF 4(k) = HFA((Zle(fi -1) - k)
for all integers 0 < k < Zr ,(Z; — 1). Hence the computation of the first half of the
values HF 4(k) suffices. Assume now that we have already expanded the Hilbert
series of the “truncated” ideal .A_ (xlf ey X ) < K[x,...,x,_;]in one variable
in the exphc]t form HS 3(z) = Zf:o ¢;7 and want to compute now the Hilbert series
HS 4(z) = ZJ d; 7 of the orlgmal ideal 4. This is then easily achieved by multiply-
ing HS3 With’ (I+z+--+2"""). The coefficients are d;=Y_ ¢, for
0<j<¢,—1land d = Zk jt41 6k for £, — 1 <j < [d/2]. This 1mp11es that all
these new coefﬁc1ents can be obtained by either one single addition or by an addi-
tion followed by a subtraction. The number of required additions and subtractions is
O(d). Overall, building up the Hilbert series HS 4(z) step by step, we see that
O(r* - ¢) additions are needed, where ¢ = max{¢; | i =1,...,r}.

5 Hironaka’s construction

Using ideas of Hironaka [21, §4], one can design an algorithm for the computation
of a complementary decomposition of a quasi-stable monomial ideal. Before giving
the algorithm, let us first recall Hironaka’s combinatorial definitions, leading to a
description of a complementary decomposition via projection operators.

Construction 28 (Hironaka’s construction) Let Z 4P = K[x,, ...,x,] be a mono-
mial ideal and let k € {0, 1, ... ,n}. Consider the projection

r, . T—>T t—t

xp==x=1
For te T, define the monomial cone C,(r)= x] (t) Finally, let
N(T) := C{Xk 1(pri(2) NT)\ pr(Z). Then, a complementary decomposition

of the ideal Z is given by 7T\Z=|]_ (I)Ck(Nk(I)) where
Ck(Nk(I)) = Useﬁk(I) Ck(s)‘

Construction 28 works for arbitrary monomial ideals Z, but the decompositions
obtained by it can be infinite; more precisely, the set | J{_, N(Z) can be infinite.
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Example 29 Consider first the monomial ideal Z := (x;x,) < K[x;,x,]. Since no
multiindex of class 2 is contained in Z, this ideal is not quasi-stable. Observe that
pr(IH)nT= {xg | £ > 1} and pr,(Z)n 7= {1}. Hence, Hironaka’s construction
yields the two sets

No(D)=C, ({25 12 I\ T ={xf [ k20,2 1]\ T ={x]|£>1},
N(D) =C, (1) \ pry(T)={x5 [ £ 20} \ {xf | £ > 1} = {1}.

Thus we obtain the infinite complementary decomposition

NI = <|_| co(xg)) Le ).
neN
Consider now the quasi-stable ideal J = (x,x,, x%) =(Z, x%). As for Z, we have

pry(NHNT= {xg | # > 1} and pr,(J) N 7= {1}, but this time Hironaka’s construc-
tion yields the two sets

NoD=C, ({122 1)\ T={x [ k>0.£ 21} \ T= {x,},
N(D=C () \ pri( D= {1 £20)\{x5 | £21}=(1}.
This time we obtain the finite complementary decomposition
T\ J=Cylx,)uCi(1).

In the remainder of this section, we show show that those monomial ideals for
which Hironaka’s construction yields a finite complementary decomposition are
exactly the quasi-stable monomial ideals (or equivalently, by Proposition 7, the ide-
als with finite Pommaret bases).

First, we present Algorithm 5, which computes the complementary decomposition
from Construction 28 given a minimal Pommaret basis as input. Recall from Remark 5
the notion of Pommaret autoreduction, which we call as a subroutine in Algorithm 5.

