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Abstract

Ultrashort lasers, i.e., those with pulse durations shorter than electron-phonon
relaxation time of the target, found their applications in many fields, including biology,
chemistry, and material processing. Their ability to deposit large amount of energy into
a tightly localized area resulted in a number of applications in precise laser machining
and nanostructuring of materials. Interestingly, the corresponding laser energy is
exclusively absorbed by electronic subsystem of the target, and only later is transferred
to atoms upon the electron-phonon energy exchange. Such interaction influences the
material dynamics in a unique way and, therefore, the material response can provide a
deep insight into the structure of solids.

Among other laser-induced processes, melting is an essential stage in laser material
processing. Though big efforts have been undertaken to study how melting proceeds
under different conditions, the microscopic mechanisms of ultrafast laser melting (such
as nucleation dynamics, influence of pressure and temperature gradients) are not yet
entirely understood. For metals, significant progress in their understanding was achieved
with the help of combined atomistic-continuum model constructed from Molecular
Dynamics (MD) and Two-Temperature Model (TTM). However for semiconductors a
such model was not reliably developed yet.

In this work, we present an atomistic-continuum model for simulations of ultrafast
laser-induced melting processes in semiconductors on the example of silicon. The
kinetics of transient non-equilibrium phase transition mechanisms is addressed with
MD method on the atomic level, whereas the laser light absorption, strong generated
electron-phonon nonequilibrium, fast heat conduction, and photo-excited free carrier
diffusion are accounted for with a continuum TTM-like model (called nTTM). First, we
independently consider the applications of nTTM and MD for the description of silicon,
and then construct the combined MD-nTTM model. Its development and thorough
testing is followed by a comprehensive computational study of fast nonequilibrium
processes induced in silicon by an ultrashort laser irradiation.

The new model allowed to investigate the effect of laser-induced pressure and
temperature of the lattice on the melting kinetics. Two competing melting mechanisms,
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heterogeneous and homogeneous, were identified in our big-scale simulations. Apart
from the classical heterogeneous melting mechanism, the nucleation of the liquid phase
homogeneously inside the material significantly contributes to the melting process.
The simulations showed, that due to the open diamond structure of the crystal, the
laser-generated internal compressive stresses reduce the crystal stability against the
homogeneous melting. Consequently, the latter can take a massive character within
several picoseconds upon the laser heating. Due to the large negative volume of melting
of silicon, the material contracts upon the phase transition, relaxes the compressive
stresses, and the subsequent melting proceeds heterogeneously until the excess of thermal
energy is consumed.

A series of simulations for a range of absorbed fluences allowed us to find the
threshold fluence value at which homogeneous liquid nucleation starts contributing
to the classical heterogeneous propagation of the solid-liquid interface. A series of
simulations for a range of the material thicknesses showed that the sample width we
chosen in our simulations (800 nm) corresponds to a thick sample. Additionally, in order
to support the main conclusions, the results were verified for a different interatomic
potential.

Possible improvements of the model to account for nonthermal effects are discussed
and certain restrictions on the suitable interatomic potentials are found. As a first step
towards the inclusion of these effects into MD-nTTM, we performed nanometer-scale
MD simulations with a new interatomic potential, designed to reproduce ab initio
calculations at the laser-induced electronic temperature of 18 946 K. The simulations
demonstrated that, similarly to thermal melting, nonthermal phase transition occurs
through nucleation. A series of simulations showed that higher (lower) initial pressure
reinforces (hinders) the creation and the growth of nonthermal liquid nuclei.

For the example of Si, the laser melting kinetics of semiconductors was found to be
noticeably different from that of metals with a face-centered cubic crystal structure.
The results of this study, therefore, have important implications for interpretation of
experimental data on the kinetics of melting process of semiconductors.



Zusammenfassung

Atomare Kontinuumsmodelierung
des ultraschnellen, laserinduzierten Schmelzens

von Silizium

In dieser Arbeit stellen wir ein atomares Kontinuumsmodel zur Simulierung von ul-
traschnellen, laserinduzierten Schmelzprozessen in Halbleitern am Beispiel von Silizium
vor. Die Kinetik der kurzlebigen, nicht-gleichgewichts Phasenübergangsmechanismen
wird mit Hilfe der Molekuar-Dynamik (MD) auf atomarer Ebene berücksichtigt. Die Ab-
sorption von Laserlicht, das starke Ungleichgewicht zwischen Elektronen und Phononen,
die schnelle Wärmeleitung und die Diffusion der photoangeregten freien Ladungsträger,
werden mit einer an das Zwei-Temperaturen-Modell angelehnten Theorie (nTTM)
beschrieben. Zunächst betrachten wir zur Beschreibung von Silizium die Anwendung
von nTTM und MD unabhängig von einander. Danach konstruieren wir ein kombinertes
MD-nTTM Modell. Nach der Entwicklung und dem gründlichen Testen dieses Modells,
werden umfangreiche Untersuchungen zu schnellen Nichtgleichgewichtsprozessen, die
durch ultrakurze Laserbestrahlung von Silizium verursacht wurden, durchgeführt.

Das neue Modell erlaubt den Einfluss auf das ultraschnelle Schmelzen von
laserinduzierten Druck- und Temperaturbedingungen zu untersuchen. Zwei konkuri-
erende Mechanismen, das heterogene und das homogene Schmelzen, werden in den
Simulationen identifiziert. Neben dem klassischen heterogenen Schmelzmechanismus
trägt die homogene Keimbildung der flüssigen Phase zu dem Schmelzprozess innerhalb
des Materials signifikant bei. Die Simulationen zeigen, dass, auf Grund der offenen
Diamatstruktur des Kristalles, die laserinduzierte, interne Kompressionsspannung
die Kristallstabilität gegenüber dem homogene Schmelzen reduziert. Folglich kann
das homogene Schmelzen innerhalb weniger Pikosekunden durch die Lasererwärmung
einen massiven Beitrag liefern. Das Silizium schrumpft bei dem Phasenübergang auf
Grund des großen negativen Schmelzvolumens des Materials und nulliert dadurch die
Kompressionsspannung. Das anschließende Schmelzen findet so lange statt, bis die
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überschüssige, heterogene, thermische Energie komplett verbraucht ist.
Anschließend wurde eine Serie von Simulationen für unterschiedliche absorbierte

Fluenzen durchgeführt. Dadurch ermitteln wir die Schwellfluenz, bei der die homogene,
flüssige Keimbildung beginnt zur klassischen, heterogenen Ausbreitung der fest-flüssig
Grenzfläche beizutragen. Eine Serie von Simulationen für unterschiedliche Dicken des
Materials hat gezeigt, dass die in unseren Simulationen gewählte Probendicke (800 nm)
einer dicken Probe entspricht. Zur Überprüfung unserer bisherigen Ergebnisse wurden
diese mit Ergebnissen eines anderen, interatomaren Potentials verglichen.

Auch haben wir mögliche Verbesserungen des Modells zur Berücksichtigung der
laser-induzierten Schwächung von interatomaren Bindungen diskutiert und dadurch
bestimmte Bedingungen der interatomaren Potentiale gefunden. Als ersten Schritt zur
Aufnahme solcher nichtthermischen Effekte im MD-nTTM Modell haben wir eine Reihe
von MD-Simulationen mit einem neuen interatomaren Potential durchgeführt. Das
Potential ist so entworfen, dass es die ab initio Berechnungen bei einer laserinduzierten
elektrischen Temperatur von 18 946 K reproduzieren kann. Die Simulationen zeigen,
dass nichtthermische Phasenübergänge durch Keimbildung auftreten können und die
Eigenschaften der nichtthermischen Flüssigkeit sich deutlich von den Eigenschaften der
klassischen Flüssigkeit unterscheiden.

Am Beischpiel von Silizium wurden Unterschiede zwischen der Laserschmelzkinetik
von Halbleitern und der Kinetik von Metallen mit einer kubischen, fläschenzentri-
erten Kristallstruktur gefunden. Die Ergebnisse dieser Untersuchung haben wichtige
Implikationen zur Interpretation von experimentellen Daten über die Kinetik der
Schmelzprozesse von Halbleiterfeststoffen geliefert.
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Chapter 1

Introduction

Lasers found their applications in many fields, from biology [1] and medicine [2] to
technology (from visualization [3] and communication [4] to laser material processing
[5, 6]). A particularly interesting type of lasers is the ultrashort-pulse lasers, i.e., those
with pulse durations shorter than the equilibration time between the electrons and the
phonons inside the target [7]. Their typical duration times are around or less than 1 ps
[8, 9]. Such ultrashort duration of the pulse in some aspects fundamentally changes
the laser-matter interaction mechanisms [8]: The laser energy is exclusively absorbed
by electronic subsystem of the targets, and only later is transferred to atoms upon
the electron-phonon energy exchange. Since such interaction influences the material
dynamics in a unique way, the material response can provide a deep insight into the
structure of solids.

