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t. The aim of this paper is to indi
ate how TOSCANA maybe extended to allow graphi
al representations not only of 
on
ept lat-ti
es but also of 
on
ept graphs in the sense of Contextual Logi
. The
ontextual-logi
 extension of TOSCANA requires the logi
al s
aling of
on
eptual and relational s
ales for whi
h we propose the Peir
ean Al-gebrai
 Logi
 as re
onstru
ted by R. W. Bur
h. As graphi
al represen-tations we re
ommend, besides labelled line diagrams of 
on
ept latti
esand Sowa's diagrams of 
on
eptual graphs, parti
ular information mapsfor utilizing ba
kground knowledge as mu
h as possible. Our 
onsidera-tions are illustrated by a small information system about the domesti

ights in Austria.Contents1. TOSCANA2. Set-theoreti
al Semanti
s of Contextual Logi
3. Con
eptual and Relational S
ales4. Graphi
al Representations1 TOSCANATOSCANA has been developed at Darmstadt University of Te
hnology as a
omputer program for analyzing and exploring data by methods of Formal Con-
ept Analysis (see [KSVW94℄, [VW95℄, [GW99℄). It has been used in a widerange of appli
ation domains su
h as medi
ine, psy
hology, so
ial s
ien
es, lin-guisti
s, information s
ien
es, ma
hine and 
ivil engineering et
. (
f. [GSW98℄,[SW00℄). A typi
al appli
ation 
ombines TOSCANA and a (relational) databaseto a TOSCANA-system allowing the representation, the maintainen
e, and thea
tivation of information so that users of the system may gain a
tual knowledgeabout interesting aspe
ts of the relevant appli
ation domain. For the human-ma
hine intera
tion, TOSCANA o�ers labelled (nested) line diagrams of 
on
eptlatti
es, representing 
on
eptual relationships of the stored data, and allows thenavigation through the data by 
hanging from one line diagram to another (andso on). Although the graphi
al representations of 
on
ept latti
es have beenproven useful in numerous appli
ations, there are many 
ases in whi
h su
h



representations of 
on
eptual hierar
hies are not suÆ
ient and, in addition, rep-resentations of (non-hierar
hi
al) relations be
ome desirable. Those 
ases havestimulated the extension of Formal Con
ept Analysis to Contextual Logi
, aformal logi
 semanti
ally based on formal 
ontexts from whi
h 
on
ept latti
esare derivable and also 
on
ept graphs, 
ombining formal 
on
epts and 
on
ep-tual relations (see [Wi97℄, [Pr98℄, [PW99℄). The aim of this paper is to indi
atehow TOSCANA may be extended to allow graphi
al representations not only of
on
ept latti
es but also of 
on
ept graphs in the sense of Contextual Logi
.Before dis
ussing a 
ontextual-logi
 extension of TOSCANA, we explainthrough an example how TOSCANA 
an be used to establish a 
on
eptual in-formation system based on methods of Formal Con
ept Analysis. The data forthe example, whi
h have already been 
onsidered in [PW99℄, are des
ribed inFigure 1 by a data table about the domesti
 
ights in Austria. For a TOSCANA-system, su
h table is usually 
onsidered as a many-valued 
ontext (G;M;W; I)for whi
h G is the obje
t set 
omprising all listed 
ights, M is the attribute set
onsisting of the attributes \Airline", \Departure Airport", \Departure Time",\Arrival Airport", \Arrival Time", \Days", and \Air
raft",W is a set 
ontainingall attribute values des
ribed by the entries in the 
olumns of the table, and Iis the ternary relation between G, M , and W indi
ating whi
h obje
t has whi
hvalue for whi
h attribute.The �rst step of establishing a TOSCANA-system for the many-valued 
on-text represented in Figure 1 is to turn it into a number of formal 
ontexts, 
alled
on
eptual s
ales, grasping the information 
oded by the data. Su
h transfor-mation should be guided by purposes whi
h we assume in our example to liein the support of 
ight information. For our explanations, we 
hoose the seven
on
eptual s
ales \Conne
tions", \Departure Time (Hours)", \Departure Time(Minutes)", \Arrival Time (Hours)", \Arrival Time (Minutes)", \Days", and\Airline/Air
raft". The 
on
ept latti
e of the 
on
eptual s
ale \Conne
tions" ispresented in Figure 2; it yields the information about the departure and arrivalairports of the 75 domesti
 
