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Abstract

Relativistic multi-configuration Dirac Fock (MCDF) wavefunctions
coupled to good angular momentum J have been calculated for low lying
states of Ba I and Ba II. These wavefunctions are compared with semi-
empirical ones derived from experimental atomic energy levels. It is found
that significantly better agreement is obtained when close configurations are
included in the MCDF wavefunctions. Calculations of the electronic part of
the field isotope shift lead to very good agreement with electronic factors
derived from experimental data. Furthermore, the slopes of the lines in a
King plot analysis of many of the optical lines are predicted accurately by
these calculations. However, the MCDF wavefunctions seem not to be of
sufficient accuracy to give agreement with the experimental magnetic dipole
and electric quadrupole hyperfine structure constants.

1. Introduction

One of the goals of the fundamental research in atomic
physics is to understand the various inter-electronic and
nuclear-electronic interactions in complicated atoms. The
reason for the contribution of various terms is the electro-
magnetic interaction itself, which is only understood in terms
of a perturbation expansion in quantum electrodynamics
(QED), where the first term is the electric 1/r (Coulomb-) inter-
action and the next are the magnetic, vacuum-polarization,
self-energy terms, etc. This easily makes clear why a large
number of terms in the electron—electron as well as the
electron—nuclear interaction appear in the theoretical descrip-
tion. The ever increasing accuracy of new laser spectroscopic
methods [1-3] is so good that a large number of the theoreti-
cal terms can be tested experimentally. In this paper we
discuss the terms due to the coupling of the electronic cloud
with the nucleus usually referred to as the hyperfine structure
(hfs) and the isotope shift (IS).

The IS can be divided into the field shift caused by the
difference of the finite extension of the nuclei and the mass
shift, originating from the difference in the finite mass of the
nuclei [4-10] under consideration. The hfs [4, 11], as well as
the IS, can be expressed as a sum of products of electronic
and nuclear quantities, implying that nuclear properties can
only be evaluated from experimental data if the electronic
part of each interaction is known from other experiments or
calculations. For evaluation of electronic properties the
inverse holds, i.e., the nuclear properties have to be known
from independent, semi-empirical analysis or from ab initio
calculations. Generally, a deeper insight into the interactions
and into the power of different theoretical methods can be
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achieved by comparing theoretical ab initio, and semi-empirical
values of as many properties as possible with the correspond-
ing experimental data.

For every type of ab initio calculation one needs good
wavefunctions, which can be obtained by solving either the
non-relativistic Schrédinger or the relativistic Dirac equations.
In the usually used approximations such as the independent
particle and the central-field models {12, 13] with the 1/r
Coulomb potential one gets the Hartree-Fock (HF) [14] or
Dirac-Fock (DF) [15, 16] method. The remaining part of the
electrostatic and magnetic interactions in the atoms can then
be treated by many-body perturbation theory (MBPT) to a
certain order [17, 18]. In such an approach, higher order
wavefunctions are calculated by including one-, two- and
three-particle excitations of the zero order wavefunction.
This zero order wavefunction is normally evaluated for the
average energy of the different terms within the actual con-
figuration. That approach is in general a good approximation
for systems with one open shell. However, the electronic
wavefunctions for the terms obtained for two open shells
are in many cases so different from each other that an LS-
dependent HF- or LSJ-dependent DF treatment is more
appropriate in calculating the zero order wavefunction.

An alternative to MBPT is the Multi-Configuration
Hartree-Fock (MCHF) [19] or in the relativistic case the
Multi-Configuration Dirac-Fock (MCDF) [20, 21] method.
The wavefunction for the state under consideration is in this
approach expanded as a linear combination of determinants
with the same total symmetry, i.e., the same parity, total
orbital- and spin angular momentum in the nonrelativistic
treatment or the same total angular momentum J in the
relativistic treatment. In all these approaches the coefficients
and the wavefunctions are determined in a self-consistent
procedure without any use of experimental quantities.

A quite different and commonly used method, in the
analysis of different types of structure in the atom, is of a
semi-empirical nature in which parametrized expressions are
fitted to experimental quantities. Historically, the Rydberg
formula for hydrogen-like systems was extended to other
systems like the alkali atoms by introducing effective quan-
tum numbers #; instead of the principal quantum number ».
Other examples are the use of the direct- and exchange-
electrostatic integrals [12], Trees parameters [17, 22] and
spin—orbit parameters to determine so called intermediate
coupled wavefunctions. In recent years the semi-empirical
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Multi-Channel-Quantum Defect Theory (MCQDT) [23, 24]
has been used with great success in the analysis of Rydberg
series of two electron systems by especially Aymar et al. [25].
The effective parameters introduced in these methods can
today be analyzed by MBPT [17] or MCHF-methods [26].

In order to test these theoretical methods the interest of
many groups has now focused on two electron systems and in
particular the alkaline earth elements [27]. A MBPT treat-
ment is here more difficult to perform than in the alkali
atoms due to the correlation between the valence electrons
although some non-relativistic calculations have recently
been performed [28, 29]. It is for these systems important to
calculate LS-dependent zero order wavefunctions as the
starting of the MBPT approach. For heavy atoms such an
approach leads to the evaluation of LSJ-dependent wave-
functions, in which the effect of correlation and relativity is
treated on an equal basis.

Recently, we presented some relativistic MCDF calcu-
lations as a step towards more sophisticated calculations for
the interpretation of IS. The resulting wavefunctions were
used to calculate the charge density at the nucleus for low
lying states of Ba I and Ba II [30] and in the ns” 'S,, nsnp 'P,
and *P, states of other group Ila and IIb elements [31] and
Au 1[32]. The calculations accurately reproduced the optical
volume isotope shifts.

