Deterministic Genericity and
the Computation of homological Invariants

Dissertation zur Erlangung des akademischen Grades

Doktor der Naturwissenschaften (Dr. rer. nat.)

Vorgelegt im Fachbereich 10 Mathematik und Naturwissenschaften
der Universitat Kassel

Von Michael Schweinfurter

Kassel, Mai 2016



Tag der miindlichen Priifung
19. Juli 2016

Erstgutachter
Prof. Dr. Werner M. Seiler
Universitat Kassel

Zweitgutachter
Prof. Dr. Wolfram Koepf
Universitat Kassel



Contents

v
[Danksagung / Acknowledgements| vii
ix
Notation xi
[Chapter 0. Introduction| 1
[Chapter 1. Preliminaries| 5)
(L.1. Free Resolutionl 5
(1.2, Invariants of 7 and It 7] 9
[1.3.  Genericity| 10
[Chapter 2. gin-Position vs. stable Positions| 15
[2.1.  Grobner System| 15
[2.2.  Quasi-stable, stable and strongly stable Ideals| 19
[2.3. Some thoughts about Efficiency] 32
[2.4.  Borel-fixed and positive Characteristic] 35
[Chapter 3. Pommaret Basis| 39
[3.1.  The Main Feature of Quasi-Stability]| 39
[3.2. Further Properties| 42
[Chapter 4. The Reduction Number| 61
[4.1. Computing the absolute Reduction Number| 61
[4.2. Computing the big Reduction Number| 64
[4.3.  Relation with strong Stability]| 69
[Chapter 5.  Generalization of stable Positions| 71
[b.1. DQS-TEST and an alternative Characterization of Noether Position| 71
[5.2. Associating weakly D-stable Ideals with the Reduction Number| 79
(0.3, Generalization of Borel-fixed Positionl 86
[Chapter 6. p-maximal Ideals| 91
6.1. Connection to Pommaret Basig 91

[6.2.  Criterion for minimal Length of Pommaret bases in three Variables| 97

iii



iv CONTENTS

(6.3, Connection to Reduction Number 102
[Chapter 7. "The Map ot Positions| 105
Outlook 113

Bibliographyj 115



Erklarung

Hiermit versichere ich, dass ich die vorliegende Dissertation selbststandig, ohne
unerlaubte Hilfe Dritter angefertigt und andere als die in der Dissertation an
gegebenen Hilfsmittel nicht benutzt habe. Alle Stellen, die wortlich oder sinn-
gemaf aus veroffentlichten oder unveroffentlichten Schriften entnommen sind, habe
ich als solche kenntlich gemacht. Dritte waren an der inhaltlich-materiellen Erstel-
lung der Dissertation nicht beteiligt; insbesondere habe ich hierfiir nicht die Hilfe
eines Promotionsberaters in Anspruch genommen. Kein Teil dieser Arbeit ist in
einem anderen Promotions- oder Habilitationsverfahren verwendet worden.

Kassel, den 22. Mai 2016

(Unterschrift)






Danksagung / Acknowledgements

Auf meinem Weg zur Erstellung dieser Dissertation habe ich von zahlreichen
Personen Unterstiitzung erhalten, ohne die vieles ungleich schwerer gewesen wére.
Daher mochte ich die Gelegenheit nutzen, um zumindest Einigen von ihnen an
dieser Stelle meinen Dank auszusprechen.

Allen voran mochte ich mich bei meinem Doktorvater Herrn Professor Dr.
Werner M. Seiler bedanken, der mir die Moglichkeit bot, in einem mir bis dahin
unbekannten Gebiet der Mathematik zu forschen. Dabei schenkte er mir stets das
notige Vertrauen dieses herausfordernde und interessante Thema zu bearbeiten.
Wahrend der ganzen Promotionsphase konnte ich zu jeder Zeit auf seine profes-
sionale Hilfe zahlen. Besonders die zahlreichen erfrischenden Diskussionen und
seine unschatzbar wertvollen und richtungsweisenden Ratschlage, lieBen mich nie
mein Ziel aus den Augen zu verlieren. Insgesamt lieferte mir seine umfassende
Betreuung eine hervorragende Grundlage auf der aufbauend, ich diese Arbeit zum
Abschluss bringen konnte.

Further, I want to thank Professor Dr. Amir Hashemi from the Isfahan Uni-
versity of Technology. Together with him and my supervisor Professor Dr. Werner
M. Seiler I worked on three publications which form an essential part of this dis-
sertation. In particular, the many discussions I had with him where he answered
all my questions with infinite patience were a massive support that helped me to
write this thesis.

Schlieflich mo6chte ich allen Mitarbeitern des mathematischen Instituts der
Universitat Kassel danken, die mir immer mit Rat und Tat zur Seite standen und
so zu einer Arbeitsatmosphére beitrugen, in der ich mich stets wohlfiihlte. Dabei
gilt mein besonderer Dank Frau Dr. Jennylee Miiller sowie den Herren Matthias
Fetzer und Dominik Wulf.

Zu guter Letzt mochte ich mich beim Betreuer meiner Diplomarbeit an der
Universitat Regensburg, Herrn Professor Dr. Uwe Jannsen bedanken. Seine
Empfehlung trug dazu bei, dass ich meine Tatigkeit als wissenschaftlicher
Mitarbeiter an der Universitat Kassel aufnehmen konnte.

vii






Summary

The main goal of this thesis is to discuss the determination of homological
invariants of polynomial ideals. Thereby we consider different coordinate systems
and analyze their meaning for the computation of certain invariants. In particular,
we provide an algorithm that transforms any ideal into strongly stable position if
char k = 0. With a slight modification, this algorithm can also be used to achieve
a stable or quasi-stable position. If our field has positive characteristic, the Borel-
fixed position is the maximum we can obtain with our method. Further, we present
some applications of Pommaret bases, where we focus on how to directly read off
invariants from this basis.

In the second half of this dissertation we take a closer look at another homo-
logical invariant, namely the (absolute) reduction number. It is a known fact that
one immediately receives the reduction number from the basis of the generic initial
ideal. However, we show that it is not possible to formulate an algorithm — based
on analyzing only the leading ideal — that transforms an ideal into a position,
which allows us to directly receive this invariant from the leading ideal. So in
general we can not read off the reduction number of a Pommaret basis. This re-
sult motivates a deeper investigation of which properties a coordinate system must
possess so that we can determine the reduction number easily, i.e. by analyzing
the leading ideal. This approach leads to the introduction of some generalized
versions of the mentioned stable positions, such as the weakly D-stable or weakly
D-minimal stable position. The latter represents a coordinate system that allows
to determine the reduction number without any further computations. Finally,
we introduce the notion of 5-maximal position, which provides lots of interesting
algebraic properties. In particular, this position is in combination with weakly
D-stable sufficient for the weakly D-minimal stable position and so possesses a
connection to the reduction number.

KEYWORDS: (Strongly) Stable Ideals, Quasi-stable Ideals, Borel-fixed Ideals,
Pommaret Basis, Reduction Number, Weakly D-Minimal Stable
Ideals, weakly D-stable, S-Maximality
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CHAPTER 0

Introduction

Commutative algebra is an area of mathematics that focuses mainly on the
study of commutative rings and their ideals. The special case of polynomial ideals
will be in the center of our attention throughout this thesis. In order to analyze,
characterize and compare given ideals one considers homological invariants. These
invariants can be interpreted as a kind of complexity measure. To understand
what “complexity measure” means in this context one has to consider a given
ideal Z as a module. As free modules present the simplest class of modules one
can say that the more a module differs from being a free module the higher is its
complexity. To measure the “distance” from Z to a free module one takes a look
at the minimal free resolution. In Section [I.I] we provide a short review of the
concept of free resolutions, in particular we repeat the fact that any module we
consider in this thesis has a unique minimal free resolution. In Remark we
also offer a brief insight into a method to construct a free resolution. This already
gives a first impression on how costly it is to compute the minimal free resolution.
However, the determination of the minimal free resolution is a classical method
to retrieve to already mentioned homological invariants. Well-known examples of
such invariants are the Castelnuovo-Mumford regularity, the projective dimension
and the depth. While the first two can directly be read off from the minimal free
resolution, the latter one can be derived indirectly. Therefore one uses a famous
result from Auslander and Buchsbaum that the sum of the projective dimension
and the depth equals the number of variables of the considered polynomial ring.
Hence the determination of one of those two invariants immediately yields to the
other one. An alternative computation of the depth is based on the determination
of several Ext-modules that we describe in Remark Unfortunately, it is not
possible to predict whether either the projective dimension or the depth is easier
to determine in general.

Anyway this is not the approach we want to consider in this thesis. We rather
would like to investigate another ansatz that is motivated by some properties of the
generic initial ideal ginZ, which was introduced by Galligo and Bayer/ Stillmanﬂ.
Thereby we consider the fact that the determination of the mentioned invariants

1 Green’s article [Gre98] offers a summary for the various attributes of the generic initial
ideal.
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becomes trivial whenever the chosen coordinate system is in gin-position, i.e. the
leading ideal of Z equals gin Z. Bayer and Stillman showed that in this case a lot of
invariants of Z coincide with those of gin Z and can directly be read off the minimal
monomial basis of ginZ as formulated in Theorem [I.3.9, For the computation of
gin Z there exist mainly two different approaches, which are both rather expensive.

The first one is based on performing a random change of coordinates. It is
a theoretical result of probability theory that then after this transformation the
leading ideal of our considered ideal is ginZ. This method is even used by some
computer algebra systems such as CoCoA . As this approach is not a deterministic
but a probabilistic method it would be interesting to verify the final result, but
there is no ansatz known that provides this opportunity. Further, a random co-
ordinate change leads to dense polynomials, which obviously cause a more costly
computation especially when computing a Grobner basis.

The second approach is to compute a Grobner systemﬂ of Z, which was intro-
duced by Weispfenning [Wei92] in the context of his research on comprehensive
Grobner basis. This ansatz represents — contrary to the method above — a deter-
ministic way to compute ginZ so that a verification of the result is not necessary.
However, the determination of a Grobner system requires parametric computa-
tions, which makes this method even more expensive than the first one.

Hence we want to discover alternative coordinate systems that might be easier
respectively cheaper to reach but still provide properties similar to a coordinate
system in gin-position. To implement this plan we start with the consideration
of ideals in quasi-stable, stable and strongly stable position. In Algorithm [I| we
provide — as one of the main results of this dissertation — a deterministic way
to put any ideal into strongly stable position. Thereby we use sparse coordinate
changes so that in most cases this method is much cheaper than transforming
into gin-position. With slight modifications this algorithm can also be used to
achieve a quasi-stable or stable position. Especially the quasi-stable position is of
great interest since ideals in this position possess a finite Pommaret basis, which
is a special kind of involutive bases. Seiler shows in [Sei09b] that the above
mentioned invariants can be read off the Pommaret basis and so he generalizes
some results of Bayer/Stillman concerning the generic initial ideal.

However, in the reduction number we found an invariant that in general can not
be obtained from the Pommaret basis. The main focus of the second half of this
dissertation will lie on the study of this invariant. As another important result we
even prove that it is not possible to formulate a simple algorithm that transforms
a given ideal into a position from which the reduction number can be determined
easily. Thereby we call an algorithm simple if it is based on analyzing only the
leading ideal. This result motivates to develop generalized versions of the stable

2 We recall its definition in Definition
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positions, in order to construct a position that allows a simple determination of
the reduction number. In this context we establish the theory of S-mazimality as
the final highlight of this thesis. As we are able to directly derive the reduction
number from ideals in f-maximal position under certain assumptions, this ideal
class represent a generalization of the generic position in the considered context.

Most of the results of this thesis have already been published in the papers
[HSS12] and [HSS14]. A third paper with the same authors and the title De-
terministic Genericity for Polynomial Ideals is already in preparation but was not
published at the date of submitting this dissertation.

We now present short summaries of every chapter of this thesis:

Chapter 1. We repeat the definition of the minimal free resolution of an ideal
and show its relation to the homological invariants Castelnuovo-Mumford regu-
larity, projective dimension and depth. Further, we compare the invariants of an
ideal with the one of its leading ideal and introduce the generic initial ideal ginZ.

Chapter 2. We present a way to deterministically compute ginZ via Grobner
systems. Then different stable positions are introduced and — as one of the main
results of this thesis — Algorithm [I| describes a method to put any ideal into one
of the stable positions under the assumption chark = 0. Afterwards we discuss
the case char k > 0, where a slightly modified version of the mentioned algorithm
leads at least to a Borel-fixed position.

Chapter 3. We provide a short overview of the theory of Pommaret basis —
which are a special kind of involutive basis — and explain its relation to quasi-
stability. Afterwards we repeat some results of [Sei09b], concerning how to read
off several invariants of a Pommaret basis. We are able to deliver more such invari-
ants before we present further applications of Pommaret bases. Thereby another
stable position — which we call componentwise quasi-stable — is introduced. For
this position the component ideals Z, for all integers ¢ > 0 are considered.

Chapter 4. We study the reduction number and present an algorithm for its
computation. An example provided by Green |[Gre98| shows us that this invari-
ant can not be read off a Pommaret basis in general. Even more, it is another
consequence of this example that it is not possible to transform an ideal into a
coordinate system, from which the reduction number can be determined by ana-
lyzing the corresponding leading ideal, with a simpl&ﬂ algorithm.

3See explanation above.
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Chapter 5. In this chapter we establish some generalized versions of the quasi-
stable and stable position. Thereby we especially outline the weakly D-stable and
weakly D-quasi-stable position. Weakly D-stable ideals are monomial ideals with
the property that their reduction number can be read off their monomial basis.
This position plays also a decisive role when we introduce the notion of weakly
D-minimal stable, which describes a position with properties similar to the gin-
position in terms of the reduction number. Further, we are able to provide an al-
ternative definition of the well-known Noether position by showing its equivalence
to weakly D-quasi-stable position. Remarkably, we thereby present a combinato-
rial characterization of Noether position. Moreover, since weakly D-quasi-stable
position is achievable by a modified version of Algorithm [I}, we thus deliver a de-
terministic algorithm that transforms a given ideal into Noether position.

Chapter 6. With the concept of S-maximal position we introduce another class
of ideals that possesses interesting algebraic properties. For example, we will see
that in this position the length of the Pommaret basis is minimal under the restric-
tion that we only consider polynomial rings with at most three variables. Further,
we also have a connection to the reduction number since S-maximality implies
weak D-minimal stability if we assume that the considered ideal is in weakly D-
stable position.

Chapter 7. Finally, we provide several examples that allow us to clearly sepa-
rate all of the discussed positions and enables us to draw the map of positions.



CHAPTER 1

Preliminaries

At the beginning of this thesis we repeat some well-known facts that are a re-
quired for the following chapters. Thereby we denote throughout this dissertation
by Z a homogeneous ideal of the polynomial ring P = k[z1, ..., x,] in n variables
over an infinite field k. Further, we use the multi-index notation x* = z{* - - - z¥n,
where p € N™ is a n-tuple. As term order < we use the degree reverse lexicograph-
icalﬂ order defined by x* < x”, if and only if degx* < degx” or p,, > v, with
m = max{i | p; # v;} (compare [LA94, Def. 1.4.4]) . In particular, we denote by
It Z the leading ideal of Z with respect to the term order <.

As most of the invariants that we want to analyze in this thesis are related to
the minimal free resolution, we first present a short overview of the most important
results, which are associated with this concept. Afterwards we will talk about the
difference between the invariants of an ideal Z and its leading ideal 1t Z, before we
finally take a closer look at the notion of genericity.

1.1. Free Resolution
In the following M will denote a finitely generated graded P-module.

DEFINITION 1.1.1.
A free resolution of M is an exact sequence
Pi+1

Yi Pi—1 P2

Fi—=Fia Fi = Fo 2 M ——0
where the F; are free graded PP-Modules of the form

o= @ P
J

with P(—j) = @, P,—; and ¢; are graded homomorphisms with ¢;((F;),) C P,.
If there is an index ¢ such that F, # 0 and F; = 0 for all 7 > ¢, we call the
resolution finite. If the smallest ¢ with this property is denoted by ¢y, the length
of the resolution is ¢y + 1. The resolution is called minimal if the maps ; satisfy
img; € m@,; P(—j)" ", where m = (z1,...,,) is the maximal graded ideal.

1 As we often cite the references [Sei09al, [Sei09b], [Seil0], [Seil2] and [HSS12], we want
to mention that in these papers the degree reverse lexicographical ordering is defined by x* < x”,
if and only if degx* < degX” or fm, > Vpy with m = min{i | p; # v;}.

5



6 1. PRELIMINARIES

In this case the ranks r; ; are the graded Betti numbers 5{‘;1 Finally, we define the
(total) Betti numbers 5 by i =3, B,

THEOREM 1.1.2 (Graded Hilbert Syzygy Theorem ([Eis95, Thm. 1.13])).
Fvery finitely generated graded P-module has a finite graded free resolution of
length at most n.

REMARK 1.1.3 ([Seil0, Prop. B.2.31, et. seq.]).
One way to construct a free resolution of M is based on the fact that any
P-module is finitely presented, i.e. there is a P-module M, and an integer
such that

0 M, pro M 0

is an exact sequence. Indeed, if {mq,...,m,} is a generating set of M we can

define a homomorphism ¢ : P — M by o(fi1,..., fi) = Zle fim; so that a finite
presentation of M is given by:

0 ker p— P! = M 0

Now, as the P-module M, = ker ¢ is also finitely presented, we find another
P-module M; and an integer r; such that

0 M, P My 0

is an exact sequence. Going on like this leads to free resolution of M as the
following diagram demonstrates:

0 \Ml/ 0
n N,

N N
N N

THEOREM 1.1.4 ([Eis95, Thm. 20.2)).
The minimal free resolution of M is unique up to isomorphism.
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REMARK 1.1.5 ([GPOS8|, Rem. 2.5.2, et. seq.]).
Let the following sequence be the minimal free resolution of the module M:

%4} Per—1 w2

Fo-1

1

(1'1> 0 Fu Fi Fo 2 M 0

Then we should note that the number of minimal generators of the P-module
ker ¢; is 3 and 5 is the number of minimal generators of ker ¢; in degree i+ ;.
In the literature ker ; is called the ith module of syzygies of M and denoted by
Syz;(M). Thereby we understand under a syzygy of k elements fi,..., fr € M a

k-tuple (g, ..., gx) € P* with Zf:o gifi = 0.

DEFINITION 1.1.6 ([HH11l p.48)).
The Castelnuovo-Mumford regularity reg(M) of M is defined by

reg(M) = max{j | BM, . # 0 for some i}.

iitj

REMARK 1.1.7 ([Cha07, §1]).
An alternative definition that connects reg(M) with the ith local cohomology
H! (M) of M with respect to m is

reg(M) = max{a;(M) +i|i > 0},
where a;(M) = max{q | H,, (M), # 0}.

DEerINITION 1.1.8 ([HH11l p.48)).
The projective dimension pd(M) of M is defined by

pd(M) = max{i | ZA;‘ # 0 for some j}.
With other words, pd(M) is the length of the minimal free resolution of M.

REMARK 1.1.9 ([Eis05] page 7, et. seq.]).
If again (|1.1)) is the minimal free resolution of M the tabular

pd(M)
I
0 1 .. /
0 0 0 0 0
, J ﬁg{f\; %/\,/1[+j %\?ﬂ 0
J+ 1| B Biavjer 0 Biirjen 0
reg(M) = j+k ﬁ(/)\,/ﬁk 5{\,/11+j+k ﬁ%—l—j—&-k
0 0 0 0 0

is called the Betti diagram of M. Thereby is j the smallest degree of a minimal
generator of M.



8 1. PRELIMINARIES

It is clear that we can determine the entries of this diagram by computing
the minimal free resolution. But, as Albert, Fetzer, Saenz-de-Cabezon and Seiler
showed in [MFdCS15], it also possible to compute the Betti numbers without
explicitly determine the minimal free resolution. Further, we see that knowing
reg(M) and pd(M) leads to a first rough description of the Betti diagram as they
provide certain bounds.

DEFINITION 1.1.10.

We say that the elements ry,...,7q € P form a M-regular sequence if
M # (ri,...,rg) M and if r; is a nonzero divisor in M/(ry,...,r;_1)M for all
ie{l,...,d}.

Further, we say that a M-regular sequence ry,...,ry € P is mazrimal if it is
impossible to find an element r4.; € P such that ry,...,rsq form a M-regular
sequence.

THEOREM 1.1.11 ([ShaO1l Thm. 16.13)).
All mazimal M-regular sequences are of the same length.

DEFINITION 1.1.12 ([Sha01l Rem. 16.16])).
The length of a maximal M-regular sequence is called the depth of M and is
denoted by depth(M).

REMARK 1.1.13 (|Eis05, Thm. A2.14.]).
Two alternative definitions that connect depth(M) with Ext—moduleﬁ respectively
local cohomology are presented in the following:

depth(M) = min{i | Ext’,(P/m, M) # 0} = min{i | H, (M) # 0}

The following famous result of Auslander-Buchsbaum shows the relationship
between projective dimension and depth.

THEOREM 1.1.14 (Auslander-Buchsbaum Formula ([Eis95, Thm. 19.9])).
pd(M) 4 depth(M) =n

Hence in practice it is enough to determine only one of those two invariants
since one receives to other one immediately by this formula. In general, it is not
predictable whether the computation of the projective dimension or the one of
the depth is cheaper. The classical method to determine pd(M) is to compute
the minimal free resolution while depth(M) is received by computing the Ext-
modules described in Remark [[.1.13] If pd(M) < depth(M), then only a few
syzygy modules have to be computed to receive the projective dimension while the
determination of the depth costs several Ext-computations, hence in this case it is
recommended to compute pd(M) instead of depth(,M). Analogously, we can argue
that mostly it should be cheaper to compute depth(M) if depth(M) < pd(M).

2 Recall that the ith Ext-module of given P-modules M, N is defined by Exti(M,N) =
R Homp (M, —)(N), where R? Homp (M, —) denotes the ith right derivative of the Hom functor
(see e.g. [Eis95] A3.11]).
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REMARK 1.1.15.
We consider in this thesis only the two cases M =Z and M = P/Z, where Z QP
is a homogeneous ideal. The relation between those two cases, in terms of the
considered invariants, is presented in the following:

m depth(Z) = depth(P/Z) + 1
m pd(Z) =pd(P/I) -1
m reg(Z) =reg(P/Z) + 1
P/
u ZI] = BiJr/l,j
This is a simple consequence of the fact that if

we 2 1

0 F F Fo-2o7T 0

is the minimal free resolution of Z, then

we ®1

0 Fe Fo—2P "= P/T—>0

is the minimal free resolution of P/Z (where 7 denotes the canonical projection).

1.2. Invariants of Z and It 7

Before we present a theorem that delivers a decisive description of the rela-
tionship between the invariants of Z and It Z, we first should discuss why we are
interested in comparing them. The most important and obvious difference between
these two ideals is that 1t Z is monomial while Z is assumed to be a polynomial
ideal. Since monomial ideals are combinatorial objects, they are much easier to
handle in terms of computing invariants. So knowing the connection between the
invariants of Z and 1t Z allows us to reduce the computation of the invariants of
the polynomial ideal Z to the case of the monomial ideal 1t Z.

THEOREM 1.2.1 ([HH11, Thm. 3.3.4]).
For a polynomial ideal Z the following holds:

m reg(Z) <reg(ltZ)
m pd(Z) < pd(lt7)
m depth(Z) > depth(1t Z)

Thereby the assertions of Theorem [1.2.1] are a consequence of the following
proposition.

ProrosiTIiON 1.2.2 ([HH11l, Cor. 3.3.3)).

Let T be a polynomial ideal then 5f; < B'F.
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EXAMPLE 1.2.3.
Let Z = (23, x179+23) be an ideal in k[, x5, 23]. Then its minimal free resolution
is

0—=P(—4) —=P(~2)’ —=T—0,

while the minimal free resolution of W Z = (23, xyw9, z173, 23) is

0——P(-5) —=P(-3)dP(—4)? @ P(-5) —=P(-2)?dP(-3) ® P(—4) —=U1tZ —=0.

The two corresponding Betti diagrams are presented in the following:

| 0 1 |0 1 2
2|65 =2 By =0 2[BF=2 AF=1 B =0
3 0,3 — 0 51 4= 3 6053 =1 61t4 2 52t5 =1

With this information we can now directly derive that:

reg(Z) =3 < 4=reg(ltZ)
pd(Z) =1 < 2=pd(lt7)
depth(Z) =2 > 1= depth(ItZ)
Bly=0 < 1=p87

)

This explicitly shows that the considered invariants of an ideal can differ from
those of its leading ideal.

Theorem delivers two important aspects. On the one hand we see that the
invariants of the leading ideal provide an upper respectively lower bound for those
of the ideal itself. On the other hand a new question arises from these statements:

Under which circumstances do the invariants of T coincide with those of 1t L ¥

1.3. Genericity

The answer to this question lies in the notion of genericity. Since the concept
of genericity is used in many different contexts in the literature, we give a concrete
explanation of what we mean by a generic property. Therefore we firstly recall
the definition of the well-known Zariski topology. Since it is enough to describe a
topology by naming its closed sets, we only have to remember that a set X C k"
is Zariski closed if there exists an ideal Z <P such that X equals the variety V(Z).

DEFINITION 1.3.1.
We call a property generic if it holds on a nonempty Zariski open set.
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REMARK 1.3.2.

Let us consider the case k = Q).

Then, in sense of measure theory, a generic property is one that holds almost
everywhere. Further, a property holds almost everywhere if the set of elements
for which the property does not hold is a set of Lebesgue measure zero. Since
proper Zariski closed sets have a dimension lower than the whole space, they are
of measure zero. So this definition is equivalent to the one above.

In probability theory the to “almost everywhere” equivalent concept is almost
surely. Thereby a property holds almost surely if it happens with probability one.

NoTATION 1.3.3.
Let Z = (f1,..., fo) <P. We will use the following two different notations for
performing a coordinate transformation on Z.

m Let A= (a;;) € Gl(n, k) then we define the following notations:

n n

o Axt = (3 agm)t - () ange)t

J=1 J=1

¢ A-ZCMX“:ZCM(A'X“), C.ck
p p

’A'{flw-'vff}:{A'fla"')A'ff}
’AI:<Af177AfE>
m Let a1,...,a, € k then we understand under ¥ : (z; — z; + Zi# a;x;)

a coordinate transformation that maps z; to (z; + >_,; a;z;) and x; to
x; for all @ # j. Therefore:

¢ U = (254> a) [ [l

i#j i#j
¢ \I/(Z C,x") = ZC#\P(X“), C.ek
p p

¢ V(S fed) = {8(R), - B (o)}
¢ W(I) = (V(fr), -, W (fo))

The next theorem illustrates the for us most important statement in the context
of genericity.

THEOREM 1.3.4 (Galligo, Bayer-Stillman ([Gre98, Thm. 1.27])).
There exists an open Zariski subset U C Gl(n,k) and a monomial ideal J <P
such that for all A € U:

IW(A-I)=J
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PROOF. For some integer ¢ we consider (Z,)) as k-linear subspace of P,.
Let B = {t1,...,t;} be the monomial basis of P, with t; > --- > ¢, then
s = dimg(P,) = (”_;+q). Further, let r = dimg((Z,)x) and we define the r x s
matrix M (Z,) = (m;;) such that the set

j=1

is a k-basis of (Z,)x. If My(Z,) is the submatrix of M(Z,) consisting of the first k&
columns, then

(12) dlmk(((ltl)qh{ N <t1, . ,tkh{) = rank(Mk(Iq)).

Since the rank is the size of the largest minor having a nonzero determinant, there
exists for every k a Zariski open subset U, C Gl(n, k) such that rank(M((A-Z),))
is constant for all A € Uy,. Hence by ((It(A-Z)),)x is constant for all A from
the Zariski open set U, = Up N ... NUy. We set U) = Uy and U(;H = Uy NUgs1
for all ¢ > 0 and so consequently U;,, € U,. Now the homogeneous component
(1t(A - Z))q of the ideal 1t(A - Z) is constant for any A € U, so that we can define
an ideal J by J, = (It(A-Z)),. As the ideal J is generated by a finite set F' we
can set ¢ = deg F'. The Zariski open set with the desired property is Ug. O

REMARK 1.3.5.
We showed in the proof of Theorem that there is an integer ¢ such that:

(1.3) rank(My((A-Z),)) = ¢, forall Ae Uy

As we will use this fact in the proof of Proposition [6.1.13] we want to note here
that it is not only constant, but also maximal with respect to all A € Gl(n, k).
This is a consequence of the semicontinuityf] of rank. To understand this argument
we assume that there is a matrix A; such that:

rank(M; (A, - 7)) > ¢

Now choose € > 0 such that ¢ < ¢; — ¢. It follows from the semicontinuity that
there exits a neighborhood W of A; such that:

(1.4) rank(Myp((B-Z),)) > c1 —e, forall BeW
3 Let X be a topological space and f : X — R a function. Then f is lower semicontinuous

at xg € X if for every £ > 0 there exists a neighborhood W of zg such that f(z) > f(z¢) — ¢ for
all x € W.
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Since Uy, is Zariski open, the intersection Uy, MWV is nonempty. So let Ay € UMW

then
(L.4)
rank(My((A2-1),)) > ¢ —e,

13

c
which leads to a contradiction to the choice of €.

DEFINITION 1.3.6.
The ideal J from Theorem above is called generic initial ideal of Z and is
denoted by ginZ. If Z is an ideal such that It Z = ginZ, then we say that Z is in
gin-position.

NoTATION 1.3.7.
We denote the (mazximal) index of a term, polynomial and finite set of polynomials
as follows:
m m(x") = max{i | u; # 0}
mm(f) =m(tf) forall f € P\ {0}
m m(F) = max{m(f) | f € F} for all finite sets ' C P \ {0}

REMARK 1.3.8 ([Seil0l Lem. A.1.8]).
The degree reverse lexicographic term order < is index respecting. This means that
if x* x” € T are two terms with degx* = deg x” and x* > x” then m(x*) < m(x").
Moreover, for two terms x*, x® € T with x*|x", we also have m(x*) < m(x").