ights whi
h are denoted by their 
ight number;for instan
e, the 
ight 1583 departs from Innsbru
k and arrives at Graz (sur-prisingly, there is no 
ight from Graz to Innsbru
k). The information about thedeparture time of the 
ights is well represented by the two interordinal s
ales\Departure Time (Hours)" and \Departure Time (Minutes)" where the �rst hasthe attributes � 6; : : : ;� 23 and � 6; : : : ;� 23 and the se
ond has the attributes� 00;� 05; : : : ;� 50;�55 and � 00;�05; : : : ;� 50;�55 (
f. [PW99℄, Fig. 3); forinstan
e, the departure time 15.10 of 
ight 1583 is uniquely determined by theattributes � 15 and � 15 of the �rst s
ale and � 10 and � 10 by the se
ond s
ale.The arrival time is represented analogously by two interordinal s
ales. The 
hoi
eof interordinal s
ales for representing time has been well proved be
ause theyallow the expression of time intervals by formal 
on
epts. The 
on
eptual s
ale\Airline/Air
raft" has the attributes \VO", \OS", \F70", \DH8", and \CRJ"yielding a six-element 
on
ept latti
e. The 
on
ept latti
e of the 
on
eptuals
ale \Days", restri
ted to the 
ights from Vienna to Innsbru
k, is presented inFigure 3.



Departure Arrival
Flight Airline Airport Time Airport Time Days Aircraft

070 VO Vienna 07.50 Innsbruck 08.40 1-6 F70
071 VO Innsbruck 06.25 Vienna 07.20 1-5 F70
072a VO Vienna 10.20 Innsbruck 11.35 6 DH8
072b VO Vienna 10.50 Innsbruck 12.05 1-5, 7 DH8
073a VO Innsbruck 08.35 Vienna 09.45 67 DH8
073b VO Innsbruck 09.05 Vienna 09.55 1-5 F70
074 VO Vienna 13.55 Innsbruck 15.10 2-5, 7 DH8
075 VO Innsbruck 11.40 Vienna 12.50 1-5 DH8
076a VO Vienna 17.45 Innsbruck 18.40 1-6 F70
076b VO Vienna 18.40 Innsbruck 19.55 7 DH8
077 VO Innsbruck 15.35 Vienna 16.45 2-5 DH8
078a VO Vienna 20.35 Innsbruck 21.25 1-4 F70
078b VO Vienna 21.30 Innsbruck 22.45 7 DH8
078c VO Vienna 21.40 Innsbruck 22.35 5 CRJ
330 VO Linz 06.20 Salzburg 06.50 1-6 CRJ
331 VO Salzburg 11.20 Linz 11.45 1-5 CRJ
332 VO Linz 16.05 Salzburg 16.35 1-5 CRJ
333 VO Salzburg 21.50 Linz 22.15 1-5, 7 CRJ
409 VO Graz 12.10 Linz 12.45 1-5 CRJ
410 VO Linz 16.10 Graz 16.50 1-5 CRJ
412 VO Linz 10.35 Graz 11.10 1-5 CRJ
413 VO Graz 06.15 Salzburg 06.50 1-5 CRJ
415 VO Graz 17.30 Salzburg 18.10 1-5 CRJ
416 VO Salzburg 21.50 Graz 22.25 1-5, 7 CRJ
417 VO Graz 17.15 Linz 17.45 7 CRJ
501 VO Klagenfurt 06.00 Salzburg 06.45 1-5 DH8
502 VO Salzburg 21.55 Klagenfurt 22.40 1-5, 7 DH8
531* VO-OS Linz 06.00 Vienna 06.45 1-6 DH8
532* VO-OS Vienna 10.40 Linz 11.20 1-5, 7 DH8
533* VO-OS Linz 08.35 Vienna 09.25 1-7 DH8
534* VO-OS Vienna 22.15 Linz 23.00 1-5, 7 DH8
536a* VO-OS Vienna 17.10 Linz 17.55 5 DH8
536b* VO-OS Vienna 17.15 Linz 17.55 1-4, 7 DH8
537* VO-OS Linz 12.00 Vienna 12.50 1-5, 7 DH8
538* VO-OS Vienna 20.30 Linz 21.15 1-7 DH8
539* VO-OS Linz 18.15 Vienna 19.00 1-5, 7 DH8
540* VO-OS Vienna 10.45 Graz 11.30 1-7 DH8
541* VO-OS Graz 06.05 Vienna 06.45 1-6 DH8
542* VO-OS Vienna 13.50 Graz 14.35 1-5 DH8
543* VO-OS Graz 08.50 Vienna 09.35 1-7 DH8
544* VO-OS Vienna 17.20 Graz 18.00 1-7 DH8
545* VO-OS Graz 11.55 Vienna 12.35 1-5 DH8
546* VO-OS Vienna 19.40 Graz 20.20 1-7 DH8
547* VO-OS Graz 15.30 Vienna 16.15 1-5, 7 DH8
548* VO-OS Vienna 22.30 Graz 23.10 1-5, 7 DH8
549* VO-OS Graz 18.25 Vienna 19.05 1-5, 7 DH8
550* VO-OS Vienna 07.25 Klagenfurt 08.15 1-5 DH8
551* VO-OS Klagenfurt 06.00 Vienna 06.50 1-6 DH8
552* VO-OS Vienna 10.40 Klagenfurt 11.30 1-7 DH8
553* VO-OS Klagenfurt 08.40 Vienna 09.30 1-7 DH8
554* VO-OS Vienna 13.55 Klagenfurt 14.50 1-5 DH8
555* VO-OS Klagenfurt 11.55 Vienna 12.45 1-7 DH8
556* VO-OS Vienna 17.10 Klagenfurt 18.00 1-7 DH8
557* VO-OS Klagenfurt 15.15 Vienna 16.10 1-5 DH8
558* VO-OS Vienna 19.50 Klagenfurt 20.45 1-7 DH8
559* VO-OS Klagenfurt 18.20 Vienna 19.10 1-7 DH8
560* VO-OS Vienna 22.30 Klagenfurt 23.20 457 DH8
561* VO-OS Klagenfurt 21.00 Vienna 22.00 457 DH8
590* VO-OS Vienna 10.25 Salzburg 11.20 1-7 DH8
591* VO-OS Salzburg 17.15 Vienna 18.10 7 DH8
593* VO-OS Salzburg 08.15 Vienna 09.15 1-7 DH8
594* VO-OS Vienna 17.35 Salzburg 18.35 1-7 DH8
595* VO-OS Salzburg 11.45 Vienna 12.40 1-7 DH8
596a* VO-OS Vienna 20.25 Salzburg 21.20 6 DH8
596b* VO-OS Vienna 20.35 Salzburg 21.30 1-5, 7 DH8
597* VO-OS Salzburg 19.05 Vienna 20.00 1-7 DH8
1557 VO Klagenfurt 16.00 Vienna 16.50 7 DH8
1583 VO Innsbruck 15.10 Graz 15.55 7 CRJ
1596 VO Vienna 14.05 Salzburg 15.05 5 DH8
2980 VO Innsbruck 06.10 Salzburg 06.40 1-7 DH8
2981 VO Salzburg 12.30 Innsbruck 13.00 1-7 DH8
2983 VO Salzburg 16.40 Linz 17.05 1-5 CRJ
2984 VO Innsbruck 14.35 Salzburg 15.10 1-7 DH8
2985 VO Salzburg 21.40 Innsbruck 22.05 1-7 DH8
2986 VO Innsbruck 10.20 Salzburg 10.55 7 DH8Fig. 1. A data table about the domesti
 