In addition to the experimental work analyzed at the time
of our earlier calculations [30] new values of isotope shifts in
Ba I and Ba II relative to the ionic ground state have been
derived by following the 6sn/ Rydberg series to highly excited
states [33, 34]. Furthermore, there exists now IS-measurements
in many spectral lines between low lying states in the Ba atom
and ion [35-40]. These new experimental data can be used to
extract information about the relative magnitude  of the
charge density at the nucleus in a number of states in Ba T and
Ba II. An extensive comparison between ab initio and experi-
mental charge density differences at the nucleus is therefore
possible. This motivated an extension of our earlier calcu-
lations for Ba to other configurations. In addition we present
a comparison between the square of the expansion coef-
ficients of the wavefunctions obtained from the MCDF calcu-
lations and obtained from a semi-empirical analysis in which
parametrized expressions are fitted to experimental energy
levels.

A more critical test of the calculations is to compare
other properties such as the magnetic dipole and electric
quadrupole hyperfine interaction constants. These quantities
have different radial and angular dependences than the
volume isotope shift and represent another test of the
accuracy of the wavefunctions outside the nucleus. The
ab initio MCDF wavefunctions have therefore been used for
evaluation of ab initio values for the magnetic-dipole and
electric quadrupole interaction constants for comparison
with available experimental values.

A short review of the theoretical background is given in
the next section. Results and a comparison with different
experimental quantities are presented in Section III with a
summary and conclusion in Section IV.

2. Theory
2.1. Computational method
The relativistic treatment of the atom in this work is based

731

on the solution of the Dirac equation within the Multi-
Configuration Dirac—Fock (MCDF) approach [20, 21, 42, 43].
In this treatment the Hamiltonian for the many electron
system is written as usual

Hy = Yh+ YV ()
i i<j
with
h = ca;*p; + mcz(ﬂ,- -1y -v 2
and
2
e
Ve =
Y dme,r;;

where V¢ is the electron—electron interaction and V" is the
monpole part of the electron—-nucleus Coulomb interaction.
The ansatz for the wavefunction is a superposition of con-
figuration state functions |[CSF) representing states with a
certain angular momentum J and parity.
¥ = ) ¢ICSF),

n

3)

The configuration state functions are constructed from rela-
tivistic single particle wavefunctions as described for example
in Refs. [42 and 43]. All interactions considered in addition to
H, are collected in the Hamiltonian

Hl = hB + hQED + hhfs + hlS (4)

where the summation over i and j is understood to be
included. h; is the Breit-operator [44], hgep contains the
Quantum electrodynamic corrections, A, the hyperfine struc-
ture and A5 the isotope shift operator. These interactions are
too compliccated to be taken into account directly in the
Hamiltonian H, and thus are usually not included in the
self-consistency procedure used to determine the eigenvalues,
wavefunctions and total energy for the atomic system in the
MCDF method. Their influence on the total energy and
energy eigenvalues are only evaluated within first-order per-
turbation theory by use of the wavefunctions of the zero-
order Hamiltonian [45-51].

As a result of a MCDF procedure with the ansatz acc. to
Eqn. (3) all these states with good J are mixed and the
expansion coefficients ¢; as well as the one-particle functions
¢ are determined to self-consistency. In adding the Breit and
QED corrections by first-order perturbation theory the total
energy for the particular state is obtained.

The effect of an extended nucleus is included by use of a
two-parameter Fermi-nuclear charge distribution [52]. The
two parameters are R, the half-charge radius, and ¢ the
thickness parameter. Of course the choice of a specific set of
nuclear parameters affects the total energy of the atom very
drastically. However, as long as the choice of nuclear par-
ameters is not too far from reality this does not play any
important role for the electronic factor or term splittings
which are given as differences of large numbers. Following
Shera et al. [53] we have chosen the parameters R, = 5.763 fm
and ¢t = 2.17fm in all the calculations. These values are
somewhat different than with the values used in the earlier
calculations [31] which were taken from the liquid drop
model [54].

2.2, Isotope Shift Theory
Detailed studies of optical spectral lines of electronic and
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muonic X-rays from a sample of different isotopes shows that
there exist a shift in the center of gravity between the different
isotopes. This shift, which is known as the isotope shift (IS),
is given as the sum of the volume (field) isotope shift dvgg and
the mass shift which can be divided into the normal dvyy,s and
the specific mass shift dvgys [4—10]. In a certain transition the
dvnms can be evaluated exactly while some semi-empirical
procedure is usually used in the estimate of the dvgyg.

We will in this work limit ourselves to the volume shift
Ovps. The origin of this shift is due to the penetration of the
electrons in the atom into the atomic nucleus. The energy
contribution for a certain isotope A, in an atomic state e, due
to this penetration is given as

= [[dr dr' = 0, (e )

— r’l

Eqy = ®)
where g, is the nuclear charge distribution for isotope 4, and
0., is the electronic charge distribution. This will give the
following relation for the FS of two isotopes 1 and 2 in a
transition between two states u and ¢

A4 A A A
eul - Ee,,2 - Ee,] + EL),2

Vel =
which can be evaluated directly or by perturbation theory.
Following the procedure in the earlier work [31] the electron

density within the nucleus i.e., r < R is expressed as a
polynomial

¢ = ay+ art + art + ...
and the final shift is usually written as

Svpls = FA(?)YMK

(6)

where F is the electronic factor which is proportional to the
electron density difference in the two configurations atr = 0,

F = ZzeAwoP

3 (7

and K is the so called nuclear parameter which takes into
account the variation of the electronic charge density over the
nuclear volume. (The higher polynomials of the expression
of ¢). Detailed analysis of this factor in the earlier work [31]
showed that it was more or less independent of the investi-
gated optical transition and only a function of the atomic
number Z, with a value of K = 0.97 for Ba.