Now we can come back the question of the last section. Analogous to
Theorem [1.2.1] we present the following assertion:

THEOREM 1.3.9 (Bayer-Stillman ([Eis95, Cor. 19.11, Cor. 20.21]).
Let H be the minimal monomial basis of ginZ. Then:
m reg(Z) = reg(ginZ) = deg H
m pd(Z) = pd(ginZ) =m(H) — 1
m depth(Z) = depth(ginZ) =n — m(H) + 1

This theorem does not only show that if our ideal is in gin-position the invari-
ants of Z and 1t Z coincide, but also that they can directly be read off the basis of
gin Z without any further computation.






CHAPTER 2

gin-Position vs. stable Positions

We have seen in Theorem that the gin-position provides several useful
properties. Naturally, it is our next step to investigate how we can put a given ideal
7 into this position or alternatively how we can compute ginZ. This investigation
will be done in the first section of this chapter, while the following sections discuss
different notions of stable positions. Thereby we will develop an algorithm that
allows us to put any ideal into strongly stable position if chark = 0. Further, we
examine possible strategies for the implementation of this algorithm and consider
the case of positive characteristic.

2.1. Grobner System

Following Weispfenning [Wei92] we denote by P = k[a,x]| a parametric
polynomial ring where a = ay, ..., a,, represents the parameters and x = xy,...,z,
the variables. Let <y (resp. <a) be a term order for the power products of the
variables z; (resp. the parameters a;). Then we introduce the block elimination
term order <y, in the usual manner:

For all k, u € NI and all A\, v € NI, we define a”x" <y , a*x" if either x* <, x"*
or x* = x" and a” <, a’.

Further, we call a homomorphism o : kla] — k with o, = idy a specializationf]
of P. So any specialization is uniquely determined by its restriction to k and the
images o(a;) of the parameters in k[a].

DEFINITION 2.1.1. , R R

A finite set of triples {(Gi, N;, V[/i)}i:l with finite sets G; C P and N;, W; C k[a]
is a Grobner system for a parametric ideal 7 <P with respect to the block order
<xa if for every index 1 <7 < ¢ and every specialization ¢ of P with

(i) Vg e N; :0(g) =0

(ii) Yh e W;:a(h) #0
a(éi) is a Grobner basis of o(Z) << P with respect to the order <y and if for any
point p € k™ an index 1 <4 < £ exists such that p € V(N;) \ V([ [ew, P)-

~

1 Weispfenning introduced the notion of Grébner system in the context of his research on
comprehensive Grobner bases.

2 & has a canonical extension 7 : P = kla, x] — k[x].

15
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REMARK 2.1.2.
A Grobner systems yields a Grobner basis for all possible values of the parameters
a. Basically every algorithm (in particular the algorithmﬂ used by us) produces
Grobner systems such that given one specific triple (@Z, N;, W;) all specializations
o satisfying yield the same leading terms lt U(CATQ-). Hence we can speak of
a monomial ideal £; <P determined by the conditions (N;, W;). In the sequel, we

will always assume that a Grobner system with this property is used.

THEOREM 2.1.3 ([Wei92 Theorem 2.7)).
Every parametric ideal Z <P possesses a Grobner system.

To get a better feeling for these abstract definitions, we now explain to concept
of Grobner systems based on a pretty simple example.

EXAMPLE 2.1.4.
Let T = (x3) < k[xy, x9, x3] and A = (a;;) a parametric 3 X 3 matrix. We consider
the parametric ideal

i =A-T= <a319€1 + azoxo + a339€3> < ]k[an, 12, 0d13, - - ., 0a31, @432, 433, $1,$2,$3]-
With the notations of Definition and Remark we get:
1| (1) i {azi}
2| (x2) {asi} {as2}
3 <3€3> {031, Cl32} {CL33}
4 <O> {CL317 32, @33} {}

Finally, we have to verify whether the equation

@ = v\ v

heW;

:ﬂ K\ V(az1) U V(asi) \ V(as:) U V(asy,as) \ V(ass) U V(az1, ass, ass)
holds. Therefore we choose a point p = (a1, a2, a13, - - -, az1, aze, asz) € k°. The
following case distinction shows the above equation:

asi 7£ 0 = pc k® \ V(UISI)
a1 =0Aaz #0 = p € V(as)\ V(as)

az1 =0ANazx =0Aas3 #0 = p e V(ag,azn)\ V(ias)
azi =0Nag2=0Aaz3 =0 = peV(az,ass,ass)

3 Weispfenning [Wei92| provided a first algorithm for computing Grobner systems. Subse-
quently, improvements and alternatives were presented by many authors [KSW10, KSW13|,
Mon02, MW10, [SS06]. Our calculations were done using a MAPLE implementation of the
DisPGB algorithm of Montes which is available at http://amirhashemi.iut.ac.ir/softwares

4 Remember that by convention [Theg h=1and V(1) = 0.
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REMARK 2.1.5.
Grobner systems are defined for parametric ideals. In this thesis we will always
construct these ideals by transforming a given ideal Z < P with a parametric
matrix, as we have done it in the preceding example. So for us the case i = 4 of
this example is not relevant, since then the matrix A is singular and so it does not
represent a coordinate change.

REMARK 2.1.6.
Every Grobner system {(G’i,Ni, Wi)}le has one branch j with N; = {} and so
V(N;) = k™. Otherwise it would not be possible to find a finite number of tuples

k™ =y \V(]] -
7 heW;
This branch j is called generic branch and the set V(N;) \ V([ I,ew, h) is Zariski
open.
If we now compute the generic branch j of the parametric ideal A -7 < k[a, x|,
where A is a n X n parametric matrix, then

L;=1to(G,)=gnTZ.
If (b1, ...y b1p, 021,y bopy oo bty .o, bpy) is an element of the Zariski open set
K" \ V([Tpew, h) such that B = (b;;) € Gl(n, k), then we have 1t(B - T) = ginZ.
With other words B transforms Z into gin-position.

Now we know a way to determine the generic initial ideal. But as we have to
compute a Grobner basis of a parametric ideal with n? parameters this method is
obviously rather expensive. The next lemma brings a slight optimization to this

problem by reducing the number of parameters from n? to "QT_”

LEMMA 2.1.7.
Let T <P be an ideal and A € Gl(n,k) matriz. There exists a matriz L with
WA-Z)=1t(L-Z) and

1 0 0

(2.1) L= |
: 0
lnl T ln,nfl 1

PROOF. Indeed, any regular matrix A can be written as a productﬂ A=UDL
where L is a lower triangular, U an upper triangular and D a diagonal matrix
and where both L and U have only ones on the diagonal. As we are considering

SClassically, one uses decompositions A = LDU. But such a decomposition for the inverse
A~! yields immediately a decomposition of our form for A.
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a polynomial ring over a field the transformation induced by D does trivially not
change the leading term of any polynomial for arbitrary term orders, i.e.:

(2.2) W(D-Z')=1tZ', forany Z' aP

Now we want to analyze the effect of the matrix U on the leading terms. Let s € T
be a term then it follows from the definition of the reverse lexicographic order that
s = r for any r € supp(U - s). In particular, for any polynomial f € P we have
(U - f) =1t f so that:

(2.3) WU -7 =1tZ', foranyZ' <P

Hence also the transformation induced by U does not affect any leading term and
we can finally conclude:

1t(A-7) =w@wDL-7) B v -17) B -1
O

As already mentioned it is a consequence of this lemma that we can reduce
the number of parameters to determine gin Z compared to the method described
in Remark [2.1.6] Since instead of using a full parametric n x n matrix A it is
enough to consider a parametric matrix of the form that contains only n’-n
parameters.

REMARK 2.1.8.
In practice, one tries to avoid such expensive parametric computations by using
a different ansatz to determine ginZ. For example the computer algebra system
CoCoA has a function called Gin, which is described in the manual as follows:

These functions return the [probabilistic] gin (generic initial ideal) of
the ideal I. It is obtained by computing the leading term ideal of g(I),
where g is a random change of coordinates. While Gin wuses integer
coefficients in [-Range, Range/, with default value [-100, 100] (repeated
until 4 consecutive random changes of coordinates give the same re-

sult)(...
This approach leads to a probabilistic algorithm (Monte Carlo algorithm) which
is based on the following idea. We have seen in Theorem that there is an
Zariski open set U such that 1t(A-Z) = ginZ for every A € U. Further, we know
by Remark [1.3.2] that a randomly chosen matrix lies almost surely in this set U.

6 See http://cocoa.dima.unige.it/download/CoCoAManual/html/cmdGinGin5.html| for
more details.
TCoCoA uses k = Q by default.
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2.2. Quasi-stable, stable and strongly stable Ideals

So far we studied the gin-position and presented its interesting properties con-
cerning homological invariants in Theorem [1.3.9] Furthermore, we found in the
previous section a deterministic method to compute the generic initial ideal gin Z
by using the theory of Grébner systems (see Remark .

In this section we will take a look at certain combinatorial properties that
ideals can have. These different properties are summarized under the term “sta-
ble-positions” which will be in the center of our attention for the rest of this
dissertation. Thereby we now deliver a deterministic algorithm that allows us to
put any ideal into a desired stable position (if the characteristic of the considered
field k is zero).

DEFINITION 2.2.1.
Let J be a monomial ideal and B its minimal basis.

m J is quasi-stable if for every term x* € J and all i < k = m(x*) the

deg B x# . .
term x;® 2 also lies in J.
k

m 7 is stable if for every term x* € J and all i < k = m(x*) the term xZ%
also lies in 7.

m 7 is strongly stable if for every term x* € J, all indices j with p; > 0
and all ¢ < j the term xZ% also lies in 7.

REMARK 2.2.2.
We can directly derive from this definition the following hierarchy:

J strongly stable = J stable = J quasi-stable

EXAMPLE 2.2.3.
Let Jy = (23, 23), Jo = (23, 2129, 73, ax3), T3 = (3, 1179, 1173) <K[21, T2, T3].
Then 7, is quasi-stable but not stable since x1x9 ¢ 71, Jo is stable but not strongly
stable since x1z3 ¢ J> and finally J3 represents an example of a strongly stable
ideal.

LEMMA 2.2.4 ([HH11, Lem. 4.2.3]).
To verify, whether an ideal has one of the properties defined in Definition [2.2.1], it
1s enough to check if the elements of the minimal basis fulfill the desired property.

Proor. We will show this only for the case of strong stability, since the proof
for the other notions is similar. So let us assume that every element of the minimal
basis B of a monomial ideal J fulfills the property for strongly stable. Further let
xt € J be a term with p; > 0 for some index j. Since there must be an element
t € B that divides x*, we can write x* = st for some s € T. Therefore either s
or t must be divisible by z;. In the first case % € T and so xijt = % € J, hence

xl’;—“ € J for all indices 7. In the second case it follows by our assumption that
J

xlé € J for all ©+ < j. But then of course the same holds for x,% = xZ% O
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DEFINITION 2.2.5.
We say that a polynomial ideal is in quasi-stable/stable/strongly stable position if
its leading ideal is quasi-stable/stable/strongly stable.

REMARK 2.2.6.
By Lemma we can see that it is very easy to verify whether an ideal is in one
of the positions described in Definition [2.2.1] This is an important difference to
the gin-position for which there exists no simple test to verify that one has really
obtained this position.

Analogous to Remark it is natural to ask whether we are able to put an
ideal into one of the stable positions. Indeed, for the case chark = 0, we can
present an algorithm in the following that outputs a coordinate transformation ¥
such that W(Z) is strongly stable. Before we are able to present this algorithm
we must first define a special type of a list of terms and an associated ordering
on these lists. This definition will play a fundamental role when we prove the
termination of the mentioned algorithm.

DEFINITION 2.2.7.
Let F' C P be a finite set of polynomials with 1t F' = {t1,...,¢,} where the terms t;
are ordered by the reverse le:z;icogmphicaﬁ ordering such  that
t1 reviex ' * * mreviex te. Then we define:

L(F) = (t, ... 1)

F,F C P be two finite sets of polynomials with .Z(F) = (t,...,t;) and
ti,...,t;). We define:

3j < min( ,g),Vi <j:t;=1; and t; <jeniex t; OF

o ¢

8 Following [LA94, Sec. 1.4] we set x* <ioviex XY, if and only if p, > v, with
m = max{i | u; # v;}.
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Algorithm 1 SS-TRAFO: Transformation to strongly stable position in chark = 0

Input: Reduced Grobner basis G of homogeneous ideal Z <1 P
Output: a linear change of coordinates ¥ such that 1t ¥(Z) is strongly stable
1: U :=id;
2. while 3ge G, 1<j<n, 1<i<j: xj|ltg/\:t:7;l;—f ¢ (1t G) do
V= (zj =zt x); U=19oV;
G := REDUCEDGROBNERBASIS (¢(G));
while .Z(G) =4 Z(G) do
Y= (:c]r—mcj—i-:nl)llf oW,
G := REDUCEDGROBNERBASIS (¢(G));
end while
9: G:=G;
10: end while
11: return ¥

REMARK 2.2.8.
Line [2] of Algorithm [I] reflects the definition of strongly stable. We will see later
(in Remark that replacing it by the corresponding condition for quasi-
stable/stable leads to a coordinate transformation W that puts the ideal in quasi-
stable/stable position. In particular, we will discuss in Section that for quasi-
stability a slightly modified version of this algorithm also works if the considered
ﬁeldﬂ k has positive characteristic (see Theorem .

EXAMPLE 2.2.9.
In this example we want to perform Algorlthm I on the ideal Z = (a3, 3, z3w3) <

k([zq, 2, z3]. = 1123 ¢ T. So according to the
algorithm we perform a coordinate transformation Wy : (z3 — 3 + x1) and get

lt\Ifl(I) <ZE?, lega I%? ZL’%I§>

As (23, 23, x373) <o (23, x123, 73, 373), we do not enter the while loop of line

But 1t U4 (Z) is still not strongly stable since x; 1$2 = 2219 ¢ 1t(V1(Z)). So we
transform the coordinates again, this time by W, : (.1'2 — X9 + x1) which leads to

16 Wo (U (T)) = (23, 2imy, 173, 73, T703).

Again we do not enter the while loop of line 5] since:
3 2 3 2 2 4 23
(21, 2123, @3, 2573) <g (21, 21T, 2173, 3, Tiw3)

9 Remember that throughout this thesis, we assume k to be an infinite field if nothing
different is mentioned.
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Now there are no obstructiond| left, i.e. 1t Wy(W;(Z)) is strongly stable (in this
case we even have 1t Wo(Wy(Z)) = ginZ).

The next example will show that the result of Algorithm [I] is not unique, i.e.
there may exist more than one transformation W that transforms an ideal into
strongly stable position.

ExamMPLE 2.2.10.

Let T = (22, 112, Tow3, w5) < Kk[z1, 2o, x3]. Since both terms 2122 = 123 and
x % = 3 are not in Z, we have the choice to perform either Wy : (xy — xo + 1)
or Wy : (23 — x3 + 7). Because

WU (Z) = (x3, z110, 1173, T3, Tix3)

1tUy(Z) = (x3, x129, T3, T2T3)
we see that applying W, directly leads to a strongly stable ideal, while 1t Wo(Z) is
still not strongly stable since xlx;—f% = x122 does not lie in 1t Uo(Z). However,

16U, (Uy(7)) = (2], 129, 73, T123)
is strongly stable but nevertheless not equal to 1t Uy (Z).
The termination of Algorithm [I]is one of the main results of this thesis and we

will have to do a lot of preparation before we are able to deliver the corresponding
proof at the end of this section.

DEFINITION 2.2.11.
Let FF={fi1,..., fi} C P be a set of polynomials.
m We call F' completely autoreduced if for every index 7 holds:

Vtesupp(fi) Vj#£i o ltfitt
m We call I’ head autoreduced if for every index ¢ holds:
ViAi o WIS,
WX denote the complete autoreduction of F' by F'* and the head autoreduction by
F=.
REMARK 2.2.12.
We will in the following often use the expression:
for a generic choice of a € k

According to our definition of generic (see Definition this expressions means
that we choose the element a € k from a Zariski open set, or with other words we
choose a € k such that it does not lie on a variety. In this context it becomes more
clear why we have assumed our field k to be infinite. Because then the concept of
generic choice means that the desired property holds for almost all choices.

10 By obstructions we always mean elements of the ideal that cause an obstruction to strong
stability (resp. quasi-stability/stability).
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Indeed one could generalize the following assertions by using a “sufficiently
large” field such that there exits an element a € k with the requested property.

LEMMA 2.2.13.
Let F C P be a finite and completely autoreduced set of polynomials. Further, let
U (z; — x; + az;) be a coordinate transformation with ¢ < j and a € k. Then
for a generic choice of a € k holds

L(F) =y L(V(F)?).

PrROOF. Before we start with the proof we want to introduce a notation that
we will use in the following. For a polynomial f € P and ¢ € supp(f) we denote
the coefficient of ¢ in f with Cy(?).

Let F' = {f1,..., fe} with 1t fr <ieviex 1t f; if & > [. Further, let ¢, = 1t f
and s, = It U(fy) for each k. Without loss of generality suppose that lc fr, = 1
for each k. It is easy to see that ty <,eviex Sk for all k. If t, = s for all k, then
there is nothing to prove since then It F' = It U(F) = It ¥(F)* and consequently
L(F) = Z(VY(F)?). Otherwise, let o be minimal such that t, # s,. In other
words:

tr = Sk Vk < o
toz <reviex Sa
tk jrevlex Sk vk >«

Let h, be the remainder of ¥( f,,) after reducing it by the set {U(f1), ..., V(fo1)}
— note that this set is head autoreduced, but in general not completely autore-
duced. As a first step we want to show that ¢, is still in the support of A, since
then 1t hy > reviex to holds.

Claim 1: ¢, € supp(ha).
If ho = ¥(f,) we are done since t, € supp(V¥(f,)), otherwise there is an index
B < «a such that sg =tz divides s,. So the question is whether ¢, remains in the
support of

- Sttty

hp = ¥(f) Cu(ss)(ts)ts

or not.

Claim 1.1: ¢, € supp(hg).
Let us assume that this is not the case. Hence there must be a monomial mg =
Cu(fs) (tmg )tm, in W(f3) that causes the cancellation of ¢,. This means the following
equation must hold:
C\I!(fa)(sa)sa

Cu fo (ta)ta - —Cy f (tm )tm

(2.4) & Cu(sa)(ta)Cusp)(ts)tats = Cu(fa)(Sa)Cu(ss)(tms)Satmy



24 2. gin-POSITION VS. STABLE POSITIONS

Let us now have a look at the coefficients which we can interpret as elements of k|al,
i.e. polynomials in the parameter a. Because of the form of the transformation W
we have 1 € supp(Cu(s,)(fa)), Supp(Cu(ys)(t3)) and hence

1 € supp(Cu (s, (ta)Cu(rs) (t5))-

But since s4 >reviex Lo it follows that 1 ¢ supp(Cy(s.)(sq)) and therefore

1 & supp(Cu(fa)(Sa)Cu(sy) (tmy))-

This shows that the polynomials Cyy,)(ta)Cu(ss)(ts) and Cy(r,)(5a)Cu(ss)(tm;) are
not equal. For any element p of the Zariski open set

(2.5) K\ V(Cu(fa)(ta)Cu(ss)(ts) — Cw(fa)(Sa)Cu(ss) (tmy))

obviously holds (Cy(s,)(ta)Cu(sy) (ts)) (P) # (Cu(ra)(Sa)Cu(sy)(tm,)) (P). As the pa-
rameter a is chosen generically, we know from Remark [2.2.12] that a is chosen from
a Zariski open set. Since two nonempty Zariski open sets always have a nonempty
intersection, we may assume that a is an element of the set presented in .
Therefore equation does not hold in this case which leads to a contradiction
of our assumption that ¢, ¢ supp(hg). Hence claim 1.1 is true.

Additionally we can also see that the coefficient of ¢, in hg is:

Cufa) (5a)
Chs(ta) = Cugra)(ta) = o Cu(sy) (tm,)
’ v Cuisp(tg) ™
& Cury)(t8)Cns(ta) = Cury)(t8)Cusa) (ta) = Cusa) (Sa)Cusy) (tms )
With the arguments from above we have 1 € supp(Cu(s,)(f3)Cns(ta)) and therefore
(2.6) 1 € supp(Chy(ta))-

If now already hg = h, holds then immediately claim 1 follows, otherwise there is
an index v < a such that the term s, = t,, divides It hg = #,,. The existence of such
a divisor shows that #;, can not be equal to ¢, since F'is a completely autoreduced
set — note that we could not argue like this if F' was only head autoreduced — and
therefore

(27) thﬁ ™ revlex toz-
As above we want to check whether t, remains in the support of

Chy (thy )t

= hy —
Cu(f,) (ty)ty

v(fy)

or not.
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Claim 1.2: ¢, € supp(h,).
Let us assume that this is not the case. Hence there is a monomial
my = Cy(s,)(tm, )lm, in W(f,) such that:

Ch, (th, )t
Chy(ta)ta = ——2LCyip)(tm, )tm
’ Cug) ()t P
(2.8) = Chﬁ(ta)c\p(fw)(t,y)tat,y = Chﬁ(thﬁ)c\p(fw)(tmw)ifhﬁlfﬂ%Y

Let us now again have a look at the coefficients. As above we immediately get
1 € supp(Cy(ys)(t,)) because of the form of W. In (2.6) we already saw that

1€ supp(Ci, (ta)), hence 1 € supp(Ch, (ta)Cus, (1)):
We are done if we are able to show that

(2.9) 1 ¢ supp(Chy (tny))-

Because then 1 ¢ supp(Cp, (th,)Cu(r,)(tm,)) and so equation does not hold
for a generic choice of the parameter a. This would finally lead to a contradiction
of our assumption that ¢, ¢ supp(h.,).

To show we should remember the construction of hg:

Cus. )(Sa)sa
hg =V (fa) — 7 Y(fs)
Cu(ss)(ts)ts
From this we can derive:
Cy(f)(Sa)
Chy(thy) = Cura)(tny) — ch(ﬁa)(thﬁ)
2

(210) & Cry(tns)Cursa)(ts) = Cusa)(hs)Cuisa)(ts) — Cusa)(8a)Cutss) (thy)
On the one hand we should notice that 1 ¢ supp(Cy(s,(t)) for all terms
t € supp(V(fa)) With ¢ >=ieyiex ta- S0, since th, >reviex ta by (2.7), we can fol-

low that if ¢, € supp(¥(f,)) then 1 ¢ supp(Cy(y,)(ts,)) and therefore
1 ¢ supp(Cu(s,) (ths)Cus) (t5))

On the other hand we have already seen above that 1 ¢ supp(Cy(f,)(Sa)) and so:
1. & supp(Cu(s.) (5a)Cu(sy) (ths))

Since at least one of the coefficients Cy(y,)(th;) and Cy(s,)(tn;) must be nonzero

(otherwise t5,, would not occur in the support of hg), we can follow from ([2.10) that

1 ¢ supp(Cp,(tny)Cusy)(ts))- Now (2.9) follows from the fact that
1 € supp(Cy(s,)(ts)) and so we proved claim 1.2.

We can repeat this procedure until we end up at h, and with the arguments
from above we know that t, € supp(h,), which finally proves claim 1.

This means either t, < eviex 1t ha = th, OF to =1, .
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Case I: 1, <ieviex thy,-
It is not clear that the set

{U(f1)y s Y(fa1), hat

is head autoreduced since it could happen that there is an index § < a such that
tp, divides s; = ts. Since t,, # ts by the construction of h,, we know that,
th, *reviex ts- In this case we check whether the set {U(f1),...,V(fs-1), ha} is
head autoreduced or not. If it is not, then there is an index € < ¢ such that ¢
divides s. = t.. Again we check whether the set {U(f1),...,¥(fc_1), ha} is head
autoreduced or not and go on like this, until we reach an index ¢ < € such that
the set {¥(f1),..., Y(fc—1), ha} is head autoreduced. Still it is not clear if this set
is a subset of W(F)?, but we know that 1t fr <;eviex 1t ko and so

L(f1s- 5 f) =2 ZL(Y(f1), - ¥ (fe-1), ha)-
Let U(F)2 = {fi,... fm} then of course

$<\Ij(fl)7 EIR) \Ij(.f(—l)a ha) j,ff g(flv ey fC)v
which proves the lemma since then Z(F) <o Z(¥(F)?).

Case II: t,=1,.
In this case we have to look for the smallest index o’ > « such that t, # su.
Then we reduce V(f,/) by the set

(211) {\Il(fl)a SRR \Ij(fafl)v ha, Q(fa+1>7 SR Q(fa’fl)}

to he in the same way as above — note that (2.11)) is head autoreduced since the
leading terms did not change in comparison to the completely autoreduced set
F. Tt is clear that if we go on like this we will either end up by ¥(F)2 with

It f =1t fy, for all k, which would mean that Z(F) = Z(¥(F)2) or we find a hy,
with ¢, <reviex 1t Ao, which would lead us back to case I. O

LEMMA 2.2.14.
Let T <P be an ideal and G its reduced Grébner basis. Let W : (x; — x; 4 ax;) be
a coordinate transformation with i < j and a € k. Further, let G be the reduced
Grébner basis of V(Z). Then, for a generic choice of a € k, we have

LW(G)?) 22 Z(G).
PROOF. Suppose that Z(U(G)?) = (ty,...,t) and L(G) = (1, ..., t;). Since
t €W U(G)A CI(T(G)D) =1t T (T) = (It G)

for all k, there is a g € G such that 1t gi. divides t, and therefore It §i >reviex tk-
Now we start to compare the two lists beginning with the first entry.



2.2. QUASI-STABLE, STABLE AND STRONGLY STABLE IDEALS 27

Let It §; = t,, if @ > 1 we are done because then
El > revlex t~a =1t gl Zreviex L1

So we assume 1t §; = ;. Of course we are done if t; >reviex t1, S0 we additionally
assume that t; = ¢; and go on with the next entry.

First we should mention that §; # g» since otherwise t; = ty =1t gy = It §, divides
ty which is a contradiction to WU(G)? being head autoreduced. Now we have to
check which position It §, = 5 has in the list £(G). Since G is reduced 1t §; # It gy
and therefore g > 1. If § > 2 we have — analogous to above — the situation

52 ™ revlex gﬂ =1t §2 Zrevlex 12

and hence we are done. Otherwise 5 = 2 and so either ty >reyiex t2 O o = to. In
the first case our assertion follows and in the second one, we go on with the next
entry. So sooner or later we either find an index w with £, >eviex tw, Which shows
that 2 (¥ (G)?) < Z(G), or we have

(2.12) t =t for all k < min(, 0).

In the first case we are done so let us assume that (2.12) holds. Since G is a
Grobner basis of (U(G)?) and both ¥(G)A and G are reduced sets we must have
¢ < /. Hence it follows from the definitions of < & that:

ZLWG)R) = 2@, ife=10
),

LW(G)Y) <y ZL(Q), ift <l
O

Until now we did not have to care about the characteristic of our field k. But
the following Lemma clearly shows its importance and will also play a decisive role

in Section 2.4

LEMMA 2.2.15.
Let f € P be a polynomial and ¥ : (z; — x; + ax;) a coordinate transformation
with i < j and a € k\ {0}. Further, let x* € supp(f) be a term such that p; > 0.
Then for a generic choice of a € k holds:

wi—u X
i ——a €supp(¥(f)),
T’
J
1) #0, if chark =0

for all integers w with { Eij; %0 mod p, if chark=p>0 "

X
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Proor. Let C, € k be the coefficient of x* in f and ¢ = f — C,x*. Then
(f) = U(C,x") + ¥(g) and

xH

(Cux") = Cpulx; + ax;)™ zh
J

Hj
/‘L' u - Xlu/
= CH (Z (u])l’j (axz)lh ) [L'/.Lj

u=0 J

Hj ] "
_ Hj pj—u MU X
=C, a Z; ,
Hiji—u
u—0 u €T

J

XM ,
So we see that every term t, = {7 " = lies in the support ¥(C,x") if (’3)

is nonzero. Now we have to clarify Whetjher these terms can be cancelled out by
U(g).

Since t,, = x" ¢ supp(g) we see that if x* lies in supp(¥(g)) it must have a
coeflicient that can be interpreted as an element of k[a| \ k. But the coefficient of
ty, in W(C,x") is C, — which is an element of k — and so, because of the generic
choice of a, this term can not be deleted by a term of g (for more details see our
argumentation in the proof of Lemma . Therefore we have

tu, € supp(¥(f)).