The ability of ultrashort laser pulses to deposit large amount of energy into a tightly
localized area resulted in a number of applications in precise laser machining [8, 10, 11]
and nanostructuring [12–16] of semiconductors. Almost any laser processing involves
melting as one of the main stages of material evolution. Although melting is a common
physical phenomenon and has been studied for a very long time, it is still a subject of
active scientific discussions [17–21]. Before we come to the theoretical description of
semiconductor response to ultrashort laser irradiation, we need to consider the basic
concepts of melting and the electronic structure of solids.

This chapter has the following structure. In section 1.1 we briefly review the
applications of ultrashort laser pulses. This is followed by a short consideration of the
basic concepts of melting and approaches to its description, section 1.2. In particular,
we will consider thermodynamical description of melting and approaches involving
microscopical information about the material evolution. Further, the basic concepts
of electronic structure of solids are considered in section 1.3. Section 1.4 provides a
general review of the existing computational models aimed at describing the response

17



18 CHAPTER 1. INTRODUCTION

of semiconductors to ultrashort laser pulses. As a result of this review, in section 1.5
we will suggest a combined model for the description of ultrafast laser-induced melting,
based on two existing approaches. Finally, the goals of the dissertation and research
questions to be addressed will be listed at the end of this chapter, section 1.6.

1.1 Lasers

Laser (Light Ampflication by Stimulated Emission of Radiation) is a device, which
transforms various forms of energy (electrical, light, chemical, heat, etc.) into the energy
of coherent electromagnetic radiation (Physics Encyclopedia (in Russian) [22]). The
details of implementation strongly depend on its purpose, working regimes, generated
wavelength, generated power as well as on the corresponding form of energy, which is
transformed into the radiation. The act of this transformation is called laser pumping.
Any laser usually consists of three elements: (1) the device providing the initial energy
for the laser pumping; (2) active laser medium (also called Laser Gain Medium [23]),
which absorbs that energy and reemits it in the form of the coherent radiation; (3) the
device organizing the positive feedback (amplifier). The latter is organized by means of
an optical resonator, which – in its simplest form – can be composed of two parallel
mirrors on the sides of the active laser medium. The mirrors reflect the wave back to
the active medium, leading to amplification of the coherent wave. One of two mirrors is
made semitransparent to generate the beam of amplified radiation. In order to lase,
the active gain medium must be in a nonequilibrium energy distribution known as a
population inversion.

Lasers can be classified by the types of active media (solid-state laser, gaseous laser,
dye lasers), by the way of laser pumping (laser with optical pumping, gas-discharge
lasers, chemical lasers), etc.

In 1960, when the first working laser was constructed, it was "a solution looking for
a problem" [24]. But very quickly the laser’s distinctive feature – its ability to generate
an intense, very narrow beam of light of a single wavelength – resulted in vast number of
applications in practically all fields, including technology (from laser material processing
[5, 6] to visualization [3] and communication [4]), biology [25] and medicine [2].
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1.1.1 Applications of ultrashort laser pulses

Particularly interesting are ultrashort laser pulses of durations, which are shorter
than the equilibration time between the electrons and the phonons inside the target [7].
Typical duration times are, therefore, around or less than 1 ps [8, 9]. The extreme short
pulse durations make it easy to achieve very high peak laser intensity with low pulse
energies. For example, a laser pulse with a pulse duration of 100 fs and a pulse energy
of only 1

3 𝑚𝐽 has a peak intensity of 10 W/cm when focused to a 20 µm diameter spot.
Such intensities provide access to phenomena that were not easily achievable before,
such as nonlinear optics [26] and nonlinear absorption by transparent materials [11].

Ultrashort pulse duration can provide high temporal resolution of many physical
processes with longer characteristic time scales [9, 27]. For instance, it provides
possibilities to measure the relaxation processes of carriers in semiconductors [28],
observe chemical reaction dynamics and atomic motion [29, 30], or melting kinetics
of solids [20, 31]. The ultrashort duration of the pulse in some aspects fundamentally
changes the laser-matter interaction mechanisms [8]. For an ultrashort pulse, during
the laser action, the atomic motion can be ignored, because the characteristic times of
the latter are around picoseconds. Consequently, all the energy initially goes to the
electronic subsystem of a solid. In metals, free electrons absorb this energy, whereas in
semiconductors and dielectrics valence electrons initially get excited to the conduction
band. Such laser-matter interaction creates a nonequilibrium state, with electrons driven
to much higher temperatures than the ions. Subsequent electron-ion energy relaxation
takes place on a much longer time scale than the time of laser action. As a result, the
fundamental physical processes such as energy deposition, melting, and ablation are
separated in time. This separation, from one side, provides convenient conditions for
investigation of various related processes [32] (see fig. 1.1), such as melting, ablation,
recrystallization or nonthermal transitions in electronic subsystem of a target [33, 34].
From the other side, it results in numerous possibilities of precise material surface
nanostructuring [8, 12, 13], because the laser energy is concentrated in nanoscaled area
of the target, producing very localized damage.

The ability to deposit large amount of energy into a tightly localized area has found
a number of applications in pico- and femtosecond laser machining [8, 10, 11] and
nanostructuring [14, 15, 35] of semiconductors. Specifically, the experiments aimed on
semiconductor surface modifications have revealed a particular interest in Bio- [36] and
IT- technologies [37, 38]. Nevertheless, while technical progress has a successful tendency
of structures production on semiconductor surfaces downscale to nanometer size [39], the
fundamental mechanisms behind such the laser-induced processes as ultrafast melting,
spallation, and ablation are still a subject of active scientific discussions.
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Figure 1.1: Timescales of the physical phenomena associated with the interaction of a
femtosecond laser pulse with transparent materials. Taken from [32].

Interestingly, the presence of a large number of excited electrons in semiconductors
may additionally result in a very specific phenomenon, namely, nonthermal melting [40,
41]. The electrons, excited to the conduction band, may significantly affect the material
band structure and the interatomic interaction; therefore, the potential energy surface for
atoms may change. At the new potential energy surface, the atoms may not be at their
equilibrium positions anymore and, therefore, they start to move, breaking the crystal
order [40–44]. This behavior significantly differs from what happens in (comparatively
well-studied) metallic targets, providing a different insight into electronic and atomic
dynamics of materials. From applications point of view, nonthermal melting reinforces
the localization of the damage and may improve the nanostructuring techniques even
further. Not surprisingly, the processing of semiconductors by ultrashort laser pulses
attracted many researchers within the last decades, including the author of this work.

1.1.2 Ultrafast melting

Melting is an essential stage in laser processing. As a result of a large number of
applications (see section 1.1.1), melting triggered by ultrashort laser irradiation (or
ultrafast melting) is currently a relevant topic of research [45–47]. As was mentioned
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in section 1.1.1, ultrashort pulses only excite electrons, leaving the lattice cold for the
time of the laser action. For this reason, any laser-induced phase transitions occur
in non-equilibrium conditions, making properties of the material drastically different
from their equilibrium counterparts. It also makes the study of the melting process
significantly more complicated, because the properties of electronic subsystem of a solid
may drastically change the following stages of the laser melting and, therefore, they
must be accurately taken into account. In chapter 2 we will consider this effect in detail
and demonstrate two possible approaches to deal with this problem.

Ultrafast laser melting additionally provides the conditions for the competition
between heterogeneous melting and the homogeneous one. It was shown that sometimes
the latter plays the main role [48], whereas heterogeneous processes can dominate during
the laser melting at lower laser fluences [49]. This interplay has been comprehensively
studied for metals by means of atomistic-continuum approach [50], but semiconductors
have not been considered in detail yet.

Ultrafast laser melting of silicon (Si) has been a topic of intensive research for
decades. While the melting time of Si induced by nanosecond lasers, measured in
experiments [51], can be explained with a commonly accepted nucleation theory based
on hydrodynamic model [52], the ultrafast solid-liquid phase transition in Si induced
by picosecond and shorter pulses demands a closer look at the dynamics of electronic
subsystem [34]. Also, at the atomic level, significant crystal overheating in the presence
of strong temperature and pressure gradients may influence the melting kinetics at
strong heating rates [53]. Moreover, the conditions in the center of the laser spot lead
to lateral confinement of the material, so that the excited solid is subjected to the
one-dimensional expansion toward the surface. This effect may influence the stability
of crystal against the melting process, as was shown for metals [54].

Before we can thoroughly consider the kinetics of silicon melting, following the
ultrashort laser irradiation, and give answers on how the mentioned competition
between two kinds of melting influences the material evolution, we want to review the
current knowledge about the melting process itself. The corresponding brief review will
be given in section 1.2. Additionally, due to the critical role of electronic subsystem
of a solid in the ultrashort laser processing, it is important to consider basic ideas of
electronic structure of semiconductors. This will be done in section 1.3.