Algorithm 5: Complementary decomposition a la Hironaka

Data: Minimal Pommaret basis H of the monomial ideal Z = (H) < P
Result: Finite complementary decomposition D of 7

1 begin
2 D«+—0
3 H<+—H
4 fork=1,...,ndo
5 A— {zt € H | cls(zH) = k}
6 B +— {z¥|g,=1 | ¥ € A}
7 foreach =¥ € A do
8 fori=0,...,vy —1do
0 | D—DU{(a} @le=) fa1, o 2m1}) }
10 H +— PommaretAutoreduction ((H \ A) U B)
11 | return D
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Proposition 30 Given the minimal Pommaret basis of a quasi-stable monomial ideal
as input, Algorithm 5 terminates and its output is exactly the decomposition from
Hironaka’s construction.

Proof The algorithm obviously terminates on its input. Let k € {1, ...,n}. We will
show iteratively that:

— At the start of the k" iteration of the outer for loop, ‘H is the minimal Pommaret
basis of pr,_;(Z). _

— During this iteration of the outer for loop, exactly the cones C;_, (N 1 (T )) from
Hironaka’s decomposition of 7 are added to D.

— At the end of this iteration of the outer for loop, H is the minimal Pommaret
basis of pr, (7).

So let k = 1. Obviously, H = H is the minimal basis of the input ideal Z = pry(Z)
at the start of the first iteration of the outer for loop. The elements of class 1 are
collected in A and the set pr,(A) is assigned to B. Let x* € pr,(Z) be a term in the
first projection ideal. Then x* is divisible by either an element of B = pr,(A) or by
an element of pr;(H \ A), but not by any element of A, proving that (H\ A)UB
generates pr,(Z). Let x¥ € Z with pr,(x") = x*; then x" possesses a Pommaret divi-
sor x* € H. One can easily show that pr,(x”) is a Pommaret divisor of pr;(x") = x*.
Putting things together, (H \ A) U B is a Pommaret basis of pr,(Z) and its autore-
duction then yields the minimal Pommaret basis of pr;(Z). Note that, by these argu-
ments, we have shown that pr,(Z) is quasi-stable.

Now we consider the cones that are added to D in this iteration of the loop. It
is obvious that their vertices are elements of C;;,(pr;(Z)), but not of pry(Z) =
So all added cones are of the form C, (NO(I )) from Hironaka’s construction. Con—
versely, let xX¥ € Ny(Z). Then x{ & Z, but there exists an exponent # > 0 such that
xf -x* € Z. For the minimal # with this property, we have that x’f x¢ is an element
of the minimal Pommaret basis of the input ideal Z, since otherwise xf‘l A eI,
contradicting the minimality of #. Now, in order to see that Cy(x¢) is added to D in
this iteration of the loop, it only remains to be shown that cls (x’f -x%) = 1. But this
is clear, since Z > 0. So, this multiindex is of class 1 and an element of the mini-
mal Pommaret basis of the input ideal, proving that x¢ is a (zero-dimensional) cone
added to D in this iteration of loop.

If £ > 1, similar arguments lead to the desired result, since the for loop gets the
input H, which at this point of the algorithm is the minimal Pommaret basis of the
quasi-stable ideal pr,_,(Z). O

Example 31 We illustrate how Algorithm 5 works by applying it to the quasi-stable
monomial ideal Z = (H) < K[x, x,, x;] generated by the minimal Pommaret basis

3,2 2 2 2.2
H= {x x 2X35 X5X5, X1 XpX3, X(X5X3, X XpX5, X1X5X5

— In the first iteration of the outer for loop, we have
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2.2

_ 2 2 22
25 B = {x2x3, X5X3, XpX

X5 X

= 2 2
A= {x1x2x3, X X5X3, X1 XpX5, X1 X 3 X5

and the cones C, ( (X025, X235, xzx%, x%xg }) are added to D. The set

2
3 .3 3.2 2 2 2.2
(H\A)UB= {x3, XXz, XyX55 XpX3, X5X3, XpX3, x2x3}

is involutively autoreduced to the minimal Pommaret basis {xi, X9X3, xzxg }

— In the second iteration of the outer for loop, we have A = {x,x;, xzxé}
and B = {x;, x%} and the cones C, ({x3,x§}) are added to D. The set
(H\A)UB= {xg, X3, xg} is involutively autoreduced to the minimal Pomma-
ret basis {x3}.