Now we consider the terms ¢, with u < p;. Every one of them has a coefficient
in k[a] \ k. Let us now assume that t, ¢ supp(¥(f)) then ¢, must be removed
by a term of W(g) that does not appear in g. Because — as a consequence of
the form of U — other terms of ¥(g) can not have a coefficient in ka] \ k. So

let x*, ..., x"" € supp(g) with ¢, € supp(¥(x*")) for all k = 1,...,¢. The

elements of supp(¥(x*")) are of the form:

By Xy(k)
sB =g "2 << 1<k<y

(k) _

So for each k there must be a v, such that Sg, = tu- Since the exponent of z; is v

in sq()k) and u in t, it follows that ¥, = u for every k. In particular, sq(f) =t, and
SO:
(2.13) V](k) + Vi(k) = pj + p; and z/l(k) =y for all [ # 4, 7.

v(k)

If C, ) € k denotes the coefficient of x

¢ (k)
v, By 127 -
(2.14) ;cyw( ’ )a i — Cu(uj)a“ﬂ

in g it follows from our assumption that
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since the left-hand side is the coefficient of ¢, in W(g) while the right-hand side is
the coefficient of ¢, in ¥(C,x"). Because C,& and C, are not in k[al, it follows

from ([2.14]) that yj(.k) = y; for all k. Hence v¥) = i for all k by (2.13)) but this is

a contradiction since x* ¢ supp(g) by construction of g and so we have

t, € supp(¥(f))
for all u < ;. (|

PROPOSITION 2.2.16.
Let T <P be an ideal. Further, let G be the reduced Grobner basis of Z and g € G
with 1t g = x*. Assume there are indices i,j with i < j and p; > 0 so that
Itg

J

(2.15) b

(2

. o 1) #0, if chark =0
for an mtegersuwzth{ E,gg %0 mod p. if chark=p>0 "

Further, let ¥ : (x; — x; + az;) be a coordinate transformation and G the reduced
Grébner basis of W(Z). Then for a generic choice of a € k, we have

ZL(G) <2 Z(G).
PROOF. From the Lemmas 2.2.13 and 2.2.14] we can see that
Z(G) 2g L(V(G)?) 2o Z(G)

To prove our assertion we will now show that causes the inequality
Z(G) # L(¥(G)?). Let us assume that this was not the case. Further, let
G={g1,...,9/} and ¥(G)> = {g1,...,9¢} - note that #G = #¥(G)* since both
sets are reduced. Without loss of generality suppose that 1t g <ieviex 1t ¢ and
It g <reviex 1t g if & > 1. By our assumption follows:

= It g,

There must be an index r such that ¢ = g, and so 1t g, = x*. Let t, = = e

J
then t,, = It g, € It Z and so it follows from (2.15)) that @ < ;. Hence because of
the reverse lexicographical ordering:

(217) It 9r <revlex tﬂ

We know from Lemma that every term t,, where (*;J ) does not vanish, is
in the support of ¥(g,), so in particular t; € supp(¥(g,)). Since lt g, = 1t g, by
(2.16)), we know that every term of W¥(g,) that is greater than It g, will be reduced.
Since t; is one of these terms because of , there must be an element in
{ltg1,...,1t g¢} that divides tz. But this means that t; € (ltgy,...,ltg,) = tZ
which is a contradiction to . 0J
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REMARK 2.2.17.
Proposition formulates the central point for our termination proof and — as
already mentioned before — we will now discuss that we can also use this result to
achieve a stable or quasi-stable position.

Stability. By Definition an obstruction to stability caused by a monomial
x* € 7T has the form x,% with £ = m(x*) and i < k. But this corresponds to
(2.15) with @ = py — 1.

Quasi-Stability. In the quasi-stable case we have an obstruction if x* € ItZ
but t = :U?egB;‘T‘; ¢ 1t Z with k = m(x"), i < k and B denotes the minimal basis

k
of ItZ. But if the term ¢ is not contained in the leading ideal, then of course the
same holds for its divisor z ’c% which is again corresponds to ([2.15)) with @ = 0.

In the preceding statements we always assumed the choice of the parameter a
to be generic. To make this concept clearer we now want to provide an example
that shows the effect of a nongeneric choice.

EXAMPLE 2.2.18.
Let T = (2} — 119, x3) <k[zy, 22) and U : (29 — x9+ax;). For a = 1 the reduced
Grobner basis of Z is G = {22 — z1x5, 23} and G = {129, 23+ 23, 23} is the one
of W(Z). Therefore

Z(G) = (x%, x%) - (x?{, T1Ta, x%) = X(CNJ)

So obviously @ = 1 is not a generic choice which can easily be seen if one considers
a is a parameter and takes a look at U(Z) < k[a, xy, 2]

U(T) = {(1 — a)2? — 2172, a®23 + 3axizy + 3aw 25 + 23)

Now we can see that a = 1 € V(1—a) is a root of a “leading coefficient polynomial”
of the first generator and therefore not a generic choice.

Finally, we are now able to prove the termination and correctness of Algorithm
which is the main result of this chapter.

THEOREM 2.2.19.
If chark = 0 Algorithm [1| terminates in finitely many steps and returns a coordi-
nate transformation VU so that V(ZI) is in strongly stable position.

PROOF. Let Z be the given homogeneous ideal and G its reduced Grobner
basis. Further, let A = (a;;) € Gl(n, k) be a matrix. We interpret the elements of
A as parameters and compute a Grébner system {(G;, N;, W;) }._, of the parametric
ideal A -7 < kla,x|. According to Remark we denote by £; the monomial
ideals that are determined by N; and W,;. This means that the set £ = {Ei}le
contains all leading ideals of Z under any possible coordinate transformations. Let
B; be the monomial basis of £; and without loss of generality we assume:

g(Bl) -{g"'-{gf(Bg)
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In particular, there must be an index o < ¢ such that ItZ = £, € £ and — since
G is the reduced Grébner basis — we have 1t G = B, so that £ (G) = Z(B,).

If ItZ is not strongly stable, there exists a polynomial ¢ € G and integers
i,j € {l,...,n} with ¢ < j such that z; divides It ¢ = x* and

xlt_g — mHj_(Mj_l) XI’L ¢ ltz'
‘ T ¢ m;{r(url) :

Let U, : (z; — x; + 2;) and G the reduced Grobner basis of Wy(Z). There is
an index 8 < £ such that 1t W,(Z) = Lg € £ and so Z(Gy) = Z(Bs). Now if
a = 1 is a generic choice, we know by Proposition that o < 3. Otherwise,
we enter the while loop of line [5[ and perform again the same transformation Wy,
which is altogether equivalent to the transformation (x; — x; + 2z;). We know
from Proposition that the list of monomials must increase if we choose a
generic value for a. As there are only finitely many nongeneric values for a, we will
reach a generic one after a finite number of iterations. Hence there is an integer r
such that for the reduced Grobner basis G, of W}(Z) holds £(G,) = Z(B,) with
a<y< /L

Since £ is finite, it is clear that we can not repeat this process infinitely many
times. This means that after a finite number of steps we end up at an ideal

TW) — Yre .. U (T)

with reduced Grobner basis @w that does not contain an element which causes an
obstruction to strong stability. In particular, Z() is strongly stable. 0

The last thing we want to mention in this section is that once we have trans-
formed an ideal into strongly stable position, doing another coordinate change of
the form ¥ : (z; — z; + ax;) can result in a leading ideal that is not strongly
stable although the new list of generators has increased with respect to <. This
effect is illustrated in the next example.

EXAMPLE 2.2.20.
Let T = (23, 23wy + x123 + 2122, 2323, 2324) < Kk[zy, 29,73, 24] then

32 2 2 3 2 2
VT = (xy, xiza, Tix3, TiT4, T1X5, T1XT5T3, T1THT4)
is strongly stable. If we perform the transformation ¥ : (x3 — 3 + x3) then
3 .2 2 2 22
WU (Z) = (a7, vixe, 125, T1Tq, T1T3)

2

is not strongly stable since r3™* = zix3 ¢ 1t U(Z). However:

1T
T4

3 2 2 2 3 2 2 3 2 2 2 2.2
(a7, xiTa, TIT3, TT4, T1TH, T1THT3, T1X504) <z (], T1T2, T1X5, T1T4, TIT3)
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2.3. Some thoughts about Efficiency

Although we will not discuss the implementation of Algorithm [1]in this thesis,
we now want to take a short look at possible strategies to implement line [2| of the
algorithm. Thereby we focus on approaches that could possibly decrease either
the number of checks for obstructions or the number of transformations we have
to apply to our ideal until it is in strongly stable position.

Reduce Number of Obstruction-Checks.

Degree-by-Degree. The strategy of the degree-by-degree method is to remove
all obstructions starting in the lowest respectively highest degree that occurs in
the basis of the leading ideal. Afterwards one continues with the next higher
respectively lower degree without checking the lower respectively higher degrees
for obstructions. Obviously, this method would reduce the number of obstruction-
checks since every degree is only considered once.

The following two examples show that this procedure is not working in general
since it can happen that after removing all obstructions in one degree another one
in a lower respectively higher degree can appear.

EXAMPLE 2.3.1 (Starting from the bottom).
Let Z = (23, 23z + a3, x3x3) < k|21, 22, 73] then

3 2 2 3 3 5
W7 = (xy, xizy, TiT3, T1T5, THT3, T3)

has no obstruction in degree 3, which is the lowest degree of a minimal generator.
I%Ig

But since zp=2= = x5 ¢ 1t T there is one in degree 4. We can remove this obstruc-
tion by applying the transformation ¥ : (z3 — 23 + 23) to Z. The new leading
ideal

It W (T) = (27, 2329, a3, 2503)
has no obstruction in degree 4 or 5, which is the highest degree of a minimal
generator. But 1t W(Z) is not strongly stable since :1:1% =23 ¢ WV (T).

EXAMPLE 2.3.2 (Starting from the top).
Let Z = (x3, x%) < k[zy, 29, 23]. T has no obstruction in degree 2, but there are
some in degree 1 since xli—‘; = x1 and xgi—i = x5 are not in tZ. If we apply
the transformation ¥ : (x3 — x3 + 1) to Z, the new leading ideal 1t U(Z) =
(x1, x3) has no obstruction in degree 1. But 1t U(Z) is still not strongly stable since

ZL‘Q% = T3 g It \I/(I)

Index-by-Index. Analogous to the above idea, the indez-by-indexr method elim-
inates all obstructions that appear in one index and then moves on to the next
higher respectively lower index. Again it is clear that this strategy leads to a re-
duction of obstruction-checks since every index is considered only once.

If we start with the lowest index, we will see in the following example that remov-
ing obstructions in one index can cause the occurrence of an obstruction in a lower
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index. So we have to conclude that this strategy is also not working in general.

EXAMPLE 2.3.3 (From low to high index).

Let T = (wow3) < k[zy, 29, x3]. Since Z has only one minimal generator, this
generator provides the lowest (and highest) occurring index of the monomial basis
of T. The generator Tyx3 causes 3 obstructions since x5 = r1xy, 1y = = 13
= xyx3 are not in Z. Following the prescrlbed strategy, We would
transform the ideal T either by ¥y : (x3 — w3+ x1) or by Uy : (23 — x3 + 29)
so that no obstruction with index 3 is left. But both of the new leading ideals
1t Uy(Z) = (z125) and 1t U5(Z) = (z2) are not strongly stable. As 3 is the maximal
possible index that can appear in k[zy,x9, 23], we do not check further indices
according to our strategy.

The next example shows that beginning with the highest index can also cause
the appearance of obstructions in higher indices at least during single steps. We
can not deliver a counter example for this case but Example |2.3.4| makes clear that
it is nontrivial to verify whether this method provides a real optimization. To give
a final answer to this question a more detailed investigation would be necessary.

EXAMPLE 2.3.4.

Let
I=( = + 7123
= TiT2X3, $11'25E37 1'11‘2.173, ZL‘11725E3.I’4 T1X3T4

5 .5 3,2 2.3 5

ol x5, rixd 2ixd, rag, ) < k[xq, 29, 3, 74]
then , , ,

WZ = ( TiT2X3, T1TT3, $1I29€3, T12223%4,
5 .5 ..3.,.2 2.3 4 2 2 3

has no obstruction with index 4. But there are many obstructions with index 3,
2 2

for example x4 = 2y, 1,722 = i, xl% = 2313 ¢ WZ. Applying

the transformamons Uy i (23— x3+ 1) and Uy @ (23 — x5+ x2) to Z leads to the

leading ideal

w%:v213

_ 3 2,2 .2 3 5 4 .5 .4 4 3,2
WU (U (7)) = ( ajwg, xixs, TiToT3, TiT4, T3, T1X5, Ty, TIT3, THls, T3T3,
3,2 3.3 .24 2,4 2.5 6 7 8 .9

which has no obstruction with index 3. Nevertheless there is one with index 4 now,

. 1?14
since x1 =

with index 2 we find mlxizz = 2] ¢ 1t U (Z). After performing the coordinate
change W3 : (23 — 3 + 1), we finally arrive at the strongly stable ideal

= a1 ¢ 1t Uy (¥ (Z)). However, if we go on and search for obstructions

— 4 3 3 3
1t ‘113(\P2<\111(I>>> - < Ty, L2, LT3, T4,
2,.3 4 5 2.2 3 2 2 2,.2 2

4.2 2,.3 2,4 3.4 5 2,.6 7 8 9

and so particularly there are no obstructions with index 4 left.
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Reduce Number of Transformations. In order to investigate a strategy

that reduces the number of transformations, we first state that we always choose
our coordinate changes such that j is minimal. Looking for example at the simple
ideal Z = (x3) one immediately realizes that this postulation does make sense
since the transformation ¥ : (x3 +— z3 + z1) directly puts Z in to strongly stable
position while ¥ : (z3 — x3 + z3) does not.
Under this assumption the question is, whether it is better (in the sense of reduc-
ing the number of transformations) to start removing the obstructions caused by
generators with the highest or lowest index. Again we can provide examples to
illustrate that this question can not be answered in general.

EXAMPLE 2.3.5.
Let Z = (22, xyxs) + (w1, 2o, 3, T4, T5)> < K[, X9, T3, T4, 5]. If we begin to delete
the obstructions induced by the minimal generator x2, we would first transform Z
by ¥, : (z3 — x3 4+ x1). Afterwards we could remove the obstructions caused by
x4ws with the transformations Wy : (25 — x5+ x1) and U3 : (x4 — x4+ x9). After
this three transformations we arrive at the strongly stable ideal

It ‘113(‘1’2(‘1’1(2))) = <$%, $1$2> + <x17$2,$37$4,$5>3‘

While starting with the generator of highest index, namely x4z5, would force us
to do four transformations. At first we have to apply ¥y : (x5 — x5 + x1) and
T, (x4 — 24 + 22). Then, considering now the generator %, we have to perform
s : (23— x5+ x1) and Uy : (23 — 5 + x5) until we have:

1t W, (U5 (Ty(1(7)))) = 1t Ug( Ty (T4 (7))

EXAMPLE 2.3.6.
Let T = (zy23, 2%) + (21, T2, T3, 74) < k|21, 29, 73, 74]. As above we first consider
the generator with lowest index which is z;23. To remove its induced obstructions
we perform Uy : (23 — x3+ 1) on Z. Now we eliminate the obstructions that are
produced by the generator 7 with the coordinate changes Wy : (24 — 24 + 21)
and W3 : (4 — 24 + x5) so that we finally arrive at the strongly stable ideal

It Us(V2(01(T))) = (o], @122) + (21, 22, 23, 24)°.

Compared to the previous example it is this time better to begin with the generator
of highest index. Because if we first transform Z by U, : (x4 — x4 + x1) and then
— in order to manage the obstructions induced by xx3 — perform the coordinate
change U, : (23 — x3 + 3), we already reach the leading ideal

It Uy (V) (Z)) = 1t Us(Wy(T,(T)))

with only two transformations.
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Conclusion and Alternatives. In summary we must notice that in the ma-
jority of the considered cases we could provide a counter example so that non of
the discussed strategies does seem to work in general. The only way to get an
answer to the question which one of these methods is (at least mostly) better is to
do a larger experimental research.

Further strategies that would be interesting to analyze are on the one hand
performing all transformation that are induced by obstruction at once and on the
other hand optimizing the Grébner basis computation in line |4 by considering that
we started with a reduced Grébner basis and performed only a sparse transforma-
tion. Unfortunately, the investigation of these ideas would go beyond the scope of
this dissertation.

2.4. Borel-fixed and positive Characteristic

For the last section of this chapter we want to draw our attention to the case
of positive characteristic. In this context another position, which is called Borel-
fized, gains more importance and will be introduced in the following. Finally, we
discuss how to modify Algorithm [I| so that we can also use it if char k > 0.

DEFINITION 2.4.1.
The subgroup B C Gl(n,k) consisting of all lower triangular invertible n x n
matrices is called Borel group.
A matrix A = (a;;) € B is called lower elementary matriz, if a;; = 1 for all ¢ and
if there exists integers 1 <[ < k < n such that ay; # 0 while a;; = 0 for all i # j
with {7, j} # {k,(}. Recall from linear algebra that the subgroup of all nonsingular
diagonal matrices together with the set of all lower elementary matrices generates

B.

REMARK 2.4.2.
Every coordinate transformation of the form W : (z; — z; + ax;) with ¢ < j cor-
responds to a transformation by a lower elementary matrix (see Notations [1.3.3)).

DEFINITION 2.4.3.
A monomial ideal J is Borel-fized it 7 = A-J for all A € B. We say that a
polynomial ideal Z is in Borel-fixed position if 1t Z is Borel-fixed.

THEOREM 2.4.4 ([HH11, Thm. 4.2.1, Prop. 4.2.4, Prop. 4.2.6, Cor. 4.2.7,
Thm. 4.2.10]).
The following assertions hold for arbitrary characteristic:
(i) ginZ is Borel-fized.
(i) If T is in Borel-fized position, then T is in quasi-stable position.
(iii) If T is in strongly stable position, then T is in Borel-fized position.
(i) ginZ =T, if and only if Z is monomial and Borel-fized.
(v) gin(ginZ) = ginZ.
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ProrosiTION 2.4.5 ([HH11), Prop. 4.2.6)).
If chark = 0 then an ideal is strongly stable, if and only if it is Borel-fized.

The previous proposition makes clear that in the characteristic zero case we
can use Algorithm [I] to put an ideal into Borel-fixed position. To analyze the
positive characteristic case we need an alternative definition of Borel-fixed which
is presented in the next proposition. The form of this characterization is similar
to our definition of strongly stable and is therefore essential in order to adapt
Algorithm 1] to the case of positive characteristic.

PROPOSITION 2.4.6 ([Eis95, Thm. 15.23]).
Let chark = p > 0, J a monomial ideal and B its monomial basis then the
following statements are equivalent:

(i) J is Borel-fized.
(i1) For every x* € B and all indices i,j with pu; > 0 and i < j the term

" j;“,u also lies in J for all integers u that satisfy (’3) Z% 0 mod p.

J

EXAMPLE 2.4.7.
The ideal J = (af, ab) < k[z1, 5] with chark = p > 0 is not stable since
xli—g = $1x’2’_1 ¢ J and so in particular not strongly stable. But it is Borel-
fixed because

(2.18) (p) =0 mod p, for all integer u with u ¢ {0, p}
u
and so we only have to verify that the two terms xzf—g = af, x?é = 25 lie in

J. By the definition of Borel-fixed and Remark [2.4.2] we know that J does not
change under any coordinate transformation of the from (z; — z; + az;) with
i < 7. Hence we can not transform J into strongly stable or stable position. In
particular, if U : (z9 — x5 + axy), then:

W) = (of (oo = (et D (7t a)) BB ot o 4 () = 7

u=0

So this example clearly shows that we can not use Algorithm [I] to transform
every ideal into strongly stable or stable position if chark > 0. However, we will
now present two corollaries to Proposition [2.2.16| and with their help we are able
to formulate the corresponding analogons to Theorem for Borel-fixed and
quasi-stable position.
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COROLLARY 2.4.8.
Let chark =p > 0 and Z <P be an ideal. Further, let G be the reduced Grobner
basis of T and g € G with 1t g = x*. Assume there are indices i,j with i < j and
w; >0 so that

n
(2.19) I ¢ T.

i B
Lj

Further, let ¥ : (z; — x; + ax;) be a coordinate transformation and G the reduced
Grobner basis of W(Z). Then for a generic choice of a € k, we have

L(G) <y L(G).

PRrOOF. This assertion is a simple consequence of Proposition [2.2.16| and the
fact that:

<’léj>:17‘é0 mod p, forallp>0

COROLLARY 2.4.9.
Let T 4P be an ideal and Ly, ..., L, <<P the monomial ideals according to Remark
received from the Grobner system of the ideal A -1 < P = kla, x| where A is
a n X n parametric matriz. Further, let B; be the monomial basis of L;. If m is
the index such that £ (By,) is mazimal with respect to <, then L., is Borel-fized.

PRroOOF. Let A,, € Gl(n,k) be a matrix such that for the reduced Grébner
basis G,, of A,, - Z holds 1t G,,, = B,,.
Now let us assume that £,, is not Borel-fixed. By Proposition there must
be an obstruction of the form (2.15) and so it follows from Proposition
that there exists a coordinate transformation ¥ : (x; — =z, + az;) such that

ZL(G) <y ZL(Gr), where G, is the reduced Grébner basis of U(A,, -Z). But
again by Remark there must be an index [ with £; = (It G,,,). Hence

ZL(By) = Z(Gp) < L(Gn) = Z(B),
which is a contradiction to the choice of the index m. O

Summarizing the above results we can now present a modified version of Algo-
rithm [I| that transforms a given ideal into Borel-fixed position if chark = p > 0.
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Algorithm 2 BF-TRAFO: Transformation to Borel-fixed position in
chark =p >0
Input: Reduced Grobner basis G of homogeneous ideal Z <1 P
Output: a linear change of coordinates ¥ such that 1t ¥(Z) is Borel-fixed
1: U =id;
22 whiledge G, 1<j<n, 1<i<j 1<u<ypy;:

; It
x| lbg =x* A (ZJ) Z0 modp/\xix—g ¢ (It G) do

33 ¢ = (x; = x; + ax;) with a € k randomly chosjen; U =)o V;
4: G := REDUCEDGROBNERBASIS(¢(G));

5:  while Z(G) =4 Z(G) do

6: ¢ = (z; — x; + az;)with a € k randomly chosen; ¥ = 1) o ¥;
7: G := REDUCEDGROBNERBASIS (1(G));

8: end while

9. G:=G;

10: end while
11: return ¥

THEOREM 2.4.10.
If chark = p > 0 Algorithm |9 terminates in finitely many steps and returns a
coordinate transformation VU so that V(Z) is in Borel-fized position.

Proor. Compared to the proof of Theorem [2.2.19, we only have to change
the way we look for a generic value for the coefficient @ € k of the coordinate
transformation. Since k is infinite we know that a generic value for a does exist.
But — as chark > 0 — there is no canonical way to reach all elements of k by
simply adding 1 to the current coefﬁcienﬂ. So in this case, we use the strategy of
random choice (see Line [ and [)) to achieve a generic value for a. 0J

THEOREM 2.4.11.
Let chark = p > 0. Replacing line[d of Algorithm [ by
It
while 3g € G, 1<i<j=m(g) : 29927 ¢ (1tG) with ltg = x" do
X
J

leads to an algorithm that terminates in finitely many steps and returns a coordi-
nate transformation ¥ so that W(Z) is in quasi-stable position.

PROOF. Mainly, we can use the proofs of the Theorems [2.2.19| and [2.4.10]
Thereby we have to note that whenever Proposition [2.2.16| occurs in these proofs
we have to replace it by Proposition [2.4.8] O

1 This is basically what we did in the proof of Theorem [2.2.19| by transforming iteratively
with (.’Ej — x; + l‘z)



CHAPTER 3

Pommaret Basis

Theorem motivated us to take a closer look at the generic initial ideal
ginZ. Hence we were particularly interested in methods to compute gin Z and saw
that one possible approach is provided by the concept of Grobner systems which
we introduced in Section of the preceding chapter. Because of the parametric
computations the determination of ginZ is obviously very expensive and so it is
worth to search for possible alternatives. Omne can be found by investigating a
special generating set of quasi-stable ideals which is called Pommaret basis. With
the help of this basis we are able to present an alternative version of Theorem [1.3.9
that does not require the computation of ginZ.

Afterwards we provide a short overview of some applications of Pommaret basis
in the areas of free resolutions, componentwise linearity, linear quotients and local
cohomology.

3.1. The Main Feature of Quasi-Stability

We now give a brief introduction to the theory of Pommaret basis. Thereby
we especially examine its connection to quasi-stable position.

DEFINITION 3.1.1.
Let F© C P be a set of polynomials. We define the Pommaret span of F' as the
k-linear space
<F>y = @lk[xm(f),...,xn] : f
feF
Further, for a polynomial f € F, we call the set k(@w(s), ..., 2] - f the Pommaret
cone of f.

DEFINITION 3.1.2.
m Let H C P be a set of terms. H is a Pommaret basis of the monomial
ideal 7 = (H) if (H)» = J.
m Let H C P be a set of polynomials. H is a Pommaret basis of the
polynomial ideal Z = (H) if all elements of H possess distinct leading
terms and 1t H forms a Pommaret basis of 1t Z.

Pommaret bases are a special form of involutive bases. A general survey can
be found in [Sei09a]. The algebraic theory of Pommaret bases was developed in
[Sei09b] (see also [Seil0, Chpts. 3-5]).

39



40 3. POMMARET BASIS

In the following we will see a criterion for the existence of a finite Pommaret
basiﬂ Further, we present a proposition concerning its uniqueness and describe
how a finite Pommaret basis can be determined.

THEOREM 3.1.3 ([Sei09bl| Def. 4.3, Prop. 4.4]).
An ideal T <P possesses a finite Pommaret basis, if and only if 1t Z is quasi-stable.

DEFINITION 3.1.4.
We say that x* is a Pommaret divisor of another term x” if x* | x” and
X" € k[Tmxny, - - - Ty). In this case we write x#|_,x".

A set F' C P is Pommaret autoreduced if no polynomial f € F' contains a term
x" € supp(f) such that another polynomial f' € F'\ {f} exits with 1t f/| ,x".

REMARK 3.1.5.
Let Z be an ideal in quasi-stable position and H its Pommaret basis. Then any
term of It Z has a unique Pommaret divisor in It H. In particular, any Pommaret
basis is a Grobner basis and any two distinct elements of H have disjoint Pommaret
cones.

PROPOSITION 3.1.6 ([Sei09al Prop. 2.11, Prop. 5.16]).
The Pommaret basis of a monomial ideal is unique. In particular, different Pom-
maret basis of a polynomial ideal have the same number of elements.

Further, the Pommaret basis of a polynomial ideal is unique if it is monic and
Pommaret autoreduced.

PROPOSITION 3.1.7.
Let H C P be a set of terms. H is a Pommaret basis of the monomial ideal

J = (H) if vjh € (H)» for allh € H and all j < m(h).

REMARK 3.1.8.
The criterion described in Proposition is called local involution (see [Sei09al,
Def. 6.1, Prop. 6.3, Lem. 6.4] for more details).

We know by Remark that a modified version of Algorithm [I] let us put
any ideal in quasi-stable position. Once we are in this position, we can determine
a Pommaret basis by using Proposition [3.1.7in the following way:

Let G be the reduced Grobner basis of Z. Then we first verify whether It G is
already a Pommaret basis of 1t Z by checking if z;1t g € (It G) » for all g € G and
j < m(g). If this is the case then H = G is a Pommaret basis of Z. Otherwise,
there is a polynomial ¢ € G and an index j < m(g) with z;ltg ¢ (tG)». We
then set H = G U {z;g} and repeat this until z;1th € (It H)» for all h € H and
j <m(h) (see [Seil0l, Alg. 4.5] for more details).

1 Whenever we talk about the existence of a Pommaret basis, we always mean the existence
of a finite Pommaret basis.
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EXAMPLE 3.1.9.
Let J = (w122) < K[z, 9] then J is not quasi-stable since x,%%2 = a7 ¢ J.
To determine the Pommaret basis of J, we follow the above description and
set Hy = {122} U {x122} since z123 ¢ (r113)». As mzs ¢ (Hi)» we define
Hy, = Hy U {xz3}. Going on like this leads to the infinite Pommaret basis
H = {x¥zy | k > 0} of J with:

(H)» = Pklrs] - afze = T

k>0

Analogous to Algorithm [1| we apply the transformation ¥ : (x5 — zo + 1)
to J in order to make J quasi-stable. This leads to the quasi-stable ideal
U(J) = (2% + z175) and because of

t{z} + z122}) 2 = K[z1, 0] - 2] = (2]) = W U(T),
the Pommaret basis of ¥(J) is the finite set {z? + z;25}.

THEOREM 3.1.10 ([Sei09bl Prop. 2.20, Thm. 8.11, Prop. 9.2]).
Let H be a finite Pommaret basis of Z. Then:

mreg(Z) =reg(ltZ) = deg H
mpd(Z) =pd(ltZ) =m(H) -1
m depth(Z) = depth(tZ) =n —m(H) + 1

The statements of this theorem are similar to the ones of Theorem [1.3.9 but
instead off computing ginZ we only need to determine a finite Pommaret basis
of Z. So we can avoid the costly parametric computations without loosing the

possibility to directly read off the considered invariants from a generating set of
It Z.

ExAMPLE 3.1.11.
Let J = (m123, x1) < k[zy,79]. J is quasi-stable, but {z23, x1} is not a Pom-
maret basis of J since for example z; - 2122 ¢ (1122, 21)5». However, the set
H = {x23, 2?23, x323, x}} is a Pommaret basis of J and therefore we can

immediately derive from the theorem above:
reg(J)=5, pd(J)=2—-2+1=1, depth(J)=2-1=1
Indeed, the minimal free resolution of 7 and its Betti diagram is:

|0 1

317, =1 B/, =0
0 —=P(—6) —=P(-3)dP(—4) —= T —=0, 0.3 L4
(—6) (=3) & P(—4) 4 554:1 ﬁfs,:O

5|8,=0 plg=1
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3.2. Further Properties

After presenting some well-known basic results, we will define the Pommaret
resolution, which describes a free resolution of quasi-stable ideals. Further, we
consider a necessary condition for the minimality of this resolution that called
componentwise linear. This property induces a new kind of stable position, the
componentwise quasi-stable position. Also for this position we are able to provide
a corresponding transformation algorithm analogous to Algorithm [T} Finally, we
introduce the &-graph and the &-ordering in the context of linear quotients,
before we end this section with a short excursion to local cohomology.

Basics.

LEMMA 3.2.1.
Any zero-dimensional ideal possesses a finite Pommaret basis.

PROOF. It is enough to show that any zero-dimensional ideal is in quasi-stable
position because then the assertion follows from Theorem [3.1.3

Let Z be a zero-dimensional ideal. It is a well-known fact that in this case 1t Z
contains a pure power of any variable (see e.g. [KROO, Prop. 3.7.1, Def. 3.7.2]).
Assume that 1t Z is not quasi-stable. Hence there is a monomial x* € 1t Z and an

index i < k = m(x*) such that ¢t = w?egB;‘T: ¢ 1t Z, where B denotes the monomial

k
basis of It Z. But this is not possible since 1t Z contains a pure power of x; and
so there is an integer e < deg B such that x{ € B, which is a divisor of the term
t. O

PROPOSITION 3.2.2 ([Sei09a, Thm. 5.4)).
The finite set H C 7 is a Pommaret basis of the ideal Z <P, if and only if every
polynomial 0 # f € T possesses a unique involutive standard representation

f=>_ P,
heH
where each nonzero coefficient Py, € k[T, - . ., 2n] satisfies 1t (P,h) <1t f.