1.2 Melting

One of the main processes that is involved in almost any laser processing, is melting.
Although melting is a common physical phenomenon and has been studied for a very
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long time, it is still a subject of active scientific discussions [17–21]. Before we come to
the theoretical description of semiconductor response to ultrashort-laser irradiation, we
need to consider the known theoretical approaches to melting in general.

1.2.1 Thermodynamical approach for the description of melt-
ing

One of the simple approaches, useful for the description of melting, is thermody-
namics. It was developed already in the nineteenth century and turned out to be
extremely powerful; it is often used in our days [55]. Thermodynamics studies general
properties of macroscopic systems (Physics Encyclopedia [22]) and the energy exchange
between them. The processes in thermodynamical systems are described by macroscopic
parameters, such as temperature, pressure, density. In section 1.2.1.1 we will remind
the basics of thermodynamical approach and then in section 1.2.1.2 we will derive
the Clausius-Clapeyron equation, providing useful connections between macroscopic
parameters for materials at the melting temperature. Later in our investigations, this
equation will be used to verify the obtained results.

1.2.1.1 Basics of thermodynamics

Definitions

Thermodynamics studies macroscopic systems, i.e., systems consisting of a large
number of particles. The more particles a system contains, the more precise the
thermodynamical approach is. Only macroscopic parameters, such as temperature,
pressure, and concentration are used in the description and define the state of the
system. An isolated system is defined as the system without any interactions with the
environment. Such system can always be divided into weakly interacting subsystems
(Physics Encyclopedia [22]).

One of the main concepts of thermodynamics is thermodynamic equilibrium. Ther-
modynamic equilibrium is the state of a macroscopic system, in which there are no
net macroscopic flows (such as mass flow, charge flow, energy flow, etc.) between its
subsystems. An isolated system is postulated to reach such state after a certain time
(equilibration time) and, in the lack of external interactions, stay in this state indefinitely
long [56]. The equilibrium state can be described by a small set of thermodynamic
parameters, such as temperature and pressure. Temperature is the characteristic of
thermodynamic equilibrium: temperatures of two systems, that are in the equilibrium
with each other, are equal. A reversible process is a process, proceeding slowly enough
that it can be described as the chain of equilibrium states. Such processes are also
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called quasistatic or quasiequilibrium processes.

Laws of thermodynamics

The three laws of thermodynamics make the basis for its theoretical apparatus.
They are axioms obtained from experiments. Their theoretical justification is given by
statistical physics (Physics Encyclopedia [22]).

The first law of thermodynamics is a formulation of energy conservation law adapted
for thermodynamic systems. It states that both the heat 𝑄 absorbed by a system and
the work 𝐴 done on this system contribute to the change of its internal energy 𝑈 . For
infinitesimal changes one writes

d𝑈 =𝑑𝑄+𝑑𝐴, (1.1)

where𝑑𝑄 and𝑑𝐴 are inexact differentials.
The second law of thermodynamics states that the entropy 𝑆 of an isolated system

cannot decrease:
d𝑆 ≥ 𝑑𝑄

𝑇
. (1.2)

For a reversible process, inequality 1.2 becomes the equality:

d𝑆 = 𝑑𝑄

𝑇
. (1.3)

The third law of thermodynamics says that the entropy of an isolated equilibrium
system tends to zero when its absolute temperature tends to zero.

Thermodynamic potentials

The method of thermodynamic potentials is used for the description of reversible
processes. For a simple quasistatic process at pressure 𝑃 , when a system expands by
the volume d𝑉 , the work done by the system on the environment can be expressed as

−𝑑𝐴 = 𝑃d𝑉, (1.4)

so that, taking into account eq. (1.3), the first law takes the form:

d𝑈 = 𝑇d𝑆 − 𝑃d𝑉. (1.5)

With the Legendre transformations (Physics encyclopedia [22]), one can switch from
the internal energy 𝑈 to other functions, which describe quasiequilibrium processes:
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Helmholtz free energy 𝐹 , Gibbs energy 𝐺, or enthalpy 𝐻. The corresponding expressions
are:

d𝐹 = −𝑆d𝑇 − 𝑃d𝑉, (1.6)

d𝐺 = −𝑆d𝑇 + 𝑉 d𝑃, (1.7)

d𝐻 = 𝑇d𝑆 + 𝑉 d𝑃. (1.8)

The above four fundamental thermodynamic relations, eqs. (1.5) to (1.8), introduce
the so-called thermodynamic potentials 𝑈(𝑆,𝑉 ), 𝐹 (𝑇,𝑉 ), 𝐺(𝑇,𝑃 ), and 𝐻(𝑆,𝑃 ). If
one of these functions is known, all thermodynamic properties of the system can be
determinded from these relations. For example, by taking the first derivatives of 𝐹 one
can find the entropy 𝑆 = 𝑆(𝑇,𝑉 ) and the equation of state 𝑃 = 𝑃 (𝑇,𝑉 ). Heat capacity
at constant volume can be calculated as

𝑐𝑣 = 𝑇

(︃
𝜕𝑆

𝜕𝑇

)︃⃒⃒⃒⃒
⃒
𝑣

= −𝑇
(︃
𝜕2𝐹

𝜕𝑇 2

)︃⃒⃒⃒⃒
⃒
𝑣

(1.9)

and, analogously, the heat capacity at constant pressure is

𝑐𝑝 = −𝑇
(︃
𝜕2𝐺

𝜕2𝑇

)︃⃒⃒⃒⃒
⃒
𝑝

. (1.10)

1.2.1.2 Clausius-Clapeyron equation

Let us now demonstrate an application of thermodynamical approach and describe
a situation when liquid and crystal phases can coexist in equilibrium with well-defined
interface boundary. Figure 1.2 illustrates the situation. It shows the temperature and
pressure conditions corresponding to the state of coexistence between phases 1 and 2
of a material. The two phases coexist at the phase boundary, shown with black solid
line. Above this line, the material is in phase 2, whereas below it is in phase 1. At the
line, temperature 𝑇 and pressure 𝑃 of both phases must be equal and the total Gibbs
free energy 𝐺 in equilibrium must be at its minimum [55]. The boundary between
these phases can move, changing the number of particles 𝑁1 and 𝑁2 in phase 1 and 2,
respectively. It means we must include the terms connected to the particle exchange in
the expression (1.7):

d𝐺 = 𝑉 d𝑃 − 𝑆d𝑇 + 𝜇1d𝑁1 + 𝜇2d𝑁2, (1.11)

where 𝑉 and 𝑆 are the total volume and the entropy of the system; indices correspond
to the different phases, and 𝜇𝑖 are the chemical potentials. It is important to note
that from the definition of 𝜇 it follows that it is equal to the Gibbs free energy of one
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Figure 1.2: Temperature and pressure conditions corresponding to the state of coex-
istence between phases 1 and 2 of a material. The two phases coexist at the phase
boundary, shown with black solid line. Above this line, the material is in phase 2,
whereas below it is in phase 1.

particle:
𝐺𝑖 = 𝜇𝑖𝑁𝑖. (1.12)

When two phases are in equilibrium, then for each component the differential of
chemical potentials are equal [57]:

d𝜇1 = d𝜇2. (1.13)

Keeping all other intensive parameters constant, this equation can be expanded in a
Taylor series for small variations of pressure and temperature [58]:

𝜕𝜇1

𝜕𝑇

⃒⃒⃒⃒
⃒
𝑃

𝑑𝑇 + 𝜕𝜇1

𝜕𝑃

⃒⃒⃒⃒
⃒
𝑇

𝑑𝑃 = 𝜕𝜇2

𝜕𝑇

⃒⃒⃒⃒
⃒
𝑃

𝑑𝑇 + 𝜕𝜇2

𝜕𝑃

⃒⃒⃒⃒
⃒
𝑇

𝑑𝑃. (1.14)

Using eq. (1.5) and eq. (1.12) we can obtain:

− 𝑠1d𝑇 + 𝑣1d𝑃 = −𝑠2d𝑇 + 𝑣2d𝑃, (1.15)

where 𝑠1 and 𝑠2 are the entropy per particle in phases 1 and 2, and 𝑣1 and 𝑣2 are the
volume per particle in phases 1 and 2. After rearrangement, we obtain

d𝑃
d𝑇 = 𝑠2 − 𝑠1

𝑣2 − 𝑣1
. (1.16)
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Further, using the definition of the latent heat,

𝐿 = 𝑇Δ𝑆, (1.17)

we arrive at the equation
d𝑃
d𝑇 = 𝐿

𝑇 (𝑉2 − 𝑉1)
, (1.18)

which is known as the Clausius-Clapeyron equation. It shows that the gradient of
the phase boundary of the 𝑝-𝑇 plane is purely determined by the latent heat, the
temperature at the phase boundary, and the difference in volume between the two
phases. More precise and sophisticated derivations of this equation are known [57]. In
modern application it is used to describe properties of clouds in the atmosphere [59],
for weather forecasting [60, 61] as well as to describe melting kinetics of solids under
ultrashort laser irradiation [49, 62]. We will utilize this equation in appendices C and D
in order to estimate the precision of our calculations of the material properties using
classical molecular dynamics.