ights in Austria
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ept latti
e of the 
on
eptual s
ale \Days", restri
ted to the 
ightsfrom Vienna to Innsbru
kThe 
on
eptual s
ales of a TOSCANA-system, ea
h given by a formal 
on-text together with a line diagram of its 
on
ept latti
e, are viewed on three levelsof abstra
tion to allow high 
exibility of their use: First, a 
on
eptual s
ale is
onsidered as an abstra
t s
ale having only (
lari�ed) abstra
t obje
ts and at-tributes without a parti
ular meaning. Se
ondly, a 
on
eptual s
ale is 
onsideredas a 
on
rete s
ale having still abstra
t obje
ts but meaningful attributes withrespe
t to an appli
ation domain. Thirdly, a 
on
eptual s
ale is 
onsidered as arealized s
ale having now both: meaningful obje
ts and attributes with respe
tto an appli
ation domain. Abstra
t s
ales may be used in di�erent appli
ations,
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 ar
hite
ture of a TOSCANA-systemwhile 
on
rete s
ales are designed for a spe
i�
 appli
ation, but allow di�er-ent realizations 
on
erning the set of obje
ts (for instan
e, 
on
erning a
tualrevisions of the 
ights in the database on domesti
 
ights in Austria).The basi
 ar
hite
ture of a TOSCANA-system is des
ribed in Figure 4. A
-
ording to that, a TOSCANA-system divides into a data and a program part.In the data part, the information about the obje
ts of the appli
ation domain is
oded in the (relational) database, while the domain-spe
i�
 