Interesting information about the volume isotope shifts in
different transitions can be obtained in a King plot analysis
[10, 551. In this graphical analysis the experimental IS corrected
for the NMS in one transition i is plotted vs the IS in another
transition j known as the reference transition in the following

way
My Svhidr — E & Syl
i J

my, ' My

m F,
+ 2 [SMS{"A2 — F’ SMS]’»"AZ:| 8)

m; Y

where

m, — m,
m, = —————
12 iy

and xy is referring to a reference isotope pair. The slope in
this line is expressed as

Fi_AQi

ki = = = 9
F; Ag; ®
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which respresents the ratio of the change of the electron
density at the nucleus in the two transitions. The slopes are
experimentally derived quantities which can be used for a
direct test of theoretical ab initio F, values. Furthermore,
King plot analysis of transitions between different states
provides a detailed J-dependent analysis of the charge density
at the nucleus to be further exploited in Section III.

2.3. Hyperfine structure theory

Hyperfine structure in the atomic system is included if the
momentum operator p; in the Dirac Hamiltonian #4; in eq. (2)
is replaced by the generalized momentum (p;, + eA) and
the monopole part of the extended nuclear potential V" is
replaced by —e¢ so that [11, 16, 56]:

hi + by = ca(pi + ed) + m(B; — 1) — e (10)

Here A is the vector potential due to the nucleus, @ is the
electrostatic potential due to the extended nucleus and e is the
electronic charge.

The perturbations due to the magnetic s and electric g
hyperfine interaction are then represented by the following
Hamiltonians

M _
hhfs -

Efs = VN - e(D

eca - A

(1n

A multipole expansion of these operators to a certain
order k shows that the hyperfine hamiltonian A, = hyy +
hE, can be written as a product of spherical tensor operators
acting in the nuclear M* and electronic space T*, respectively,
ie.,

My = ZTk'Mk

k

(12)

where odd k corresponds to the magnetic interaction and
even k to the electric interaction.

The generalized hyperfine constant of order & in a certain
state J with magnetic quantum number M, = J is defined as
[56]

A, () = <\PJJ|T(Iﬂ\PJJ>M(§ (13)

where M are the generalized nuclear moments, which are
related to the commonly used magnetic dipole moment g; and
electric quadrupole moment Q in the following way.

My = wl, M; =

e
co. (14)

The commonly used ¢ and b factors are related to A, (yJ) by

(15)

T¥ are given as sum of one-electron operators as defined by
Eq. 60 and 61 in Ref. 16. Using the MCDF wavefunction for
¥, according to eq. (3) one finally ends up with the following
expression for the hfs-constants in a state yJ

Ay = a(yJ)J; A,(yJ) = b(yJ)/4

Ax(pJ) = M§Y c,c,{{CSF},|T§|{CSF},. (16)

where ¢, and c, are the expansion coefficients of the MCDF
wavefunction defined in eq. (3). In the calculation of the
matrix-elements of the CSF functions one needs to evaluate
the reduced matrix elements of the one-electron hyperfine
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operators, which can for the magnetic part be written as [16]

Lot M KK
4n aq, k

x k| [CH = k"> el ™,

Cnicl || [nic "y =

k odd. (17

where
il kTt = [ 1B () + P ()0 (Ml dr.
(18)

The corresponding reduced matrix element for the quadru-
pole interaction can be written as

4
e ||y =

B 47e,
x K| CH I [mrcle ™ nr I,

where

k even,

(19)

fnklr ¥ "nk'F =

j [Pmc (r)Pmc' (r) + an(r)ch’ (r)]r7k7] dr.

Using these expressions and the MCDF wavefunctions the
a(yJ) and b(pJ) factors for the various states can be calculated.

3. Results and discussion
3.1. Electronic structure for Ba I and Ba IT

The electronic structure of Ba I is in the ground state charac-
terized by a closed 6s” configuration. Excitation of one of
these 6s electrons to higher states gives simple two electron
systems with, in some cases, quite different character of the
wavefunctions in the singlet and triplet states. Relativistic-
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Fig. 1. (a) Schematic energy level diagram for the states of even parity in
Ba 1. States denoted with a prime indicates that the second electron is given
as 5d instead of 6s. The only exception are states within the 6p? configuration
which are denoted explicitly.
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ally, we can only talk about the parity of a configuration and
the total J-quantum number obtained in the coupling of the
one-electron angular momenta.

A schematic experimental energy level diagram of the low
lying states in Ba I constructed from the energy levels of
Moore [58] and complementary data from more recent works
[59—-61] is shown in Fig. 1(a) for the even parity states and in
Fig. 1(b) for the odd parity states. We notice how the states of
odd parity within the two-electron excited 6p 5d configuration
are close in energy with states within the 6s6p and even more
the 6s7p configuration and are therefore expected to interact.
Similarly, the even parity states within the two electron excited
configurations 6p* and 5d° are expected to interact with states
within the 6s5d and 6s* configurations.

The relativistic MCDF calculations reported here included
the following lowest configurations of positive parity; 6s,,
61’%/2, 6D120P3125 6P§/2, 6812572, 65125ds2, 5d32/2, 5dy,5ds), and
5dZ, and the lowest configurations of negative parity; 6s,,6p, .
65,26p3, 6p125d3pn, 6p\p5dsp, 632 Sdsn, 6Dy Sdsp, 651045,
and 6s,,4f7,. In all these configurations the one-electron
angular momenta were coupled to a good total angular
momentum J. Contributions from the 6s4f configurations
were only included in the states with J = 3 and J = 4.