1.2.2 Classification of phase transitions

Paul Ehrenfest proposed the following classification of phase transitions: the order
of a phase transition is the order of the lowest differential of 𝐺 (or 𝜇), which shows
a discontinuity during the transition [55]. Consequently, first-order phase transitions
involve a latent heat, eq. (1.17), because the entropy (a first differential of 𝐺, see
eq. (1.7)) shows a discontinuity. Similarly, the volume shows a discontinuity too,
whereas the heat capacity is a second differential of 𝐺 and thus it shows a sharp spike.
This is illustrated in fig. 1.3a. Examples of first-order phase transitions include the
solid-liquid transition, the solid-vapour transition, and the liquid-vapour transition. By
Ehrenfest’s classification, a second-order phase transition has no latent heat because
the entropy does not show a discontinuity (and neither does the volume, since both
are first differentials of 𝐺), but quantities like the heat capacity and compressibility
(second differentials of 𝐺) do. This is illustrated in fig. 1.3b.

However, it was found that the Ehrenfest’s approach is too simple, because an
important approximation of thermodynamics – the number of particles is large enough
to define average properties such as pressure and density – sometimes breaks down at
a phase transition, making its applicability questionable [55]. As an example of such
phenomena one can mention laser-induced nonequilibrium phase transitions occurring
the presence of strong pressure and temperature gradients [50]. Fluctuations in the
material parameters near a phase transition and so the behavior of the system, therefore,
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Figure 1.3: Ehrenfest’s classification of phase transitions: (a) a first-order phase
transition; (b) a second-order phase transition. The vertical dotted line at each plot
shows the critical temperature 𝑇𝑐, at which the phase transition occurs. (The picture is
taken from [55]; see fig. 28.12 in this book.)
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may not be in agreement with thermodynamical description around the phase transition
temperature.

Therefore, a more modern classification was suggested [55]. It distinguishes between
the Ehrenfest’s first-order phase transitions and all other transitions, which do not
involve the latent heat. The latter are called "continuous phase transitions". Thus
the phenomenon of melting, in which we are interested in this work, belongs to phase
transitions of the first order.

1.2.3 Nucleation in intrinsic materials

Melting generally occurs at two different regimes: in the bulk of a material or at the
interfaces such as surface, dislocations or defects [63]. In this subsection we consider
these processes from the point of view of nucleation theory.

1.2.3.1 Homogeneous melting

It is known [58, 63] that the process of melting begins by forming very small groups of
particles of the liquid phase, commonly called liquid nuclei. In the absence of impurities
in the material, these nuclei must form inside the intrinsic material and hence this kind
of nucleation process is called homogeneous melting. Large overheatings can be obtained
only under conditions of homogeneous nucleation. However, if there are impurities in
the solid, the nuclei form under conditions of heterogeneous nucleation and such nuclei
form much more easily and, therefore, large overheatings are not usually observed. Let
us calculate the critical radii of a liquid nucleus inside a solid during homogeneous
melting processes.

Consider a solid of volume 𝑉 , at a temperature 𝑇 , which is above the melting
temperature 𝑇𝑚: 𝑇 = 𝑇𝑚 + Δ𝑇 with a Gibbs free energy 𝐺1 = 𝑔1𝑉 . If a small liquid
nucleus of volume 𝑉𝑙 with surface area of 𝐴𝑙 is created, the Gibbs free energy changes to

𝐺2 = 𝑉𝑙𝑔𝑙 + (𝑉 − 𝑉𝑙)𝑔𝑠 + 𝜎𝑠𝑙𝐴𝑙, (1.19)

where 𝑔𝑠 and 𝑔𝑙 are the Gibbs free energies per unit volume of the solid and liquid phases
respectively, and 𝜎𝑠𝑙 is the surface energy of liquid-crystal interface. The formation of
the liquid nucleus results in a free energy change of

Δ𝐺 = 𝐺2 −𝐺1 = −𝑉𝑙Δ𝑔 + 𝜎𝑠𝑙𝐴𝑙, (1.20)

where Δ𝑔 = 𝑔𝑠 − 𝑔𝑙. Let us for simplicity consider a nucleus of a spherical form with a
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radius 𝑟 (non-spherical shapes were considered, for example, in [64]):

Δ𝐺 = −4
3𝜋𝑟

3Δ𝑔 + 4𝜋𝑟2𝜎𝑠𝑙. (1.21)

The contribution from the surface energy varies as the square of the radius of the
nucleus, whereas the contribution from the free energy of the bulk phases varies as the
cube of the radius. It leads to the existence of a critical radius 𝑟𝑐, which corresponds
to the maximum Δ𝐺. If the radius 𝑟 < 𝑟𝑐 then the system lowers its free energy by
recrystallization of the nucleus, and if the radius 𝑟 > 𝑟𝑐 then the system lowers its free
energy by continuing the growth of the liquid phase. From the condition 𝜕(Δ𝐺)

𝜕𝑟

⃒⃒⃒
𝑟=𝑟𝑐

= 0
one can find that

𝑟𝑐 = 2𝜎𝑠𝑙

Δ𝑔𝑐

. (1.22)

In order to rewrite this expression in more useful variables, let us consider the situation
when liquid and crystal are in equilibrium at the melting temperature 𝑇𝑚. In this case,
the Gibbs free energy of the solid and liquid are the same, i.e.,

Δ𝐺 = Δ𝐻𝑠𝑙 − 𝑇𝑚Δ𝑆 = 0, (1.23)

where Δ𝐻𝑠𝑙 and Δ𝑆𝑠𝑙 are the differences in the enthalpy and entropy between liquid
and solid phases. It leads to

Δ𝑆 = Δ𝐻𝑠𝑙

𝑇𝑚

. (1.24)

If we further assume that the temperature 𝑇 is near the melting temperature, then

Δ𝐺 = Δ𝐻 − 𝑇Δ𝑆 ≈ Δ𝐻𝑠𝑙 − 𝑇

𝑇𝑚

Δ𝐻𝑠𝑙 = −Δ𝐻𝑠𝑙Δ𝑇
𝑇𝑚

. (1.25)

Using this formula, we rewrite eq. (1.22) as

𝑟𝑐 = −2𝜎𝑠𝑙𝑇𝑚

Δ𝑙𝑠𝑙

1
Δ𝑇 , (1.26)

where 𝑙𝑠𝑙 is the latent heat of fusion per unit volume. From here, one can see that as the
temperature increases, it is more and more preferable for the system to transform into
liquid and the nucleation barrier is decreasing with overheating above the equilibrium
melting temperature. Such behavior is in agreement with our results on ultrafast laser
melting, which will be presented in chapter 5.
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1.2.3.2 Heterogeneous melting

Substituting eq. (1.22) into eq. (1.21), we can find the critical value for Gibbs free
energy change:

Δ𝐺𝑐 = 16𝜋𝜎3
𝑠𝑙

3(Δ𝑔𝑐)2 . (1.27)

This formula suggests that in order to make liquid nucleation possible at small levels of
overheating, it is desirable to reduce the surface energy, 𝜎𝑠𝑙. A simple way to achieve
this is to have the nucleus formed on an interface with a container wall. The analogous
approach leads to the following result [58]:

Δ𝐺𝑐 = 16𝜋𝜎3
𝑠𝑙

3(Δ𝑔𝑐)2
(2 + cos 𝜃)(1 − cos 𝜃)2

4 , (1.28)

where 𝜃 is the contact angle between the wall and the growing nucleus. One can easily
see that the main contribution of the wall is to lower the activation energy barrier for
nucleation, thus reducing the required level of overheating. On the other hand, the
expression for the critical radius, eq. (1.22), is unaffected by the wall and depends on
the degree of overheating only. Any real crystal has internal interfaces, grain boundaries,
dislocations, and other imperfections, providing preferable sites for the nucleation of
melting [18, 65]. But the most dominant factor is the presence of external surfaces,
which have a very low barrier for heterogeneous nucleation of a liquid phase. Therefore,
if a solid is heated up above its equilibrium melting temperature, the melting process
starts most likely at the surface.