— In the third iteration of the outer for loop, we have A = {x;} and B = {1}. The
cone Cz({ 1 }) is added to D. The set (H\ A)UB = {1} is computed. (This is
a general property of the algorithm: In the last instance of the outer for loop,
always the set {1} is obtained.)

Since we can apply Algorithm 3 to a Janet basis of an arbitrary monomial
ideal, it also works for quasi-stable ideals where any Janet basis is simultaneously
a Pommaret basis. Moreover, since the Janet algorithm only performs a traversal
of the Janet tree, it has a lower complexity than Algorithm 5 performing Pomma-
ret autoreductions in intermediate steps. Hence, for the computation of a comple-
mentary decomposition, it is preferable to apply Algorithm 3 whenever possible.
The following result states that in the considered situation the outputs of both
algorithms are identical.

Theorem 32 Given the minimal Pommaret basis H of the quasi-stable ideal T as
input, Algorithms 3 and 5 produce the same output.

Proof Choose an index k € {1,...,n} and let x* € H be a term contained in the
Janet class H,, ., with y, minimal. Algorithm 3 adds all cones of the form

(% O |z {1k = 1)

.....

withi € {0, ...,y — 1} to D. If we can show that Algorithm 5 does the same, then
we are done: under this assumption, the algorithm adds at least all cones to the com-
plementary decomposition which are found by Algorithm 3, but then, by the dis-
jointness of such decompositions, it cannot add any additional cones, meaning the
decomposition produced by Algorithm 5 is exactly the same as the decomposition
found by Algorithm 3. Moreover, we may assume that g, > 0, since if g, = 0, then
x* does not contribute any monomial cones to D during Algorithm 3.

Define 7 , as the ideal generated by H at the very end of the g™ iteration of the
outer for loop of Algorithm 3. Certainly, 7, :=x"|, _._, - € Z_;. We need to
show that no strict Pommaret divisor of 7, is in Z_,, since if this is the case, thenz,
belongs to H also at the beginning of the k" iteration of the outer for loop of Algo-
rithm 3 (that is, after Pommaret autoreduction) applied to H, and the desired mono-
mial cones are then added to D in this loop iteration.
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So let us suppose 7, := xkkxl:f:l' --x," € H with v, < and ¢, |p t,. Observe
that if s >0, then 7|, =1,|, _;. Let x* € K[x,...,x,_,] be a term such that
X =x-t,e H— such a term must exist, because in order to construct Z_; dur-
ing Algorithm 3, coming from elements of H, one only divides out powers of the
first k — 1 variables or leaves out some superfluous terms during autoreductions. We

must distinguish several cases:

— cls(x¥) > k: This case cannot occur, since x¥ would be a strict Pommaret divisor
of x* in this case: x* = land x* =1, |p 1, |p x*. This is a contradiction to x* € H.

— cls(x*) <k and v, > 0: Then x” is in the Janet class Hy, ~  jand v, <y, a
contradiction to the minimality of ;.

— cls() <k and v, =0: If also 7,|, _; =1,], -, then x* is in the Janet class
Hy .. .ayand v, =0, whichis a contradiction to the minimality of g, (recall
that p, >0). If 1 vlx=1 # 1,ly,=1> then the nontrivial Pommaret-nonmultiplica-
tive prolongation x" (t |xk=1) of x" possesses a unique Pommaret divisor x*
in H. If cls (x*) <k, then X7 is in the Janet class H, . ,and 7, =0, again
a contradiction to the minimality of y,. And finally, cls (x*) > k cannot occur,
since then x* would be a proper Pommaret divisor of x*, impossible because of
the Pommaret autoreducedness of H. O

O

Example 33 Consider, as in Example 31, the quasi-stable ideal

= (x3, X33 , X X,x3). We follow the steps of Algorithm 3 for Z to see that it pro-

duces indeed the same output as Algorithm 5. Note that 7 has the minimal Janet
(and Pommaret) basis

B2 2
H= {x xx3, 5X5 X1 XpX3, X1 X5X3, xlxzx xlx }

— For k = 3, we have the non-empty Janet class H;; = H at level k+ 1 = 4. It cor-
responds to the root of the Janet tree and its leftmost child node is (x5, #). We add
the cone (1, {xl,xz}) to D.