A summary of the results of the MCDF calculations for
Ba I is presented for the even states in Table I and for the odd
states in Table II. These tables are organized as follows: After
the definition of the configuration and the specific state, each
row represents a different calculation where DF means a
single configuration and MCDF a multiconfiguration calcu-
lation. The next columns specify the square of the expansion
coefficients of the configurations included in the calculations.
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Fig. I. (b) Schematic energy level diagram for the states of odd parity in
Ba 1. States denoted with a prime indicates that the second electron is given
as 5d instead of 6s.
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Table 1. 4 comparison of theoretical and experimental mixing of states (in percent) for the even parity configurations 6s

2

and 6s5d. The total energy and charge density at the nucleus is given in the last columns

Total energy 4=l (0)]2,
Config.  “State” Method 65, 6pYy 6Py, 6pip6py,  Sdi,  5di,  5dy,Sds,  6s5dy,  6s5ds,  (aw) (a.u.)
65> 'So DF 100 8129.100 4045914.2
MCDF 91.84 2.78 4.44 0.34 0.60 8129.123 4045892.8
6s5d ‘D, DF 36.27 63.73 8129.042 4045693.2
MCDF 2.77 6.67 1.42 2.47 1.12 23.40 62.16 8129.061 4045710.6
LS 40.00 60.00
Exp 26.70 73.30
D, DF 62.99 37.01 8129.068 4045740.5
MCDF 0.02 0.1 0.02 0.04 0.01 69.94 29.87  8129.068 4045739.2
LS 60.00 40.00
Exp 73.30 26.70
D, DF 100 8129.067 4045743.4
MCDF
D, DF 100 8129.069 4045738.9
MCDF

This clearly demonstrates the relative importance of the vari-
ous configurations. The row specified by LS gives the weight for
the pure LS state transformed into the jj states presented here.

A test of these ab initio calculations can be achieved by a
comparison with those weights which were derived from the
atomic energy levels in a semi-empirical approach as recently
used by Olsson et al. [28, 62] for low configurations of group
Ha elements. In this approach the energies for the states
within a certain configuration are given in terms of electro-
static and magnetic parameters, which are treated as effective
parameters in a least-square-fit to the experimental energy
levels. The square of the expansion coefficients determined in
this semi-empirical analysis is denoted by “Exp” and presen-
ted for some of the states in Table I and II. We notice how
the weights of the configurations in the MCDF calculations
often are between the pure LS and semi-empirical values. The
disagreement can be understood from the fact that the semi-
empirical expansion coefficients inctude contributions from
other configurations in an effective way, while the MCDF
wavefunctions only take into account contributions from
those configurations expected to be most dominant. Another
reason for the discrepancy may be that the MCDF wave-
functions do not include the Breit- and QED effects since
these contributions are only added to the total energy by
first-order perturbation theory.

In the last two columns of Table I and Table II the total
energy and the charge density at r = 0 are presented. These
total energies include the normal contribution from the
electron-nucleus and electron-electron interaction in the SCF
procedure with the Breit and QED corrections evaluated with
perturbation theory. These Breit corrections have been calcu-
lated for the average configuration and not for states coupled
to good J-quantum numbers.

Since the early days of ionbeam-laser experiments ion
beams of singly ionized Ba have been used in the develop-
ments of new spectroscopic techniques. These experiments
have given accurate values of IS and hfs-constants. A sche-
matic energy level diagram of the low lying states in Ba II
constructed from the energy levels by Moore [58] is presented
in Fig. 2. Some of the transitions for which high resolution
laser experiments [39, 40] have been done are also included in
this figure. In the earlier work on group ITa and IIb elements
calculations were done for the 6s,,, 6p,,, and 6p,, states.
Since those calculations were performed with the same nuclear
parameters as for the Ba I configurations. In addition, calcu-
lations were done for some more states to show the effect of
screening by the valence electron. A summary of the results
of these DF calculations for Ba II are presented in Table III.
The total energy and charge density at the nucleus are given
in Column 2 and 3.

Table 1. 4 comparison of theoretical and experimental mixing of states (in percent) for the odd parity configurations 6s6p
and 6p5d. The total energy and charge density at the nucleus is given in the last columns