1.2.4 Melting criteria for superheated solids

1.2.4.1 Lindemann’s criterion of melting

The first attempt to understand the microscopic mechanisms of melting was under-
taken by Lindemann [66]. The approach is based on the fact that with the increase
of temperature, atomic vibrations become stronger until finally the atoms leave their
positions triggering the melting. He suggested that melting occurs when the root-mean-
square amplitude of thermal vibrations reaches a certain fraction of the nearest-neighbor
atomic distance. This fraction is presumed to be the same for all isotropic mono-atomic
solids.

The theory is quite simple [67, 68]. Assuming that all atoms oscillate around their
equilibrium positions with the same frequency 𝜈𝐸 (Einstein frequency), one can relate
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the average thermal vibrational energy to the temperature (equipartition relation):

𝑚(2𝜋𝜈2
𝐸)(Δ𝑥)2 = 𝑘𝐵𝑇, (1.29)

where 𝑚 is the atomic mass, Δ𝑥 is the root-mean-square thermal average amplitude of
vibration, 𝑘𝐵 is Boltzmann’s constant, and 𝑇 is the absolute temperature of the system.
Lindemann’s basic assumption is that melting occurs when Δ𝑥 reaches certain fraction
of the nearest-neighbor spacing. The equations combine into a simple expression relating
the melting point 𝑇𝑚 to properties of the bulk solid [18]:

Θ𝐷 = 𝑐
[︁
𝑇𝑚/𝑀𝑉

2/3
𝑀

]︁1/2
, (1.30)

where Θ𝐷 is the Debye temperature of the specific heat, 𝑀 is the molecular weight,
and 𝑉𝑀 is the molar volume. The empirical parameter 𝑐 was found to be about about
0.1 for many simple solids.

Though this microscopic approach provides some information about the mechanisms
of melting, one should not forget about the serious defects of the model [18]. It is
based on harmonic forces, which is a rough approximation when phase transitions occur.
Additionally, the model relates melting with the behavior of individual atoms, whereas
a phase change is a cooperative process. Furthermore, the model describes melting in
terms of the solid alone, although the transition must involve both solid and liquid
phases. Nevertheless, later research confirmed the idea that melting could be a gradual
process, beginning at temperatures below the melting [18, 31].

1.2.4.2 Born criterion of melting

Later, Born noted [69] that the difference between a solid and a liquid is that the
solid has an elastic resistance against shearing stress, whereas the liquid does not. He
conducted a sophisticated thermodynamic treatment to investigate crystal lattices under
shearing stress. Finally, Born’s criterion was developed as definition of melting in terms
of mechanical instability of a crystal: melting of a crystal occurs when one of its shear
modulus vanishes.

Similar to Lindemann’s melting criterion, Born’s model also does not contain a
distinct description of liquid and, therefore, cannot account for the discontinuous
character of the melting as a first-order phase transition [70]. Recently, Yip and
coauthors performed computer simulations to re-examine Born’s criterion of lattice
stability in cases of zero and non-zero external stresses [71–74]. They showed that
Born’s criterion is valid only under zero external stress. When an ideal solid is heated to
the melting temperature at zero pressure, the melting occurs as initial lattice instability
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due to a vanishing of tetragonal shear modulus, as predicted by the Born’s criterion.
However, when a solid is simulated under a negative pressure, the interatomic bonds
breaking triggers the lattice instability and the vanishing of bulk modulus.

1.2.4.3 Correlation between the criteria

Computer simulations based on molecular dynamics (MD) demonstrated a strong
correlation between Lindemann’s criterion and Born’s criterion: melting starts as local
instabilities where both are fulfilled [19, 70]. With 𝑇 increasing, the number of atoms
with overcritical root mean square displacements (Lindemann atoms) increases and,
simultaneously, the lattice continuously expands and loses its resilience. When the shear
moduli become small enough (Born’s criterion), destabilization of the atoms becomes
locally collective, promoting the formation of clusters, for which the difference of shear
moduli is zero. Alternatively, the coinciding fulfillment of both the vibrational and the
shear elastic criteria leads to the creation of local regions triggering the equilibrium
melting.

1.2.5 Description of melting by means of molecular dynamics
simulations

Comprehensive understanding of melting kinetics at a microscopic level is a chal-
lenging task that is not yet fully accomplished for all situations. The limitations of
thermodynamics and the results mentioned in section 1.2.4.3 suggest that the molecular
dynamics approach is a reasonable choice for the investigation of the melting kinetics of
solids. Indeed, MD simulations may provide a deep insight into the complicated melting
process at the atomic level, simultaneously providing all macroscopic information [75,
76]. In chapter 3 we will use this approach to describe melting in silicon and compare
with the corresponding experimental results.

1.3 Electronic structure of semiconductors

As we mentioned in section 1.1.1, ultrashort laser irradiation is known to mainly
affect the electronic subsystem of the targets. Before considering this effect in detail,
let us briefly describe the electronic structure of semiconductors. As an example
of a semiconducting material we take silicon as one of the most important in the
applications. We only consider intrinsic (without impurities) crystalline silicon without
defects. Figure 1.4 demonstrates a purified silicon sample.
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Figure 1.4: Close up photo of a piece of purified silicon. Source: wikipedia.org.

Free electron gas

Carriers are the entities that transport charge and energy from place to place inside
a material and hence give rise to electrical and energy currents [77]. In metals, the
subatomic particles called electrons play this role. Before the quantum mechanics was
established, the influence of electron motion on the properties of metals was investigated
based on classical physics. According to the simplest approach, some electrons in a
metal are able to move freely through the volume of the crystal, forming an “electron
gas”, obeying Maxwell-Boltzmann statistics. These electrons are responsible for the
conduction of electricity in metals, and are termed conduction band electrons, as
distinguished from the electrons of the filled shells of the ions. The interaction of
conduction band electrons with the ion cores of the original atoms is neglected in the
free electron approximation, and all calculations are performed for an assumption that
the conduction electrons are entirely free in the space bounded by the surfaces of the
crystal. Though such theory successfully describes some metallic properties, such as
electrical conductivity and Ohm’s law, it does not reproduce many other important
properties of metals [78] due to the importance of quantum effects.

Fermi distribution

One of the critical conclusions from quantum theory concerning an equilibrium
electron gas is that it must obey Fermi-Dirac statistics, which accounts for the Pauli
principle. At temperature 𝑇𝑒, the probability that an electronic state with energy 𝜖 is
occupied is [78]

𝑓(𝜖) = 1
exp 𝜖−𝜇(𝑇𝑒)

𝑘𝐵𝑇𝑒
+ 1

, (1.31)
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Figure 1.5: Fermi-Dirac distribution function, eq. (1.31), at different temperatures.

where the chemical potential 𝜇 is chosen so that the total number of particles in the
system 𝑁 can be obtained after the integration over all possible states. Figure 1.5
presents examples of this curve for different electronic temperatures. According to this
equation, at any temperature, 𝑓(𝜖 = 𝜇) = 1

2 . At 𝑇𝑒 = 0, the maximum occupied energy
is the Fermi energy 𝐸𝐹 = 𝜇(𝑇𝑒 = 0). If 𝜖− 𝜇 ≫ 𝑘𝐵𝑇𝑒, eq. (1.31) can be approximated
by the Maxwell-Boltzmann statistics:

𝑓(𝜖) ≈ exp 𝜇 (𝑇𝑒) − 𝜖

𝑘𝐵𝑇𝑒

. (1.32)

This limit is sometimes called non-degenerate case.

Energy bands

Another notable result of quantum mechanics applied to solids is that the range
of allowed energies for valence electrons is not continuum, but can be divided into
several regions called energy bands [78, 79]. Figure 1.6 presents a simplified scheme
of energy bands for metals, semiconductors, and dielectrics. Green areas show the
occupied energy levels, whereas blue areas show the vacant (unoccupied) levels. In
semiconductors and dielectrics, the energy bands, which are filled at 𝑇𝑒 = 0, are called
valence bands (the corresponding valence electrons are occupying their positions at
atoms), and the unfilled energy bands with higher energies are called conduction bands
(the corresponding electrons, if present, left their atoms and move freely through the
material; they are called ’free electrons’). In metals, only conduction bands are present,
and all valence electrons are free. The band gap is the difference in energy between the
lowest point of the conduction band (’conduction band edge’) and the highest point of
valence band (’valence band edge’) [78].
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Figure 1.6: Schematic representation of allowed electron energy levels for metals,
semiconductors, and dielectrics at a finite electronic temperature. Dark-green areas
shows the occupied energy levels, whereas the light-blue areas show the vacant ones.
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Within semiconductors, along with free electrons, a second equally important type
of carriers exists called the hole. The hole is an alternate description of a vacant orbital
in a valence band. This definition turned out to be very convenient and simplified the
description of the processes occurring in semiconductors. Holes act in applied electric
and magnetic field as if they have a positive charge +𝑒. In intrinsic semiconductors
they are created simultaneously with the free electrons (in pairs) and contribute to
thermal and electrical conduction along with those [80].