LEMMA 3.2.3 (|[Mal98, Lemma 2.13] ,[Seil0], Prop. 5.5.6)).
A monomial ideal is stable, if and only if its minimal basis is a Pommaret basis.

LEMMA 3.2.4.
Let T be in quasi-stable position and H its Pommaret basis. If we denote by 53’“)

the number of generators h € H with m(h) = k, then ﬁék) >0 for all k <m(H).

PRroOOF. It follows from the definition of m(H) that Bém(H)) > 0. Assume

now that there is an integer k& < m(H) such that ﬁék) = 0. Let h € H with
m(h) = m(H) and 1t h = x*. Then

_(m(H)—k)deg H x"
t=ux, P ) © It7Z
L1 " Tin(H)
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since 1t Z is quasi-stable. Hence there must be an element A’ € H \ {h} such that
t € k[wmpn, ..., zn) - Ith'. As a consequence of m(t) = k and our assumption,
we must have m(h’) < k. But this means that 1t ' is a Pommaret divisor of

e X mcn and therefore a Pommaret divisor of x* = It h, which leads by Remark

Trt1 " TmH)
to a contradiction since h and A’ are distinct elements of the Pommaret basis
H. O

Free Resolution. Eliahou and Kervaire provided in [EK90] an explicit rep-
resentation of the minimal free resolution of monomial ideals in stable position.
Analogously, we will now define the Pommaret resolution for polynomial ideals in
quasi-stable position in the following theorem.

THEOREM 3.2.5 ([Sei09bl Thm. 6.1}).

Let H be a Pommaret basis of the ideal T C P. If we denote by 5(()k) the number
of generators h € H with m(h) =k and set d =n—m(H)+ 1, then T possesses a
finite free resolution

(31) 00— Pm—d s ... 3P _ PO __sT )

of length n — d where the ranks of the free modules are given by

. A
(32> r, = Z (n Z ) én k+1) )
k=d

We call the resolution presented in (3.1) Pommaret resolution.

Note that a Pommaret resolution is not minimal in general, which the following
example shows.

EXAMPLE 3.2.6.
Let J = (23, 23) < k[xy, 5] then H = {2?, 123, 22} is a Pommaret basis of J.

With the notations of Theorem we have d =2 —-24+1 =1, ﬁél) =1 and

32) = 2. Hence we have

2-1 2-1+1 2—-2\ 2-241
T0_<0>((] ) (O)ﬂé '=3
2—1 _
1 < 1 )éQ B

and therefore J possesses a free resolution of the form:
0— P —P—JT—0
However, the minimal free resolution of 7 is:

0— P —P>—7T—0
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NoOTATION 3.2.7.
Let H = {hi,...,hs} be a Pommaret basis of Z. Then z;h, € T for all
j < m(hy) and so, by Proposition [3.2.2) there exists a unique involutive stan-

¢
dard representation x;h, = Z Péa’j)hg with Pﬁ(a’j) € k[Zm(ny)s - - - Tn]. We define

B=1
the syzygyﬂ S(a,j) by
¢
(3.3) S(a,j) = Tj€q — Z Pﬁ(a’j)eg S 778,
B=1
where ey, ..., e, denotes the standard basis of P¢. Further, we call S(a,j) free of

constant terms if Pﬁ(a’j ) ¢ Xk for all 3.

LEMMA 3.2.8 ([Sei09b), Lem. 8.1]).
The resolution (3.1)) is minimal, if and only if all syzygies S(a. ;) are free of constant
terms.

EXAMPLE 3.2.9.
Recalling Example the Pommaret resolution of the ideal J = (22, x3)
is not minimal. If H = {hy, hs, hs} denotes the Pommaret basis of J with
hy = 22, hy = 2123, hy = x2, then we have the involutive standard representation
x1hy = 2103 = hy which entails that:

0
Say =xe3—(0-e;+1-ea+0-e3)= | —1
L1

Therefore the syzygy Ss,1) is obviously not free of constant terms.

THEOREM 3.2.10 ([Sei09bl, Thm. 8.9]).
Let J <P be a monomial, quasi-stable ideal. Then the resolution (3.1)) is minimal,
iof and only if J is stable.

ExaMPLE 3.2.11.
Let 7 = <h1,...,h5> < Ik[l’l,xg,l’g] with hl = .T% + Tol3, hQ = T1X9 — X173,
hs = x3 + x123, hy = 2123, hs = zox3. Then H = {hy,...,hs} is a Pommaret
basis of Z and x1hy = (—x9 + x3)hy + x3hs — hy — hs, so that the syzygy

Ty — XT3
I
5(271) = T1€2 — ((_xQ + x3)el + $3€3 — €4 — e5> — —x3
1
1

2 To understand the analogy to Remark we should note that the right hand side of
(3-3) vanishes if one substitutes eg by hg for all 3.
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contains constant terms. Hence the Pommaret resolution of Z is not minimal
by Lemma [3.2.8f On the other hand it follows from Theorem [3.2.10| that the
Pommaret resolution of 1t Z is minimal since the leading ideal

2
6T = (22, 2179, 73, 1175, Tox3)

is stable. Indeed, since x1 1t hy = 2225 = x5 1t hy the corresponding syzygy of the
leading ideal is x1e5 — x9e; and therefore free of constant terms.

LEMMA 3.2.12.
Let T <P be in quasi-stable position and H its Pommaret basis. Then all syzygies
of It H are free of constant terms if all syzygies of H are free of constant terms.

PROOF. Assume that there is a syzygies S, ;) of It H that contains a constant

term. This means that the coefficient f’éa’] )

of the involutive standard represen-
tation z;1t hy = ]S(a’j) It hy lies in k. Considering now the involutive standard

representation x;h, ) s=1 L i) hg leads to:

P lehy = w;ltha = 16(a;ha) =1t (Z pé%) el
B=1

So It Péa’j ) = péa’j ) ¢ k, which implies Pﬂga’j ) € k and thus leads to a contradiction
since we know that the syzygies of H are free of constant terms. O

REMARK 3.2.13.
To formulate the graded version of Theorem [3.2.5, we first provide the graded
analogon the (3.1)):

0—>@P ) —s —>@P ”J—>@73 )i — T — 0

Using the arguments that lead to Theorem 3.2.5] degree by degree it is trivial to
derive that the ranks of the free modules are given by

— (n—k (n—k+1)
(3.4) %22( Z, )W ,
k=d

where 5((]? denotes the number of generators h € H with m(h) = k and degh = j.

The next corollary is a classical result [Gre98| Cor. 1.33] for which we provide
an alternative proof.

COROLLARY 3.2.14 ([HSS12| Cor. 15]).
Let T <P be an ideal. Then all graded Betti numbers satisfy the inequality:

B’P/Z<6P/g1nI
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Proor. First we should note that the Betti numbers are invariant under co-
ordinate transformation, so ﬁ = BP AT for all A € Gl(n,k). We know from

Remark [2.1.6] that there is a matrix B € Gl(n,k) such that It(B -Z) = ginZ.

Hence
ﬁp/z BP/BI 6P/1t(BI) BP/ng

7] )

where the inequality is a consequence of Proposition [[.2.2) and Remark [I.1.15] O

EXAMPLE 3.2.15.
Let Z = (22, z119 + 23) < K[z, 25, then its minimal free resolution is

0—>P(~4) —> P(~2)> — P —=P/T —=0.

Further, the minimal free resolution of It Z = (2%, x1z,, 23) = ginZ is

0——=P(-3)aP(—4) —P(-2*®P(-3) —=P —=P/ginZ —=0.
The corresponding Betti diagrams are of the following form:

|0 1 2
0 P/I —1 ﬁp/z 0 BP/I
1 P/I —0 57)7/1 9 BP/I _
9 P/I —0 5737/1 —0 BP/I

| 0 1 2
0 (?éginl 1 6'P/g1n1 BP/glnI
1 P/glnI —0 6P/gm1 BP/ng

9 (7)3’2/g1nI —0 ﬁP/ng -1 573/g1nI

Hence we can conclude that although the ideal 7 is in gin-position some of the
graded Betti numbers do not coincide, e.g. ﬁp/ T—0<1= f ?{ ginl,

Componentwise Linear Ideals. Given an ideal Z < P, we denote by
Ty = (Z,) the ideal generated by the homogeneous component Z, of degree g.
Herzog and Hibi [HH99| called Z componentwise linear if for every degree ¢ > 0
the ideal Zy = (Z,) has a linear resolutiowﬂ. For a connection with Pommaret
bases, we need a refinement of quasi-stability.

DEFINITION 3.2.16.
An ideal 7 is in componentwise quasi-stable position if all ideals Zq) for ¢ > 0 are
in quasi-stable position.

3We have a linear resolution if there exists a value G such that the jth module of the minimal
resolution is generated in degree § + j.
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EXAMPLE 3.2.17.
A simple example for an ideal that is in quasi-stable but not in componentwise
quasi-stable position is the zero-dimensional ideal J = (zo, 22) < k[z1, 25]. Since
obviously Jiay = (22) is not quasi-stable.

REMARK 3.2.18.
Briefly, we now want discuss the difference between a component ideal Z;, and a
truncated ideal Z, = @, Z,- Considering for example the ideal Z = (x5, 27) it
is easy to see that Zyy = (x2) # Z = I>;. Hence for arbitrary values of ¢ we can
not assume that Z, and Z-, are equal. But if F' is a head autoreduced generating

set of Z, then we have:
(3.5) Tigy =I>q, forall ¢ > degF

In particular, (3.5 holds for all ¢ > reg(Z) since deg F' < reg(Z) by [BS07, Thm.
16.3.1].

LEMMA 3.2.19 ([Sei09b), Lem. 2.2].
Let T <P be an ideal and q > reg(Z). Then T is in quasi-stable position, if and
only if the ideal >, is in quasi-stable position.

PROPOSITION 3.2.20.
Let T 1P be an ideal such that Ly is in quasi-stable position for all ¢ < reg(Z).
Then T is in componentwise quasi-stable position.

PROOF. By assumption Z;eg(z)y is in quasi-stable position, hence by Lemma
3.2.19 and Remark [3.2.18| Z itself is in quasi-stable position. Using Lemma [3.2.19

again, we can now derive that Z, is in quasi-stable position for all ¢ > reg(Z). O

This proposition shows that for the definition of componentwise quasi-stability
it suffices to consider the finitely many degrees ¢ < reg(Z). The following modified
version of Algorithm [1| allows us to put any ideal into componentwise quasi-stable
position.

“Indeed, it follows from its proof that this lemma also holds for all ¢ > 0 (compare Lemma
3.2.24)
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Algorithm 3 CQS-TRAFO: Transformation to componentwise quasi-stable po-
sition for chark = 0
Input: Reduced Grobner bases Gy of homogeneous ideals Zi, < P for all
q < reg(T)
Output: a linear change of coordinates ¥ such that 1t ¥(Z) is componentwise
quasi-stable
1. U :=id,;
2. while 3¢ < 1eg(Z), g € Gy, 1 < i < j = m(g) : a,®% Lt ¢

(1t G,) with 1t g = x* do '
: w:(xJ»—Mcj—i—:cl),\I/:lpo\If,
for a =0 to reg(Z) do
G, := REDUCEDGROBNERBASIS (1(G));
end for 3 3
while (35 <reg(Z) : L(Gp) =4 Z(Gp)) or (L (G,) = Z(G,)) do
’l/) = (.Tj i—>.fE]+.fEZ), \I’:@ZJO\P,
for « =0 to reg(Z) do
10: G, := REDUCEDGROBNERBASIS (1(G.));
11: end for
12:  end while
13:  for ¢ =0 to reg(Z) do
14: Gy = éq;
15:  end for
16: end while
17: return ¥

THEOREM 3.2.21.
Algorithm [3 terminates in finitely many steps and returns a coordinate transfor-
mation VU so that V(Z) is in componentwise quasi-stable position.

PROOF. The main structure of the algorithm is close to Algorithm [1| and we
already know from Theorem , that we can transform any ideal into
quasi-stable position. So if we choose a ¢; < reg(Z), we can determine a trans-
formation W, such that W(Zy,)) is in quasi-stable position. But now the ques-
tion arises, which effect this transformation might have for the other component
ideals. With other words let Z,, be already in quasi-stable position for some
¢ # q2 <reg(Z), it is not clear whether Wy (Z,)) is still in this position or not.

Therefore we first ensure with the while loop in line [7] that we perform a
transformation ¢ : (z; — x; + az;) where a € k is of generic choice for all G,.
The existence of such an element a is clear, since for every set G, with ¢ < reg(Z),
there are only finitely many nongeneric values for @ and so — as our field is infinite
— we will find an integer a that is generic for every G,.
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So we will leave the while loop of line [2| at the latest when every G, has
reached its maximum with respect to <. Since then we know by Corollary
and Theorem [2.4.4{(ii) that every G, is quasi-stable. O

REMARK 3.2.22.
It is possible to make Algorithm [3] work for arbitrary characteristic. Therefore we
have to replace the transformation ) := (x; — x; + z;) of Line |3| and |8 with:

Y := (x; = x; + ax;) with a € k randomly chosen

We already discussed the reason for that in the proof of Theorem [2.4.10]

One disadvantage of Algorithm [3]is that one has to compute a reduced Grobner
basis for each component ideal Z(,, which is rather expensive. Therefore we now
develop a sufficient criterion for an ideal Z to be in componentwise quasi-stable
position which does not require the consideration of the component ideals Z,.
Assuming that the ideal Z is already in quasi-stable position, we can derive such
a criterion based on the first syzygies of Z.

Before we start we want to introduce another notation that we use in the
following;:

1y = <U Z)

p<q

LEMMA 3.2.23.
Let T <P be an ideal and ¢ > 0. Then Zigy = (Zig)>q-

Proor. This assertion is a simple consequence of:

Ligy = <Iq>2q = <U Ip)Zq = (I[q})Zq

p<q

0

LEMMA 3.2.24.
If an ideal T is in quasi-stable/stable/strongly stable position, then Ts, is in quasi-
stable/stable/strongly stable position for any q > 0.

Conversely, if T, is in quasi-stable position for some ¢ > 0, then already T is
i quasi-stable position.

PRrROOF. Firstly, let Z be in quasi-stable/stable/strongly stable position and
assume that Z-; is not in quasi-stable/stable/strongly stable position for some
integer ¢ > 0. Then there is a monomial x* € 1t(Z>4) C ItZ that causes an
obstruction to the respective position, i.e. there is some monomial ¢ — induced by
x* — that is “missing” in It(Z>;). However, as by assumption 7 is in the respective
position we know that

(3.6) teltT.
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We saw in Lemma that it is enough to verify the condition for the desired
position on the elements of the corresponding monomial basis. Hence without
loss of generality we may assume that x* € B, where B is the monomial basis
of It(Z>4). Nowﬂ the definition of quasi-stable/stable/strongly stable entails that
degt > degx* = ¢ = deg B and so by t € (ItZ)>;5 =1t(Z>4). This contradicts
our assumption and shows the first half of the lemma.

Now let Z-; be in quasi-stable position for some ¢ > 0. Assume Z was not in
quasi-stable position. Hence there is a monomial x* € 1t Z such that

xH

(3.7) xfeng—zk ¢1tT
for some i < k = m(x*), where B is the monomial basis of It Z. Let degx* = p
and f € Z with It f = x*. Then obviously f € Z, and therefore f € 7, for all
g < p. In particular, f causes an obstruction to quasi-stability in Zs; if ¢ < p,
which contradicts our assumption that Z, is in quasi-stable position. So let ¢ > p
but then obviously z{ ”f lies in Zs; and lt(zd Pf) = 27 Px*. Since Zs; is in
quasi-stable position the term

q—p
deg B Ly, x* _ _degB x*
i ap e Tl
Ly L, k

lies in 1t(Z>4) C It Z, which again leads to a contradiction because of (3.7). O

The following example shows that the “converse”-part of Lemma (3.2.24] is not
true for (strongly) stable position.

EXAMPLE 3.2.25.
Let J = (22, 22) <k[zy,x5]. Then H = {x3, 23, z,23} is a Pommaret basis of J

and so reg(J) = 3 by Theorem [3.1.10] Hence

Rem. 32718 3 .2 2 .3
>3 = Ty = (x7, xiTe, 1175, T35)

so that it is easy to see that J>3 is strongly stable. However, J is not (strongly)

2
stable since xlz—z =m0 ¢ J.

From Lemma(3.2.23|and Lemma [3.2.24] we can immediately derive the following
corollary:

COROLLARY 3.2.26.
Let T <P be an ideal and q > 0. Then Ly is in quasi-stable position, if and only
if Iig) 1s in quasi-stable position.

5 In the stable or strongly stable case we have degt = degx*. For quasi-stability we need
the assumption that degx* < deg B to ensure that degt can not be less than degx*.
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If the set H = {hy,...,h} is a Pommaret basis of Z, then by
Proposition the product z;h, with j < m(h,) possesses a unique involu-
tive standard representation

4
(3.8) iha =y P hg,
B=1

where each nonvanishing coefficient Péa’j = k[Twm(ng), - -, Tn| satisfies
It (Pﬁ(o"j)hlg) < ltz;h,. Given a degree ¢ > 0 such that Z, # 0, we introduce
two subsets of the Pommaret basis H:

(3.9) H(q)={he H|degh<gq}, H(q)={heH|3heH(q) :1th|lth}

PROPOSITION 3.2.27.
Let T <P be a homogeneous ideal in quasi-stable position and ¢ > 0 a degree such
that L, # 0. The ideal Iy is in quasi-stable position if in every involutive standard

representation (3.8)) with h, € ﬁ(q) all generators hg with Pﬁ(a’j) £ 0 also lie in
H(q). In this case, H(q) is the Pommaret basis of Iy

PRrROOF. We first note that since (H) = Z we obviously have:

(3.10) (H(q)) = Iy
By our assumption, any element of the ideal Z = (H(q)) possesses an involutive
standard representation with respect to H(q). Hence it follows from

Proposition that H (q) is the Pommaret basis of 7. Now the assertion imme-
diately follows if we prove the following claim:

Claim: I[q] =17.
Since obviously H(q) C H(q) we consequently have T (H(q)) C (H(q)) =1.
If we now assume that Zj, is a proper subset of 7 , then there must exist a generator

heH (¢) which is not contained in Zyg. Let h be among all such generators the
one with the smallest leading term with respect to the used term order, i.e.:

(3.11) W €Ty, forallh € H(qg)with lth' <1th

Since h € H(q), there exists h € H(q) such that lth = x”1th for some term
x”. We consider the polynomial g = Ich - h—lch-x*h € . Tt possesses an
involutive standard representation with respect to the Pommaret basis H (q) of
the form g = 3 jeng If f . Every generator f with P; # 0 must have a leading

term smaller than h as it follows from the construction of g that:

It f <16(P:f) 2 lbg < 1th
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Thus all of these polynomials f must lie in Ti4 according to (3.11). But this

implies that g € Z;; and — as h € H(q) C Ijy — therefore h € I, contradicting
our assumption. O

REMARK 3.2.28.
By Lemma we can replace in the assertion of Proposition both ap-
pearances of “quasi-stable” with “(strongly) stable”. The criterion itself does not
change. As in this case the leading terms 1t H form even the minimal basis of 1t Z,
we find that H(¢) = H(q) which simplifies the application of the criterion.

We now present two examples where the first one proves that the criterion
described in Proposition[3.2.27]is not necessary for an ideal to be in componentwise
quasi-stable position. With the second example we just check that the criterion is
not satisfied for an ideal which is not in componentwise quasi-stable position.

EXAMPLE 3.2.29.
Let J = (23, =23, 2323) < k[zy,25). Then J is quasi-stable and a Pommaret
basis is given by:

5 4 3.3 2 4 4.3
H ={hy =3, hg = 2125, hy = xjx5, hy = xixs, hs = x]15

According to ([B.9) we have H(5) = {h1,hy}, H(5) = {h1,ho,hs}. Now let us
consider the involutive standard representation of xqhy:

$1h4 = I‘%.I% = $2h3

We should note that the bold marked element hg is not in H (5) and therefore the
criterion described in Proposition is mnot fulfilled. However,
Tisy = Jp5) = (23, x123) is in quasi-stable position.

ExaAMPLE 3.2.30.

Let Z = (22, xymo+wows, o3, v3w3)<tk|ry, 1o, 23). Then W Z = (22, z119, o3, 23x3, 1973)
is stable and therefore

2 3 2 2
H = {hl = T, hg =TTy + To3, hg = To, h4 = To3, h5 = {23'21‘3}

is a Pommaret basis of Z by Lemma [3.2.3] Further, 1t Zppy = (27, 2129, x213)
2
is not quasi-stable since 2325 = x5 ¢ 1tZyy). Hence the criterion described in

Proposition is not fulﬁﬁed. )
According to (3.9) we have H(2) = {hy,ho} = H(2). Now let us consider the

involutive standard representation of x1hs:
$1h2 = JJ%Z‘Q + T1Toxy = l’ghl + l‘ghg - h5

Indeed, we can see that — in consistence with Proposition [3.2.27 - the bold marked
element hs does not lie in H(2).
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THEOREM 3.2.31 ([Sei09b, Thm. 8.2, Thm. 9.12]).
Let Z<'P be an ideal in quasi-stable position and H its Pommaret basis. Then the
following statements are equivalent:

(i) T is componentwise linear and in componentwise quasi-stable position.
(ii) The free resolution of I induced by the Pommaret basis H is min-
imal and the Betti numbers of L are given by .

As a corollary, we obtain a simple proof of an estimate given by Aramova et
al. [AHHOQ, Cor. 1.5] (based on [HK84l Thm. 2]).

COROLLARY 3.2.32 ([HSS12, Cor. 21}).
Let TP be a componentwise linear ideal with pd(Z) = p. Then the Betti numbers

satisfy 5T > (’Z’Ill)
PrROOF. Let 7 be in componentwise quasi-stable position, H its Pommaret
basis and d = n —m(H) + 1. By Theorem [3.2.31} (3.1) is the minimal resolution

of Z and hence 37 is given by (3.2). Further, p = n — d by Theorem [3.1.10, We
know from Lemma that B(()k) >0forall 1l <k<n-—d+1 Now we compute

n—1i n—d ;
n—=k\ (n n—d—1014+1\ (n_d_ivi
g S (TR B S (e
I=i

k=d

SEQe - 50

l=1 l=i

B p+1

141
by a well-known identity for binomial coefficients. 0
The estimate in Corollary [3.2.32] is sharp. Equality is realized by any compo-

nentwise linear ideal whose Pommaret basis satisfies ﬁék) =0fork>n—-d+1
andﬁék) =lfork<n-—-d+1

EXAMPLE 3.2.33.
As a simple monomial example, consider the ideal J = (22, z125) <1 klxy, 1]
Since J is stable H = {z3, x1x5} is indeed simultaneously the Pommaret and the
minimal basis of J (compare Lemma . Hence in this case d = 1, n = 2,

B((]l) = B(()Q) = 1 and so:

1 0 1+1
J (2) (1)
p— f— 2 f—
% <0> ot (0> ’ (0 + 1)
1 1+1
J (1)
p— ]_ f—
g <1> ’ (1 + 1)

OIn this step we substitute k with d 41 — 4.
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Recently, Nagel and Romer [NR15, Thm. 2.5] provided some criteria for com-
ponentwise linearity based on ginZ (see also [AHHOO, Thm 1.1] where the case
chark = 0 is treated). We will now show that again ginZ may be replaced by
ItZ if it is in componentwise quasi-stable position. Furthermore, our proof is
considerably simpler than the one by Nagel and Romer.

THEOREM 3.2.34 ([HSS12, Thm. 23]).
Let the ideal T 1P be in componentwise quasi-stable position. Then the following
statements are equivalent:

(i) T is componentwise linear.
(11) WZ is stable and all graded Betti numbers BZI] and ﬁzlij coincide.

(iii) WZ is stable and all total Betti numbers 35 and BT coincide.
(iv) W T is stable and BF and BYT coincide.

PROOF.

“(5) = (i1)".
Since Z is in componentwise quasi-stable position the resolution (3.1)) of Z is min-
imal by assumption (i) and Theorem [3.2.31] This implies immediately (compare

Lemma (3.2.8) Lemma|3.2.12)) that the resolution (3.1]) of It Z is minimal. Therefore

It Z is stable by Theorem [3.2.10[ and componentwise linear by Theorem |3.2.31 So

we know from Remark [3.2.13| that ZIJ and }’tjz are obtained from equation (3.4).

As the numbers 5&:}? ) of the formula do only depend on the leading terms
of the corresponding Pommaret basis, there is no difference whether we consider
7 or It Z. Hence all graded Betti numbers ﬂfj and %sz must coincide.

The implications “(ii) = (i27)” and “(iii) = (iv)” are trivial. Thus there only
remains to prove:

“(iv) = (2)”.
Let H be the Pommaret basis of Z. Since 1t Z is stable by assumption, 1t H is its

minimal basis by Lemma and so by Remark
07 = #(tH) = #H.

Hence the assumption that S and ST are equal implies that H is a minimal]

generating system of Z. Let z;h’ be a polynomial with &’ € H and j < m(h’). Now
let us assume its involutive standard representation ;A" = 3, . P,h contains a

coefficient P; that lies in k\ {0}. Hence h = 2 (20 — >onem iy Frh) € (H\ {h})
h

and so (H \ {h}) = (H) = Z which is a contradiction to the minimality of H.

Therefore none of the syzygies may contain a nonvanishing constant coefficient.

By Lemma this observation implies that the resolution (3.1)) induced by H
is minimal and so the ideal Z is componentwise linear by Theorem [3.2.31 0

7 With minimal generating system we mean minimal with respect to inclusion, i.e. for all

h e H holds (H \ {h}) # T.
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Linear Quotients. Linear quotients were introduced by Herzog and Takayama
[HT02] in the context of constructing iteratively a free resolution via mapping
cones. As a special case, they considered monomial ideals where certain colon
ideals defined by an ordered minimal basis are generated by variables. Their defi-
nition was generalized by Sharifan and Varabaro [SVOS]| to arbitrary ideals.

DEFINITION 3.2.35.
Let Z = (F) <P be an ideal with F' = {fy,..., fi} € P. Then Z has linear
quotients with respect to F if for each 1 < k < ¢ the ideal (fi,..., fx_1) : fx is
generated by a subset of {x1,...,x,}.

We show first that in the monomial case this concept captures the essence
of a Pommaret basis. For this purpose, we “invert” some notions introduced in
[Sei09b]. We associate with a monomial Pommaret basis H a directed graph, its
P-graph. Its vertices are the elements of H. For every term x;h, where h € H

is a generator and j < m(h), there exists a unique Pommaret divisor h € H (see
Remark and we include a directed edge from h to h.

An ordering of the elements of H is called an inverse &-ordering, if « > (3
whenever the &?-graph contains a path from h, to hg. It is straightforward to
describe explicitly an inverse &-ordering: we set o > 3, if m(h,) > m(hg) or if
m(hy) = m(hg) and h, <jex hg, 1. €. we sort the generators h, first by their index
and then within each index lexicographically. One easily verifies that this defines
an inverse -ordering.

EXAMPLE 3.2.36.
Consider the monomial ideal J <1 k[, 2, x3] generated by the six terms hy = z7,
hy = x119, hy = 23, hy = 123, hs = Tow3 and hg = 2. Tt is easy to see that J is
stable and therefore these terms form a Pommaret basis of J by Lemma |3.2.3
The Z-graph in shows that the generators are already inversely -

ordered, according to the description above.

hs, —— hs
/ \ j7 1: 4|9$1h6 5: 1|37,.§C1h4
2: hs|,xoh 6: hs|,xoh
3.12 5| L2/ 2| »T2h4
( ) 3: h2|93’}1h5 7 h2|91'1h3
\ / l 4: 3|9$2h5 &: 1|@l‘1h2

h4—>h1
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PRroOPOSITION 3.2.37 ([HSS12, Prop. 26]).
Let H = {hy,...,he} be an inversely &-ordered monomial Pommaret basis of the
quasi-stable monomaual ideal J <1 P. Then the ideal J possesses linear quotients
with respect to the basis H and

(3.13) <h1,...,hk_1> :hk: <171,...,1Em(hk)_1> kZQ,...,g.

Conversely, assume that H = {hy,..., he} with m(hy) = 1 is a monomial gener-
ating set of the monomial ideal J <1 P such that 1s satisfied. Then J is

quasi-stable and H its Pommaret basis.

PROOF. Since H is a Pommaret basis the product x;h; with j < m(hy) pos-
sesses a Pommaret divisor h; € H (see Remark and therefore x; € (h;) : hy.
By definition, it also follows that the &?-graph of H contains an edge from k to
i and so i < k because H is inversely &-ordered. Thus x; € (hy,..., hx_1) @ hy
which proves the inclusion “27”.

The following argument shows that the inclusion cannot be strict. Consider a
term ¢t & (21, ..., Tm(ny)—1), 1-6. t € K[Tmn,), - - -, Tn] and assume:

Assumption: thy € (hy,..., hg_1).

Hence thy = sih;, — recall that every h; is monomial — for some term s; €
k[x1,...,z,] and some index i; < k. By definition of a Pommaret basis we must
have s; ¢ k[T, ), - - -, Tn) since otherwise the Pommaret cones klzmn, ), - - -, 2] -
hi, and K[Zm(p,), . .., &n] - hp would intersect (see Remark [3.1.5). So there is an
index j; < m(h;,) such that z; |s;. Let h;, be the Pommaret divisor of xj h;,,
this implies on the one hand that there is a term sy € kl[rm(,),---,%,] with
xj hi, = sah;, and on the other hand that m(h,,) < m(h;,). Because of the -
ordering and since i, # i, we have i; > i5. We can not repeat this procedure

infinitely many times since the sequence i; > iy > --- is strictly decreasing and
m(hy) = 1ﬂ Hence after a finite number of iterations we arrive at a representation
51 51 A
thk = _lehil = —SzhiQ == Shiw
J1 7

where 5 € k[zmm,_ ), -, 2,). This leads to a contradiction by Remark |3.1.5| since
then the Pommaret cones of h; and h;, would intersect, which is not possible as
H is a Pommaret basis.