on
rete s
ales (in-
luding line diagrams of their 
on
ept latti
es) and SQL-queries for the obje
tsof the appli
ation domain are 
olle
ted in the 
on
eptual s
heme; in our examplethis means that the data table of Figure 1 is stored in the database and that therelevent seven 
on
eptual s
ales, understood as 
on
rete s
ales, are available inthe 
on
eptual s
heme of the data part. For the represention of 
on
rete s
aleswith line diagrams of their 
on
ept latti
es in the 
on
eptual s
heme, the draw-ing programAna
onda yields a 
oding by the des
ription languageConS
ript(see [Vo96℄). The drawings of the 
on
ept latti
es has to be provided in advan
esin
e, in general, well readable line diagrams 
annot be generated automati
ally.The program part 
onsists of TOSCANA and a relational database manage-ment system (RDBMS). At runtime, TOSCANA loads the 
on
eptual s
hemeand 
onne
ts it to a RDBMS whi
h a

esses the database in whi
h the infor-mation of the appli
ation domain is stored. The system o�ers the user the listof 
on
eptual s
ales, among whi
h the user may 
hoose one or more s
ales. Ifthe user 
hooses one s
ale, then TOSCANA 
omputes the realized s
ale and thelabelling of the line diagram of its 
on
ept latti
e by querying the a
tual obje
tsin the database, and displays the labelled line diagram on the s
reen. Figure 2,showing the 
on
ept latti
e of the realized s
ale \Conne
tions", is the result ofsu
h an a
tion. If the user 
hooses two (or more) s
ales, then she 
an either zoominto a 
on
ept of the �rst s
ale to obtain a 
on
eptual re�nement of this 
on-
ept by the 
on
ept latti
e of the se
ond s
ale, or she 
an represent the 
on
ept



latti
es of both s
ales simultaneously by a nested line diagram. Figure 3 results,after 
hoosing the 
on
eptual s
ales \Conne
tions" and \Days", from zoomingin Figure 2 into the ninth obje
t node from the left. A detailed des
ription ofTOSCANA-systems 
an be found in [Na99℄.The explanations 
on
erning the TOSCANA-system of the domesti
 
ightsin Austria might 
onvin
e that su
h an information system 
ould be useful; forinstan
e, the obje
t nodes of Figure 2 partition the 
ights a

ording to theirdeparture and arrival airports and lead, after drilling down to a suitable obje
tnode, further information about departure and arrival time, week days, air-line, and even air
raft, relevant to 
ights from spe
i�
ally 
hosen departure andarrival airports. Nevertheless, the representation of all relationships within 
on-
eptual hierar
hies does not seem suÆ
ient for human-ma
hine 
ommuni
ations.Therefore, an extension of TOSCANA should be developed whi
h allows moredire
t representations of non-hierar
hi
al relations. Su
h an extension, mathe-mati
ally based on Contextual Logi
, is des
ribed in the following se
tions.2 Set-theoreti
al Semanti
s of Contextual Logi
Contextual Logi
 has been developed as a mathematization of the traditionalphilosophi
al logi
 with its do
trines of 
on
epts, judgments, and 
on
lusions[Wi00℄; for that, the mathemati
al theory of 
on
epts is taken from FormalCon
ept Analysis, and the mathemati
al theory of judgments is derived fromSowa's Theory of Con
eptual Graphs [So84℄. The set-theoreti
al semanti
s ofContextual Logi
 is based on power 
ontext families whi
h are de�ned as follows:a power 
ontext family is a sequen
e ~K := (K 0 ;K 1 ; : : : ;Kn ) (n � 2) of formal
ontexts K k := (Gk ;Mk; Ik) with Gk � (G0)k for k = 1; : : : ; n. The formal
on
epts of K k (1 � k � n) represent by their extents k-ary relations on theobje
t set G0; they are therefore 
alled the k-ary relational 
on
epts of ~K .A

ording to [PW99℄, the formal judgments, also 
alled 
on
ept graphs, ofa power 
ontext family 
an be represented (up to logi
al equivalen
e) as theelements of all the dire
t produ
ts Y(k;g)2U [
kg)for whi
h U is a �nite subset of Sk=0;:::;nfkg �Gk satisfying the impli
ation(k; g) 2 U and g = (g1; : : : ; gk) =) (0; g1); : : : ; (0; gk) 2 U (1 � k � n);and [
kg) is the prin
ipal �lter of B(K k ) generated by the smallest 
on
epthaving g in its extent. An element ~a := (a(k;g) j (k; g) 2 U) of the produ
t
an be understood as the family of the atomi
 