Config. Total energy 4nly(0)2,
6snp “State” Method 6snp, 6snps; 6p,,5d;), 6p,,,5ds), 6ps,,5d;, 6p3,5ds, (a.u.) (au.)
6s6p P MCDF 17.71 51.76 11.47 1.70 17.35 8129.043 4045756.1
LS 3333 66.67
Exp 25.0 75.0
3P, DF 69.23 30.77 8129.070 4045788.1
MCDF 69.07 25.98 1.29 2.81 0.86 8129.075 4045776.8
LS 66.67 3333
Exp 75.0 25.0
'p, DF 100 8129.066 40457859
MCDF 95.22 0.11 2.45 0.39 1.83 8129.072 4045775.6
LS 100
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Config. Total energy 47|y (O},
6snp “State” Method 6snp, 6snpy; 6p25d;, 6p,,5d;, 6p3,5d;), 6p3,5ds; (a.u.) (au.)
P, DF 100 8129.072 4045789.4
MCDF 95.66 4.34 8129.077 4045779.9
LS 100
657p 'p, DF 29.16 70.84 8128.982 4045831.7
LS 33.33 66.67
P, DF 68.70 31.30 8128.991 4045825.0
LS 66.67 3333
P, DF 100 8128.991 4045828.3
LS 100
3P, DF 100 8128.992 4045829.1
LS 100
6p5d P, DF 23.20 3.70 73.10 8128.989 4045610.8
LS 33.33 6.67 60.00
Exp 16.86 4.04 79.10
'D, DF 4.43 20.21 38.19 37.18 8129.017 4045619.9
MCDF 0.03 4.40 19.52 37.96 38.08 8129.017 4045619.0
LS 20.00 13.33 20.00 46.67
Exp 0.33 22,04 43.58 34.06
'F, DF 30.73 35.93 33.34 8128.992 4045610.9
MCDF! 22.17 30.58 3745 8129.002 4045629.3
LS 3333 40.00 26.67
Exp 21.99 31.92 46.10
P, DF 1.47 37.73 8.65 52.14 8129.001 4045617.1
MCDF 2.15 1.40 38.16 7.90 50.39 8129.001 4045623.7
LS 2.00 48.00 8.00 42.00
Exp 1.25 28.27 10.13 60.34
P DF 18.33 61.42 20.25 8129.001 4045614.0
MCDF 0.83 0.03 17.30 55.50 26.58 8129.001 40456209
LS 16.67 53.33 30.00
Exp 14.25 72.32 13.43
P, DF 100 8129.001 4.0456131
MCDF
LS 100
D, DF 19.76 11.42 68.81 8129.006 40456144
MCDF? 24.72 14.03 61.08 8129.006 4045614.7
LS 2222 6.67 71.11 8129.006 4045614.7
Exp 27.80 19.16 53.05
D, DF 1.07 40.70 51.85 6.38 8129.008 4045613.1
MCDF 0.02 1.11 40.15 51.90 6.83 8129.008 4045613.2
LS 3.33 35.56 53.33 7.78
Exp 0.90 49.57 45.89 3.63
D, DF 58.21 33.52 8.27 8129.009 4045611.7
MCDF 0.08 0.08 52.61 36.69 10.54 8129.009 40456122
LS 50.00 40.00 10.00
Exp 68.90 23.64 7.47
’F, DF 100 8129.014 4045622.3
MCDF? 97.79 8129.017 4045624.5
LS 100
Exp 100
’F, DF 47.10 51.70 1.20 8129.017 4045622.1
MCDF* 46.65 49.77 1.40 8129.020 40456243
LS 44 .44 53.33 2.22
Exp 50.21 48.92 0.86
’F, DF 92.77 1.02 0.05 6.16 8129.020 4045620.9
MCDF 0.02 92.73 0.88 0.06 6.31 8129.020 40456209
LS 74.67 3.11 18.66 3.50
Exp 97.51 0.12 0.39 1.97

" 65,4152 4.09%
2 65,543, 0.10%
3

4 65,45, 1.13%

65,2452 5.70%.
65,,24f,2 0.10%.
65,243 221%.
65,2413, 1.06%.
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Fig. 2. Schematic energy level diagram of the lowest states in singly ionized
Ba 11. Some optical transitions are indicated and wavelengths are given in
nm.

Table 1. Total energies and charge densities at the nucleus
for states in singly ionized Ba as obtained in the DF calcula-
tions. The values for the charge density are given relative to the
3S,, ground state

Total energy 47y 0)?
State (a.u.) (a.u.)
65, 8128.943 40458324
7812 766 —112.8
8512 .699 —141.3
95 .665 — 1522
10s,,, .646 — 1574
6012 859 — 1711
6pin .853 —174.2
TPis 736 —1674
TP 734 —168.6
801 684 —166.3
8312 683 —166.9
9% 657 — 16538
932 .657 —166.1
10p,, .641 —165.5
10ps,2 640 —165.7
5dyy, 914 —2204
Sdy;, 912 —216.7
6dy, 750 —175.7
6ds;, 750 —1754
7dy, 691 —169.7
Tds;, .690 —169.6
8y, 661 —167.6
8d;,, .661 —167.5
Ba II1 'S, 598 —165.1
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3.2. Electronic factors in the volume isotope shifts

The total charge densities calculated for different states in
Ba I and Ba II have been used for evaluation of electronic
factors F; in a number of allowed transitions, i.e., change of
parityand AL = 0, +1,AS =0, +land AJ =0, £1. A
summary of the results is given in Table IV and V for transi-
tions in Ba I and Ba II, respectively. The first columns give the
spectral notation for the transitions and the wavelength. The
clectronic factors F; are evaluated from the total charge
densities at the nuclear origin (» = 0) as presented in Tables I
to ITI. The effective electronic factors are F + K (see eq. 6). The
values in Table III should therefore be multiplied with the
factor K = 0.97, taking into account the variation of the
electronic charge density over the nuclear volume as analyzed
in detail in the earlier work [31]. Since in the King plot
analysis, as discussed below, the factor drops out again we
did not include this correction in Table 1.

A direct comparison of these electronic factors in different
optical transitions with results from other works such as
electronic and muonic X-rays, is usually made through a
King plot analysis. In this procedure the experimental isotope
shift in one transition is related to the experimental isotope
shift in another one, known as the reference transition, as
described in section 2.2. The slopes of the lines as given by
eq. (8) represent pure experimental quantities to be used for
a direct comparison with ab initio values. Theoretical slopes
evaluated from the electronic factors are presented in columns
6 and 7 in Table IV. The corresponding experimental quan-
tites calculated with 657 'S, <> 6s56p *P, as the reference transi-
tion are presented in the last column. Column 4 in Table V
gives values for the slopes in transitions in Ba II evaluated
with the transition 6s,, — 6p,, as a reference. We notice
that for almost all transitions a significant improvement is
obtained with the MCDF wavefunctions compared to the
single configuration DF values. In most of the cases the
ab initio values calculated from the MCDF values fall within
the uncertainties of the experimental quantities. For Ba II
good agreement is achieved with the single DF wavefunction
as expected.

This King plot analysis can also be extended to a multi-
dimensional analysis i.e., by use of many reference transitions
as done by Goble and Palmer for Mo {63]. Furthermore,
King plot analysis of transitions from one state to several
states in another configuration opens the possibility of study-
ing the J dependence of the charge density at the nucleus in
that configuration. In addition, this procedure can also be
extended to compare charge densities for states in the neutral
spectra with states in ionic spectra by use of isotope shift
measurement in high Rydberg states for the neutral systems
{33, 34].

