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Introduction

Most talks in this symposium dealt with electronic and muonic
systems with small or medium 2 and one or two electrons or one
muon, respectively. The quantum-electrodynamical effects in
these systems are relatively small, but due to the very accurate
measurements one is able to study them up to very high orders.
On the other hand, the talk of Dr. Rafelski dealt with extreme
electronic systems with Z around 170, where the QED effects are
expected to be relatively big, but also relatively inaccurate
from a computational point of view. Although these are systems
with very many electrons, they have been tredted there as one-
electron systems, first, because most electrons are outer
electrons, and thus do not play any important role and second,
because the influence of the few other inner electrons does not
change the predictions qualitatively, which are mainly connected
with the question of the diving of the 1s level into the negative
continuum. I would like to discuss here the area between these

two extremes. These are systems

a) with large and very large Z, where
b) the many-body effects become important, and

c) the observable effects are neither small nor big.

This area is the region of the binding energies of the innermost

electrons of very heavy atoms (Z > 80).

The experimental data in this region result either from photo-

1)

electron spectroscopy with an accuracy of the order of eV at

binding energies of about 100 keV or from the observation of

normal X-rays with an accuracy which is already below 1 eV 2).
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The main assumption in every theoretical discussion of a many-
electron system is an extremely good knowledge of the self-
consistent field solution of the many-body Dirac equation. These
calculations, which have to be accurate relativistic Dirac-

Fock calculations with no Slater approximation, have been per-
formed by a number of groups3). This Dirac-Fock value results to
about 99 % of the binding energy of the innermost electrons in
heavy systems. The remaining 1 % of the observable effect

arises from the QED corrections vacuum polarization and vacuum
fluctuation as well as the part of the electron-electron inter-
action, which is not taken into account in the Dirac-Fock
calculation, which is the magnetic interaction between the electrons
and retardation. In addition to these four effects one has to take
into account the influence of the extended nucleus with a
realistic nuclear charge distribution directly in the Dirac-Fock
calculations.

Magnetic interaction and retardation

4) the unretarded interaction

According to the proposal of Gaunt
between two Dirac currents given by the Dirac matrices d can be

written like

2
e 2 -
H,=- — &, - a . (1
G 1o 1 2
Breits) proposed the quantum mechanical analogon to Darwin's

retarded Hamilton function, which now usually is called the

Breit operator
©oa, + (a1 * n) (a2 + n)) with n = —= . (2)

An even more accurate expression has been derived by Bethe and

Salpeters), which is due to the exchange of a transverse photon
(R = xr,5) _
H' = - 1 ez 2 .2 s cos w R " 32 cos w R-1 (3)
= _— . . . ’
Br 2 1i 23 ij R aRiaRj u)ZR

where w is the energy transferred by the virtual photon.
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In direct two-electron matrix elements of Hér the photon energy

w = 0; in this case Hér reduces exactly to HBr' The same result is
. 4
obtained when all contributions of the order w2 or higher (O((%) ) are

neglected. Therefore the normal Breit operator H is a good

Br
approximation for small Z, because of v << c¢ in this region.
An alternative expression for the Breit operator is
2
-

n . - e - > - -
HE = E?T; (a1 ¥, Cos w Ty, + (1 cos r12)) (4)

Both expressions H! and H _ are good for the region of large Z.

Bxr Br
<Hér> <HBr>
Ne(Z = 10) 0.033 0.033
Xe(zZ = 54) 11.420 11.549
Pb(Z2 = 82) 48.393 49.521
No(Z = 102) 107.203 110.516
Tab. 1

Contribution of the magnetic and retardation contribution to the
total energy of an atom in a.u. for the operators HBr and Hér'

7 contains the

Table 1, which is taken from the paper of Mann
expectation values of the two operators Hér and HBr for different
Z in a.u. Only for very large Z appreciable discrepancies occur.
One has to have in mind that one s electron contributes to these
values already by more than 40 %. In addition, one gets somewhat
different numbers, when different wave functions are taken into

the calculation.

Vacuum polarization

Within the last few years calculations of the vacuum polarization

8)

effect by Gyulassy and Rinkerg) have been performed, which
explicitely took into account Coulomb wavefunctions to describe

the intermediate states of the virtual electron and positron cloud.
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This method of calculation leads to values which are correct
even for the region of high Z elements. If one compares these
calculations with the usual Zo and o expansion, usually applied
for low Z calculations, one has to state that the lowest order

y 1

Uehling term plus higher orders in (Za with n = 2,3,... plus

all higher order terms in o™ are included.

Vacuum fluctuation (self-energy)

If Coulomb wavefunctions are taken explicitely as intermediate
states in the calculation of the lowest order vertex correction,
the results for the vacuum fluctuation correction are expected
to be gquite accurate, even in the region of Za # 1.

Mohr1o) used this method to calculate the self-energy with analytical
Coulomb wavefunctions for very high Z systems. Desiderio and

Johnson11) 12)

as well as Cheng and Johnson even went beyond that
approximation. They took into account numerical Dirac-Fock-Slater
wavefunctions with an extended nucleus as intermediate states. This
is the only way to continue the calculations into the region

Z > 137. Usually the result is expressed as

4
a f{Za) - mc2 F(Za) .
T 3
n
4
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A comparison of the function F(Za) for the various calculations
for the 1s electronic state can be seen in figure 1, where for

12) and Mohr1o) agree

low Z2 elements the results of Cheng et al.
well, whereas for high Z Mohr's values of F(Za) increase much
stronger than Cheng's results. The reason for this difference is
the effect of the extended nucleus which is taken into account in

the numerical wavefunctions of Cheng et al.12). Due to numerical

12) were not

uncertainties, the calculations of Cheng et al.
continued with the present version of the program above Z = 160.
Therefore the very important question, if the self-energy of the
innermost level may become so big for Z # 173 that a diving of

this level into the negative continuum can be prevented, cannot be
answered up to now. There are experimental indications in the heavy
ion collision of Cm on Pb which could be interpreted in this way.