on
ept graphs [ak : g℄ with(k; g) 2 U where the so-
alled 
on
eptual instan
e [a0 : g℄ is the element ~a of the(one-fa
tor) produ
t with U := f(0; g)g and a(0;g) = a0 and, for k = 1; : : : ; n,the so-
alled relational instan
e [ak : g℄ is the element ~a of the produ
t withU := f(k; g); (0; g1); : : : ; (0; gk)g (if g = (g1; : : : ; gk)) and a(k;g) = ak, a(0;g1) =



u0; : : : ; a(0;gk) = u0 (in general, uk denotes the largest 
on
ept of K k ); insteadof [ak : g℄ we also write (ak; [u0 : g1℄; : : : ; [u0 : gk℄). Noti
e that a pair (ak; g)with ak 2 B(K k ) and g 2 Gk forms an atomi
 
on
ept graph if and only ifg 2 Ext(a).The formal judgments des
ribed in the pre
eding paragraph may be 
alled
on
ept graphs in atomisti
 normal form. From a 
on
ept graph in atomisti
normal form one 
an dedu
e its equivalent 
on
ept graphs using the followingequivalen
es (
f. [PW99℄, Prop. 1):(1) ([at : g℄ j t 2 T ) is equivalent to [Vt2T at : g℄,(2) ([a : gt℄ j t 2 T ) is equivalent to [a : fgt j t 2 Tg℄,(3) (a; [b1 : B1℄; : : : ; [bk : Bk℄)is equivalent to ([ak : B1 � � � � �Bk℄; [b1 : B1℄; : : : ; [bk : Bk℄),(4) ((a; [b1 : B1℄; : : : ; [bk : Bk℄); (~a; [~b1 : ~B1℄; : : : ; : : : ; [~bl : ~Bl℄))is equivalent to((a; [b1 : B1℄; : : : ; [bk : Bk℄); (~a; [~b1 : ~B1℄; : : : ; [~bl : ~Bl℄))=�(i; j)if [bi : Bi℄ = [~bj : ~Bj ℄.The equivalen
es (1), (2), and (3) are applied to suitable subfamilies of a familyof elementary 
on
ept graphs to obtain another family of elementary 
on
eptgraphs (in [PW99℄, an elementary 
on
ept graph is understood as a 
on
eptgraph with at most one relational 
on
ept). The equivalen
e (4) allows us toidentify equal 
on
eptual instan
es related to di�erent relational 
on
epts, i. e.,(4) is used to split up a 
on
ept graph in elementary 
on
ept graphs and to
ombine 
on
ept graphs to one 
on
ept graph.Formal judgments (i.e. 
on
ept graphs), whi
h may be easily turned into tex-tual statements of \plain English" (see [ME99℄), are useful for expressing spe
i�
information 
ontained in a given power 
ontext family; they are the means \tomake the data talk". Therefore, it is desirable to derive from the data in a re-lational database a power 
ontext family allowing one to dedu
e informative
on
ept graphs. For doing this, the method of relational s
aling has been pro-posed in [PW99℄: If a relational database is given in form of Codd's relationalmodel R �Qt2T At, then a derived power 
ontext family ~K := (K 0 ;K 1 ; : : : ;Kn )of formal 
ontexts K k := (Gk ;Mk; Ik) (0 � k � n) is formed by suitable subsetsG0 � St2T At and Gk � (G0)k together with 
orresponding attribute sets givingpurpose-oriented meaning to the data (the elements of Gk should be restri
tionsof elements of Qt2T At).Understanding the data table in Figure 1 as a representation of a relationalmodel in the sense of Codd, we may derive a power 
ontext family (K 0 ;K 2 ) bythe following de�nitions of obje
t and attribute sets (
f. [PW99℄):