For the converse, we show by a finite induction over k that every product z;hy
with j < m(hy) possesses a Pommaret divisor h; with ¢ < k which implies our
assertion by Proposition [3.1.7] and Theorem (3.1.3

k=2
For k = 2 it follows from (3.13)) that x;he € (hy). This implies that hy is a

Pommaret divisor of x;he since m(hy) = 1.

8Any Pommaret basis contains an element of index 1 (see Lemma [3.2.4). Because of the
P-ordering it must be h; in this case.
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(k—1) = k.

Assume now that our claim was true for ho, hs, ..., hi_1. Because of xihy €
(hi,...,hg_1), so we may write z;h, = t1h;, for some t; € P and 4; < k. If
t € Ik[xm(hil), ..., T, we are done because then h;, is the Pommaret divisor of hy.
Otherwise, there exists an index j; < m(h;,) such that z;,|[t;. By our induction
assumption, x; h;, has a Pommaret divisor h;, with i, < ¢; and so there is a
ty € k[Tm(n,),---,Tn| such that zjh; = tyh;,. With the same arguments like
above, we find after finitely many steps a representation

1 11 N
l‘jhk = _lehil = —tghzé == thzw
Ljy Ljy
where h;, is the Pommaret divisor of x;hy,. O

In general, we cannot expect that the second part of Proposition remains
true, when we consider arbitrary polynomial ideals. However, for the first part we
find the following variation of [SV08|, Thm. 2.3].

ProprosITION 3.2.38 ([HSS12l, Prop. 28]).
Let H be a Pommaret basis of the polynomial ideal T<1P and h' € P a polynomial
with Wh' ¢ WH. If T : W = (z1,...,Tmm)-1), then H = HU{I'} is a Pommaret
basis of T' = I + (K'). If furthermore I is in componentwise quasi-stable position,
componentwise linear and H' is a minimal basiﬂ of ', then T' is componentwise
linear, too.

Proor. If T : A" = (@1,...,Zmm)-1), then all products of z;h' with
j<m(h)lieinZ = (H)» C (H')». This immediately implies the first assertion
by Proposition [3.1.

Let z;h, be a product with h, € H and j < m(h,). Further, let

xjhe = Zhe g P,ga’j 'h be the involutive standard representation of x;h,. We know
from Theorem that the Pommaret resolution is minimal since Z is compo-
nentwise linear and in componentwise quasi-stable position. Hence all syzygies
S(a,j) are free of constant coefficients by Lemma . Let us now assume that
there is an index j < m(h’) such that the involutive standard representation of the
product z;h' = 7, Pph contains a constant coefficient P € k\ {0}. But this
means that

~ 1 , , ~
h=—2 |l - > B e (H\{h})
h heH\{h}

9 With minimal basis we mean minimal with respect to inclusion, i.e. for all h € H' holds

(H'\{h}) #T".
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and so 7' = (H') = (H'\ {h}), which is a contradiction to the minimality of
H'. Therefore all syzygies obtained from products z;h’ with j < m(h’) are free
of constant terms. Finally, we can again conclude with Lemma that the
resolution of Z’" induced by H’ is minimal and Z’ componentwise linear by Theorem

B3.2.31 O

Local Cohomology. Finally, a last application field of Pommaret bases we
want to consider is induced by some results of Trung [Tru01] related to invariants
that are connected to local cohomology. Using Pommaret basis we are able to
generalize these results.

Further, we provide an alternative proof for Grothendieck’s results concerning
the vanishing and nonvanishing of local cohomology.

ProrosiTION 3.2.39 ([HSS12l Prop. 9]).
Let T <1 P be an ideal in quasi-stable position. If H denotes the corresponding
Pommaret basis and

HY ={heH|mh) =i} CH
the subset of generators of index i, then the number
(3.14) @u_iy1 = max { q| (L, zniv2, -, Tn) t Tn—it1)q F (L, Tneita, - - Tn)q }
satisfies qn_i11 = deg H""1) —1 (with the convention that deg ) = max () = —o0).

PROOF. Set P = k[x1,...,Tn_iy1] and 7= Tlap ipomman=0 < P. Then it is
casy to see that g, ;11 = max{q | (Z: @, i11)g #ZL,}. Tt follows from [Seil2)
Lemma 3.1] that the Pommaret basis of Z is given by:

H={hls, s pmean=o | h € HAm(h) <n —i+2}

We should note that obviously deg Hm=itl) — deg Hn=i+1),
Case I: HM—t) — ¢, ) R
For this case we will now show that (Z : x, ;1) = Z. Therefore let
fo € (T : 2p—ip1) be a polynomial and z,_it1fa = D jep P;Ea)h € 7 its invo-
lutive standard representation with respect to H. Then one immediately sees that
all Péa)h must lie in (z,,_;41) and since we assumed that any element of H has an
A (@)

index lower than n—i+1 we must have P}éa) € (x,_i11). Hence f, = Zﬁeﬁl %Pfﬁh,
is an involutive standard representation, which implies f, € Z by Proposition
Thus (Z : 2,_s41) = Z and therefore ¢, ;. = —00 = deg H®=+D — 1,
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Case II:  H(—+1) £ ¢,
In this case we can choose a generator ﬁmax e H™ D of maximal degree, i.e.
deg P = degH n—itl), Obv1ously, we find hy.y € (xn_i+1) and hence may write
hmBLX = T,_;119 for some g € P. By definition of a Pommaret basis § ¢ 7 since
otherwise § would be a Pommaret divisor of hmay. Hence § € (Z : 2p_s11) \ Z and
SO (f  Tp_it1)degg 7 j'-degg- Thus ¢,_;41 > deg § = deg H®—+1) — 1.

Assume now that ¢,_; 1 > deg H® 1) — 1 then (I : Tnit1) deg An—it) 7

Idegﬁ(n,,-ﬂ). So there is a polynomial fg € (f : xn_Hl)degﬁ(n,iH) with

fg ¢ Z. Consider the involutive standard representation x, ;i fg = e Péﬁ '
with respect to H. Analogous to above we have Piiﬁ)fl € (). If
m(h) < n—i+1, then we must have Pig’g) € (&n_i1). Ifm(h) = n—i+1, then the
definition of the involutive standard representation entails that Péﬁ) € klry—it1].
Since deg (2n_js1f3) = deg H" D 41 > deg H"*1  any nonvanishing co-
efficient P(’B ) must be of positive degree in this case. Thus we can conclude

that in both cases all nonvanishing coefficients PA lie in (z,_;11). But then

() .
fg = D hel %P_—Mh is an involutive standard representation of fs itself so that,
fg € 7 by Proposition in contradiction to the assumptions we made. O
Consider the following invariants related to H’ , the local cohomology of P/Z
with respect to the maximal graded ideal m = (xq, ..., z,):

a;(P/T) = max{q | H,(P/I), # 0}, 0<i:<dim(P/I),

reg, (P/Z) = max{a;(P/I)+i|0<i<t}, 0<t<dim(P/I),

a;(P/T) = max{a;(P/Z) |0 <i<t}, 0<t<dim(P/ZI).

Trung [Tru01l, Thm. 2.4] related them for monomial Borel-fixed ideals and
chark = 0 to the degrees of the minimal generators. We can now generalize
this result to arbitrary homogeneous polynomial ideals.

COROLLARY 3.2.40 ([HSS12| Cor. 10]).
Let T 1P be an ideal in quasi-stable position. Denote again by HY the subset
of the Pommaret basis H of I consisting of the generators of indexr v and set
¢ =deg HY — 1. Then
reg, (P/Z) = max {¢n_t, Gnts1,--->qn}, 0<t<dim(P/I),
a;(P/I) = max{qn—1t —t,qn-(-1) — (t = 1), qn}, 0<t<dim(P/T).

ProOF. This follows immediately from [Tru01), Thm. 1.1] and Proposition|3.2.39
O
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Grothendieck’s vanishing and nonvanishing theoremsm present a very famous
result in the theory of local cohomology. The assertion of these theorems are on
the one hand that

H.(P/I) =0, ifi< depth(P/Z) ori > dim(P/I)
and on the other hand that
H. (P/I) #0, ifi=depth(P/I) ori=dim(P/I).

With the results from above we can now present an alternative proof for those
statements concerning depth(P/Z).

PROPOSITION 3.2.41.
Let T <P be an ideal and d = depth(P/Z), then:
(i) HL.(P/T) =0 for alli < d
(ii) Hy(P/I) # 0

Proor. We know from the previous chapteﬂ that we can transform any ideal
into quasi-stable position. Since H’,(P/Z) is invariant under coordinate transfor-
mation, we can assume without loss of generality that Z is already in quasi-stable
position. Further, let H be its Pommaret basis and ¢; = deg H® — 1.

Since H® = () for all i > m(H) it follows that Gm(H)+15 - - - Gn = —00 and
80 ay,_ g1 (P/L) = —oo by Corollary Hence a;(P/I) = —oo for all
0 <i<n-—m(H)—1 by definition of a;(P/Z). Therefore H. (P/Z) = 0 for
all 0 <4 <n—m(H)— 1. Since Theorem and Remark entail that
d =n — m(H), we have already proven ().

Obviously, H®™(H) £ () and so qm(H) = Gn—a 7 —00. Hence with the arguments
from above

a(P/T) = G4(P/T) = Gu-a # —o0,
which finally proves (7). O

10'See for example Proposition A1.16 in the appendix of [Eis05].

11966 Remark and Theorem



CHAPTER 4

The Reduction Number

In the first part of this thesis we saw that the costs for the determination of
certain invariants depend on the coordinate system. In particular, we presented in
Theorem that the invariants reg(Z), pd(Z) and depth(Z) are easy to deter-
mine whenever the considered ideal Z is in gin-position. As a next step we took a
look at Seiler’s generalized version of this results in Theorem [3.1.10] Thereby he
makes use of Pommaret bases which only require that Z is in quasi-stable position.
With the intention to find further homological invariants that are easy to compute
not only in gin-position but also in quasi-stable position we will now introduce
and analyze the absolute reduction number.

Furthermore, we give a brief overview of the big reduction number — which is
related to the absolute reduction number — and consider two different methods to
compute it.

4.1. Computing the absolute Reduction Number

After presenting its definition, our main goal of this section will be to introduce
an algorithm to compute the absolute reduction number. Thereby we do not care
about the given coordinate system, since this will be discussed in more detail in

Section 4.3l

DEFINITION 4.1.1.
Let Z <P be an ideal and vy, . .., y, linear forms. We call R =Z + (y1,...,y¢) a
reduction of T if dim(P/R) = 0. In particular, a reduction R of Z is minimal if
¢ =dim(P/7).

DEFINITION 4.1.2.
Let R be a minimal reduction of an ideal Z, then

rr(P/T) = max{q | (P/R), # 0}

is the reduction number of T with respect to R. Further, we denote the set of all
reduction numbers by

rSet(P/Z) = {rg(P/Z) | R minimal reduction of Z}.
Finally, we define the absolute reduction number of Z by
r(P/Z) = minrSet(P/I).

61
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LEMMA 4.1.3.
Let R <P a zero-dimensional ideal, then reg(P/R) = max{q | (P/R), # 0}. In
particular, if R is a minimal reduction of an ideal Z, then rgr(P/Z) = reg(P/R).

PRrOOF. First we should remember that P is Noetherian by Hilbert’s Basis
Theorem. Further, P/R is Artinian since dim(P/R) = 0 (see e.g.]JAM69, Thm.
8.5]). Hence the P-module P/R is of finite length by [Eis95l Cor. 2.17] and so as
a consequence of [Eis05, Cor. A1.5] we have:

(4.1) H.(P/R) = Oforalli>0

(4.2) H(P/R) = P/R

With the notations of Remark [I.1.7l we can now conclude:
reg(P/R) "D max {a,(P/R) +i | i > 0}

ao(P/R)

max {q | (P/R), # 0}

Def.:[m] T’R(P/I)

[ B

O

We present now Algorithm [ for the computation of r(P/Z). Instead of a
coordinate transformation, it is based on a parametric computation. The main
point will be to keep the number of parameters as small as possible.

Algorithm 4 REDNuUM: (Absolute) Reduction Number

Input: Grobner basis G of a homogeneous ideal Z <P
Output: the absolute reduction number r(P/Z)
: D :=dim(P/I)

1

2: G := G with z,_p,,; replaced by — Z?;D bjja; foralli=1,...,D
3: 7@ = <é>75

4: H := POMMARETBASIS (R)

5: return deg H — 1

The algorithm simply adds D = dim(P/Z) linear forms z; of the special form
n—D
Zi = Tp—D+i —+ Z bijxj-
j=1
The occurring coefficients b;; are then considered as undetermined parameters.
Replacing in the ideal Z every variable z,_py; with ¢ > 0 by — Z?;D bijx;, we
obtain a new homogeneous ideal R in the polynomial ring P = k(b)[z1, ..., Z,_p]
over the field of rational functions in the D(n — D) parameters b;; and compute
its Pommaret basis.
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In order to prove the correctness of Algorithm 4| we have to recall some results
of Trung first.

THEOREM 4.1.4 ([Tru03, Thm. 1.2)[Tru01l Lem. 4.2]).
Let R=T+ (y1,...,yp) <P =k(a)[z1,...,2,] be an ideal with y; = Y., a;;x;
fori=1,....D. Then R is a minimal reduction of the ideal T P obtained by
considering Z in P and

rx(P/I) = r(P/T).

COROLLARY 4.1.5 ([Tru03} Cor. 1.3}).
Let TP be an ideal. Further, let R<AP = k(b)[z1,...,z,—p] be the ideal obtained
by substituting every variable x,_py; with — Z?:_ID bijz; for all i > 0 in the ideal

T . Then
r(P/I) = max{q | (P/R), # 0}.

THEOREM 4.1.6 ([HSS14, Thm. 5.6]).
Algorithm 4| correctly determines r(P/T).

PROOF. Using the notations of Corollary [£.1.5] the only thing we have to prove
is that:

(4.3) dim(P/R) = 0

Because then R possesses a finite Pommaret basis H by Lemma and as a
consequence of Corollary [1.1.5] Lemma [£.1.3] Remark [I.1.15 and Theorem [3.1.10
we get:

r(P/I) = reg(P/R) = reg(R) — 1 =deg H — 1

To prove (|4.3]) we consider the ideal R=T+ (y1,...,yp) in the polynomial ring
P = k(a)[z1, ..., z,], where the y; = > iy aigry fori=1,...,D =dim(P/ZI) are
generic linear forms. It follows from Theorem m that R is a minimal reduction
of the ideal Z < P, which we obtain by considering Z in P. Therefore

(4.4) dim(P/R) = 0.

Now consider the D x n matrix (a;;): as we consider the a;; as parameters, the
determinant of the submatrix composed of the last D columns does not vanish.
Then by a Gaussian elimination we obtain a set of linear forms z; in the “reduced”
triangular form

n—D

Zi = Tp—p+i + Z bijxj, bl‘j S lk(a)

j=1
such that R = Z + (z1,...,2zp) < P. Therefore P/R = P/R and so follows
from (4.4]). O
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EXAMPLE 4.1.7.
The homogenized Weispfenning94 ideal Z <1 k[xy, z9, x3, 24 is generated by the
polynomials

4 2 22 2, 2.2 22
f1 = x5y + viv5ws + vix; — 2v 0097 + whwy + 50)
fo = 1175 + 20w — 20 w0x; — 327,
3
f3= —x1x2 + x1x2x3 + x2x4 + x1x2x3x4 — 2w1297y .

Here dim(P/Z) = 2 and we replace x4 by —(by1x1 + bgowy) and xz by
—<bgll’1 + b32$2) in Z to obtain the new ideal R < Ik(bgl, b32, b41, b42)[$17$2]. We
compute a Pommaret basis H of R and get as leading terms

4 3.2
It H = {xl, 175, xlxz, xlxz, a:2}

Therefore r(P/Z) = deg H — 1 = 5.

4.2. Computing the big Reduction Number

Analogous to Trungs paper [Tru03] we will now investigate the big reduction
number which is related to absolute reduction number that we got to know in the
previous section. In particular, we provide an alternative method for its compu-
tation and compare it with the one of Trung by performing each method on the
same example.

THEOREM 4.2.1 ([HSS14, Thm. 6.2]).
Let T QP be a homogeneous ideal. Then its reduction number set rSet(P/I) is
finite.

PROOF. By definition, any minimal reduction of Z is induced by D = dim(P/Z)
linear forms
(45) yi:Zaijxj, Z:]_,,D

j=1

with a;; € ksuchthat R = Z+(y, .. .,yp) is a zero-dimensional ideal. Considering
the coefficients a;; as parameters, we may identify R with a parametric ideal
R <k(a)zy,...,x,]. Let {(CA?Z, N, Wi)}le be a Grobner syste for R. Without
loss of generality, we may assume that for the first s triples the ideals (C?l) <P
are zero-dimensional, whereas all other triples lead to ideals of positive dimension.

Hence precisely the parameter values satisfying one of the conditions (N;, W)
with 1 <4 < s define minimal reductions. Let d; = r (77 /Z) then it follows that

rSet(P/I) = {di,...,ds}. O

1 Recall that any parametric ideal possess a finite Grobner system (see Theorem .
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As our field k is infinite it is clear that for any ideal Z <1 P there is an infinite
number of minimal reductions. But — as we have seen in the proof of Theorem [4.2.1
— these minimal reductions lead only to finitely many different reduction numbers.

Trung showed that a generic minimal reduction leads to the absolute reduction
number (see Theorem . Since almost all choices of the parameters a;; induce
a generic minimal reduction of the form

n n
I—'—< E 15T, .-, E aDj:cj>,
j=1 j=1

for almost all minimal reductions R we find rg(P/Z) = r(P/Z) (see [Tru03|
Cor. 2.2]).

DEFINITION 4.2.2.
We define the big reduction number of Z by:

br(P/Z) = maxrSet(P/Z)
The proof of Theorem describes a method to determine rSet(P/Z). It is

based on computing a Grobner system for the parametric ideal:

n n

T+ <Z ayxj, ..., Zapjxj> <k(a)[zy, ...,z

Jj=1 J=1

Any branch of this Grobner system that yields to a zero-dimensional ideal leads
us to an element of rSet(P/Z). Once we have determined the whole rSet(P/Z) we
can directly read off the big reduction number br(P/Z).

EXAMPLE 4.2.3.
Consider the ideal Z = (22, zyz9 + 23, z123) < k[x1, T2, 3] introduced by Green
[Gre98]. Since dim(P/Z) = 1 we set:

72 =7+ <CL1$1 + aoxo + (13I3> < Ik(al, ao, (13)[1’1, Ta, 233]

The Grobner system for R consists of 4 triples. For simplicity, we present in the
following list for each branch as first entry only the correspondingﬂ leading ideal
L;; the other two entries are the equations /V; and the inequations W;, respectively.

i L; N; Wi

1| (@1, @3, wows, x3) {} {a1, a2, a1 —as}
2 <$17 $%, T2T3, .Z'§> {al - a2} {(12}

3 (z1, 23, x3) {az} {a1}

4| (xy, 27, w3, 23) | {ar} i}

2 Compare Remark [2.1.2
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We observe that all four branches lead to zero-dimensional leading ideals which are
therefore quasi-stable. As L, = L, is even stable its monomial basis
Hy, = {x, 73, zow3, z2} represents simultaneously the Pommaret basis by
Lemma . Moreover, Hy = {xy, z3, 3, xozi} is the Pommaret basis of
L3 while Hy = {x3, 3, 7179, 7173, 23} is the one of L4. As deg H; = deg Hy = 2
and deg H3 = 3 we have rSet(P/Z) = {1,2} according to Algorithm {4| and so
br(P/I) = 2.

REMARK 4.2.4.

For comparison, we briefly outline Trung’s constructive characterization [Tru03]
of the big reduction number of an ideal. He also takes D = dim(P/Z) lin-
ear forms with undetermined coefficients a,;; and proceeds with the ideal
R=2I+ (y,....,yp) <kla,zy,...,2,]. Then he introduces the matrix M, of the
coefficients of the generators in a k-linear basis of R, (which are elements in ka]).
Let V, be the variety of the ideal generated in k[a] by all the minors of M, of the
size of the number of terms of degree ¢, i.e. the (qJn”_LIl) X (q;:r:l) minors. Then,
br(P/I) is the largest ¢ such that V, # V, 41 [Tru03], Cor. 2.3].

Note, however that a priori it is unclear how to detect that one has obtained
the largest ¢ with this property. Thus his approach becomes truly algorithmic only
by combining it with another result of his, namely that br(P/Z) + 1 is bounded
by the Castelnuovo-Mumford regularity reg(Z) [Tru87, Prop. 3.2]. Now one can
check all degrees ¢ until reg(Z) — which has to be computed first — and then finally
decide on the value of br(P/Z).

EXAMPLE 4.2.5.

Using the same ideal as in Example we now want to determine br(P/Z) with
the method of Trung described in Remark [£.2.4]

Solet Z = (fy, f2, f3) <k[z1, 2o, x3] with f; = 2%, fo = z129+ 23 and f3 = x123.
Further, let y = ayx1 + agxy + agzs be a parametric linear form in k[a, x] and
R=T+ (y)<klay, ag, ag, x1, T2, x3). According to Trung we now have to determine
the matrix M,. Therefore we must consider the k-linear basis of 7@2:

2 2 2
Ty T1xo T3 I1X3 T2X3 Iy
AT 0 0 0 0 0 G
0 110 00 0 0 01 0 O
f3 10 0 0 1 0 0 ~» M, = w a0 as 00
Ty | a1 as 0 a3 0 0 L2 3
0 a1 Qa9 0 as 0
Ty | 0 ay  ao 0 as 0 0 0 0 a a a
T3y 0 0 0 aq a9 as ! 2 3
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to degree 3 leads to:

2+3—-1
3—1

67

) = 6 and aga3 is the 6 x 6 minor of M,. Going on

ZE? ZL’%(L’Q xlxg ZE% [L‘%l’g T1T2T3 ZE%Ig CL’l[L‘g IQ.T% ZE%

r1fr | 1 0 0 0 0 0 0 0 0 0
xofr | O 1 0 0 0 0 0 0 0 0
x3fr | O 0 0 0 1 0 0 0 0 0
r1fo | O 1 1 0 0 0 0 0 0 0
Tofo | O 0 1 1 0 0 0 0 0 0
x3fo | O 0 0 0 0 1 1 0 0 0
r1fs | 0 0 0 0 1 0 0 0 0 0
Tofs | O 0 0 0 0 1 0 0 0 0
x3fz | O 0 0 0 0 0 0 1 0 0
x%y ar Qs 0 0 a3 0 0 0 0 0

Ty | 0 ag as 0 0 as 0 0 0 0
[E%y 0 0 ay a9 0 0 as 0 0 0

T1T3Y 0 0 0 0 ay a9 0 as 0 0
zoxsy | O 0 0 0 0 aq as 0 a3 0
2y |0 0 0O 0 0 0 0 aq as  as

Bringing the resulting matrix M3 in the reduced row echelon formE], yields to the
) = 10 x 10 matrix Ms:

3+3-1

following ( a1

Hence V3 = V(a3) # V(aga3) = V, showing that br(P/Z) = 2 since reg(Z) = 3.

—_

SO OD OO OO oo

SO OO OO O+ O

)

SO OO OO+ OO

)

SO DD DO O OO O

DO DO OO OO

e}

SO DO O OO O OO

0
0
0
0
0
0
1
0
0
0
t

0
0
0
0
0
0
0
1
0
0

SO DD O OO

S
[

SO DODDODDOD OO oo

as

The considered example is pretty simple, since it is “nearly” monomial and
generated in one degree, which leads to sparsely populated matrices M;. So a final
answer whether Trungs or our method to compute br(P/Z) is better can not be
given on the basis of this example. But although the computation of a Grobner
system is surely a rather expensive operation, we strongly believe that it is much
more efficient than the determination and subsequent analysis of large determi-
nantal ideals. Furthermore, our approach yields directly all possible values for the

3 By performing the row operations we should observe that the parameters might possibly
stand for 0. Therefore one has to check which operations are allowed under this circumstances.
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reduction number, whereas Trung must consider one determinantal ideal after the
other (of increasing size).

Finally, we note that Trung [Tru03] proved that br(P/Z) < br(P/ItZT) if P/T
is Cohen-Macaulay, i.e. depth(P/Z) = dim(P/Z). He also claimed that generally
one cannot compare br(P/Z) and br(P/1tZ). However, he did not provide a
concrete example where the above inequality is violated — which we will do now.

EXAMPLE 4.2.6.
Consider the ideal Z <1 k[z1, 22, 23] with

3 2 2 2 3., 2 2 5 2.5
T = (x] — 1125, TiTo + T1X5, ThH + T5T3, TIT3 + T1ToT3, T1T3, THT3).

The given generators form already a Grobner basis and 1t Z is quasi-stable. So we
find a Pommaret basis H of Z with

(3 2 302 3 5 5 .25 2.5
It H = {x3, xixa, x5, xiT3, T1T5, T1T3, T1ToXy, Tols, T1T3T5 ).

Therefore depth(P/Z) = 0 by Theorem and Remark [I.1.15] Hence P/Z is
not Cohen-Macaulay since dim(P/Z) = 1. To compute br(P/I), we set
R = T+ (a121+asxo+asrs) <k(a)[xy, 22, 23). From the zero-dimensional branches
of the Grébner system of this ideal we can derive that rSet(P/Z) = {3,5,6} and
therefore br(P/I) = 6.

The following table lists a possible choice for the coefficients aq, as, az that leads
to the mentioned reduction numbers. Thereby o : k[a] — k is a specialization

A

homomorphism that evaluates the parameters a; so that R = ¢(R) is an ideal of

(a1, as, as) | It (POMMARETBASIS (R)) | rr(P/T)
(0,0,1) {23, v123, Tox3, T3, B3T9, T3, XT3, T1ToT3, TIT3, T1TS, T1T3T3} 3
(1,2,1) {z1, a3, 373, To7%, 25} 5
(1,1,1) {xy, o3, 2323, 1273, 75} 6

On the other hand, we set R = ItT + (a1z1 + asxe + azrs) and compute its
Grobner system. Only three branches are zero-dimensional and they all have as
reduction number 3 (e.g. if you choose a; = ay = ag = 1 the set of leading terms
of the Pommaret basis of o(R') is {x1, #3, x2xs, xox2, x}). This shows that
br(P/tZ) =3 <6 ="br(P/I).
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4.3. Relation with strong Stability

Now we continue to study the absolute reduction number. We will see in this
section that although this invariant shows parallels to our previously discussed
invariants, we can only find an ansatz to directly read off the absolute reduction
number in the monomial case. Moreover, an example provided by Green even
shows that it is not possible to formulate a statement similar to Theorem [3.1.10)
for this invariant.

But first we want to have a look at the following results provided by Trung
and Conca concerning the relationship between ideal and leading ideal in terms of
the absolute reduction number.

THEOREM 4.3.1 ([Con02, Thm. 1.1}, [Tru03, Cor. 3.4]).
For any ideal T <P the inequality r(P/Z) < r(P/ItI) holds.

THEOREM 4.3.2 ([Tru01, Thm. 4.3]).
For any ideal T <P we always find r(P/Z) =r(P/ginZ).

Since these results are similar to the ones of Theorem [L.2.7land Theorem [[.3.9]it
appears that the absolute reduction number also behaves like the other invariants
which we discussed in the first half of this thesis.

The next question that arises is how we can find a minimal reduction that
leads to the absolute reduction number. We already saw in Theorem that a
generic minimal reduction does yield to the absolute reduction number. Another
characterization of the different minimal reductions is presented in the following
lemma.

LeEmMA 4.3.3 ([BH99| Lem. 5]).
Let J <P be a monomial ideal such that the variables x, _pyi,...,x, induce
a minimal reduction, where D = dim(P/J). Then every minimal reduction is
induced by linear forms

n—D

(46) Zi = Tp—p+i + Z bijZL’j , bij ck.

j=1

If the ideal J from the above Lemma is quasi-stable, then we will see later
(Proposition that J contains a power of z; for all i < n — D. Hence
R = J + (xn_py1,---,%,) is a minimal reduction of J since obviouslyﬁ
dim(P/R) = 0.

The following theorem from Bresinsky and Hoa shows, how to read off the
absolute reduction number from a strongly stable monomial ideal.

4See for example [KROO, Prop. 3.7.1, Def. 3.7.2].
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THEOREM 4.3.4 ([BH99, Thm. 11]).
Let J <P be a Borel-fized monomial ideal and D = dim(P/J). Then J has a
minimal generator x_p, and r(P/J) = rr(P/JT) for any minimal reduction R of
J. Moreover, if J is strongly stable we have r(P/J) = s — 1.

REMARK 4.3.5.

A combination of Trungs Theorem [4.3.2] and the above theorem from Bresinsky
and Hoa delivers a way to directly read off the absolute reduction number under
the in the following described conditions.

Let Z <P be an ideal that is in gin-position and char k = 0. Hence It Z = ginZ
is strongly stabld’| and it follows from Theorem that there is an integer s such
that x5, is a minimal generator of It Z. Finally, r(P/Z) = r(P/ItZ) =s—1 by
Theorem [4.3.2] and Theorem [4.3.4]

EXAMPLE 4.3.6.
Let us consider again Green’s Example[4.2.3| Since ltZ = (22, 2,79, 123, 73, 2373)
is strongly stable and dim(P/Z) = 1, we can use Theorem to receive
r(P/ItZ) = 3 —1 = 2. But since ginZ = (2%, x179, 23, x173) it follows from
Theorem [4.3.2] that:

(4.7) r(P/Z)=r(P/gnI)=2—-1=1<r(P/ItI)

REMARK 4.3.7.
Example [4.2.3| shows that there can not exist an algorithm for the computation of
the absolute reduction number that is based on the analysis of the leading ideal.
Because if we set Z' = It Z, then we have two distinct ideals Z and Z’' with the
same leading ideal, however shows that they have different absolute reduction
numbers.