But actual calculations have not been performed so far.

Order of magnitude of the effects

In table 2 we list the contributions to the binding energies of the
four effects discussed above for the innermost electrons of the
elements Z = 90 and 2 = 100.

Z = 90 Z = 100
Magnetic contribution: 1s +492 ev +715 eV
2p1/2+100 ev +153 eV
Retardation: 1s - 36 ev - 41 ev
2p1/2— 10 ev - 13 ev
according to ref. 7,13,14
Vacuum polarization:
1. order Uehling term 1s - 80 ev -148 ev
with extended nucleus 2p1/2— 2 ev - 4 ev
higher orders (ref.8 and 1s + 4 eV + 8 eV
ref. 9)
Vacuum fluctuation: 1s +306 eV +457 ev
according to ref. 10 to 2p1/2+ 7 ev + 15 ev

ref. 12

Table 2: Contributions of the four corrections to the
1s and 2p1/2 level of Z = 90 and 100.
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These values have to be compared with the binding energy of about
141 keV for the 1s state of Z = 100, which is the result of the
solution of the SCF Dirac-Fock equation13). The agreement between

the experimental results and theory is good within a few eV.

Where do we stand now?

Recently, Deslattes et al.15) compared all available results of
experimental inner shell X-ray energies with theoretical
calculations. They showed (see fig. 2) that there seems to be a

linear trend proportional to Z for the difference between experi-

mental and theoretical values for the Ku line.
1
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Fig. 2: Difference between experimental and theoretical
values for the K, line.
1

Up to now there is no answer for this discrepancy.

To avoid any calibration problem between different experiments
which may be the reason for this systematic discrepancy, Borchert
et a1.16) measured X-ray energies for low Z and high Z elements
simultaneously in different orders of the Bragg reflection. Their
results show an agreement for the measured X-ray energy difference

and theory which is always better than 2 eVv.
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According to latest comparisons, the discrepancy shown in fig. 2
decreases again for the high Z elements. If this is true it is
easy to be understood17) why Borchert et al.16) did not measure any
big difference. They always compared one element on the increasing
low Z part of the curve with a high Z element on the decreasing
upper part of the curve, so that the relative difference between

both discrepancies remained smaller than 2 eV.

Finally one should mention the large discrepancy which shows up
between experimental Kh hypersatellite lines and theoretical
values18’19). For Hg iz1is still of the order of 30 eV.

To close the gap between experiment and theory in the future, to

my mind one main effort must be undertaken from the theoretical
side. Because we are dealing with complicated systems of many
electrons, which are connected in a self-consistent way, one has

to look into the self-consistency effects on the whole atom and its
total energy which will arise from all three effects, the magnetic
interaction, the vacuum polarization, and vacuum fluctuation. The
second is easier, because the main part of it can be inserted as

an additional local potential in the SCF calculations. Also the
first can be (and already has been) included in the SCF

calculationzo).

The most complicated will be the third. Up to now
there is no direct way to include the vacuum fluctuation in the
calculation itself. Although these indirect QED effects are small,
one has to study them in the light of these discrepancies with

great care.

How large are the contributions for Z % 1702

The magnetic contribution and retardation never has been

calculated for the region of superheavy elements, but from an
extrapolation of ref. 7 one may expect that the contribution to

the 1s binding energy for Z = 170 is in the order of +20 to +40 keV.
The vacuum polarization contribution as calculated by ref. 8 and 9
is expected to be ¥ -10 keV. The vacuum fluctuation, as calculated

by Cheng and Johnson12), can only be extrapolated for these very



274

high Z systems (see the discussion about this guestion in the
part on vacuum fluctuation). If we assume F(Za) ® 4.5 for Z = 170,
we get a contribution of ¥ +18 keV.

Thus, the total QED contribution to the 1s level of Z2 = 170 is
expected to be in the order of ® +40 keV. This number has to be
compared with the influence of the extended nucleus. For Zz = 170

an uncertainty in the nuclear radius of AR = 0.1 fm 21)

leads to
a change in the 1s binding energy of 3 keV. Thus, an uncertainty
of about 1 fm in the nuclear radius already amounts to the same

order of magnitude as the sum of the QED contributions.

Consequences

We have seen that QED effects in many-electron atoms in the region
between 2 = 80 to100 are in the order of 10™°> to 10™2 of the binding
energy for the innermost electrons. Of course, it would be most
interesting to measure one-electron systems, even at these high Z.
Because this will be very complicated to achieve experimentally,

one might spend further effort to get better results from one-

hole systems instead. Of course, theoretically this is much more

complicated.

Although for superheavy systems theoretical values are still very
inaccurate and experiments are not available, it is still of great
principal interest. Great effort should be undertaken to get also
some results from this region. Maybe, experiments at the heavy ion
accelerators one day will give some answers to this important

question,
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