G0 := f070; 071; : : : ; 2986g[fGraz; Innsbru
k;Klagenfurt; Linz; Salzburg; V iennag[f06:00; 06:05; : : : ; 23:20g[f1; 2; 3; 4; 5; 6; 7gG2 := f(070; V ienna); (071; Innsbru
k); : : : ; (2986; Innsbru
k)g[f(070; Innsbru
k); (071; V ienna); : : : ; (2986; Salzburg)g[f(070; 07:50); (071; 06:25); : : : ; (2986; 10:20)g[f(070; 08:40); (071; 07:20); : : : ; (2986; 10:55)g[f(070; 1); : : : ; (070; 6); (071; 1); : : : (071; 5); : : : ; (2986; 7)gM0 := fflight; airline; airport; time; days; air
raftg[fGraz; Innsbru
k;Klagenfurt; Linz; Salzburg; V iennag[f� 20min;� 25min;� 30min;� 3km;� 4km;� 5km;� 12km;� 16kmg[f� 06:00;� 06:05; : : : ;� 23:20; a:m:; p:m:g[f� 06:00;� 06:05; : : : ;� 23:20; a:m:; p:m:g[fMo; Tu;We; Th; Fr; Sa; Sug[fV O;OS; F70; DH8; CRJgM2 := fFrom; To;Dept; Arrv; F lDaysgThe attributes \� 20min", \� 25min",\� 30min" indi
ate the 
onne
ting timesat the 
orresponding airport and the attributes \� 3km",\� 4km", \� 5km",\�12km",\� 16km" indi
ate the distan
e from the airport to the 
orresponding
ity; furthermore, the attributes \From" resp. \To" apply to the pairs 
onsist-ing of a 
ight number and a departure resp. arrival airport; analogously, theattributes \Dept" resp. \Arrv" are understood with respe
t to the departureresp. arrival times. The in
iden
e relations I0 and I2 of the formal 
ontexts K 0and K 2 re
e
t the de
lared or obvious meaning of the attributes with respe
t tothe given obje
ts.3 Con
eptual and Relational S
alesIn this se
tion we dis
uss how a 
ontextual-logi
 extension of a TOSCANA-system may be developed on the basis of a power 
ontext family ~K := (K 0 ;K 1 ;: : : ;Kn ) of formal 
ontexts K k := (Gk ;Mk; Ik) (0 � k � n). It seems mostnatural that the extended TOSCANA program is designed for the purpose of
ombining several TOSCANA-systems, one for ea
h formal 
ontext K k ; in thissetting, the s
ales for K 0 are 
alled the 
on
eptual s
ales, while the s
ales forK k are 
alled the k-relational s
ales (k = 1; : : : ; n). Of 
ourse, the TOSCANA-systems of the formal 
ontexts of a power 
ontext family should not be inde-pendent be
ause satisfa
tory information based on the data 
oded in the power
ontext family has also to 
ombine information out of di�erent formal 
ontextsof the family. This 
ombination 
an be performed by the method of logi
al s
al-ing, introdu
ed in Formal Con
ept Analysis by S. Prediger (see [Pr97℄). In the
ase of the power 
ontext family ~K , logi
al s
aling is 
ombining attributes outof Snj=0Mj to obtain new attributes for the formal 
ontexts K k ; as a ne
essary
onstru
tion tool, we propose the term formation of the \Peir
ean Algebrai




Logi
" (PAL) whi
h R. W. Bur
h 
reated as \an attempt to amalgamate varioussystems of logi
 that Peir
e developed over his long 
areer" (see [Bu91℄).A

ording to PAL, the basi
 operations to 
ombine attributes of Snj=0Mjare the negation :, the permutations � 2 Sj , and two so-
alled joins, �1 and �2,extensionally de�ned for k-ary attributes m and l-ary attributes ~m (k � l) by(1) (:m)Ik := Gk nmIk ,(2) (�m)Ik := f(g�(1); : : : ; g�(k)) j (g1; : : : ; gk) 2 mIkg,(3) (�1m)Ik�2 := f(g1; : : : ; gk�2) j 9gk�19gk : (g1; : : : ; gk) 2 mIk and gk�1 = gkg,(4) (�2(m; ~m))Ik+l�2 := f(g1; : : : ; gk�1; ~g2; : : : ; ~gl) j 9gk9~g1 : (g1; : : : ; gk) 2 mIkand (~g1; : : : ; ~gl) 2 ~mIl with gk = ~g1g;furthermore, the k-ary attributes ?k, >k, and idk with (?k)Ik := ;, (>k)Ik :=Gk, and (idk)Ik := f(g1; : : : ; gk) j g1 = � � � = gk 2 G0g are introdu
ed as
onstants. In general, the 
ompound attributes of the power 
ontext family ~Kare derived from the unary attributes of M0 [M1, the k-ary attributes of Mk(2 � k � n), and the 
onstants by re
ursively applying the negation :, the per-mutations �, or the joins �1 or �2. For suitably 
hoosing 
ompound attributes, itis useful to know further operations derivable from the basi
 ones, for instan
e(
f. [Bu91℄):(5) (�im)Ik+1 := f(g1; : : : ; gi�1; gi; gi; gi+1; : : : ; gk) j (g1; : : : ; gk) 2 mIkg,(6) (Æim)Ik�1 := f(g1; : : : ; gi�1; gi+1; : : : ; gk) j (g1; : : : ; gk) 2 mIkg,(7) (�ijm)Ik�1 := f(g1; : : : ; gj�1; gj+1; : : : ; gk) j9gj : (g1; : : : ; gk) 2 mIk and gi = gjg,(8) (�(m; ~m))Ik+l := f(g1; : : : ; gk; ~g1; : : : ; ~gl) j(g1; : : : ; gk) 2 mIk and (~g1; : : : ; ~gl) 2 ~mIkg;(9) (�(m; ~m))Il := f(g1; : : : ; gl) j (g1; : : : ; gl) 2 ~mIl with (g1; : : : ; gk) 2 mIkg.The so-
alled 
omma operation �i \is a briliant devi
e that Peir
e was using withgreat skill and e�e
t" ([Bu91℄, p.76), the operation Æi is Bernay's \Strei
hung"operation, and the operations �ij and � are 
alled hook identity and produ
t in[Bu91℄. The insertion operation � allows us to a
tivate attributes of smaller arityin 
ontexts with obje
ts of greater arity; for instan
e, �(m;>l) is a 
ompoundattribute of K l with the extent f(g1; : : : ; gl) 2 Gl j (g1; : : : ; gk) 2 mIkg.How the term formation by the basi
 operations of PAL and their derivativesmay be used to obtain a TOSCANA-system for a power 
ontext family, shallbe demonstrated by our example of the domesti
 