— For k = 2, we have the non-empty Janet classes H3), Hpp), Hjjjatlevel k +1 =3
and their left-most child nodes are (xg, {x3 }) (x2x3,9), and (x,x3, ). For the first
node, no cone is added, since the x,-degree of its first entry is zero. The two
cones that are added are (x% {x }) and (x3, {x, }).

— For k = 1, we have the non-empty Janet classes

Hyo3)» Hisp Hisop Hyyys Higppe Hyop: Hi g
at level k+1 =2. Only the last four classes yield leftmost child nodes that
contribute cones to D, namely (x1x2x3, {x }), (x,x%x3, {x, }), (xlxzxg, {x, }) and

(x]x2 x5, {x }). The added cones are, accordingly,

(y5, 9), (x2x3,(6) (x2x3,ﬂ) (x2x3,ﬂ)
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Remark 34 As just mentioned, Algorithms 3 and 5 produce the same number of
cones (see Theorem 20). However, since in the latter algorithm we apply a Pomma-
ret autoreduction procedure, its complexity is not easily determined.

Proposition 35 Let 7 be a monomial ideal. Hironaka’s construction yields a finite
complementary decomposition of L, if and only if T possesses a finite Pommaret
basis.

Proof If 7 is quasi-stable, then Hironaka’s construction is realised by Algorithm 5,
which obviously yields a finite output. The correctness proof of the algorithm (see
Proposition 30) then finishes this direction of the proof.

If Hironaka’s construction applied to Z yields a finite decomposition, then it is a
complementary decomposition of Z of the form

n—1

T\ T =| |C(N(D)). @)
k=0

Define the set H := Z;(l)(Ubk(xf -ITJk(I))) NZ C Z. This set is obviously

finite. We will now show that it is a Pommaret basis of Z.

Let t € 7N Z be an arbitrary term in Z and set a := cls(¢). There is a mini-
mal integer £ € {a,a+1,...,n} such that pr () € 7 (assume Z # P; if Z =P,
then it is obviously quasi-stable) . Since pr,_;(t) € Z, there is an integer d with
0<d<deg,(¢t) such that s := xdprf(t) ¢ 7 and x,-s —xd+1 pr.(t) € Z. We
claim that there is an integer k < 7 such thats € N k(I ). _

Since s & Z, there is some integer b € {0,1,...,n— 1} and a term u € Ny (Z)
such that s € C,(u) by equality (7). If b < 7, then obviously u=sand s € N,(I),
and setting k := b yields the claim. Otherwise, b > ¢. From definition of N (1),
we know that u & pr,(Z), but u € Cy,,1,(pry,;(2)). In particular, cls (u) > b + 1.
By definition of u, we must also have deg,(u) = degr(s) for all r > b+ 1. But
now it is clear that u is exactly pr,(s), and since s =x2 prf(t) we then have
u= pry(s) = prb(xd prf(t>) = pr,(#), contradicting u & prb(I) Thus we have
proven the claim.

Now, obviously x,s = x‘;“ pr.(t) € H is a Pommaret divisor of ¢. Since # was an
arbitrary element of 7, this observation finally proves that H is a finite Pommaret
basis of Z and we are done. O

6 Primary and irreducible decompositions

The cone decompositions of the complements of monomial ideals that we have stud-
ied so far are not the only way in which one can decompose such a complement.
Primary and irreducible decompositions of monomial ideals are representations of
such an ideal as the intersection of associated ideals with an easier structure. Dually,
they can be interpreted as a representation of the complement of the decomposed
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ideal as a union of the complements of ideals that are easier to study. In this section,
we review the definitions of these different types of decompositions, study how they
are related to each other and finally give an algorithm to compute minimal primary
decompositions of quasi-stable ideals using Pommaret bases.