Experimental charge densities at the nucleus evaluated in
such a type of King plot analysis for different states in Ba I
and Ba II are presented in Fig. 3(a). Theoretical ab initio
values obtained from the total charge density values at the
nucleus in Table I to 11T are given in Fig. 3(b). Not only are
the same general trends of the configuration and J-depen-
dence obtained for the experimental and ab initio values, but
also the agreement is nearly perfect. Of course one has to
have in mind that these are relative numbers only where we
have normalized just one charge density difference 65° 'S, -
6s6p ' P, in Fig. 3(b) to the corresponding experimental value
in Fig. 3(a). Relative to this charge density difference all the
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Table 1V. Changes of electron densities at the nucleus for some electric dipole transitions in Ba I. These theoretical electronic
factors are used for evaluation of theoretical slopes in a King-plot analysis which are compared with the experimental ones

F(GHz/fm?) King plot slope
Wavelength
Spectra Transition (nm) DF MCDF* DF MCDF* Exp.
65°—6s6p 1S,-°P, 791.1 —2.765 —2.544 - - Ref.
'S,~'P, 553.6 -—2.998 1.178 1.176(9)
65°—657p 'S,—P, 324.4 —1.868 0.676 —0.008(13)
1S,~'P, 307.2 —1.809 0.654 1.118(30)
6s5d-6p5d 'D,-'P, 582.6 —1.807 0.654
'D, 856.0 —1.607 —1.989 0.581 0.782
'F, 648.3 —1.825 —1.783 0.660 0.701 0.777(11)
’P, 686.6 —1.669 —1.906 0.604 0.749
P, 698.7 —1.737 —1.967 0.628 0.773
3D, 735.9 —1.728 —2.103 0.625 0.827 0.836(12)
D, 761.1 —1.757 —2.136 0.635 0.840
D, 781.2 —1.787 —2.158 0.646 0.848 0.827(36)
’F, 865.4 ~1.559 —1.893 0.564 0.744
°F, 937.0 —1.586 —1.967 0.574 0.773
’D,-'D, 741.7 —2.708 —2.708 0.979 1.064 1.053(11)
'F, 580.6 —2.906 —2.502 1.051 0.984
3P, 611.1 -2.770 —2.625 1.002 1.032 0.958(11)
D, 649.9 —2.829 —2.822 1.023 1.109 1.059(20)
D, 669.4 —2.857 —2.855 1.033 1.122
’F, 706.0 —2.656 —~2.607 0.961 1.025 1.034(11)
3F, 748.8 —2.660 —2.612 0.962 1.027 1.043(11)
’F, 801.8 —2.686 —2.612 0.971 1.027 1.038(16)
’D,-'P, 517.0 —2.844 1.029
'D, 721.4 —2.645 —2.616 0.957 1.028 1.024(11)
'F, 568.0 —2.842 —2.410 1.028 0.947
P, 597.2 —2.706 —2.538 0.979 0.998 0.927(11)
’p, 606.3 —2.774 —2.594 1.003 0.981 0.922(12)
’D, 634.2 ~2.765 —2.730 1.000 1.073 1.039(10)
’D, 652.7 -2.794 —2.763 1.010 1.086
D, 667.5 —2.825 —2.785 1.022 1.095
’F, 728.0 —2.597 —2.520 0.939 0.990 1.008(9)
’F, 778.0 —2.623 —2.594 0.949 1.020 1.009(9)
’D,-'P, 512.1 —2.809 1.016
'D, 712.0 —2.610 —2.610 0.944 1.026 1.029(17)
P, 590.8 —2.671 —2.526 0.966 0.993 0.925(11)
P, 599.7 —2.739 —2.594 0.991 1.020 0.938(15)
’P, 601.9 —2.759 0.998 0.945(18)
D, 645.1 —2.759 —2.757 0.998 1.084 1.037(10)
D, 659.5 —2.789 —2.779 1.009 1.092 1.035(9)
°F, 767.2 —2.588 —2.588 0.936 1.017 1.016(11)

* For the 655d *D, and D, states the DF values are used.

other differences in the theoretical Fig. 3(b) are obtained
directly from the MCDF calculations. A general trend is the
relative large differences between the singlet and triplet states
for nearly all of the configurations measured and calculated.
As can be seen from the values in Table I and II the singlet-
states in the 6s6p and 6s5d configurations pick up a relatively
large amount of configurations of 6p and 5d states in the
MCDF procedure which has the consequence that the charge
density is diminished. There are strong indications that the
opposite happens in the 6p5d 'P, state as shown in [30].
However, due to not completely converged MCDF wavefunc-
tions this result is not included.

In the presentation of the theoretical values in Fig. 3(b)
we have included the charge density at the nucleus for Ba’*
i.e., the Xe-core. The addition of one 6s electron which leads
to Ba'" increases the charge density by a rather large amount.
However, with excitation of this electron to the 6p or 54

states the charge density decreases due to screening. As expec-
ted, this effect is much larger for a 5d electron because the
electronisinan = 5 shell which is much more inside the core
electron cloud than the n = 6 levels. A similar type of screen-
ing also occurs for the 6s* configuration in Ba I compared to
the 65 %S, state in Ba II. The addition of the second electron
screens the other electrons by a considerable amount and its
own contribution to the charge density at the nucleus finally
accounts for only 35% of the total effect due to the other 6s
electron. Excitation of one of the 6s electrons in the 6s°
configuration to states within the 6s6p or 6s5d lowers the
charge density at the nucleus in a way analogous to the
one discussed for the Ba'" states. Again the total effect of
screening is larger for the excitation of the second electron to
the n = Slevel compared to the n = 6 level. What is still not
understood in detail is the big experimental difference in the
6s7d excitation between the singlet and triplet states. The
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Fig. 3. (a) Experimental electron densities at the nucleus, in arbitrary units,
for low lying states in Ba I and Ba Il evaluated from experimental high
resolution laser spectroscopy measurements, with a King plot analysis as
described in the text.