ights in Austria. Examplesof 
on
eptual s
ales for the power 
ontext family des
ribed in Se
tion 2 aregiven by the labelled line diagrams in Figure 2, 3, and 4 in [PW99℄. Figure5 below shows a nested line diagram 
ombining representations of two binaryrelational s
ales. The relational s
ale of the outer diagram is determined by thefour binary attributes From, To, Dept, and Arrv, while the relational s
ale of theinner diagram has the binary 
ompound attributes Graz, Innsbru
k, Klagenfurt,Linz, Salzburg, Vienna, a.m., and p.m. whi
h are formed from unary attributesby using the insertion operation together with >2 and the 
onversion �2 (i.e.extensionally, the ex
hange of pla
e 1 and 2 in an obje
t pair). The 
omparison



 
 

From Dept To Arrv

Graz
Innsbruck
Klagenfurt a.m. p.m. Linz

Salzburg
Vienna

4926
2613771111

4629
30118899

Fig. 5. The 
on
ept latti
e of the apposition of two binary relational s
alesof Figure 5 with Figure 2 makes 
lear the advantage of using relational s
ales.Of 
ourse, further relational attributes and s
ales (even of greater arity) aredesirable; here we only mention the binary 
ompound attribute From-To :=�2(�2(From); T o), the appli
ation of whi
h will be shown in the next se
tion.For using Peir
ean Algebrai
 Logi
 to 
reate 
ompound attributes and 
on-
eptual and relational s
ales based on a power 
ontext family, there is not onlythe argument that this logi
 
ombines well with the Contextual Logi
 as de-veloped until now, but also Bur
h's thesis that \all pro
edures of relational
onstru
tions are formalizable in PAL" ([Bu91℄, p.122). This thesis is analogousto Chur
h's thesis about 
omputability, of 
ourse, less tested, but nevertheless
onvin
ing.4 Graphi
al RepresentationsFor a TOSCANA-system with a 
on
eptual s
heme 
ontaining 
on
eptual andrelational s
ales based on a power 
ontext family, there is still the questionhow to readably represent 
on
ept graphs derived from the 
on
eptual s
heme in
onne
tion with the a
tual database. Small 
on
ept graphs may be read o� fromlabelled line diagrams of the 
on
ept latti
es of appositions of relational s
ales,as the 
on
ept graphs about the 
ight 
onne
tions between two airports fromthe nested line diagram in Figure 5. But a little bit larger 
on
ept graphs mightalready diminish the readability seriously. Then, Sowa's 
onventions for drawing
on
eptual graphs [So84℄ would be better for the graphi
al representation of
on
ept graphs; for our example, su
h representation is given by Figure 6 in[PW99℄ showing the 
ight 
onne
tions of a 
ommuter between Innsbru
k andVienna.



TIME: ?

TIME: ?

ARRV

ATTR DAYS: ?