Remark 36 A monomial ideal Z < P is prime if and only if it can be generated by a
set of variables. A monomial ideal Q is primary to Z = (x,-], ,x,-r), if and only if it
has a generating set that only depends on the variables generating 7 and that con-
tains for each x; a pure power x;. The associated primes of a monomial ideal are

again monomial ideals. A primary decomposition of a monomial ideal Z is a repre-
sentation Z = Q; N -+ N Q; with each Q, a primary monomial ideal. Such a decom-
position is called minimal, if the associated primes \/Q_f are pairwise different and
none of the Q, can be omitted in the representation.

Definition 37 A monomial ideal Q@ < P is called irreducible, if there is a term
x* € T such that Q = (x:l" | 1 <i<n, y;>0). An irreducible decomposition of a
monomial ideal Z < P is a decomposition Z = Q, N --- N 9, of 7 into irreducible
monomial ideals Q, ..., ;. Such a decomposition is called irredundant, if none of
the ideals Q, can be omitted in the decomposition.

Remark 38 Since irreducible monomial ideals are obviously primary, it is clear
that one can obtain a minimal primary decomposition from an irredundant irreduc-
ible decomposition by simply collecting, for each appearing prime, the irreduc-
ible components primary to it. Hence, irreducible decompositions can be regarded
as being finer than primary ones. In turn, if an irredundant irreducible decom-
position Z = Q, Nn--- N Q, of the monomial ideal 7 is known, then obviously
T\ZI =T\ QU U7\ Qp provides a decomposition of the complement of
7 into sets which are easy to describe. A term x" is in the complement 7\ Q of a
monomial irreducible ideal Q, if and only if v; < y; for each variable x; dividing the
term x* describing Q. This decomposition is of course not disjoint, unless Z is itself
irreducible. Since cone decompositions are disjoint, they can be regarded as an even
finer type of decomposition than the irreducible ones.

We now present a way of obtaining irreducible decompositions from cone
decompositions. The key point is the following lemma.

Lemma 39 Let 7 <P be a monomial ideal and {(t,X,) | t € U} a complementary
cone decomposition of it, where U C T\ T is some subset. Then a (generally redun-
dant) irreducible decomposition of T is given by:

=" r=xx €X). ®)

teU

Proof We show the equivalent statement
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NI = J(T\ (" | 1=x"x, ¢ X)) . )

telU

First, let x* € 7 be a term from the complement. Since {(#,X,) | t € U} decomposes
T\ Z, there is a term # = x* € U and a term x* € K[X,] such that x* = x*x”. This
implies, for each variable x; &€ X,, v; < u;, and hence x* ¢ ()cf"Jrl | x; € X,). Thus, the
inclusion C in (9) follows.

Now, let r = x# € U be a term appearing in the cone decomposition of 7\ Z and
let x¥ & (xf vt | x; € X,). An immediate consequence are the inequalities v; < y; for
each index i with x; &€ X,. Moreover, multiplying with powers of the variables from
X,, we find a term tx” € 1IK[X,] such that x* divides #x”. Observe that tx” ¢ 7 and
hence also x ¢ Z. This proves the inclusion 2 in (9), finishing the proof. O

Once we have obtained an irreducible decomposition, we can always extract
an irredundant decomposition by discarding redundant components. Note that, if
the irreducible ideals Q,, Q, with \/Q_ﬂ =4/Q, are described by the terms x*,x",
then Qﬂ C Q, if and only if x¥ divides x*. In this case we can discard the larger
one, Q. This means we have to keep those components Qﬂ with x¥ maximal with
respect to the partial order of divisibility. This amounts to a form of monomial
autoreduction. It is desirable to be able to detect a number of redundant compo-
nents already from the structure of the cone decomposition. This can be done via
Janet-like bases.