6s8d ' D, charge density again has the right trend because this
Rydberg series has to end up at the 6s charge density of Ba'*.
Excitation of both the electrons in the 6p5d configuration
gives a value lower than that of the Xe-core, the ground con-
figuration of Ba III, with the (already discussed) exception of
the ' P, state.

The connection of the experimental values of the charge
densities for states in Ba I and Ba II is based on the experi-
mental value [p(65) — 0(63)]/[o(65%) — 0(6s6p'P,)] = 0.53(2)
given in reference [33]. A detailed comparison of the theoreti-
cal values presented in Fig. 3(b) shows that an even better
agreement is obtained if the normalization is done separately
in the neutral and ionized system. Relative to the neutral, the
ionized values are a little bit too low for the 6s and 6p states.
The consistency of the calculations in the neutral system and
the fact that the calculations in the ionized system are assu-
med to be of high quality suggests that the correction factor
from reference [33] might be a bit large. But because all these
numbers are only relative values it is very hard to find out
where there might be an error or if the theoretical connection
between the neutral and ionized system has to be improved.

In any case the agreement between experiment and theory
has now reached a high quality. This means that the behav-

Table V. Comparison of different theoretical ab initio calcula-
tions of the change in the electron density at the nucleus for
some transitions in Ba I1. These theoretical electronic factors
are used for evaluation of theoretical slopes in a King plot
analysis which are compared with the corresponding experi-
mental ones

King plot slope

Wavelength F,(GHz/fm?)

Transition (nm) DF DF Exp.
6s1,,—6p1 493.4 —3.752 Ref. Ref.
65,,-6py), 455.4 —3.820 1.018 1.026(4)*
651,-7p\2 202.4 ~3.671 0.978

651~ D32 199.5 —3.697 0.985

Sdyy—6pp 6497 1.081 —0.288

5dyp—6ps), 585.4 1.013 —0.270 —0.244(5)f
5dyy-6py, 6142 0.932 —0248  —0.235(5

* Wendt et al. [39].
' Van Hove ef al. [40].
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Fig. 3. (b) Theoretical electron densities at the nucleus for low lying states
in Ba I, Ba II and the value for the ground state of Ba III marked with an
arrow in the figure. The values for Ba IT and Ba IIT have been evaluated from
single Dirac~Fock (DF) wavefunctions while those for Ba I have been
calculated from MCDF (dark) or DF (light) wavefunctions as described in
the text. The scale of this figure has been chosen so that the charge density
difference 6s* 'S, — 6s6p ' P, is the same as in Fig. 3(a).

iour of the wavefunctions within the small region of the
extended nucleus on the order of 6fm can be discussed and
probed in a reliable way.

Absolute values of the electronic factors in optical tran-
sitions can be drived from optical isotope shift data and
known §{r*>** values. The 5{r*> values can be obtained
from the analysis of muonic isotope shifts. The F, value for
the 65 'S, — 6s6p 'P, transition evaluated in this way by
Shera et al. [53] was found to be — 3.04(26) GHz/fm?, while
Kunold et al. [64] obtained a value of F, = —3.99(65)
GHz/fm”*. The reason for this discrepancy is not clear although
it should be noted that the {r* »** values used by Shera cover
a bigger region of §{r*>** values and should therefore deter-
mine the F; value better.

3.3. Hyperfine structure constants

Analysis of the experimentally determined hfs-constants for
heavy elements have mostly been done with a relativistic
effective one-body operator acting on non-relativistic LS-
coupled states as introduced by Sandars and Beck [63] and
reviewed in an earlier work [16]. The non-relativistic LS-
coupled states in such an approach are usually given as
intermediate wavefunctions determined by a least-square fit
of parametrized energy expressions including the electrostatic
and magnetic interactions between the electrons to a chosen
order. Using these wavefunctions, hyperfine structure con-
stants can be given as a linear combination of hyperfine
parameters, in general three parameters for the magnetic
dipole and three for the electric quadrupole interaction for
each open shell. Experimental values of these parameters are
then usually determined by a least-square fit of the para-
metrized hyperfine structure constants to the experimental
ones. Such a procedure works reasonably well for systems
where there is little electron-electron correlation and/or
in particular, valence-valence correlation. Effects of the
last kind can be treated by additional effective two-body
operators [11, 17, 66, 67]. This approach was used by Grun-
devik et al. [35] to estimate the mixing effects of the contact
hfs on the *P and 'P states from nsn’p configurations.
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Table VI. Comparison of experimental magnetic dipole ( A) and electric quadrupole ( B) interaction constants in MHz for V' Ba
with different theoretical calculations. The electric quadrupole moment is taken to be 0.34b

A-constant B-constant

Config. State DF MCDF Exp. DF MCDF Exp.