Parabolic band structure

The actual band structure of solids 𝜖(�⃗�) depends on the wave vectors of electrons
and may be different in different directions [79]. Though the actual band structure of
silicon is complicated [79], in simple models it is often replaced by isotropic parabolic
bands, fig. 1.7. On the left picture, the conduction band edge occurs at the same value
of �⃗� as the valence band edge. A direct optical transition is drawn vertically with no
significant change in �⃗�, because the absorbed photon has a very small wave vector. The
threshold frequency 𝜔𝑔 for absorption by the direct transition determines the direct
energy gap 𝐸𝑔 = ~𝜔𝑔. On the right picture in fig. 1.7, the indirect transition involves
both a photon (with the energy ~𝜔) and a phonon (with the energy ~Ω), because
the band edges of the conduction and valence bands are widely separated in �⃗� space.
Consequently, in this case the energy needed for the excitation of an electron (indirect
band gap) is noticeably smaller than for the corresponding direct transition. Though
the figure shows only the threshold transitions, the transitions generally occur between
almost all points of the two bands, for which the wave vectors and the energy can be
conserved [78].

Effective mass and the equation of motion for carriers

In the next chapters we will adopt the parabolic bands assumption. In silicon, the
valence electrons in silicon can leave their atoms relatively easily, leaving holes in the
valence band. For example, it can happen as a result of an ultrashort laser irradiation.
For that they need to overcome the indirect energy gap, which for silicon is around
1.17 eV. One can assume that these excited electrons may play a similar role as the
free electrons in metals. Indeed, numerous calculations show (see chapter 2) that this
assumption is quite useful. Let us introduce the concept of effective mass, which greatly
simplifies such approach. The effective mass 𝑚* of a carrier is related to the local
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Figure 1.7: Parabolic bands for the case of direct band gap (on the left) and for the
case of indirect one (on the right). (The picture is taken from [78]; see Fig. 5 from
chapter 8 in this book.)

curvature of the energy band at the specified �⃗� vector:

1
𝑚* = 1

~2
d2𝜖(𝑘)

d𝑘2 . (1.33)

It is particularly useful for the regions of �⃗� space, where 𝜖(𝑘) has a parabolic form. In
these regions the effective mass is constant and the corresponding equation of motion
for the carrier is reduced in a Newton-like form, where only external forces 𝐹 appear.
For the isotropic case it reads as [79]

d�⃗�(𝑘)
d𝑡 = 𝑚*(±𝑒)𝐹, (1.34)

where 𝑣(𝑘) is the carrier velocity; the + sign is related to holes and - to electrons.
This is called "effective mass approximation", and it provides the way to significantly
simplify the description of the carriers in semiconductors where possible. In chapter 2
we will demonstrate the results of this approach in the application for the description
of electron dynamics in silicon under ultrashort laser irradiation.

1.4 Existing methods to describe
laser-material interaction

In this section, we give a general review of the existing computational models
aimed at describing the response of semiconductors to ultrashort laser pulses. One
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possible approach to describe the electronic subsystem is to solve a system of Boltzmann
equations, characterizing the distribution of photo-excited carriers and the optical
properties of the material [33, 81]. Though this approach may be complicated, it
can provide a deep understanding of the processes involved, such as the influence of
possible local nonequilibrium in the electronic subsystem on the material evolution.
Furthermore, recently, ab initio MD approaches became more widespread, thanks to the
increased computational power of modern computers. Possessing the inherent precision,
they rely on the solution of the Schrödinger equation for electrons [43, 82–87]. High
computational costs, however, along with the complexity of parallelization, currently
limit their applicability to systems very limited in size (≈ 2000 atoms). As a result,
these approaches are not applicable at the experimental scales even with the utilization
of international super computer facilities [88]. Finally, the continuum approaches
can be applied. Being capable of working on the experimental spatial and temporal
scales with a relatively low computational cost, the continuum approaches, for instance
hydrodynamic models [52, 89–92], can give good precision and are widely accepted
among the experimentalists for the provided data analysis.

Among the continuum models, the so-called Two-Temperature Model (TTM) [93]
has become one of the most widespread, thanks to its low computational cost, relatively
simple implementation, and, in the meantime, ability to account for laser energy
absorption, fast electron heat conduction, and strong laser-induced electron-phonon
nonequilibrium. It is frequently used to interpret experimental data and to determine
the material properties in laser irradiation experiments [80, 94–101]. One of the essential
problems of the continuum approaches, however, is their assumption of conditions not
far from equilibrium for a description of the laser-induced phase transition processes
(ultrafast laser melting, spallation, ablation processes) in solids. Apart from that,
strong variation in parameterization and the reliance on phase diagrams and equation
of states (derived in the assumption of the equilibrium conditions) also limit the validity
of such models. This situation becomes even worse under conditions realized during
ultrashort (pico- and femtosecond) laser pulse experiments, where the investigated
material is driven to extreme transient states and non-equilibrium phase transition
processes become dominant [102]. The transition times can be shorter than 1 ps and
the new phase nuclei may have size of only several interatomic distances. Thus, the
investigation of such processes as ultrafast melting, ablation, spallation, recrystallization,
and surface effects, would require a number of assumptions to be implemented within
the continuum model.

Another possible technique to model the response of semiconductors to ultrashort
laser irradiation is classical Molecular Dynamics (MD). This technique is based on the
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solution of the Newtonian equation of motion for every particle in three-dimensional
space using empirical or ab initio interatomic potentials [103]. The essential advantage
of the MD method is that no assumptions are made about the character of the processes
under investigation. The kinetics of the laser-induced processes, therefore, follows a
priori from the interatomic potential only. Specifically, classical MD can provide insights
into the atomic-level processes of non-equilibrium phase transitions. This method has
been demonstrated to be an efficient tool for a microscopic analysis of the melting
mechanisms under conditions of overheating in both the bulk of a crystal [104, 105] and
in systems with free surfaces [106, 107]. Simulations of boiling, spinodal decomposition
and fragmentation of a metastable liquid [108–110] and laser ablation [111, 112] have also
been reported. In case of Si, the classical MD model, implementing, for example, such
potentials as Stillinger-Weber [113] or Modified Tersoff (or MOD) [114], can describe
not only the crystal structure, bulk modulus and cohesive energy, but also reproduces
very well important thermophysical properties such as equilibrium melting temperature,
melting curve slope, and heat capacity, see section 3.2 and section 3.3. In the MD,
the available microscopical analysis of the atomic subsystem allows the calculation of
complete statistical information and all macroscopic parameters, such as temperature
and pressure. With modern computational technologies and utilization of the parallel
algorithms, the MD approach can cover temporal and spatial scales large enough for a
direct comparison with an experiment [53, 115]. The mentioned advantages, in essence,
justify the applicability of the Molecular Dynamics method for investigation of the
kinetics of ultrashort laser-induced processes in solids.

The classical MD method, however, cannot be directly applied for the simulation
of ultrashort laser interaction with semiconductors, since it does not explicitly include
electronic subsystem. The laser-excited free electrons dominantly contribute to the
thermal conductivity of irradiated semiconductors [100], so that the conventional MD
method, where only a lattice contribution is considered, may significantly underestimate
the total thermal conductivity. This would lead to an unphysical confinement of the
deposited laser energy in the surface region of the irradiated target. Moreover, the laser
energy deposition by multiphoton absorption and a transient state of strong electron-
lattice non-equilibrium cannot be reproduced since the electrons are not explicitly
presented in the model.

1.5 Idea to combine MD and nTTM

The short review in section 1.4 suggests that new approaches may be beneficial
for the investigation of laser-driven processes in semiconductors. One could think of
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consolidation of different techniques into a single computational approach, utilizing
their advantages and avoiding their disadvantages where possible. Indeed, such an
approach, involving Two-Temperature Model and molecular dynamics, has already been
developed for metals [50, 107] and demonstrated its benefits in the investigation of
material properties [116–118], providing a possibility for a successful direct comparison
with experimental results [53, 115]. Consequently, it will be the main goal of the
dissertation to develop a similar approach working for semiconductors and apply it to
understand the ultrafast melting processes.

As it was mentioned above, though MD is a powerful tool for the description of
solids, it lacks free electrons, necessary for description of the laser light absorption,
free carrier diffusion, fast electron heat conduction, and the electron-phonon energy
exchange. On the other hand, continuum models account for all the mentioned processes
while lack the features provided by MD.

Thus, a model unifying the atomistic description of the kinetics of the laser-induced
phase transition processes along with the description of photo-excited free carriers
dynamics in the continuum can be constructed for semiconductors (in this work Si), as
it was realized in the atomistic-continuum approach (MD-TTM) for metals [50, 107].