Proposition 40 Let U C 7 be the minimal Janet-like basis of the monomial ideal
Z =(U) QP. Let the partial multiindex M = [y, ..., u,] belong to a minimal node
in the Janet-like tree of V induced by the term x* € U and contributing cones to the
complementary decomposition of I. Then at most one of the cones belonging to M
leads to an irredundant component in the irreducible decomposition of L. This com-
ponent is given by the irreducible ideal

Q= () + (X | £ > kAx) € NMP(*, U)) . (10)

Proof By Corollary 25, the cones contributed to the complementary decomposition

by the partial multiindex M all have the same set of multiplicative variables. Moreo-

ver, they are supported on terms of the form xix/* %! ... 2™ with 1 < i < y and
At a, bp—=1 : b

Xy %' H)‘};fENMP(XM’U) x,” . Among them, there is only one term which is max-

imal with respect to divisibility, namely

M=l By H be—1
Y Kk N Xeoo-

>k’ € NMP (x#,U)
Hence, applying Lemma 39, we are done. O
Remark 41 The algorithm for the computation of irreducible decompositions

implied by Proposition 40 can be seen to be largely equivalent to an algorithm devel-
oped by Gao and Zhu [13, Alg. 1]. There, also tree structures of monomial bases are
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exploited. While the authors report good performance for highly non-generic mono-
mial ideals [13, Sect. 7], their algorithm is not the fastest available. Roune’s slice
algorithm [27, 28] shows overall better performance. However, his algorithm con-
tains Gao and Zhu’s approach as a special case for some choices of splitting strate-
gies [27, Sect. 5.2]. For another approach to the computation of irreducible decom-
positions via corner sets see [5].

With the results of the present paper in mind, it is not surprising that algorithms
specialised to computing the irreducible decomposition will show better perfor-
mance than algorithms based on tree structures or Janet-like bases, because these
give not only irreducible decompositions but also the finer disjoint complementary
decompositions and hence compute more information.

Example 42 Let us revisit the ideal of Examples 31 and 33 and compute
an irredundant irreducible decomposition for it. One can easily check that
U = {x2x,x3, X3x3, X3} is already the minimal Janet-like basis of the ideal
Z = (U). The minimal nodes in the Janet tree are given by the partial multiin-
dices [1], [1, 1], and [2, 1, 1]. These are all induced by x* :x?x2x3 € U with
NMP (x*, U) = {x3, x3}. Applying Proposition 40, we get the candidates 7, = (x3),
Ty = (xy, x3), and J; = (x3, xJ, x3) for components of the irreducible decomposi-
tion. Their associated primes are pairwise different, so the decomposition cannot be
reduced any further and we are done: Z = J; N J, N J; is the desired irredundant

irreducible decomposition.

We now specialise to quasi-stable monomial ideals. If we want to compute
minimal primary decompositions for them, we can apply an extended version
of Algorithm 5, which not only gives such a decomposition, but also Pommaret
bases for each component, thus also proving that the components are quasi-stable,
too.

Remark 43 From the operations performed during the first iteration of the for loop
in Algorithm 5, it is immediately clear that after it, 7{ is the minimal Pommaret
basis of the saturation Z : (x,)®. By one of the many equivalent characterisations
of quasi-stable ideals, see e.g. [30, Prop. 5.3.4(iii)], we know that for Z the chain of
inclusions

Z:(x)®CT i (x)®CCT 1 (x,)” (11)

holds. From it and by a well-known property of ideal quotients, we get for any
1 <i<ntheinclusions (Z : (x;)®) : (x;,1)® € Z : (x;,;)®. Since the saturations
on the left hand side commute, we even get an equality. Hence Algorithm 5 com-
putes in the kth iteration of its for loop a Pommaret basis of the saturation Z : (x;)*®

Now, let d be the smallest class of a term in the Pommaret basis H of Z and let D
be maximal among the indices j such that no pure power x;’ appears in H and for

d <j <D let s; be the maximal exponent of the variable x; appearing in any term
of H. Then, by [30, Prop. 5.3.9], a minimal primary decomposition of Z is given by
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ﬂ Qj b
d<j<D
JEQ
where Q C {d,d+1,...,D} is the subset of those indices 1 <j < n for which we
have a  proper inclusion T:xp)* T (x)® and where
. S; Siyn s, . .

Qj =7: (xj)°° + (x/.f:l‘, x_,':z’ ..., Xp). Note that Qj is a (xj+1,xj+2, ..., X, )-primary
ideal.