5 As chark = 0 gin7Z is strongly stable by Proposition m and Theorem m



CHAPTER 5

Generalization of stable Positions

We discussed in Remark that the absolute reduction number behaves
differently than the other invariants we considered in the first part of this the-
sis. This motivated us to search for a generalized version of Bresinsky and Hoa’s
Theorem [4.3.4l This intention leads to several new variants of the different stable
positions from Definition [2.2.1| which we will introduce in this chapter. So that we
are finally able to present the desired generalization of the result of Bresinsky/Hoa
in Theorem [5.2.17

Afterwards we turn our attention to the Borel-fixed position, which — as already
described in Section [2.4]— is especially relevant in the case of positive characteristic,
and generalize this position analogues to the stable ones.

5.1. DQS-Test and an alternative Characterization of Noether Position

The first position we want to generalize is the quasi-stable position. Thereby
we illustrate its connection to Noether position, which will be defined in Definition
[.1.7 Further, we provide an algorithm that checks whether a given ideal is in one
of the generalized quasi-stable positions.

DEFINITION 5.1.1.
Let J be a monomial ideal, B its minimal basis and 0 < ¢ < n an integer.

m 7 is {-quasi-stable if for every term x* € J with m(x*) = k > n — /¢ and

all i < k the term :c?egB;‘T‘; also lies in J.

k
m 7 is weakly (-quasi-stable if for every term x* € J with m(x*) = k >

n — £ and every i < n — { the term x?egB;‘TF; also lies in J.

k

Further, we call J (weakly) D-quasi-stable if J is (weakly) dim(P/J)-quasi-stable.
Finally, a polynomial ideal is in (weakly) (-quasi-stable position if its leading ideal
is (weakly) ¢-quasi-stable.

REMARK 5.1.2.
It is easy to derive the following hierarchy immediately from the definition:

J quasi-stable = J (-quasi-stable = J weakly /-quasi-stable

With the same arguments of the proof of Lemma [2.2.4] we see that it is enough
to check the defining condition on the elements of the minimal basis of the ideal.

71
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Before we begin to analyze the properties of the (weakly) (-quasi-stable posi-
tion, we first want to recall some well-known statements that are equivalent to the
notion quasi-stable.

ProposiTION 5.1.3 ([BGO06, Prop. 3.2],[HPV03, Prop. 2.2],[Sei09bl Prop.
4.4],[Seil2, Lem. 3.4]).
Let J <P be a monomial ideal, B its minimal basis and dim(P/J) = D. Then
the following statements are equivalent:
(i) J is quasi-stable.
(1t) Let x** € J with pj > 0 for some 1 < j < n, then for each r < p; and
1 < j an integer s > 0 exists such that xf’;—’; lies in J .

(i7i) For all 0 < j <n —1 holds:
(5.1) Jray ;=T (w1, 00 5)™
() x, is not a zero divisor on P/(J : m*>) and x,_; is not a zero divisor

onP/({(T,xny ..., Tp_jr1) :m>) forall 0 < j < D.
(v) J:xX=JT :m> and for all0 < j < D holds:

(5.2) (T @y Tnja) 100 = (T Ty oo Ty jy1) - W

PROOF. For the equivalences (i) — (iv) see the citations from above. To prove
the equivalence between (v) and the other four statements, we will now show that
“(7i1) = (v)” and “(v) = (w)”.

“(21t1) = (v)”.

Let f € P with fx;_; € (J,%n, ..., Tnji1) for some integer s > 0 and 0 < j < D.
If m(f) > n — j then by the definition of the degree reverse lexicographic term
order we have m(t) > n — j for all ¢ € supp(f), so that obviously:

fewn, s tnjr1) S(T, Tn, s Tpjr1) ST Tpy o ooy Tpejipr) = M

Otherwise, fr; ;€ J andso f € J 2%, =T : (x1,...,2,;)> by (i7i). Hence

in both cases we have f € (J,z,,...,Ty—j11) : m* which shows (v).
“(v) = ().
Assume that z,_; is a zero divisor on P/((J, %y, ..., Tp_jr1) : m>) for some

0 < j < D . This means that there exists an element

f GP\((j,ZEn,...,$n_j+1> :moo)

such that z,_;f € (T, 2y, ..., Tp_jt1) : m*. Hence there is an integer s such that
a3 L f € (T, T, ... Tn_ji1). This entails by (v) that
f < <k77 Tny - - 7xn*j+1> : 'rzofj = <j; Tps - 7'Tnfj+1> : mOO’

which is a contradiction to the choice of f. Analogously, we can show that z,, is
not a zero divisor of P/(J : m™) if J : 2° = J : m®™. O
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Now we are going to present the corresponding version of this proposition for
the notions /-quasi-stable and weakly (-quasi-stable.

PROPOSITION 5.1.4.
Let J <P be a monomial ideal, B its minimal basis and ¢ an integer. Then the
following statements are equivalent:
(i) J is L-quasi-stable.
(i1) Let x* € J with m(x*) > n—{ and p; > 0 for somen—{ < j <mn, then

for each v < p; and i < j an integer s > 0 exists such that xf% lies 1n

J.
(#ii) For all 0 < j < ¢ holds:
(5.3) Jiay ;=T (w1, 00 y)™
PROOF.

“(4) = (22)”.
Assume first that J is {-quasi-stable. Let x* € J be a term with p; > 0 for some
n—{ < j <mn, hence k = m(x*) > j. Further, let  be an integer with r < p1;. We
want to prove (i¢) by showing that for all integers ¢ < j there is a term x” € J
which divides 2{*”%.. By the definition of (-quasi-stability z{*” 2 € 7 for
J k

i

i < k. Therefore there is a term x*'” € B with

1) deg B X!
(5.4) x| v
k

and so k; = m(x"") < m(z3 P2y < k. Obviously, 18 < pig for all i # o < k
L
and l/i(l) < u; +deg B. If ky < i, then x*" divides zd8P X" hut since the
i+1 Tk

. . .o deg B <M . . .
latter monomial is a divisor of z;® >+, we are already done in this case. Otherwise,
J
: 1: dengl’(l) . »(2)
we know by /-quasi-stability that z; ar € J and so there is a term x” € B
Vkl
.Tkl
. @) deg B x»!) &) ) 2.deg B xh
with x*7 | 2;®7* 5 and m(x” ") = ke < ky. Therefore x| x; "7 —
k1 Yk1 bk
Ty, Tyt Ty
since by ([5.4)):
deg B deg B
»(2) Z; e xz; deg B xH _ 2.degB xH
x| o | X ) i i, T )
Vi Vi Zy Vi
T 1 xT 1 T 1 m#k
k1 k1 k1 Yk
This entails that
”w
(2) deg B X
v
(5.5) X x - o



74 5. GENERALIZATION OF STABLE POSITIONS

because deg x'? < deg B and m(x”@)) = ky. We go on like this until we end up

w . w p(@=1) w
at a term x* € B with x| g Px = and m(x"") =k, < - <k <k

[
such that k, < 7. Then the following holdslz

.yéw):Oforalla2j>kw
m o <V <<l < foralli £ a < ky <
— SVi(w_l) <. SVi(l) < p; +deg B

7

Again with same arguments like above we are immediately done if &k, < i, so we
may assume k,, > ¢ and analogous to (5.4) and (5.5 we get:

m
(@) | degB X
x” ‘ Z; * [
xT w+1 .. xuk
kot 1 k
. . . . deg B iz . . deg B xH :
Since k, < j < k this entails that z;°®” 25— divides z;*~ % and so in
7 kkw-!-l,__ka i z]
w+1
. (W) 4. . deg B x#
particular x* divides x;® 7 %%,

“(i1) = (112)”.
Now remember that J : 27° ; is a monomial ideal (see e.g [HH11) Prop. 1.2.2/1.2.3])
and let B’ be its monomial basis. Let statement (ii) hold and let ¢ be an element
of B, ie. x,_;t € J for some integer r. Since m(z;,_;t) > n — j > n — { assertion
(4i) entails that for all i < n — j < m(z],_;t) there is an integer s; such that the

term ' —I{i‘j_t = x5t lies in J. Hence t(x1,..., 3, ;)1 Fon-im1#10=3) C 7 and
n—j
sot e J:(x1,...,2,—;)> which shows (ii7).
“(i32) = (2)”.
Finally, assume (5.3) holds and consider a tern[]x* € J such that m(x*) = n — j
with j < ¢. Because of (5.3), we have 22— € J : =T (X1, T )

n—j
/»‘4 .
—xifl,j (1,...,2n—j)° € J, but this means
n—j

Hence there is an integer s such that

that x} X = € J for all i < n—j. Hence there is a minimal generator x” of [ that

n—j

divides z? x::::j' Because of v; < deg B it is clear that we may choose s < deg B
which ﬁnallny ‘shows that J is f-quasi-stable and finishes our proof. O

L 1 such a term does not exist, then any term of 7 has an index less than n — /. Hence J
is obviously ¢-quasi-stable.
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COROLLARY 5.1.5.
Let J<4P be a monomial and (-quasi-stable ideal with dim(P/J) = D. If¢ > D—1
then J s quasi-stable.

PROOF. The assertion follows from Proposition and Proposition [5.1.3]

since for any integer j the equation J : x;°, = J : (21,..., 7,5 implies the
equation (7, Tp, ., Tn_jy1) 1 oty = (T, Ty, Tn_jy1) : M (compare proof of
Proposition [5.1.3]). O

PROPOSITION 5.1.6.
Let J <P be a monomial ideal, B its minimal basis and ¢ an integer. Then the
following statements are equivalent:
(i) J is weakly {-quasi-stable.
(11) Let x* € J with m(x*) > n—{ and p; > 0 for some n—{ < j <mn, then
for each r < p; and i < n —{ an integer s > 0 exists such that :pf’;—f lies
n J. ’
(#i) For all 0 < j < { holds:

(56) \7 : I‘Zofj g j : <x17 o )xn—f>oo

The following proof of Proposition [5.1.6|is essentially equal to the one of Propo-
sition We only have to do some minor adaptations, which are based on the
difference between the definitions of /-quasi-stable and weakly ¢-quasi-stable con-
cerning the index i.

PROOF.

“(2) = (42)”.
Assume first that J is weakly /-quasi-stable. Let x* € J be a term with p; > 0
for some n — ¢ < j < n, hence k = m(x*) > j. Further, let r be an integer with
r < u;. We want to prove (i) by showing that for all integers i < n — ¢ there is

a term x” € J which divides 20 %% By the definition of weak (-quasi-stability

7 "
J

x?egB;‘T“k € J for i < n — £. Therefore there is a term x*'" € B with
k
M | degB X!
(5.7) x| 2t
Ly,

(2

and so k; = m(x*") < m(z3#F %) < k. Obviously, vV < pi for all i # a < k
Ly

and vV < p; + deg B. If ky < i, then x*"” divides x?egB#Mm%, but since

i+1 k
deg B x*

the latter monomial is a divisor of x;°7 2, we are already done in this case.
i

dengV(l)
i 1
1

Otherwise, we know by weak /(-quasi-stability, that = € J and so there

V(
x k
k1
. @) . @ | degBx" @

is a term X € B with x¥7 | 277 *5 and m(x” ") = ky < k;. Therefore

K3
k1
Ikl
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(2) 2-deg B x“
v
X x; since by -

xkfl :BZ"
deg B deg B "
(2 | z; L(1) ’ Zz; deg B X 2.degB X
(1) (1 i Hk i (1)
kal J/.Vkl L, x”h :L,Hk
k1 k1 k Yk
This entails that
"
2 deg B X
6.9 x| X
... HE
Ly Ly,

because deg x'? < deg B and m(x ”(2)) = ko. We go on like this until we end up
(w=1)

at a term x” € B with x| ?egB% and m(x"") =k, < - < ky <k
kw 1

such that k, < 7. Then the following hola_slz
m v =0foralla>j >k,
n o <Y << < foralli £a <k, <
n u,f )guf‘” b §~~'§V§)§ui—|—degB
Again with same arguments like above we are immediately done if £k, < i, so we
may assume k., > ¢ and analogous to ) and (| . we get:

(@) | degB x*
x| 2
T wtl Y xuk
koot 1 k
deg B H deg B xt .
Since k, < j < k this entails that 27" 5=5— divides ;7% and so in
Tro+1 Tk J
: (@) deg B x#
particular x* divides z;® =

“(i2) = (2i)”.
Now remember that J : z;°; is a monomial ideal (see e.g. [HHI1, Prop.
1.2.2/1.2.3]) and let B’ be its monomial basis. Let statement (ii) hold and let ¢ be
an element of B', i.e. x;,_,;t € J for some integer r. Since m(z;,_;t) >n—j >n—/
assertion (77) entails that for all i < n—¢ < m(z],_;t) there is an integer s; such that

the term xslx"—?t = 25t lies in J. Hence t(xy,...,x, )1 Fsn-ednn=0) C 7

andsot e J :73:1, ooy Tp_p)® which shows (ii7).
“(353) = (3)”.
Finally, assume (5.6 holds and consider a termﬂ x* € J such that m(x*) =n—j

with j < /. Because of (| m, we have jfft_.j €J w2, CT (1,0, Ty g)®

Hence there is an integer s such that TJ<I1, oy Tp_g)® € J, but this means that
T,
xs % € J for all : < n — (. Hence there is a minimal generator x” of J that
x

n—j

2 If such a term does not exist, then any term of 7 has an index less than n — /. Hence J
is obviously weakly ¢-quasi-stable.
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divides z§ ¢~ . Because of v; < deg B it is clear that we may choose s < deg B
which ﬁnallgf ‘shows that J is weakly (-quasi-stable and finishes our proof. O

DEFINITION 5.1.7.
An ideal Z <P with dim(P/Z) = D is in Noether position if k[x,_py1,...,T,] is a
Noether normalization of P/Z, i.e. P/Z is a finitely generated k[z,,—pi1,...,xn)-
module.

LEMMA 5.1.8 ([ BGO1), Lem. 4.1]).
Let T <P be an ideal with dim(P/Z) = D. Then the following statements are
equivalent:

(i) Z is in Noether position.

(ii) There are integers s; such that x;* € tZ for alli <n — D.
(i11) dim(P/((Z,xp, ..., Tn-p+1))) = 0.
(w) dim(P/((AWZ, zp, ..., Zn-ps1))) = 0.

REMARK 5.1.9.

Assume that the monomial ideal J with minimal basis B is weakly /-quasi-stable
for some ¢ and that x* € J. It follows immediately from Definition that
any term of the form x#™*. --xii‘/w”‘z is also contained in J, where every
v; is either zero or a multiple of deg B and vy + --- + v,y = k - deg B, where

k=#{p;|j>n—~Land p; > 0}.

PROPOSITION 5.1.10.
The monomial ideal J <P is weakly D-quasi-stable, if and only if it is in Noether
position.

PrOOF. Let J be weakly D-quasi-stable and assume that there exists a term
x* € JNklxy_pi1,..., 2Ty, 1.e. in particular gy = -+ = p,_p = 0. Then
Remark immediately implies that there is an integer s such that xf € J for
all : <n — D and we are done by Lemma |5.1.8
If 7Nk[z,_py1,---,2s] = 0, then the D-dimensional cone k[z,,_py1,...,x,] 1 lies
completely in P/J. Assume that for some i < n— D no power of z; was contained
in J. Tt is not possible that the (D + 1)-dimensional cone k[z;, 2, _pi1, ..., %] - 1
lies completely in P /7, since then obviously dim(P/J) > D. Thus we must have
J NK[x, xp_pi1, ..., T, # 0. But if a term x* lies in this intersection, then again
by Remark there is an integer s such that x € J in contradiction to our
assumption.

Now let J be in Noether position. By Lemma there are integers s;
such that 27" is in J for all @ < n — D. Hence (x1,...,2,_p)*™P) C J with
s = max;s; and therefore J : (z1,...,2,_p)> = P. This implies of course,
that J : 2p°; € J : (x1,...,2,_p)™ for any j and we are done by Proposition

0. 1.6l U
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REMARK 5.1.11.
With an appropriate adaptation of line [2] it is easy to provide a weakly D-stable
version of Algorithm [I] Hence using Proposition we are able to deliver a de-
terministic method to put any ideal directly in Noether position, which represents
an alternative to the approach described in [Rob09].

Furthermore, it is another notable consequence of Proposition that now
we are able to give a combinatorial characterization of the notion Noether position.

The following Algorithm [5| verifies whether a given monomial ideal is D-quasi-
stable without a priori knowledge of the dimension D of P/J.

Algorithm 5 DQS-TEST: Test for D-quasi-stability

Input: minimal basis B = {ty,...,t,.} of monomial ideal J < P
Output: The answer to: is J D-quasi-stable?

1: ¢ := smallest j such that 248 € 7 fora=1,...,n—j

2: for all x* € B with k:= m(x*) >n —{ do

33 fori=1,....k—1do
4: if 20" ¢ (B) then
5: returnk false

6: end if

7. end for

8: end for

9: return true

For showing its correctness, we want to distinguish between the following three
cases:
Case I: J is D-quasi-stable
Case II: 7 is not D-quasi-stable but in Noether position
Case III: 7 is neither D-quasi-stable nor in Noether position

In Case I we know by Proposition that J is in Noether position. Hence the
number ¢ computed in Line [I]equals D by Lemma[5.1.8] So by Definition of
D-quasi-stability we never get to Line

If the second case is true, we get again ¢ = D by the same argument. But as
J is not D-quasi-stable there must be an obstruction that leads us correctly to
Line [l

In the last case £ is greatelﬁ than D. Since J is not D-quasi-stable there exists
a term x* € B with k = m(x*) > n— D > n — { such that x?egB;‘T‘; ¢ J for some
k

t < k. Our algorithm will detect this obstruction and thus gives the right answer.

3 We know that ¢ # D since J is not in Noether position. The assumption ¢ < D leads to
a contradiction because then dim(P/J) <n—(n—4£)=¢ < D.
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This algorithm can be used to optimize the while loop in line [2| of the quasi-
stable version of Algorithm [l We know from Corollary that instead of
transforming to quasi-stable position, it is enough to achieve a D-quasi-stable
position. So a combination of the quasi-stable version of Algorithm [I] and the
DQS-TEST, for which an a priori determination of D is not necessary, leads to a
further ansatz to put an ideal into quasi-stable position.

5.2. Associating weakly D-stable Ideals with the Reduction Number

In this section we will now present some generalizations of the stable position
and discuss their properties which correspond to the results of the previous section.
Subsequently we will introduce the notion weakly D-minimal stable that leads us
to a generalized version of Theorem [4.3.4]

DEFINITION 5.2.1.
Let J be a monomial ideal and 0 < ¢ < n an integer.

m 7 is (-stable if for every term x* € J with m(x*) = k > n — ¢ and every
1 < k the term xl% also lies in J.

m 7 is weakly (-stable if for every term x* € J with m(x*) =k >n —/
and every ¢ < n — ¢ the term xz% also lies in J.

Further, we call J (weakly) D-stable if J is (weakly) dim(P/J)-stable. Finally,
a polynomial ideal is in (weakly) (-stable position if its leading ideal is (weakly)
(-stable.

REMARK 5.2.2.
It is easy to derive the following hierarchy immediately from the definition:

J stable = J (-stable = J weakly (-stable

Compared with Definition it is also clear that any (weakly) f-stable ideal is
(weakly) ¢-quasi-stable. Again we can argue analogous to Lemma to see that
it is enough to verify the definition on the elements of the minimal basis of the
ideal.

EXAMPLE 5.2.3.
We consider the ideal J; < k[zy, ..., z6] with

— 2 2 3 2 2 2 2 3
jl - < L1, Ty, Tax3, TaX4, T3T4, LTy, T3, T3T5, La2Xy, T35, T4ls5, Ts,
2.2 2 2 2 2.2 4 4 4 4 6 >

which is the leading ideal of the fifth Katsura ideal. One can easily see that here
dim(P/J1) = 0 and that J; is D-stable since the defining property holds for the
generators containing xg. However, [J; is not stable, as for example x3z4 € J; but

2
$3xif4 = T3 ¢ Jh-
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Consider now the monomial ideal J> < k[z1, ..., z5] with

— 2 2 3 2 2,.2 4 4 5 3.2 3.2 4,.2

4 2 4 2.4 2,4 3.4 6 2,.6 6
3.2 5.2 2,.5,.2 5.3 2 3.4

2,.3,.5 2,.3,.5 4,.6 6,.5 2,.4,.7 5,.7

Since here dim(P/J2) = 2, we must check the defining property of a weakly D-
stable ideal only for the terms containing xj3, x4, x5 and one readily verifies that

Jo is weakly D-stable. However, it is not D-stable because r1z8z: € Jo but

6.5
T1XQx 7 4
T4— 2 = mwgry & Jo.

ProrosITION 5.2.4 ([HSS14) Prop. 3.5)).
The monomial ideal J <P is £-stable, if and only if it satisfies J : x, = J :m
and for all 0 < 57 < /¢

(5.9) (T Ty o Tpji1) - Ty = (T Ty ooy Tpejr) = MU

PROOF. Assume first that J is ¢-stable and let ¢ be a term such that z,t € J.
Then by the definition of ¢-stable x{i—’:f = x;t € J for all i < n and therefore
tm C 7, hence J : x, = J : m. Further, let now ¢ be a term such that

(510) l’n_jt S <j, Tny oo >$n—j+1>

for some j < 0. Ifm(¢) > n—j,thent € (xn,...,Tn—j41) ST, Tny. -, Tn_jy1) 1M
and we are done. Otherwise, m(z,_;t) = n —j > n — { and then entails
Tn—;t € J. Because of the (-stability, we have xz:;’;—‘jf =zt e J foralli<n-—j.
Hence t(xy,...,2,—;) C J implying tm C (7, 2y, ..., Tn—j1+1), which shows .

For the converse consider a term t € J with m(t) =n—j>n—/. Soif j =0
it follows from our assumption that ﬁ € J:x,=J:m. Hence xlﬁ € J for all
1 < n. Otherwise, 0 < 7 < ¢ and because of , we have:

t

— €T 1 Tuj ST Tpy oo Tpjp1) Ty = (T Ty oo Tpj1) = M
n—j

Hence xzﬁ € (J,xp,...,Tp_jy1) for all i« < n. If i < n — j, then

m(z;——) < n — j and thus we must have z,—— € J showing that J is
n—j n—j

(-stable. ]

COROLLARY 5.2.5 ([HSS14! Cor. 3.6)).
Let J <P be a monomial ideal. Then J is quasi-stable, if it is D-stable.

PROOF. According to the previous proposition, we have J : z, = J : m and
(5.9) holds for all 0 < 7 < D. By Proposition it is enough to show that for
all 0 < 7 < D the following equation hold:

(5.11) (T s i) 20 s = (T Ty oo Tpjyr) 1M
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Indeed, if a term t lies in the ideal on the left hand side, then an integer s exists
such that z;,_;t € (J,%n,...,2n_j41) and therefore by (5.9):

xfl__b-t E(T Tny s Tpejr1) Ty = (T, Ty e ooy Tpjyr) 1M
Applying this argument a second time yields:
xfb__it € ((J, Tpy ooy Tpojil) - m) L Ly
= ((.7, Tpyoooy Tpoji1) :cn,j) ‘m
=T Ty e+ Tppjrr) : M

Thus we find by iteration that ¢ € (J, %y, ..., Tn_j+1) : m® proving (5.11]).
0]

EXAMPLE 5.2.6.
Weak D-stability is not sufficient for quasi-stability, as one can see from the ideal
Ji = (22, z123) <Kk[w1, T9, 3] Where D = dim(P/J;) = 2. One easily verifies that

it is weakly D-stable but not quasi-stable since z3*%% = 2123 ¢ J.

And the ideal J = (z119, 23) < k[z1, 79, 23] where again D = dim(P/J,) = 2
shows that the converse of Corollary does not hold, as it is quasi-stable but
not (weakly) D-stable since ;"2 = z{ ¢ Jo.

PROPOSITION 5.2.7.
Let J <P be a monomual ideal. If J is weakly {-stable, then it satisfies:

(5.12) (T Ty Tppi1) - T = (T Ty e o, Tppp1) M
Conversely, J is weakly {-stable if it satisfies for all 0 < 5 < ¢:
(5.13) T 2y CT (T1,..., Tpy)

PROOF. Assume first that J is weakly /(-stable and let ¢t be a term such
that x, ¢t € (T, Tn,. ., Tnyr1). Hm(t) >n—4¢ then t € (x,,...,2p_411) C

(T, T,y ..., Tpn_gs1) : mand we are done. Otherwise, m(z,_t) = n— ¢ and we have
Tn_st € J. Because of the weak (-stability, this entails that x; “;”‘_‘;t =ux;t € J for

all i <n—¢. Hence t(z1,...,2,—¢) C J implying tm C (T, xp, ..., Tn_rs1), which

shows ((5.12)).

For the converse consider a term t € J with m(t) = n — j > n — (. Because
of (5.13), we have — € J 1 @,—; € J : (x1,...,Tp—s). Hence z,—— € J for all
n—j

Loy i

1 <n—/{sothat J s weakly (-stable. O

The following example shows that the converse of the second part of
Proposition [5.2.7] is not true:

EXAMPLE 5.2.8.
Let us consider the ideal J = (23, 22xo, x123, 23, T1w0w3) < k[z1, 19, 23], T is
weakly 1-stable, but equation ([5.13)) does not hold for j = 1 since:

T g = (x7, 1179, 73, y23) € (2], 1179, X5) = T : (31, T9)
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However, equation ([5.12)) does hold, since:
<\77 .’173) X = <x37 .T%, T1T2, x%> = <‘~77x3> ‘m

COROLLARY 5.2.9 ([HSS14, Prop. 3.9)).
Any weakly D-stable ideal is in Noether position.

PROOF. Since a weakly D-stable ideal is always weakly D-quasi-stable, the
assertion follows from Proposition [5.1.10] O

The following Algorithm [0] verifies, whether a given monomial ideal is weakly
D-stable without a priori knowledge of the dimension D of P/Z.

Algorithm 6 WDS-TEST: Test for weak D-stability

Input: minimal basis B = {ty,...,t,} of monomial ideal J < P
Output: The answer to: is J weakly D-stable?

1: £ := smallest j such that 248 € J fora=1,...,n—j

2: for all x* € B with k := m(x*) > n — (¢ do

3: fori=1,....,n—/{do
4: if l’lﬁ ¢ (B) then
5: return false

6: end if

7. end for

8: end for

9: return true

For showing its correctness, we want to distinguish between the following three
cases:
Case I: J is weakly D-stable
Case II: 7 is not weakly D-stable but in Noether position
Case III: 7 is neither weakly D-stable nor in Noether position

In Case I we know by Corollary that J is in Noether position. Hence the
number ¢ computed in Line [I] equals D by Lemma [5.1.8] So by Definition of
weak D-stability we never get to Line [5

If the second case is true, we get again ¢ = D by the same argument. But as
J is not weakly D-stable there must be an obstruction that leads us correctly to
Line Bl

In the last case £ is greateff] than D. Since J is not weakly D-stable there
exists a term x* € B with £k = m(x*) > n — D > n — ¢ such that :CZ% ¢ J for
some i < n—/¢. Our algorithm will detect this obstruction and thus gives the right
answer.

4 We know that £ # D since J is not in Noether position. The assumption ¢ < D leads to
a contradiction because then dim(P/J) <n—(n—4£)=¢ < D.
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REMARK 5.2.10.
Assume that the monomial ideal J is weakly (-stable for some ¢ and that x* € J.
It follows immediately from Definition that any term of the form 2471 ... ghn oFn=
with v1 + -+ Vp_¢ = fn_ps1 + - -+ + Wy, is also contained in J. If we introduce
for 1 < j < ¢ the homogeneous polynomials
_ ) SEBC
9 = Z al,?j)w’y(lel ey
A et =t
(4)

NORO)

with arbitrary coefficients a € k, then it follows from the observation

above that the polynomial

M1 Hn—e
f#_xl ...xn_egl...gz

. . . . . . YR S
also lies in J. Since each term in its support is of the form a4 ... ghn =

with vy + -+« + vy = deg(gr---g¢) = deg g + - +deggr = i1 + -+ + fin.

THEOREM 5.2.11 ([HSS14, Thm. 5.1]).
Let J <P be a weakly D-stable monomial ideal. Then J has a minimal generator

zt_pandr(P/T)=rr(P/J)=s—1 for any minimal reduction R of J.

PROOF. Since J is assumed to be weakly D-stable, it follows from Corollary
5.2.9 and Lemma that there are integers s; such that:

(5.14) z;'e J foralli <n—D

Hence z,_py1,...,x, induce a minimal reductionﬂ of J. We can apply Lemma
which shows that any minimal reduction is induced by D linear forms
2 = Tp_pyi + Z;:_ID bjjxz; with 1 < ¢ < D and arbitrary coefficients b;; € k.
Let Ri = J 4+ (z1,...,2p) and Ry = J + (Tp_p11,--.,%,). We want to prove
that any minimal reduction leads to the same reduction number.

Claim 1: rg,(P/J)=1rg,(P/T).
It is enough to show the identity J; = J> where P/Ry = K[z, ..., x,_p]/J1 and
P/Rs = K[xy,...,2,_p|/TJo. Thereby we interpret J; < k[z1,...,x,_p]| as the
ideal that arises by replacing z,_p.; with — Z;:lD bjjz; for all 1 <7 < D in any
element of J and — as one easily sees — we have Jo = J N Kk[z1,...,2,_p|. Thus
trivially Jo C Ji, since the elements of 7, which do not involve the variables
Tp—D+1, - - - Tp TEMAIN in Jj.

For the converse inclusion J; € J> we should note that every element f, € J)
is induced by a term x* € J such that f, is of the form f, = 24" ---2/" Y g1 gp

with g; = (=bj1z1 — -+ = bj(n—p)Tp—p)*»~P+. It follows from Remark [5.2.10| that
fu liesin J and — as obviously f, € k(z1,...,2,_p] — we thus have f, € J, proving
Claim 1.

% Since dim(P/(J, Tn_pi1,---,2n)) = 0 by [KROO, Prop. 3.7.1, Def. 3.7.2].
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By we know that J contains a power of x,,_p. Let s be minimal such
that z;_, € J.