6p 5d 'p, 102.2 — 11.6(2.0% 15.6 11.32.0y°
'D, 54.6 55.0 78.7(3)° —132 —138 0.6(1.0)°
'F 60.6 53.0 67.302¢ 26.5 14.3 86.0(1.0)*
P, 41.1 68.6 11.33y 38.9 39.3 21.5(9)
3P, 82.7 142.5 125.2(3) 3.0 ~12 — 16.4(5)
D, 59.9 62.6 9.0(4) 78.3 83.6 —16.4(1.0)
‘D, 61.4 61.9 9.9(2) 14.2 14.1 —1.2(3)
‘D, 106.5 86.0 172.9(3)° ~6.3 4.6 —3.5(0.6)
°F, 420 45.4 23.5(3)° 92.9 92.8 111.0(1.3)°
’F, 77.4 77.7 87.4(3)° 59.1 57.1 83.0(1.4)°
°F, 144.7 144.8 218.03)° 37.5 37.7 45.3(1.0)°

6s 5d 'D, 47.7 —13.4 —82.180(3)° 32.7 40.8 59.564(14)°
D, 369.1 456.559(4) 46.7 47.390(16)°
D, 260.4 320.2 415.928(3) 48.5 479 25.899(13)¢
D, —367.8 — 520.536(3)¢ 18.5 17.890(3)°

6s 6p P, —534 —109.2(1.2)¢ ~7.7 51012y
’p, 621.4 580.2 60.6 61.4
P, 790.5 804.0 1150.59(2)f 54.9 52.5 41.61(2)f

6s Tp 'p, —82.8 —105.3(4) ~238 16.6(6)
P, 754.8 10.6
P, 822.8 93

* Grundevik et al. Ref. [36].

" Grundevik et al. Ref. [35].

¢ Schmelling, S. G., Phys. Rev. A9, 1097 (1974).

4 Gustavsson, M., Olsson, G. and Rosén, A., Z. Phys A290, 231 (1979).
¢ Kluge, H.-J. and Sauter, H., Z. Phys. 270, 295 (1974).

" zu Putlitz, G., Ann. Phys. 11, 248 (1963).

¢ Eliel, er al. Ref. [37].

As a result, two additional two-body parameters appear
along with the six parameters originating from the one-body
operator for the 6p and 5d electrons. Comparison of experi-
mentally determined hyperfine parameters converted to radial
integrals, showed a reasonable agreement for the orbital part
with ab initio radial integrals for the 6p and 5d electrons
evaluated from DF wavefunctions calculated for the average
energy of the specific configuration.

In our approach to the analysis of the hfs-constants the
angular coupled wavefunctions or intermediate wavefunc-
tions are given by the expansion coefficients of the MCDF
wavefunctions as presented in Tables I and II. The hfs con-
stants are then evaluated from these wavefunctions according
to eq. (16) which means that these hfs-constants are purely
ab initio.

A summary of the results and a comparison with experi-
mental hfs constants is presented in Table VI. The first and
second columns present the configuration and SLJ states,
respectively. Our ab initio values evaluated with the single DF
and MCDF wavefunctions are presented in the following
columns with a comparison of the experimental hfs-constants.
For some of the states we have not been able to achieve
completely converged MCDF wavefunctions and there are
therefore a few states missing. The agreement with the experi-
mental hfs-constants is not particularly good for many of the
states. One of the reasons is probably that our wavefunctions
do not include configurations with excitations from the core.
Such configurations have been found to be important in non-
relativistic MBPT calculations [17, 28, 29]. On the other hand

our calculations are expected to include accurately and on
equal footing the effect of relativity and valence—valence
correlation for the electrons in the open shells.

4. Conclusion and outlook

In the preceeding part of this paper we have made an exten-
sive analysis of quantities like term energies, differences
of charge densities at the nucleus between different terms
(i.e., F factors) as well as magnetic dipole and electric quad-
rupole hyperfine structure constants of Ba I. The reason for
doing this comparison between experiment and theory was to
answer the question of the quality of the MCDF method.
Because all these experimental quantities test different parts
of the wavefunctions the quality of the agreement is very
different. The term energies depend on the wavefunctions at
all distances, while the a(yJ) and b(yJ) factors in the hyper-
fine structure mainly depend on the inner part of the wave-
functions because the integrals involved contain r~2? and r~?
integration factors and the volume isotope shift depends only
on the wavefunction within the nucleus.

What is clear from the comparison between theory and
experiment is the fact that the multiconfiguration calculations
present an improvement compared with the single configura-
tion ones. The best example is the strong contribution from
some states within the 6p5d configuration which have a large
mixing of the states with J = 17 in the 6s6p configuration.
Of course it is clear that all the higher energetic states with the
same angular momentum and parity will probably also have
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further influences. But the relative good agreement with
experiment, which shows that all the energies are more or less
correct and the relative order is correct too, indicates that
the contribution due to higher states is expected to be similar
for all the states (including the ground state) so that all
differences remain largely unchanged.

The best agreement between experiment and theory can
be seen in the evaluation of the F factors. Fig. 3 shows a
nearly perfect agreement of the trends and dependence of
the different states in the considered configurations. As the
F-factors depend on the charge density at the nucleus, this
demonstrates that at least the s,, and p,,, wavefunction con-
tributions are more or less correct. Of course there may be an
absolute error in the calculations but the non-inclusion of
higher s, and p,, wavefunctions is expected to have an effect
similar to that considered in the discussion of the term ener-
gies. Therefore, this part drops out in the calculation of the
differences.

The agreement is very much different for the calculation of
the a(yJ) and b(yJ) factors in the hyperfine structure splitting
where all parts of the wavefunctions contribute in a relative
large inner region. Of course, the inclusion of more configura-
tions increases the agreement but the results remain very far
off the experimental results. This is a clear indication that a
good multiconfiguration calculation has to include many
more configurations, especially of core excitations, than have
been included in this type of relativistic MCDF calculation.
The MBPT approach is much more effective for these quan-
tities but is also much more complicated.

In conclusion, one may say that the relativistic MCDF
wavefunctions for a heavy element like Ba leads to relatively
good agreement for the energy levels as well as to accurate
prediction of the volume isotope shift but is still far off in the
prediction of accurate a(yJ) and b(yJ) factors in hyperfine
structure splittings.
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