To test the condition Z : (x;_1)*® G 7 @ (x;)* in Algorithm 5, we note that it is
equivalent to the condition that at least one term of class j appears in the Pommaret
basis of 7 : (x;_;)*. This means that in the current iteration the set C # @ is not
empty. Whenever this condition is satisfied, we can add the primary ideal
(H,x/, x x) to the primary decomposition to be computed. For a concrete

(IS TS LR )) p Yy p p .
computation, see Example 44.

From Remark 43, we get Algorithm 6, an adapted version of Algorithm 5, which
computes a minimal primary decomposition for a quasi-stable monomial ideal,
instead of a complementary decomposition.

Algorithm 6: Minimal Primary Decomposition from Pommaret Basis

Data: Minimal Pommaret basis H of the monomial ideal Z = (H) < P
Result: Finite number of monomial primary ideals Q; such that Z = ﬂj Q;

1 begin

2 d «— min{cls(t) | t € H}

s | Dée—min{i|Ik eNIFien}—1
a for {=d,...,D do

5 | s¢ «— max{deg,(t) |t € H}
6 H<+—H

7 for k=d,...,D do

8 A— {zt € H | cls(zH) = k}
9 if A# 0 then

10 B +— {2¥|g,=1 | z¥ € A}
11 Qk<—<7'[,xzk,...,stD>
12 #H +— PommaretAutoreduction ((H \ A) U B)
13 else

14 L Qr +— P

15 return Qg,...,9p

Example 44 Consider, as in Example 31, the quasi-stable ideal 7 = (x3, x3x3, X, X,x3).
Note that Z has the minimal Pommaret basis

— 13 3 3.2 2 2 2.2
H = {x3, X3x3, X,X5, X1 XpX3, X1X5X3, X XpX5, X1 X5X5 )

We show how to obtain a minimal primary decomposition of this ideal using the com-
putations performed in Algorithm 5. We use the arguments described in Remark 43.
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First, note that 1 is the least class of an element of H and 2 is the maximal index
such that no pure power of its corresponding variable appears in H. We have the
maximal exponents s; = 1 and s, = 3. Since there is a term of class 1 in H, already
in the first loop iteration we need to add (H, x;, xJ) = (x,, x3, x3) to the minimal
primary decomposition. The minimal Pommaret basis of the saturation Z : (x;)*®is
computed as H; = {xg, X,X3, X,x3 } (cf. Example 31). It has a term of class 2. Hence,
we need to add (H,, x3) = (x3, X,X3, X,x2, x3) to the minimal primary decomposi-
tion as a new component. The minimal Pommaret basis of the saturation Z : (x,)*
is computed as H, = {x;} (cf. again Example 31). It has a term of class 3 and hence
we must add (H,) = (x;) as a third component to the minimal primary decomposi-
tion. The algorithm stops after this loop iteration. Hence, all in all, we obtain the
minimal primary decomposition Z = (x|, xg, xg) N (xg, X5X3, xzxg, xg) N (x3).

Example 45 Consider the quasi-stable ideal Z = (x;x3, X,X3, x3) < K[x}, X;,x3].
We compute a minimal primary decomposition of 7 using Algorithm 5 and
Remark 43. Note first that 7 is already given by its minimal Pommaret basis
H = {x,x3, Xpx3, x%}. There is a term of class 1 in H, so d = 1, and the maximal
index j such that no pure x;-power appears in H is D = 2. Moreover, we have the
maximal degrees s; = 1 for x; and s, = 1 for x,. Since there is a term of class 1,
we must immediately add the primary ideal (H, x}', x}) = (x;, x,, x2) as a first
component to the primary decomposition. Algorithm 5 now computes the minimal
Pommaret basis H; = {x3} of Z : (x,)*®. There is no term of class 2 in H;, so no
component is added to the primary decomposition in this loop iteration. In the next
iteration, simply (x;) is added and the algorithm terminates. Thus, we get the mini-
mal primary decomposition Z = (x;, x,, x%) N (x3), in which no (x,, x;)-primary
ideal appears.