Claim 2: rx,(P/J)=s—1.
Since ¢ _,, is a minimal generator of 7, we have 2°~%) ¢ R, and so in particular
(P/Rs3)s-1 # 0 showing that rg,(P/J) > s — 1.

On the other hand z]_, € J implies — because of the weak D-stability
of J — that any term z/*---2/"> with yu; + -+ + p,_p = s also belongs to
J. Thus (P/Ry)s = 0 since z,_py1,...,T, € Ry by construction. Therefore

rr,(P/J) < s — 1 which finally entails that rz,(P/J) = s — 1. O

We have thus identified a class of monomial ideals, the weakly D-stable ideals,
for which it is particularly simple to determine their reduction number. Given a
polynomial ideal Z, we may use the weakly D-stable version of Algorithm [I] to
render it and obtain then immediately the reduction number of its leading ideal
1tZ. According to Theorem [4.3.1] this number gives us an upper bound for (P /Z).
We introduce now a more specialized class of ideals for which we can guarantee
that Z and 1t Z have the same reduction number.

NOTATION 5.2.12.
We denote in the following for a monomial ideal J by

deg,, J = max{s | rj divides a minimal generator of J'}
the maximal x;-degree of a minimal generator of J.

DEFINITION 5.2.13.
Let 0 < ¢ < n be an integer. The homogeneous ideal Z <1 P is weakly ¢-minimal
stable if its leading ideal 1t Z is weakly ¢-stable and if for any linear change of
coordinates A € GL(n, k) such that 1t (A-Z) is still weakly (-stable, we have
deg, 1T <deg, ,1t(A-I).

PROPOSITION 5.2.14.
Let chark = 0, then an ideal I is weakly D-minimal stable if it is in gin-position.

PROOF. ginZ is weakly D-stable by Theorem[2.4.4and Proposition [2.4.5] since
we assumed char k = 0. Further, let A € GL(n, k) be a linear change of coordinates
such that 1t (A - Z) is also weakly D-stable. Hence it follows from Theorem
Theorem [4.3.2] and Theorem [4.3.1] that:

deg, _ginT=r(P/ginT)=r(P/I)<r(P/It(A-I))=deg, _1t(A-I)
O

We will see in Example[5.2.16]that the converse of Proposition[5.2.14]is not true.
But before we want to clarify the importance of the assumption chark = 0 in this
context. Therefore the next example will show us that in positive characteristic
even gin-position does not imply weak D-stability.
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EXAMPLE 5.2.15.
Let J = (23, x3) < k[xy,25] and chark = 2. Then J is Borel-fixed (see Example
2.4.7) and therefore J = ginJ by Theorem [2.4.4 However, J is not weakly

D-stable since xlz—; = 1179 ¢ J and so in particular not weakly D-minimal stable.
EXAMPLE 5.2.16.
We consider for n = 4 the ideal

3 2 2 3
T = (124 — Tox3, T — T1X35, THX4 — X7)

which represents the special case a = 2, b = 3 of [BH99, Example 15]. Here D = 2
and the ideal 7 is not in weakly D-stable position since:

Tol3

3,3 3
) =129 ¢ WT = (xomwg, xy, T3y, T125)

L3

The linear change of coordinates ¥ : (x5 — 1 + 2,3 — x1 + x3) transforms Z
into a weakly D-stable (in fact, even strongly stable) ideal Z = W(Z) with leading
ideal

WZ = (22, zy22, 3, T ToTs, T1Th, THTH, ToTy).
Note that although this leading ideal is different from

ginZ = (22, 2122, 23, 212003, 202, 1173, TH73),
both ideals have the same minimal generator x3. Thus 7 is weakly D-minimal
stable and we see that in this example the set of transformations leading to weakly
D-minimal position is strictly larger than the one leading to the generic initial

ideal.

THEOREM 5.2.17 ([HSS14, Thm. 5.5]).
Let chark =0 and Z <P be a weakly D-minimal stable homogeneous ideal. Then
ItZ has a minimal generator x;_, and

r(P/Z) =r(P/ItI) =deg,  ,UI-—-1=s5-1.

PROOF. Since 1tZ is weakly D-stable, it possesses a minimal generator z;
and r(P/1tZ) = s — 1 by Proposition [5.2.11] As chark = 0 ginZ is also weakly
D-stable and thus has a minimal generator 2% ,,. As Z and ginZ are both weakly
D-minimal stable we must have s = s’. Hence r(P/Z) = r(P/ginZ) = s — 1 by
Theorem |4.3.2| and Proposition [5.2.11 0

REMARK 5.2.18.
Unfortunately, Theorem is mainly of theoretical interest, as we are not able
to provide a simple deterministic algorithm for the construction of a change of
coordinates leading to a weakly D-minimal stable position.
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If we consider again Example [4.2.3] we see that the leading ideal
WZ = (z?, @129, T173, 75, T3x3) is even strongly stable and thus of course weakly
D-stable (with D = 1 here). However, Z is not weakly D-minimal stable, as
ginZ = (zi, x122, 23, x123) and thus deg, ginZ = 2 < 3 = deg,, ItZ. Hence
analogous to Remark it is not enough to analyze the leading ideal in order
to verify whether 7 is weakly D-minimal stable or not.

REMARK 5.2.19.
Analogous to Remark it is clear that any ideal can be put in (weakly)
(-quasi-stable or (weakly) ¢-stable position by using the corresponding version of
Algorithm [T} However, we should note that this algorithm only works if char k = 0.

5.3. Generalization of Borel-fixed Position

As a final step of our “generalization procedure”, we will now have a look at
the Borel-fixed position, which we introduced in Section [2.4] Especially if the
considered field has positive characteristic this position becomes more important.

With the same method of the preceding sections we are now able to connect
the newly defined (weakly) ¢-quasi-stable position with a position we call (weakly)
(-Borel-fized. Therefore we have to refine the Borel group 8 of Definition [2.4.1
Furthermore, using another new stable position allows us the formulation of a
correspondingly adapted version of certain results we presented in Section [2.4]

The weakly /(-Borel-fixed Position.
DEFINITION 5.3.1.

The subgroup By = {A = (a;;) € B |a;;=0if j >n—Lori<n—{} CGl(n,k)
is called weak ¢-Borel group.

So a matrix A € By of the weak ¢-Borel group is of the form

1, 0 0
A= Qp—¢1 **° OGp—tn—0—1 110---0 )
a ]12

where 1; € Gl(n— ¢ —1,k), 15 € GI(¢, k) are identity matrices and ais a £ x n— ¢
matrix of the form:

Qp—¢+1,1 **°  Apn—g+1n—¢

an1 T Qpn—t

DEFINITION 5.3.2.
A monomial ideal J is weakly (-Borel-fized it 7 = A-J for all A € By. We
say that a polynomial ideal Z is in weakly Borel-fixed position if 1tZ is weakly
(-Borel-fixed.
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Analogous to Proposition we receive the following proposition considering
the notion weakly ¢-Borel-fixed.

PROPOSITION 5.3.3.
Let J a monomial ideal and B its monomial basis then the following statements
are equivalent:
(i) J is weakly {-Borel-fized.
(11) For every x* € B with m(x") > n —{, every j > n — { with u; > 0 and

Hj—u  xH

every i <n —{ the term x also lies in J for all integers u that

7 x#}j—“
satisfy: ’
(5.15) M) #0, if chark =0
' "7)#0 mod p, if chark=p>0

The following proof of this proposition is inspired by the proof of [Eis95], Thm.
15.23].

PROOF. Let A = (ak;) be a n x n matrix with ag, = 1 for all k and aj; = a # 0
for some integers ¢ < j such that i < n — ¢ < j. Further, let ay = 0 for all k& # [
and (k,1) # (j,4). Then we have:

xh Hi . Xk
(5.16) A-xt = (z; + ax;)" = Z (ﬁ;j)a“ﬂ_“x? T
J u=0 J

The weak ¢-Borel group is generated by nonsingular diagonal matrices and matrices
of the form of A. Since any monomial ideal is invariant under transformations
induced by diagonal matrices (see [Eis95, Thm. 15.23]), it is enough to show that
J is weakly ¢-Borel-fixed, if and only if it is invariant under A. Now let x* € B
be a term that is affected by the transformation A, i.e. p; > 0 (in particular we
have in this case m(x*) > j > n — ). Since a polynomial lies in a monomial ideal,

if and only if every term of its support lies in the ideal, we can derive by ([5.16]):

m
Axteg o 2" _ ¢ 7forall integer u that satisfy (5.15])

(3 ,u,jf’l.l,
Lj

O

Introducing another stable position, we can formulate a generalized version of
Proposition 2.4.5 and Theorem [2.4.4]

DEFINITION 5.3.4.
Let J be a monomial ideal and 0 < ¢ < n an integer. J is weakly {-strongly stable,
if for every term x* € J with m(x*) > n —{, every j > n — ¢ with y; > 0 and
every 1 < n — { the term :L‘Z% also lies in 7.
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COROLLARY 5.3.5.
Let J <P be a monomial ideal. Then J is weakly (-Borel-fized if it is weakly
(-strongly stable.

Conversely, if J is weakly (-Borel-fived and chark = 0, then J is weakly
(-strongly stable.

Proor. This is a direct consequence of Definition [5.3.4] and Proposition [5.3.3
O

EXAMPLE 5.3.6.
Let chark = 2 and J = (2%, 3, 2%) < k[zy, 22, 3, 24] be a monomial ideal. We
now want to verify that J is weakly 2-Borel-fixed. According to Proposition [5.3.3
it is enough to check the generators 22 and 2%. Further, since () # 0 mod 2
holds for u = 0 or u = 2, we only consider the case u = 0 as the other case is
“uninteresting”. Hence J is weakly 2-Borel-fixed because of:

73 3 3
B2 =11ed, ni5=11€d, mo=13€J
£ Ly Ly

However, J is not weakly 2-strongly stable since :101% =zz4 ¢ J.

COROLLARY 5.3.7.
Any weakly (-Borel-fixed ideal is weakly (-quasi-stable.

PROOF. Let J be a monomial weakly ¢-Borel-fixed ideal and B its monomial
basis. Further, let x* € B with m(x*) = k > n — ¢. Since the binomial coefficient
(“0’“ ) is equal to 1, it is nonzero in any characteristic. Therefore by Proposition m
the term !’ k;‘TPL lies in J for every ¢« < n — {. Hence any element of B and so by

Remark gny element of J fulfills the condition for weak ¢-quasi-stability. [

Obviously, it follows from Proposition that any weakly D-Borel-fixed
ideal is in Noether position. Hence we can generalize the first part of
Theorem from Bresinsky and Hoa, so that we only have to assume an ideal
to be in weakly D-Borel-fixed position in order to follow that it contains a power
of x,_p.

The /-Borel-fixed Position.
DEFINITION 5.3.8.

The subgroup B, = {A = (a;;) € B |a; =0if j <n—Land i # j} C Gl(n, k) is
called ¢-Borel group.
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So a matrix A € B, of the ¢-Borel group is of the form A = ( zl g ) ,
2

where 1 € GI(/, k) is the identity matrices and a; respectively ay are n — € xn —{
respectively £ x n — ¢ matrices of the form:

a1 1 . Ap—r+1,1 " Ap—g+1n—¢
a; = , O = : :
0 n,1 e Qe
Qp—¢1 ' Qp—fn—t—1 1

DEFINITION 5.3.9.
A monomial ideal J is ¢-Borel-fized if 7 = A-J for all A € B,. We say that a
polynomial ideal Z is in Borel-fixed position if 1t Z is ¢{-Borel-fixed.

PROPOSITION 5.3.10.
Let J a monomial ideal and B its monomial basis then the following statements
are equivalent:

(i) J is {-Borel-fized.
(i1) For every x* € B with m(x*) > n — ¥, every j > n — { with p1; > 0
X' also lies in J for all integers u that

and every i < j the term xf? "

"
satisfy:
(5.17) ") #0, if chark =0
' "7)#0 mod p, if chark=p>0

We leave out the proof for this proposition since it is essentially equal to the
one of Proposition [5.3.3]

Again we can introduce another stable position analogous to Definition
that allows us to formulate a generalized version of Proposition [2.4.5 and Theorem

concerning the notion ¢-Borel-fixed.

DEFINITION 5.3.11.
Let J be a monomial ideal and 0 < ¢ < n an integer. J is ¢-strongly stable, if for
every term x* € J with m(x*) > n — ¢, every j > n — £ with p; > 0 and every
1 < 7 the term fz% also lies in J.

COROLLARY 5.3.12 ([HSS14, Prop. 3.4)).
Let J <P be a monomial ideal. Then J is {-Borel-fixed, if it is (-strongly stable.
Conversely, if J is {-Borel-fired and chark = 0, then J 1is {-strongly stable.

Proor. This is a direct consequence of Definition [5.3.11] and Proposition

0.3. 100 U
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In summary, it is easy to derive the following hierarchy immediately from the
Propositions [2.4.6] [5.3.3] and [5.3.10], the Definitions [2.2.1] [5.3.4] and [5.3.11] as well
as Proposition [2.4.5( and the Corollaries [5.3.5( and [5.3.12}

J Borel-fixed = J ¢-Borel-fixed = J weakly ¢-Borel-fixed

() e T
J strongly stable = J (-strongly stable = J weakly ¢-strongly stable

EXAMPLE 5.3.13.
Let chark = 3 and J = (w179, 23, 23, 3) < k[, 9, 23] be a monomial ideal. We
now want to verify that J is 0-Borel-fixed. According to Proposition [5.3.10] it is
enough to check the generator z3. Further, since (i) % 0 mod 3 holds for u =0
or u = 3, we only consider the case u = 0 as the other case is “uninteresting”.

Hence J is 0-Borel-fixed because of:
3 3
T T
3¥3 3 3L 3
vy =17€J, 1y, =1,€J
xs x5

3
However, J is not O-strongly stable since xlﬁ—i = xx2 ¢ J. Moreover,
1822 = 32 ¢ 7 causing that J is also not Borel-fixed by Proposition m

x2

EXAMPLE 5.3.14.
In Example[5.3.6|we saw that the ideal J = (22, 23, %) <k[z1, 2, 73, 24] is weakly
2-Borel-fixed under the assumption that chark = 2. However, it is easy to verify
that J is not 2-Borel-fixed since x%% =22¢ J.

Analogous to Corollary the next corollary is a consequence of the Propo-
sitions [5.3.10] and the fact that the binomial coefficient (*6’“) is nonzero in any
characteristic.

COROLLARY 5.3.15.
Any {-Borel-fixed ideal is (-quasi-stable.

Finally, we note that with an appropriateﬂ adaptation of the condition of the
while loop in line [2] resulting from Proposition [5.3.3] respectively [5.3.10] we can
use Algorithm [2[ to put any ideal in weakly ¢-Borel-fixed respectively ¢-Borel-fixed
position. Analogously, a suitablyﬂ modified version of Algorithm |1|let us transform
a given ideal into (weakly) ¢-strongly stable position.

6This implication only holds if chark = 0.
"Compare with Theorem [2.4.11
8Recall the discussion in Remark



CHAPTER 6

f-maximal Ideals

In the context of computing the reduction number we saw in Remark [£.3.5 how
to obtain this invariant of ideals that are in gin-position by using results of Trung
and Bresinsky/Hoa. As a next step we defined the notion weakly D-minimal stable
in Section that induced a generalization of this method.

Looking for further alternatives we will introduce the concept of B-mazimal
ideals in this chapter. Unfortunately, we will see that S-maximality does not de-
liver any improvements concerning the determination of the reduction number, as
this property combined with weak D-stability delivers only a sufficient criterion for
weak D-minimal stability (see Proposition . However, S-maximal ideals pos-
sess several remarkable algebraic properties that motivate a deeper investigation,
especially in relation to Pommaret bases.

6.1. Connection to Pommaret Basis

To figure out the relation between [-maximality and quasi-stability, we make
use of the Hilbert function of Pommaret cones that we associate with the corre-
sponding (-vector. Afterwards we describe a technique to verify, whether a given
ideal is in S-maximal position or not.

DEFINITION 6.1.1.
Let Z be an ideal, then we set B,(Z) = (1tZ),NT. Further, we define the -vector
of T in degree q by

Be(2) = (B(T), ..., B(T)),
where 8{(Z) = #{t € B,(T) | m(t) = k}.

REMARK 6.1.2.
In the following we list some simple facts concerning the notations from the above
definition:

m B,(Z) is the monomial basis of the ideal (B,(Z)) = ((tZ),)
" ) BY(I) = #B,(T) = dimx((B,(1))),
k=1

] #ZBq(I) =#B,(A-I) for any A € Gl(n, k)

91
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DEFINITION 6.1.3.

We call an ideal Z in S-maximal position if for every A € Gl(n,k) and all ¢ > 0
holds:

BQCZ) Zlex Bq(A ) I)
Thereby <.« denotes the Zexz'cogmphicaﬂ term ordering.

NOTATION 6.1.4.
An important and well-known function in algebraic geometry is the Hilbert func-
tion. For a given ideal (F') =Z < P it is defined by:

hr :N =N, s~ dimg(Z;)
Analogous to [Seil0, 4.3] we use for s > 0 the notation:
hr o (s) = dimg ((F) 2)s

REMARK 6.1.5.

Let (F) =7 <P denote a polynomial ideal where F' is autoreduced. Some prop-
erties of the Hilbert function are presented below:

First we should note that the Hilbert function is invariant under
coordinate transformation, ie. hz(s) = haz(s) forany A € Gl(n,k) since
dimy(Zs) = dimy(A - Z)s. Also there is no difference between the Hilbert func-
tion of Z and the one of its leading ideal 1t Z.

Especially if one considers degrees s < deg F', it is worth to mention that
dimy(Zs) = dimk((Zs—1)s) + #Fs, where Fs denotes the set of those elements
contained in F' that are of degree s.

Further, by the definition of the Pommaret span (see Definition , we know
that (F')» C (F) implying hp »(s) < hz(s). Obviously, hp o (s) = hz(s) if F is a
Pommaret basis of 7 since then (F')» = Z. Moreover, if hp »(s) = hz(s) we have

Finally, let ¢ > reg(ltZ), » > 0 and 521‘;) = #{f € F, | m(f) = k}. Then
following [Seil0, Rem. 4.3.7] there are coefficients C;; € k such that:

n—1 n—1
(6.1) hpo(q+71) = Z (Z Cikﬁgz_k)) r

=0 k=1

S8
The explicit formula for these coefficients is Cy, = k;'(o), where 5,&@1(0) denotes

the modified Stirling numbers (see [Seil0, A.4] for more details). Therefore the
coefficients C;, are positive and invariant under coordinate transformations. Of
course hp » itself does change under coordinate transformation, as the following
example shows.

I Following [LA94, Def. 1.4.2] we set x' <x x¥, if and only if u, < v, with
m = min{s | p; # v;}.
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EXAMPLE 6.1.6.
Let J = (x122) < K[z, x9], then reg(J) = 2 and h7(3) = 2. As J is not quasi-
stable, it is clear that F' = {125} is not a Pommaret basis of 7. Hence we must
have hp »(3) < h7(3). Indeed, formula delivers:

(0) (1) (1)
sy (0 517(0 sy (0
hF,”/“(Q‘*‘l):Cooﬁg)—i‘coﬁ%)#—Cu@%): 00,( >-1+ 115 )-O—i— 01|( )-01

Performing~ the coordinate transformation ¥ : (zy +— x9 + x1) on J, yields to
the ideal J = W(J) = (27 + w122), which is in quasi-stable position. Further,
F = {2? + z,2,} is a Pommaret basis of J (compare Example [3.1.9)), so that now
hi »(3) = h3(3) = hz(3) since
(0) (1) (1)
i _ e 3® M W _ 5 (0 50 . 50
hip»(2+1) = CoofBy + Corfy +Cuby = TS TR T

In the following we investigate how the maximality of the S-vector (,(Z) with
respect to <jex correlates with hp »(g+r) being maximal under coordinate change.

.1=22.

Therefore we want to ensure the appearance of ﬁ,gk) (Z) in formula (6.1]). Since
obviously 5}? = g (Z) if F = B,(Z), we now turn our attention to the ideal
(B,(Z)) and summarize some facts referring to this ideal in the next remark.

REMARK 6.1.7.
The first thing we should note is that hz(s) = dimy(Z,) = hp,(z)(s) for all s > q.
So in terms of the Hilbert function it does not make a difference whether we
consider Z or (B,(Z)) as long as we look at degrees higher than ¢ — 1.

Analogous to we can formulate the following equation containing the
entries of the f-vector (,(Z):

n—1 n—1
(62) th(Z),W(q —+ r) — Z (Z C’Lkﬁénfk) (I)) ri
=0

k=i

Further, if ¢; < ¢» and s > ¢o we have:

(6.3) ({(By (1)) 2)s € ((By,(Z)) 2)s

To prove (6.3), let us consider a term t; € ((By,(Z))#)s. There is a term
ty € By (Z) and X” € K[Tm(t,,), - - - Tn] such that x"t,, =t, and degx” = s — qi.
But t,, also lies in (1t Z),, and hence:

(6.4) xtty, € (ItZ),, for all p with degx” = ¢ — ¢4

As s > o, we can choose an exponent [ that fulfills (6.4) and x| ,x”. This finally
entails that x"t,, € B,,(Z) is a Pommaret divisor of x"t, = ¢, and so in particular
ts € (By,(1)) 2.

2 1t follows from (A.40) and (A.42b) of [Seil0] A.4] that s\ (0) = s{(0) = s{"(0) = 1.
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Before we are able to present an important result of this section we need to for-
mulate a slightly modified version of the Lemmas [3.2.19|and [3.2.24] from [Sei09b].
Thereby we should recall that by Remark [3.2.18

(62)>q = (WT) () = (W T)g) = (By(Z)), if g = reg(tT)

PROPOSITION 6.1.8 ([Sei09b), Lem. 2.2,Prop. 9.6]).
If the ideal T is in quasi-stable position, then for any degree q > reg(lt Z) the ideal
(B,(1)) is stable.

Conversely, if for any degree ¢ > reg(lt ) the ideal (By(Z)) is quasi-stable,
then so is 1t Z.

COROLLARY 6.1.9.
Let TP be an ideal and g > reg(lt Z) then the following statements are equivalent:

(i) WZ is quasi-stable
(ii) For all integers s > q holds: hp,(1),2(s) = hz(s)
(iii) There is an integer § > q such that: hp,1),2(5) = hz(3)

PROOF.

“(2) = (22)”.
Let us first assume that 1tZ is quasi-stable then the ideal (B,(Z)) is stable by
Proposition and it follows from Lemma that B,(Z) is its Pommaret
basis. But this means that (B,(Z))» = (B,(Z)) and therefore hp (1), 2(s) = hz(s)
for all s > q.

Since (i7) trivially implies (7i7), we assume now that (7iz) holds.

“(ii) = (2)”.
So if (i7i) holds, we can derive:

(i) (6.3)
, = . C
((By(2)))s Rem. 615 B

This entails that ((Bs_1(Z))#)s = ((Bs—1(Z)))s and so x;t € (B;—1(Z))» for all
indices j and all t € B;_1(Z). Hence B;_1(Z) is a Pommaret basis of (B;_1(Z))

by Proposition [3.1.7. Finally, it follows from Theorem |3.1.3| and Proposition |6.1.8
that 1t Z is quasi-stable since § — 1 > ¢ > reg(Z), which finishes our proof. 0

PRrRoPOSITION 6.1.10.

An ideal I is in quasi-stable position, if and only if for every A € Gl(n,k) and all
q > reg(ltZ) holds:

Bq(z) Zlex BQ(A ’ I)
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PROOF. Let us assume there is an integer ¢ > reg(ltZ) and a matrix
A € Gl(n, k) such that 5,(Z) <iex B4(A-Z). Then by the definition of the lexi-

cographic term order there is an integer ¢ such that B(n -0 (Z) < 55"“@(14 -7) and
g” Y (Z) = Bqn e)(A T) for all £ > /. Let us use the notation

n—1
i => CuB (T
k=1

such that — analogous to equation (6.2) — hp,(z),2(q + 1) = Z;:Ol biri. The
coefficients C;; are positive and invariant under coordinate transformation — as
we already mentioned in Remark [6.1.5| — so that b% < bg"l and bF = b for all

¢ > (. In particular, this entails (5Z,...,bZ_)) <iex (b7, ... b2Z). If > 0, then

) Yn—1 ) Yn—1

S it < S AT i and only if (B, ... b2 )) <iex (08T, ..., b2T). Hence

) Un—1 ’» Yn—1

for > 0 we can follow — using again Remark [6.1.5] - that

hp,z),2(q+71) < hp,a1),2(q+71) < haz(q+71)=hz(qg+7)

and so by Corollary [6.1.9] (—(ii) = —(i)) 16 Z is not quasi-stable.

For the converse let us assume that 1t Z is not quasi-stable. Let ¢ > reg(lt Z)
then by Corollary (=(i) = —(it7)) hp,z),2(s) < hz(s) for all s > ¢q. Let
A € Gl(n, k) be a transformation matrix such that A-Z is in quasi-stable position.
We can use Corollary ((i) = (7i)) again to see that

(5) " hr(s)

hp,a1),2(5) = haz > hp,),2(5)

for all s > ¢. If s > ¢ it follows analogous to the above argumentation that there
must be an mtegerﬁ such that 8§~ 9 (T) < B é)(A 7) and B"(T) = B (A-T)
for all ¢ > ¢. Since this is equivalent to 8,(Z) <iex B4(A - Z) we are done. O

COROLLARY 6.1.11.
Any ideal that is in S-mazimal position, is in quasi-stable position.

The converse of the corollary above is not true, as we can see in the next
example.

EXAMPLE 6.1.12.
Let J = (22, 23, 22) < k[zy, 29, 73], then J is quasi-stable since it is zero-
dimensional (see Lemma [3.2.1 and Theorem [3.1.3). But J is not in S-maximal
position since gin J = (z}, z129, ¥3, 2123, zox3, 1) and therefore:

Bo(T) = (1,1,1) <iex (1,2,0) = Ba(gin J)
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PROPOSITION 6.1.13.
An ideal T is in B-mazimal position if it is in gin-position. In particular, if T is
in B-mazimal position then B,(ginZ) = B,(Z) for all ¢ > 0.

PRroOOF. To proof this assertion we should recall Theorem and the fact
that the term order we use is index respecting by Remark

Indeed, in the proof of Theorem we construct a Zariski open set U such
that 1t(A-Z) = ginZ for all A € U. Thereby we choose U such that for any A € U

is maxima]ﬂ in every degree ¢ and all £ < s = dimy(P,), where {¢,...,t,} is
a k-basis of P, with ¢; = --- = t,. Now let .Z(B,(ginZ)) = (¢;,...,%;) and
L(By(A"-T)) = (t1,...,1;) for some arbitrary A’ € Gl(n, k) Thereby we should
note that it follows from Remark that ¢ = #B,(ginZ) = #B,(A’ - ). Then
the maximalityﬁ of entails that:

(6.6) ty=1; foralli

Since our term order < is index respecting it follows from that:

(6.7) m(t;) <m(t;) for all i

If m(¢;) = m(4;) for all 4, then of course f,(ginZ) = f4(A"- Z). Otherwise, we find

~ ~

an index j such that k = m(t;) < m(?;). Choosing j minimal leads together with
(6.7) to the situation that B(gk) (ginZ) > Bq(,k) (A"-T) and Béi) (ginZ) = @gi)(A’ -T) for
all © < k. Thus it follows by the definition of the lexicographical term order that
By(ginT) >iex B4(A"-T). Hence we finally showed that §,(ginZ) =ex 8,(A’ - Z) for
all ¢ > 0 and all A’ € Gl(n, k). O

REMARK 6.1.14.
Combining some results of this section, we can now formulate a procedure to verify
whether a given ideal Z is in S-maximal position or not.

At first we check if Z is in quasi-stable position, since if this is not the case
we know by Corollary that Z can not be in f-maximal position. Otherwise,
if the ideal is in quasi-stable position, then it follows from Proposition |6.1.10] and

Proposition [6.1.13] that:
(6.8) B.(ginT) = 5,(Z), for all ¢ > reg(Z)

As a further consequence of Proposition [6.1.13] we know that Z is in S-maximal
position, if and only if the S-vectors of Z coincide with the one of ginZ. So by
(6.8) we only have to compare the finitely many S-vectors of Z and ginZ for all
degrees lower than reg(Z).

3 Recall Remark and note that if B ¢ U, then for at least some values of ¢ and k we
have dimy V1 (B) < dimy V, x(A) for any A € U.
4 Note that the maximality holds for any choice of k.
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Using the method described in Remark [6.1.14] we can now present an example
which shows that [-maximal position does not imply gin-position. Hence the
converse of Proposition [6.1.13|is not true.

EXAMPLE 6.1.15.
Let us consider the ideal J = (x?, x3) < klxy,2]. J is quasi-stable and as
gin J = (22, 2129, 73), we know that reg(J) = 3 (see Theorem [1.3.9). Hence we
only have to compare the S-vectors of degree 2 in order to check whether J is in
f-maximal position or not. As fo(J) = (1,1) = Po(gin J), we can immediately
follow that J is in S-maximal position.

6.2. Criterion for minimal Length of Pommaret bases in three
Variables

We know from Proposition that the number of elements a Pommaret basis
of a given ideal has is unique. This number — which we call length of a Pommaret
basis — will be investigated in the following section.

Considering polynomial rings with at most three variables, we will prove in this
section a one-to-one correspondence between [-maximal position and Pommaret
bases of minimal length.

PROPOSITION 6.2.1.
Let T < Kk[xy,...,2,] an ideal and n < 3. Further, let Z be in quasi-stable position
and A € Gl(n, Ik) such that T = A - T is also in quast-stable position. Let H be
a Pommaret basis of T, H a Pommaret basis of T and q < reg(Z) be an integer,
then the following statements are equivalent:

(1) hp,@).2(q + 1)~ < hg,@),»@+1)
(ZZ) BQ(I) ~lex /quv(z)
(111) #Hyp1 > #H,, using the notation H; = {h € H | degh = i}
Further, the equivalence is preserved if one replaces the inequality signs of (i) — (ii7)
by equality signs.