1.6 Goals of the dissertation

In section 1.1.1 we mentioned numerous applications of ultrashort laser processing
of materials, particularly semiconductors. The laser processing almost always involves
melting as one of the main stages of the material evolution. Melting is a complicated
process in which macroscopic changes are driven by microscopically triggered non-
equilibrium phenomena, section 1.2. Therefore, a microscopic understanding of the
kinetics and the mechanisms of melting process is essential for successful laser processing
techniques.

The theoretical study of laser-driven processes in semiconductors is of large impor-
tance but it is connected to significant difficulties. Our short review of existing models,
section 1.4, suggests that new approaches may be beneficial for the investigation of
laser-driven processes in semiconductors. The advantages and disadvantages of all
mentioned models leave us the possibility to consolidate certain techniques in order to
overcome their limitations and combine their advantages within a single computational
approach [50, 107]. A similar approach implemented for metals has already resulted in
the thorough study of laser-processing-related phenomena and yielded promising results
for their applications [53, 115].

Correspondingly, the goals of this dissertation are the following:
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1. to study the continuum approaches that allow to model the response of semicon-
ductors to ultrashort laser irradiation and prepare an implementation to include
into the combined model;

2. to study and implement the MD approach that allows the modeling of silicon; to
obtain the relevant properties of the material using this implementation;

3. to design and implement a new atomistic-continuum model for semiconductors
(on the example of silicon) that will combine the advantages of a continuum model
and classical molecular dynamics;

4. to apply the combined model for a comprehensive investigation of the kinetics
and mechanisms of laser-induced melting of silicon at different laser fluences;

5. to consider the possibilities of including nonthermal effects into the model; to list
other improvements, which could be useful to implement in the future.

The model to be developed should be able to provide a detailed microscopic picture
of the melting process and, at the same time, include a reasonable description of laser
energy absorption by the valence electrons, fast electron heat conduction, and energy
transfer from hot electrons to the lattice due to electron-phonon coupling. Such a
model would allow us to perform a realistic computational study of ultrashort-laser-
induced processes in semiconductor targets taking into account the electron-phonon
nonequilibrium and the dynamics of the electronic subsystem.

Some of the research questions to be addressed in the simulations performed with
the new model are listed below.

• What are the mechanisms of homogeneous and heterogeneous melting of semicon-
ductor targets under ultrashort laser irradiation?

• What are the limits of crystal stability at ultra-high heating rates achievable
during short pulse laser processing? How do the properties of silicon influence
this stability?

• How does the melting kinetics of silicon depend on laser fluence? What are the
relative contributions of the heterogeneous and homogeneous melting mechanisms
at different fluences?

• How does the interatomic potential influence the melting kinetics? Which conclu-
sions are independent of it?
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• How could one account for nonthermal effects in the combined atomistic-continuum
model? What are the necessary properties of the corresponding interatomic
potentials?

• What are the consequences of laser-induced bond weakening for the melting
kinetics of the material?

While most of the above questions have a direct impact on laser applications, the
microscopic mechanisms of homogeneous and heterogeneous melting, as well as the
influence of the nonthermal effects, also have a more general fundamental character and
addressing these questions may have implications beyond the area of laser processing of
semiconductors.

Let us now explain the structure of the remaining part of the dissertation. We
begin with the description of the continuum approach based on the TTM-like model in
chapter 2. As this model includes the equation for the density 𝑛 of electrons and holes,
we will denote it nTTM, as it was suggested in [100]. Then, in chapter 3, we consider
the MD approach and investigate the applicability of two interatomic potentials for
modeling silicon. With these potentials, we obtain the properties of Si and compare them
with the experimental results. Chapter 4 explains the coupling of the MD and nTTM
models into the single combined computational approach, whereas the developed model
is applied in chapter 5 to study the response of silicon to ultrashort laser irradiation and
to answer most of the questions stated above. Chapter 6 addresses the phenomenon
of nonthermal effects and its inclusion into the model. We also obtain the constraints
on suitable interatomic potentials that could account for these effects. At the end of
this chapter, preliminary results with a new potential, developed by Bernd Bauerhenne,
another member of the group of Prof. Garcia in Kassel, demonstrate the possibilities
of classical MD to describe non-thermal melting. Finally, chapter 7 summarizes the
obtained data and provides concluding remarks.

Some of the results of this dissertation are also presented in refs. [62, 119, 120]. The
results from section 6.1 are in preparation to be published [121].



Chapter 2

Continuum approach to model
silicon

The material response to ultrashort laser irradiation is an important topic and, as we
already mentioned in section 1.4, different methods were developed for its investigation.
One possibility is a continuum approach, based on the assumption that the material is
continuous and continuum functions may be used to describe its state and evolution.
In this chapter we consider the possibility to model silicon response to ultrashort laser
pulse in continuum.

Though many different kinds of continuum models have been developed so far [52],
in this work we are particularly interested in two approaches, one-chemical-potential
model [122] and two-chemical-potentials model [80], which we will call (nTTM). These
two models provide a simple but effective description of the evolution of semiconductors
upon laser irradiation and are computationally cheap. Additionally, as we will see in
section 6.2 that these two models may simplify the first attempt to include nonthermal
effects into the combined atomistic-continuum model.

Only 800 nm laser wavelength (1.55 eV photon energy) will be considered in this work.
However by adjusting the corresponding parameters of the model (see section 2.1.2.2),
it is possible to apply the model to different laser energies.

43
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2.1 Two-chemical-potentials model nTTM

2.1.1 Model description

The continuum nTTM approach is based on the model by van Driel [80], in which
the solid (silicon) is considered as two coupled subsystems: the phonons and free excited
electron-hole carriers. Due to laser pulse irradiation (in this work Ti:Al2O3 laser at
800 nm wavelength), the free carriers are generated, electrons in the conduction band
and holes in valence band, by one- and two-photon absorption processes. Both types
of carriers are assumed to quickly equilibrate in the corresponding parabolic bands.
To each of them, we apply separate Fermi-Dirac distributions with different chemical
potentials, 𝜑𝑒 and 𝜑ℎ, for the electrons and holes, respectively, but with a shared carrier
density 𝑛 and temperature 𝑇𝑒:

𝑓𝑐 (𝐸) = 1
exp

(︁
±(𝐸−𝜑𝑐)

𝑘𝐵𝑇𝑒

)︁
+ 1

, (2.1)

where subscript 𝑐 stands as 𝑒 for electrons and ℎ for holes; the + sign is associated
with electrons and the − sign with holes; 𝑘𝐵 is the Boltzmann constant. Such choice
implies that the equilibration time between the chemical potentials is much longer
than that between 𝑇𝑒 and 𝑇ℎ and, at the same time, is comparable or longer than the
characteristic times of the processes under study. In section 2.3 we will discuss an
alternative approach.

The reduced chemical potentials are defined as follows:

𝜂𝑒 = 𝜑𝑒 − 𝐸𝐶

𝑘𝐵𝑇𝑒

and 𝜂ℎ = 𝐸𝑉 − 𝜑ℎ

𝑘𝐵𝑇𝑒

, (2.2)

where 𝐸𝐶 and 𝐸𝑉 are the conduction and valence band energy levels respectively, so
that the energy gap is 𝐸𝑔 = 𝐸𝐶 − 𝐸𝑉 . The integration of the carrier distribution
functions over the energy leads to the expressions for the carrier density (parabolic
bands are assumed):

𝑛 = 2
(︃
𝑚*

𝑐𝑘𝐵𝑇𝑒

2𝜋~2

)︃ 3
2

𝐹 1
2

(𝜂𝑐) , (2.3)

where 𝑚*
𝑐 is effective mass of the carriers. The Fermi-Dirac integral is defined as

𝐹𝜉 (𝜂𝑐) = 1
Γ (𝜉 + 1)

∫︁ ∞

0

𝑥𝜉

1 + exp (𝑥− 𝜂𝑐)
d𝑥. (2.4)

The electrons and holes are assumed to move together due to the Dember field preventing
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the charge separation [123]. The carrier current is, therefore:

𝐽 = −𝐷

⎡⎣∇𝑛+ 𝑛

𝑘𝐵𝑇𝑒

[︂
𝐻

1
2
− 1

2
(𝜂𝑒) +𝐻

1
2
− 1

2
(𝜂ℎ)

]︂−1
∇𝐸𝑔

+ 𝑛

𝑇𝑒

⎡⎢⎢⎣2 𝐻1
0 (𝜂𝑒) +𝐻1

0 (𝜂ℎ)
𝐻

1
2
− 1

2
(𝜂𝑒) +𝐻

1
2
− 1

2
(𝜂ℎ)