7 Conclusions

In [34, pp. 23], Vasconcelos called complementary decomposition an approach that
is not greatly useful computationally but it is often nice theoretically. We believe
that the first part of his assessment is not really correct. Involutive bases have proven
to be a very useful computational tool for many purposes and the key idea under-
lying both their theory and their algorithmics are combinatorial decompositions.
The simplest application is that because of these induced decompositions one can
straightforwardly read off Hilbert function and polynomial of the ideal generated
by an involutive basis. But also deeper applications like the existence of an induced
free resolution with a special structure (see e.g. [1-3] and references therein) rely
strongly on these disjoint decompositions.

In this work, we discussed and compared different approaches to complementary
decompositions proposed in the literature, in particular with respect to their com-
plexity. It turned out that the oldest approach, namely the one presented by Janet
almost 100 years ago, is the most efficient one, in particular in the novel optimised
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form based on Janet-like bases presented here. As already remarked above, the
presented complexity of the algorithms using Janet(-like) bases includes and is
dominated by the cost for computing the basis; the decomposition itself requires
essentially only the operations needed to write it down. We considered here only
monomial ideals. In actual applications, these typically arise as the leading ideals of
polynomial ideals and either a Grobner or a Janet(-like) basis is used to determine
them. In this case, the advantage of Janet’s approach is even more pronounced.

When Gerdt and Blinkov [19, 20] introduced Janet-like bases, they were mainly
concerned with the algorithmic advantages of this “condensed” form of Janet bases.
But they also noted that it is possible to read off Hilbert function and polynomial
directly from a Janet-like basis. However, they did not use a complementary decom-
position, but instead computed the Hilbert function as the difference of the volume
functions of the full polynomial ring and the ideal, respectively (this approach is
applicable for any involutive basis, as one needs only a cone decomposition of the
ideal itself). Furthermore, they did not use any compressed form, but provided for
the volume function of the ideal a sum containing as many summands as the Janet
basis obtained by expanding the Janet-like basis contains elements. Thus strictly
speaking, they did not really use the Janet-like basis, but derived exactly the same
expression one obtains from the Janet basis. By contrast, our Proposition 27 is based
on a compressed complementary decomposition and the expression for the Hilbert
function given there contains generally much less summands than the one by Gerdt
and Blinkov. Although it is not completely explicit, we have shown that it can be
evaluated very efficiently.

We did not consider specifically Rees decompositions [24], i. e. decompositions
where the sets of the multiplicative variables are always of the form {x;,x,, ..., x;}
for some index k depending on the vertex of the cone, which are of interest for some
theoretical applications. Their construction requires some generic choices and an
expensive algorithm was presented by Sturmfels and White [33]. Bayer [6] stud-
ied already earlier complementary Rees decompositions for the special case of
Borel ideals under the name wild card partition. It is much simpler to obtain such
decompositions directly from a Pommaret basis using Janet’s algorithm (the generic
choices appear then in the construction of the Pommaret basis); a direct comparison
with the algorithm of Sturmfels and White can be found in an appendix of [29]. We
also mention that a rather redundant Rees decomposition can be immediately writ-
ten down in closed form from any Pommaret basis [30, Prop. 5.1.6]. However, the
decompositions obtained by Janet’s algorithm contain usually much less cones.

Our results on Hironaka’s construction are mainly of theoretical interest. First of
all, they clarify the meaning of his genericity condition (called Hironaka’s box con-
dition in [4] where it plays an important role). By Proposition 35, the construction
yields a finite decomposition only for ideals from a well-known class, namely for
quasi-stable ideals. This observation shows again that Hironaka worked implicitly
frequently with Pommaret bases. Then Theorem 32 shows that Janet’s algorithm
produces for such ideals the same result as Hironaka’s construction, but typically
much more efficiently. However, as we discussed in the last section, Hironaka’s
construction actually provides more than just a complementary decomposition.
Using Algorithm 6, a slight extension of Hironaka’s construction, it determines as
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“by-product” Pommaret bases of the chain of saturations associated with any quasi-
stable ideal and this chain contains all information required to write down an irre-
ducible primary decomposition of the ideal.
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