PRrOOF.

“() & (ii)".
We only consider the case n = 3 since the proof for n = 1, 2 is similar.

Since 1t Z and 1tZ are quasi-stable, we must have ﬂé”(z) = 551)(f) =1 by
Lemma m So let (,(Z) = (1 a,b) and B,(Z) = (1,¢,d) for some
o.bc.d € N. By Remarki.LA S0, A8(T) = #B,(7) = #B,3) = b, 40 (D

and therefore.

(6.9) a+b=c+d
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Now we consider hp,(z),»(q+1), which presents the number of elements of By,1(Z)
that have a Pommaret divisor in B,(Z). Those elements are of the form x;¢, where
t € By(Z) and j > m(t). Hence we get:

hp,@,2(q+1) = #{zjt |t € By(T), m(t) <j<n}

= Y #{jlk<j<n}-#{t€B/(T) | mt) =k}

n

= Y (n—k+1)- M)

k=1

This entails for our situation:
(6.10) hp,z),2(q+1) =3+ 2a+0b, hp,@.2@+1)=3+2c+d
Now we can derive that statement (i) is by (6.10]) equivalent to

3+2a+b<3+2c+d
& a<c+(c+d)—(a+b)

a<c

On the other side statement (i7)
5CI(I) = (1,a,b) <iex (1,¢,d) = ﬁq(j—)

is equivalent to either a < c or a = ¢ and b < d. As the second case is impossible
because of , we see that both statements are equivalent to a < ¢, which
proves the assertion. Analogously, it is easy to see that both of the statements
hp,z),2(q+ 1) = hg 7) »(q+ 1) and B4(Z) = B4(Z) are equivalent to a = c.

“(1) & (i41)”.
Since we assume that (It H)» = 1t Z and (It H) » = 1t T Remark implies on
the one hand that hy » = hz = hy = h 5 and on the other hand:

hi»(g+1) = dimx((H))g
= dimi(((H)2)g)#)oss + #Hynr
= dim ({1t H) )y N ). >q+1+#H+1
= dimi ({1t Z), ﬂT>0)q+1+#
= hp,@.2(q+1)+#H

Combining those two results delivers the following decisive equation:
hp,@),2(q+1) + #He1 = hp 3y »(¢ + 1) + #Hy

Consequently, #H,1 > #H’qﬂ is equivalent to hp,(1),2(q + 1) < th@)ﬁ,(q +1)
as well as #H, 1 = #H,,, is equivalent to hp,@),2(q+1) =hp 3 »(@+1). O
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In the following we present an example which shows that it is not possible to
extend Proposition to the case n = 4.

EXAMPLE 6.2.2.
—(pd 3 3 4 4 2 2 6
Let Z = (a7, xijmg—aixs, 3, T3, T1T2%s, T12504)+ (X1, T, T3, T4)° <Kk[21, g, T3, 4]

and Uy : (x3 — 3+ x2), Uy : (x4 — x4 + x3) coordinate transformations. Then
the leading ideal of Z is

3 4 2 2 3 6
WT = (af, ¥3xy, 23, X3, TowoTy, T173T4, TT3T4) + (T1, T2, T3, 14)
and if we set Z = Wy(Wy(Z)), then its leading ideal is
4 3 2 2 3 3 .23 3 6
tZ = (x], Ty, T3xs, TIwoTs, T125T3, ThT3, T1XoxS, XATS | B womy)+ (21, 2, 3, T4)

Obviously, reg(Z) = 6 and for the f-vectors in degree 4 we have the following
relationship:

(6.11) Bi(T) = (1,1,4,0) <uex (1,2,1,2) = B4(T)

Since dim(P/Z) = dim(P/Z) = 0 we know by Lemma 1| that Z and 7 are
quasi-stable and hence they have a finite Pommaret ba81s. So let H denote the
Pommaret basis of Z. As we are only interested in the number of elements of H;
it is enough to consider the elements of (It H);:

4 x‘ll, x:{’xg, I%, xé, x%xgm, xlzr;%m
5 T1T5, T1T5, T2Th, T2xITy, T1T3Ty, TIX3T4, TITLT3T,, T1TITIT,
6 | T2x3, mlxgxg, :v13:2:1:3, T T8, xi’x%, :lega:g, xlxgxg, x%x%, x3x], w1m2m3,

.’.U2$3, m $2ZU4, w m2a:3m4, m1$2$3m4, 1: $3.’.U4, m m2$3$4, m1m2:v3m4,

3,2 3 3 3 3 2,.2,.2
3 3,2 3,.3 3,3 3 3 3 3 3

3,3 4 4 5 5 5 6

The elements that are not minimal generators are marked bold.



100 6. f.-MAXIMAL IDEALS

Analogously, let H be the Pommaret basis of Z then:

i (1t H);
4 4 3 2 2 3
4 Ty, Ty, XT|T3, T{ToT3, T1T5T3, THT3
4 3 2,.2 3 3 2,.3 3
) T1T5, TIL2XL3, TILFT3, L1LHL3, T1Toly, THx3, T{Toly
3..3 2.4 3.2 2,.,.3 2,4 5 5 6 3..2 2.3
6 | vi75, YT, TITFT3, TITHT3, TiT3, T1T3, Taly, Ty, LIL3L4, TIT5T4,
2.3 4 4 5 2..2,.2 3.,.2 2,.2,.2 2,.2
2..2,.2 3.2 3,2 4,..2 3.3 2 3 2.3 3.3 2 3
3 2 3 2.3 2.3 3.3 2,.4 4 2,4 4
L1X2X3Ly, LoX3Ly, X1X3Ly, L2L3Ly, L3y, L1y, T1X2Ly, Ty, T1T3Ty,
4 2,.4 5 5 5 6
$2I3(L’4, 1‘31’4, 1’13}4, LL’QJI4, I3$4, x4
The elements that are not minimal generators are marked bold.

Therefore #Hs = 8 > 7 = #Hj, which shows together with (6.11) that Proposi-
tion [6.2.1] does not hold for n = 4.

COROLLARY 6.2.3.
Let T < Kk[xy, ..., 2, an ideal and n < 3. Then T is in B-maximal position, if and
only if its Pommaret basis is of minimal length, i.e. if H is a Pommaret basis of
7 then:

#H = min{#H | H Pommaret basis of A-T for some A € Gl(n,k)}

(Recall that by Proposition any Pommaret basis of T has the same number
of elements.)

PROOF. Let us assume that Z is not in S-maximal position. If Z is not even in
quasi-stable position, it does not possess a finite Pommaret basis by Theorem |3.1.3
and therefore its Pommaret basis is obviously not of minimal length. Otherwise,
it follows from Proposition and Proposition that there is an integer
G < reg(Z) such that 5;(Z) <iex B3(ginZ) and B,(Z) <iex By(ginZ) for all ¢ # q.
Hence by Proposition this is equivalent to #Hz;, > #f[(jﬂ and
#Hy o > #ﬁqH for all ¢ # §, where H is a Pommaret basis of Z and H one
of ginZ. But this already shows that the Pommaret basis H is not of minimal
length since obviously

HH = Y #H,> Y #H,=#H

q<reg(Z) q<reg(Z)

(remember that deg H = deg H = reg(Z) by Theorem [3.1.10)).
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Conversely, suppose that the Pommaret basis H of Z is not of minimal length.
If H is of infinite length, then it follows again from Theorem that Z is not
in quasi-stable position. But then Z is not in S-maximal position by Corollary
[6.1.11] Otherwise, the Pommaret basis H of Z is finite — but still not of minimal
length by assumption — so that Z is in quasi-stable position. Let A € Gl(n, k) be
a matrix such that the Pommaret basis H of the ideal Z = A -7 is of min-
imal lengthl Hence #H < #H and in particular there must be an integer
G < degH = deg H = reg(Z) with #H < #H;. But this already entails by
Proposition that 8;-1(Z) <iex B4-1(Z) showing that also in this case Z is not

in f-maximal position. O
EXAMPLE 6.2.4.
Resuming Example we first want to note that:

3 22 3 .4 .3 2 2.2 3.2 23 6
ginZ = (xf, 23wy, 23205, 1wl 13, Pw3, Biwexs, wiiTI, THT, TR (T, To, T3, Ty)

The minimal basis B of ginZ — which is simultaneously its Pommaret basis by
Lemma [3.2.3| - is presented in the following:

i | B;
4 3 2,.2 3 4 3
4 Ty, TiT2, TIT5, T1T5, Ty, TIT3
2 2 2.2 3.2 2,.3
3 T{T2T5, T1T5T5, THTs, TIT
4 2,4 5 5 6 3 2.3 4 4 5
6 T1X2T3, ZEQJ]?), X1x3, ToXs, Ts, I1[E2$3ZL‘47 ToX3Ly, X1T3T4, TL2X3Xy, T34,
2 2 2 3 2 2 2 2.2 2,.2,.2 3.2 3.2
4.2 343 2 3 2.3 3.3 2 3 3 2.3
3.3 2.4 4 2,4 4 4 2,.4 5 5 5 6

Therefore we can conclude that even in this example the length of the Pommaret
basis of ginZ is minimal compared to those of Z and Z since:

HH > H4H > 4B
I Il I
#Hy + #Hs + #Hg #H, + #Hy + #Hg #By + #Bs + #DBs
I I I
6+8+45 =159 6-+7+42 =55 6+4+39=49

We even assume that this holds in general (see Conjecture {4f of the Outlook).

5Tn particular, H is finite and so Z in quasi-stable position.
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6.3. Connection to Reduction Number

Finally, we now present the already mentioned relationship between S-maximality
and weak D-minimality. As a consequence we are able to connect the reduction
number with the notion of S-maximal ideals.

PROPOSITION 6.3.1.
Let chark = 0. If the ideal Z <P is in B-maximal and in weakly D-stable position,
then T is weakly D-minimal stable. In particular, we have

r(P/T) =r(P/It1) =deg, 1T —1
i this case.

PROOF. Since 1t Z is weakly D-stable Theorem [5.2.11| implies that there is an
integer s such that 7 _,, is a minimal generator of 1t Z.

Assume now that Z is not weakly D-minimal stable. As chark = 0 we know
that there is a transformation matrix A such that A-Z is weakly D-minimal stable

(see Proposition [5.2.14)). Therefore we have:
t=deg, W(A-I)<deg, WHI=s

In particular, 1t(A - 7) is weakly D-stable so that a!_,, is a minimal generator of
1t(A-Z) by Theorem [5.2.11} Moreover, it follows from Remark [5.2.10| that

it e (A7),

for all integers v; with vy +--- 4+ v,_p =t . Therefore Bt(k) (A-7) > Bt(k) (Z) for
all k <n— D and Bt("*D)(A -Z) > Bt(”*D) (Z) since z!,_, ¢ ItZ. This entails that
Bi(A - T) =1ex B+(Z), which is a contradiction to the f-maximality of Z.

The second assertion follows immediately from Theorem [5.2.17] O

The assumption in the previous proposition that Z is in weakly D-stable posi-
tion, is necessary since this is not implied by ﬁ—maximalityﬂ

Further, the following example shows that the converse of Proposition is
not true, while Example [6.3.3| symbolizes the meaning of char k in this context.

EXAMPLE 6.3.2.
Let J = (23, 123)<tk|x1, T9, ¥3). Then J is weakly D-stable and D = dim(P/J) =
2. Further, deg, J = 2 = deg,, gin J since gin J = (¢}, z122) and so J is even
weakly D-minimal stable. But J is not in S-maximal position since:

52(j) = (1707 1) <lex (1’ 170) = ﬁQ(ginj)

6See Example and Example
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EXAMPLE 6.3.3.
Let Z = (23, 22 + 123, 22) < Kk[zy, 72, 23] and chark = 2. At first we want to
verify that 1tZ = (22, 23, 23) is Borel-fixed using Proposition 2.4.6, Thereby,
since (i) % 0 mod 2 holds for u = 0 or u = 2, we only consider the case u = 0 as
the other case is “uninteresting”. Hence 1t Z is Borel-fixed because of:

x2 x2 x2

222 =2cltZ, 22=22ecltT, 222=12cltI
1 92 1 9 1 92 1 9 D) 2
1) T3 T3

As D = dim(P/Z) = 0 and $1§ = xw3 ¢ tZ, we see that 1t Z is not (weakly)
D-stable. Now we want to check whether 7 is in S-maximal position. Therefore
we transform the ideal Z by U : (3 — x5 + x2). This leads to the ideal

U(Z) = (x7, 25+ z1(23 + 72), (23 + 22)%) = (23, 7172 + 25 + 1123, 5 + T3).

As the Grobner basis of U(Z) is {2?, zix9, 23 + 23, z123 + 23, w91l x3}, its
leading ideal is given by It W(Z) = (23, z112, 23, 1123, 2273, 73) so that:

62(1-) = (17 17 1) <lex (17 27 O) = 62(\11(1))
Hence 7 is not in f-maximal position, although its leading ideal is Borel-fixed.

REMARK 6.3.4.
Similar to the weakly D-minimal stable position (see Remark [5.2.18), we can
also not provide a deterministic algorithm that puts a given ideal in S-maximal
position. With arguments analogous to Remark we can conclude that a
simple algorithm, i.e. one that is restricted to the analysis of the corresponding
leading ideal does not exist. Therefore we again use Example 4.2.3 and denote
T = (22, mywg + 23, mx3) and ' = WT = (2}, zy19, @173, 235, 23w3). As the
ideal Z’ is monomial and strongly stable, it is in gin-position by Theorem [2.4.4]
and so in particular in S-maximal position by Proposition [6.1.13] But Z is not in

S-maximal position since ginZ = (2%, z179, 73, z123) and therefore:

Bo(Z) = (1,1,1) <ex (1,2,0) = S2(ginZ)
Hence we have two distinct ideals Z, 7' with identical leading ideals but Z’ is in
[-maximal position while Z is not.






CHAPTER 7

The Map of Positions

Our final chapter will present 24 examples from which a clear delimitation of the
several positions that we discussed throughout this thesis can be derived. At the
end of this chapter we sum up all the obtained relationships between the considered
positions resulting from the examples by drawing the the map of positions. Thereby
we restrict us to the case of chark = 0 in the following.

EXAMPLE 1.
Let Z = (z3, 23, mxy4) < k[z1,29,73,24). Then Z is not quasi-stable since
x%% = x122 ¢ Z. Further, D = dim(P/Z) = 2 and Z is not weakly D-stable
since x5 = zy25 ¢ Z. Because ginZ = (x7, x12a, 3, 1123) we see that 7 is
not in S- maxunal position since:

Po(Z) = (1,1,0,1) <jex (1,2,0,0) = [a(ginZ)

EXAMPLE 2.
Let Z = (w1@9, x3) < k[zy,25]. Then T is quasi-stable but not componentwise
quasi-stable since Zipy = (x122) is not quasi-stable. Further, D = dim(P/Z) = 1
and Z is not weakly D-stable since z;*12 = 1? ¢ T. Because ginZ = (x?, x,x3)
we see that Z is not in S-maximal position since:

P2(Z) = (0,1) <iex (1,0) = Ba(gin Z)

EXAMPLE 3.
Let Z = (23, x123) <k[r1, T, 23). Then Z is not quasi-stable since x3 =173 ¢
Z. Further, D = dim(P/Z) = 2 and Z is not D-stable since 2,1 = z125 ¢ T.

Because ginZ = (22, z,25) we see that Z is not in S-maximal p051t10n since:

52(1) = (1707 1) <lex (17 170) = ﬁQ(ginI)

2SC1I3

EXAMPLE 4.
Let Z = (22, 23, 22) <k[x1, 29, 23]. Then D = dim(P/Z) = 0 and Z is not weakly
D-stable since 961% = 1123 ¢ Z. Because ginZ = (22, zy19, 23, 1123, 973, 1)
we see that 7 is not in S-maximal position since:

62(1-) = (17 17 1) <lex (17270) = ﬁQ(ginI)
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EXAMPLE 5.
Let T = (23, zy23+ 233, 23) <k[r1, 29, 23). Then It Z = (23, zy23, x5, r3x3) and
D = dim(P/Z) = 1. 1t Z is not weakly D-stable since x; ng = 221y ¢ tZ. Fur-
ther, It Zigy = (x, x123, 2323) which is not quasi-stable, hence 7 is not in compo-
nentwise quasi-stable position. Because ginZ = (x3, 231y, x123, 5, 112373, v3xl)
we see that Z is in f-maximal position sinc

B5(I) = (1,1,0) = Bs(ginT)
54(:[) = (17 47 2) = 64(ginz)
65(1) = (17578) = B5(ginz>

EXAMPLE 6.
Let Z = (2%, x3) < k[zy, 7). Then D = dim(P/Z) = 0 and Z is not weakly
D-stable since xlz—é = 7129 ¢ Z. Because ginZ = (2%, x1x9, x3) we see that Z is
in f-maximal position since:

Bo(Z) = (1,1) = Ba(ginT)

EXAMPLE 7.
Let Z = (2%, xim9, 23 + 23, mmy) < K[wy, w9, 73, 74) Then
WZ = (22, x1m9, 73, 124, T123) and D = dim(P/Z) = 2. Further, K7 is
not D-stable since xgg“j“ = 123 ¢ Z. Because ginZ = (12, x179, T3, T173, T1T7)
we see that 7 is not in S-maximal position since:

ﬁ2<I> = (172707 1) <lex (17 27 170) = ﬁQ(ginI)

EXAMPLE 8.
Let Z = (a3 4+ m123, 23wy + zon}, xi23, 23, 2323, x913) < K[y, 29, 23, 74]. Then
— 3 2 2 .3 2 2.2 3 2.2
WZ = ( a3, xixe, 1125, T3, T1T2X5, T5T5, Taks, T5T],
2 2.2 4 4 6
L1XX3Ly, LaX3ly, X1X2Xy, X2X3T,, L2y >

and D = dim(P/Z) = 2. It Z is not D- 2% — 42247, ¢ 1t Z. Further,
WZs = (2}, xixs, 223, @3, xiwox3, x3xi, zoxiri) which is not quasi-stable,
hence 7 is not in componentwise quasi-stable position. Because

3 2 2 3 2,.2 2 3 2

2 2,.2 2,.3 4 4 6
L1X2T3Xy, L1X3Ty, XLy, L1X2Ty, T1X3X,;, T1Xy >

ginZ =

we see that 7 is in S-maximal position since:

B(T)= (13,0,0) = By(ginT)
Bui(T) = (1,4,7,5) = Pu(ginI)
ﬁE)(I) = (17 5,12, 20) = ﬁS(ginI>
BG(I) = (17 6,18, 40) = B6(gin1-)

1 Recall that by Remark [6.1.14| we only have to compare the 3-vectors of degrees lower than
reg(Z).
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EXAMPLE 9.
Let Z = (23, x129, 13, x124, 1123)<k[21, To, T3, 24]. Then Ligy = (21, z129, 23, T124)
is not quasi-stable, hence 7 is not in componentwise quasi-stable position. Further,
D = dim(P/I) = 4 = xyx3 ¢ Z. Because
ginZ = (22, xy19, 23, x173, T12%) We see that Z is not in S-maximal position
since:

Po(Z) = (1,2,0,1) <jex (1,2,1,0) = B2(ginZ)

EXAMPLE 10
Let Z = (23, 23wy, x123, x%, x2x3, x2x4><l]k[x1,x2,x3,x4] Then D = dim(P/Z) =

2 and 7 is not D- = x3x324 ¢ Z. Because

2 2 3 2.2 2 2 3
ginZ = (2%, 222y, 123, 23, 2203, Piwawy, i)

we see that Z is in S-maximal position since:

ExXAMPLE 11.

(2 2 .3 _ /a2 2\
Let T = (3, w123, woxs, x5, x3) <k[21, ¥, x3]. Then Lipy = (23, x123, X273, 23) is
not quasi-stable, hence Z is not in componentwise quasi-stable position. Further, Z

2
is not stable since xl% = 1119 ¢ Z. Because ginZ = (22, x129, 3, 1173, Tox3, 1)
we see that Z is not in S-maximal position since:

BQ(I) = (07 1a3> <lex (L 27 1) = B2(gin1-)

EXAMPLE 12.
Let T = (22, z123 + zon3, x5, wixs, x3x3, 2323) < K[z, 29, 23). Then

It Ziy = (23, 222y, 123, TiTs, xlmgxg, x2x§>
is not quasi-stable, hence 7 is not in componentwise quasi-stable position. Further,
6T = (23, 7105, 210275, Ty, TyT3, Tols, T3Ts, Toly)
is not strongly stable since 1:1% = 2222 ¢ T. Because

< 2 4 3,.2 3 2,.3 4>

we see that Z is not in S-maximal position since:

54(1.) = (173’ 5) ~lex (1a47 4) = 54(ginI)
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ExXAMPLE 13.
Let Z = (22 xym9 + zows, x173, 73, x3x3) < k[, 79, 73] Then
16 Z9y = (21, m129, 2173, T223) is not quasi-stable, hence Z is not in compo-
nentwise quasi-stable position. Further,

WT = (22, xy20, T123, T3, T2x3, T9x2) # (22, 2129, 12, T122, To22) = ginT
and so we see that Z is not in S-maximal position since:
ﬂQ(I) = (17 17 1) <lex (1, 2,0) = Bg(glnI)

EXAMPLE 14.

Let T = (23, 3, ma3, z9x3, x3) < k[xy,29,73]. Then Z is not stable since

3
T2 2
r152 = 2125 ¢ . Because
2 2 3 2 2 6
ginZ = (23, 23wy, 1175, X3, Tix3, T1TT3, T3T3, T1T3, Tolyz, To)
we see that 7 is not in S-maximal position since:

B3(Z) = (1,1,3) <iex (1,3,1) = B3(ginZ)

EXAMPLE 15.

Let T = (23, xx3 + 2dxs, 23, s, w3, x3) < k[zy,w9,23]. Then
16 L3y = (z123, «3, x3x3) is not quasi-stable, hence 7 is not in componentwise

qua&—stable position. Further, tZ = (23, z123, x3, x123, o753, x3) is not stable
2
= 1279 ¢ It Z. Because

3 3 3 3 4 5 .6
ginZ = (23, 2wy, 1125, Ty, 117573, THT3, T] x3, 12973, xza:S, T1T3, TaTsy, Ty)

we see that 7 is in S-maximal position since:

53(1) = (17170) :B?)(glnz)
Bi(Z) = (1,4,5) =pu(ginI)
B5<I> = (175713) = ﬁ5(ginz)

EXAMPLE 16.
3 3 3
Let Z = (a3, x123, o3, 22x913, :12: 212 x1x2x3, w323, s, moad, x3) <kl xa, x3).
Then 7 is not stable since I1g = 2219 ¢ T. Because

3 3 3
ginZ = (¥3, 23xq, 1175, Ty, Tox3, TIX3, T1ToT3, T3Ts, T1Ts, Tolsy, Ts)
we see that 7 is in S-maximal position since:

63(1) = (17 2, 0) = 63(ginz)
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EXAMPLE 17
Let Z = (23, 23wy + 23, 2223, 23) < k[x1, 29, 23]. Then

3 .4 3
tZ = <x1, Tiwy, ¥ix3, T 1T, Ty, ToX3)

= = ry2ir3 ¢ 1t Z. Because

ginZ = (2%, 222y, 1123, x5, 2223)
we see that 7 is not in S-maximal position since:
63(:[) = (17 L, 1) <lex (L 2, 0) = 63(ginl—)
EXAMPLE 18.

Let Z = (2%, z120+ zox3, 23, x323) <Kklx1, T2, x3). Then It Zigy = (21, 2129, T2273)
is not quasi-stable, hence Z is not in componentwise quasi stable position. Further,
= z23 ¢ It Z.
Because ginZ = (22, x1x9, x5, 23w3, 1122) we see that T is in - maximal position
since:

3
WZ = (23, x129, T3, 2303, x2x3>

52(2) = (17374) = ﬁQ(ginI>

EXAMPLE 19.
Let Z = (23, z12%, 23, 2322) < k[zy, 29, 23]. Then Z is not strongly stable since

Egﬂf . .
T2 = = x129703 ¢ Z. Because ginZ = (22, x123, x5, x17923) we see that Z is in

[-maximal position since:

EXAMPLE 20.
Let Z = (2%, zy29 + mox3, x5, T3x3) < k|21, 29, 73]. Then

WT = (22, 2179, 1173, T3, T5w3) # (23, T179, 75, T173) = ginT
and so we see that Z is not in S-maximal position since:
Bo(Z) = (1,1,1) <jex (1,2,0) = B2(ginZ)

EXAMPLE 21.
Let T = (23, 2229 + 2022, 23, 13, xi2iw3, 2322, x123) < k|11, 2973]. Then
It L3y = (2%, xize, w1003, 22x3) is not quasi-stable, hence Z is not in componen-
twise quasi-stable position. Further, the leading ideal

2 3 4 2 2 3.2 2 3
WT = (28, 23wy, 2173, 13, 110503, T1T5, T1ToT3, ToTs, ToTh, T1T3, ToTs)

is not equal to

2 3 .4 2 3 2 3 .23 4
ginZ = (23, 2379, 1175, T3, 11573, Tox3, TIT3, T1ToTy, T3Ty, T1Ty, Toly)

and we see that Z is in f-maximal position since:

ﬂB(I) = (17 L, O) = BS(ginI)
64(1-) = (1747 5) = Bél(ginl.)
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ExXAMPLE 22.
Let K = (zow3 — m114, 23 — 2324, 23 — 2123) < K[z, 72, 73, 24) and Z = Vo0, (K)
with Wy : (23 — 23+ 1) and Wy : (9 — 25 + x1). Then the leading ideal
7 = (af, z123, 23, 217273, 2125, 2325, To73)

is not equal to

T2 2 3 2 2 2 4 4
ginZ = (x], 11235, T4, T1ToT3, THTs, T1ls, Tols)

and we see that Z is in f-maximal position since:

Bo(Z) = (1,0,0,0) = Po(ginZ)

Bs(Z) = (1,3,1,1) = Ps(ginZ)

Bu(Z) = (1,4,7,6) = B4(ginZ)

EXAMPLE 23.
Let T = (a3, 2319 + x1Tow3, T175, T1T3x3, x373) < klry,79,73]. Then
1t L3y = (a3, xixe, xix923) is not quasi-stable, hence Z is not in componentwise
quasi-stable position. Further,
WT = (2, 23wy, 2173, 110503, 105, T1T075) = ginZ

and so we see that Z is in S-maximal position.

EXAMPLE 24.
The final example that is in any position is simply (z;) < k[z].



7. THE MAP OF POSITIONS 111

With the help of these examples we can now illustrate the relations between
the considered positions in the “map” below:

NP=Noether Position, QS=Quasi-Stable, CQS=Componentwise Quasi-Stable, SM=pg-Maximal,
WDS=Weakly D-Stable, DS=D-Stable, S=Stable, SS=Strongly Stable, GIN=gin-Position
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In order to provide a better overview of which properties each of the presented

examples satisfies we summarized them in the following tabular:
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Outlook

In this outlook we want to identify areas of the considered research field that
provide a canonical starting point for a further investigation. Thereby we first
start with general arising questions and tasks, before we formulate some concrete
conjectures afterwards.

Implementation of Algorithm[1. In Section[2.3] we gave a short overview of pos-
sible strategies for an implementation of the while loop in line of
Algorithm [T} Providing a concrete implementation of this algorithm as well as
discussing efficiency aspects in more detail are one of the ideas for an additional
study of this topic.

Grothendieck’s vanishing and nonvanishing Theorem. We presented in Propo-
sition an alternative proof for one part of Grothendieck’s vanishing and
nonvanishing theorem. So it is natural to ask whether it is possible to find an
alternative proof using the theory of Pommaret basis for the other assertions.

Combination of weakly D-stable and B-mazimal. Ideals that are in weakly
D-stable as well as S-maximal position represent a very promising class of ideals.
For example — as we have seen in Proposition — we can directly read off
the reduction number of those ideals. Further, such ideals are also in quasi-stable
position by Corollary and so possess a finite Pommaret basis. Hence these
ideals can be interpreted as a generalization of the generic initial ideal ginZ.

So on the one hand it would be interesting to discover further properties that
the mentioned ideal class share with the gin-position. On the other hand develop-
ing an algorithm that directlyﬂ transforms a given ideal into weakly D-stable and
[-maximal position is also a suggestion we recommend to figure out.

2 Obviously, transforming a given ideal into gin-position is one possibility to receive an ideal,
which is in weakly D-stable and S-maximal position. But — as we have seen in Example [§] -
weakly D-stability and S-maximality are not sufficient for gin-position. So “directly” means here
an algorithm that transforms into weakly D-stable and S-maximal position but not necessarily
into gin-position.
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CONJECTURE 1.
Let £ ={L;}!_, be a set where the L; <P are the monomial ideals resulting from
the Grébner system of a given ideal I as described in Remark [2.1.9.  Without
loss of generality we assume that L1 <g --- <g Ly. Further, let a be an index
such that L, is quasi-stablcﬂ Then we assume that the following monomial ideals
Loi1,-.., Ly are also quasz'-stableﬂ.

CONJECTURE 2.
Again we take a look at the set £ = {L;}:_, we already mentioned in the previous
conjecture and recall that L,, = max., {L1,...,Ls} is Borel-fired by Corollary
2.4.9 We intuitively expect that in this case we even do have L, = ginZ.

CONJECTURE 3.
The characteristic of our field k is decisive for the question whether ginZ is weakly
D-stable or not (see Example. Therefore we need the assumption chark = 0
in Proposition[06.3.1] but we suppose that this is not necessary. We congecture that
ginZ is already weakly D-stable if T is weakly D-stable.

CONJECTURE 4.
As already indicated in Example [6.2.4), we assume that it is possible to extend the
assertion from Corollary[6.2.3 by the following statement:

The length of the Pommaret basis of ginZ is minimal for any n.

3 As gin7 is Borel-fixed and therefore quasi-stable (see Theorem , such an index must
exist since ginZ € £.

4 Although we have seen in Example that this does not hold for strong stability, we
were not able to construct a corresponding example for the case of quasi-stability.
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