FLIGHT: 591*

DEPT

TOFLIGHT: ?AIRPORT: Vienna FROM AIRPORT: Salzburg

6-7

Fig. 6. Query graphs for retrieving 
ight informationSowa's graph representations may also be used for formulating queries withina TOSCANA-system. This 
an be performed by 
hoosing from presented linediagrams some 
on
eptual and relational instan
es and by 
ombining those in-stan
es to a graphi
ally represented 
on
ept graph in whi
h one or more refer-en
es are repla
ed by question marks. The graphi
al representation of the querygraphs is needed for 
he
king them synta
ti
ally and semanti
ally. Figure 6 showssome examples of querying 
ight information using 
on
ept graphs. In [GE99℄,it is dis
ussed how those query graphs may be algorithmi
ally tranformed intoSQL statements for querying the database of the TOSCANA-system.Sin
e the intention for developing TOSCANA was always to o�er the userri
h information in a transparent way so that she 
an make her de
isions based onthe presented information whi
h is restri
ted as little as possible, a TOSCANA-system should allow general queries having as answer a wide \lands
ape" ofdetailed fa
ts. For instan
e, a user, living in Vienna, might ask for the best
ight 
onne
tions at the weekend between Saturday 7 a.m. and Sunday 8 p.m.for visiting Graz, Innsbru
k, and Salzburg where she has to meet 
olleagues todis
uss important do
uments. The full information, under the given restri
tions,is represented in the 
on
ept graph shown in Figure 7. Obviously, su
h a repre-sentation would be too 
omplex for the 
ustomary user. Therefore, we proposeanother graphi
al representation, shown in Figure 8, whi
h yields the same 
ightinformation as the graph in Figure 7. The easily understood 
onventions of theshown information map are the following: A straight line 
onne
ting two townsindi
ates that there are dire
t 
ights between those towns and an arrowhead onsu
h a line points toward their destination; a small table linked to an arrowheadgives the information about the relevant 
ights, their departure and arrival times,and the week-days they operate. The used graphi
al means 
an be des
ribed byPAL terms as follows: the arrows represent to the obje
ts of the extent of From-To, the link between an arrowhead and a 
ight number in the relevant table is
hara
terized by the 
ompound attribute �13(�(From; To)), and the 
olumnsin the small tables 
orrespond to the obje
ts in the extent of the 
ompoundattribute �(:�12(:Sa;:Su); �14(�(�13(�(Dept; Arrv)); F lDays)). The des
rip-tions by PAL terms allow a 
ontextual-logi
 management of the informationmaps so that they 
an be integrated in a TOSCANA-system.
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Fig.7.Con
eptualgraphrepresentingtheweekend
ightsbetweenVienna,Graz,Inns-
bru
k,andSalzburg
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Fig. 8. Information map with the same 
ight information as the graph in Figure 7An inspe
tion of the information map immediately shows that tours via Grazto Innsbru
k or Klagenfurt are impossible. Therefore, 
ights to Innsbru
k andSalzburg with further 
onne
tions have to be 
onsidered. Sin
e there is only one
ight from Salzburg to Graz late on Sunday, the best 
hoi
es, giving reason-able periods of time for meeting 
olleagues, seem to be the 
ights 590 (Vienna-Salzburg), 2985 (Salzburg-Innsbru
k), 1583 (Innsbru
k-Graz), and 549 (Graz-Vienna); but there is also another solution, namely the 
ights 070 (Vienna-Innsbru
k), 2984 (Innsbru
k-Salzburg), 597 (Salzburg-Vienna), 540 (Vienna-Graz), and 549 (Graz-Vienna). Now, the user has to de
ide, using further infor-mation and preferen
es, for instan
e, about staying over night in a hotel or athome and about the best possible times for the meetings.The example tea
hes us that the development of a TOSCANA-system hasto use as mu
h as possible the ba
kground knowledge of the potential users,espe
ially, for obtaining a satisfa
tory human-ma
hine interfa
e. The tremendousin
rease of readability by 
hanging from Figure 7 to 8 has its explanation in the
ommon knowledge in our present 
ulture, in parti
ular, 
on
erning the use ofgeographi
al maps and spatial reasoning. For instan
e, straight lines betweentowns with arrowheads on them may be intuitively understood as 
ight routes,and rows in a table, linked to a 
ight route, whi
h have two numbers afterthe word \Time" are identi�ed as the 
orresponding departure and arrival timewithout any diÆ
ulty (noti
e that the a
tivated ba
kground knowledge has tobe made expli
it in Figure 7). Of 
ourse, the labelled line diagrams of 
on
eptlatti
es are less easily read and require some pra
ti
e, but our experien
e is that
ustomers, who are familar with the appli
ation domain and are interested inthe presented information, understand labelled line diagram astonishingly well.Therefore, also in the future, TOSCANA-systems will use labelled line diagramsfor presenting information, but will 
ombine them with information maps andother graphi
al representations.
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