− 3
2

⎤⎥⎥⎦∇𝑇𝑒

⎤⎦,
(2.5)

where 𝐻𝜉
𝜁 (𝜂𝑐) ≡ 𝐹𝜉 (𝜂𝑐) /𝐹𝜁 (𝜂𝑐) and the ambipolar diffusion coefficient is:

𝐷 = 𝑘𝐵𝑇𝑒

𝑞𝑒

𝜇𝑒𝜇ℎ𝐻
0
1
2

(𝜂𝑒)𝐻0
1
2

(𝜂ℎ)
𝜇𝑒𝐻0

1
2

(𝜂𝑒) + 𝜇ℎ𝐻0
1
2

(𝜂ℎ)

[︂
𝐻

1
2
− 1

2
(𝜂𝑒) +𝐻

1
2
− 1

2
(𝜂ℎ)

]︂
(2.6)

with carrier mobility 𝜇𝑐. Ambipolar energy flow can be written as the sum of diffusion
and thermal energy currents inside the carrier subsystem:

�⃗� =
{︁
𝐸𝑔 + 2𝑘𝐵𝑇𝑒

[︁
𝐻1

0 (𝜂𝑒) +𝐻1
0 (𝜂ℎ)

]︁}︁
𝐽 − (𝜅𝑒 + 𝜅ℎ) ∇𝑇𝑒 (2.7)

with 𝜅𝑐 carrier thermal conductivity.
The dynamics of semiconductors under the irradiation of ultrashort laser pulses can

be modeled with the system of three continuum equations [80, 124]: continuity equation
for free carrier density and two coupled energy balance equations, one for carriers and
one for atoms:

𝜕𝑛

𝜕𝑡
+ ∇ · 𝐽 = 𝑆𝑛 − 𝛾𝑛3 + 𝛿 (𝑇𝑒)𝑛, (2.8)

𝜕𝑢

𝜕𝑡
+ ∇ · �⃗� = 𝑆𝑢 − 𝐶𝑒−ℎ

𝜏𝑒−𝑝

(𝑇𝑒 − 𝑇𝑎) , (2.9)

𝐶𝑎
𝜕𝑇𝑎

𝜕𝑡
= ∇ · (𝑘𝑎∇𝑇𝑎) + 𝐶𝑒−ℎ

𝜏𝑒−𝑝

(𝑇𝑒 − 𝑇𝑎) , (2.10)

The meanings of symbols in eqs. (2.8) to (2.10) are the following: 𝑆𝑛 is the source of
new carriers (rate of excitation of new carriers by the laser), 𝑆𝑈 is carrier energy density
source (rate of laser energy absorption), 𝐶𝑒−ℎ is heat capacity of the electron-hole pairs,
𝑇𝑎 is atomic temperature. The terms on its right hand side of eq. (2.8) are responsible
for laser energy absorption, Auger recombination, and impact ionization, consequently.
Equation (2.9) describes the energy balance in the photoexcited electron-hole pairs.
The terms on its right hand side are responsible for laser energy absorption and the
coupling to the lattice, consequently. The last equation describes the energy balance
in the atomic subsystem. The first term on the right side accounts for the phonon
conduction process, which is in practice, however, due to small phonon conductivity
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𝑘𝑎, is negligible and frequently omitted. We keep it keeping in mind possible future
applications/model extensions and because the corresponding added computational
costs are negligible. The electron-phonon energy exchange term is dominant here.

The total energy of electron-hole pairs consists of the energy gap and the kinetic
energy of carriers (taking into account the Fermi statistics) is

𝑢 = 𝑛𝐸𝑔 (𝑛,𝑇𝑒) + 3
2𝑛𝑘𝐵𝑇𝑒

[︂
𝐻

3
2
1
2

(𝜂𝑒) +𝐻
3
2
1
2

(𝜂ℎ)
]︂
, (2.11)

The system of eqs. (2.8) to (2.10) is written in the conservative form, which provides
the exact energy conservation in case of numerical solution. Nevertheless it is not
convenient to solve, since eq. (2.9) includes both 𝑇𝑒 and 𝑢. One can rewrite it with
respect to 𝑛 and 𝑇𝑒 for a more handy numerical form. To do so, we have to note that the
carrier specific heat capacity is 𝐶𝑒−ℎ = 𝜕𝑢/𝜕𝑇𝑒|𝑛 and using eq. (2.11) we can, therefore,
write:

𝐶𝑒−ℎ =3
2𝑛𝑘𝐵

⎡⎣𝐻 3
2
1
2

(𝜂𝑒) +𝐻
3
2
1
2

(𝜂ℎ) +

𝑇𝑒
𝜕𝜂𝑒

𝜕𝑇𝑒

[︂
1 −𝐻

3
2
1
2

(𝜂𝑒)𝐻
− 1

2
1
2

(𝜂𝑒)
]︂

+ 𝑇𝑒
𝜕𝜂ℎ

𝜕𝑇𝑒

[︂
1 −𝐻

3
2
1
2

(𝜂ℎ)𝐻− 1
2

1
2

(𝜂ℎ)
]︂ ⎤⎦.

(2.12)

Further, calculating 𝜕𝑢
𝜕𝑡

from eq. (2.11) and substituting it into eq. (2.9), we arrive at
the diffusion-like equation for the temperature of electron-hole pairs:

𝐶𝑒−ℎ
𝜕𝑇𝑒

𝜕𝑡
= 𝑆𝑢 − ∇ · �⃗� − 𝐶𝑒−ℎ

𝜏𝑒−𝑝

(𝑇𝑒 − 𝑇𝑎) −

𝜕𝑛

𝜕𝑡

{︃
𝐸𝑔 + 3

2𝑘𝐵𝑇𝑒

[︂
𝐻

3
2
1
2

(𝜂𝑒) +𝐻
3
2
1
2

(𝜂ℎ)
]︂

− 𝑛

(︃
𝜕𝐸𝑔

𝜕𝑛

𝜕𝑛

𝜕𝑡
+ 𝜕𝐸𝑔

𝜕𝑇𝑎

𝜕𝑇𝑎

𝜕𝑡

)︃}︃
−

3
2𝑘𝐵𝑇𝑒𝑛

𝜕𝑛

𝜕𝑡

{︃[︂
1 −𝐻

3
2
1
2

(𝜂𝑒)𝐻
− 1

2
1
2

(𝜂𝑒)
]︂
𝜕𝜂𝑒

𝜕𝑛
+
[︂
1 −𝐻

3
2
1
2

(𝜂ℎ)𝐻− 1
2

1
2

(𝜂ℎ)
]︂
𝜕𝜂ℎ

𝜕𝑛

}︃
.

(2.13)

As opposite to eq. (2.9), this equation may lead to accumulation of numerical errors
in case of low precision of the derivative calculations of the last three terms, i.e., it
is written in the non-conservative form. The errors may come from the last terms
of eq. (2.13), which numerically play a role of extra sources in the diffusion equation.
Nevertheless our semi-implicit numerical scheme described in appendix B provides the
precision, which is more than enough for our purposes.

Thus, from eqs. (2.8), (2.10) and (2.13) we can fully determine the dynamics of
𝑛𝑒, 𝑇𝑎, and 𝑇𝑒 in one dimension (1D) with the following initial boundary conditions,
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suitable for a free standing film:

𝑇𝑎 (𝑧,0) = 𝑇𝑒 (𝑧,0) = 300 K,
𝑛 (𝑧,0) = 𝑛𝑒𝑞 = 1 × 1016 m−3 [125],
𝐽 (0,𝑡) = 𝐽 (𝐿,𝑡) = 0,
𝑊 (0,𝑡) = 𝑊 (𝐿,𝑡) = 0,

𝑘𝑎
𝜕𝑇𝑎

𝜕𝑧
(0,𝑡) = 𝑘𝑎

𝜕𝑇𝑎

𝜕𝑧
(𝐿,𝑡) = 0,

(2.14)

where 𝐿 is the thickness of the sample.
Special attention must be paid here to the source terms describing both the rate of

free carrier density growth and the corresponding rate of their energy increase, taking
place in eq. (2.8) and eq. (2.9) respectively, and given by:

𝑆𝑛 = 𝛼𝐼𝑎𝑏𝑠 (�⃗�,𝑡)
~𝜔

+ 𝛽𝐼2
𝑎𝑏𝑠 (�⃗�,𝑡)
2~𝜔 , (2.15)

𝑆𝑢 = 𝛼𝐼𝑎𝑏𝑠 (�⃗�,𝑡) + 𝛽𝐼2
𝑎𝑏𝑠 (�⃗�,𝑡) + Θ𝑛𝐼𝑎𝑏𝑠 (�⃗�,𝑡) . (2.16)

For ultrashort laser material interactions, a one-dimensional heating problem is often
considered in case the size of the modeled thermally affected zone is much smaller than
the heating spot size (see also section 2.1.4). The corresponding form of laser intensity
at the surface (𝑧 = 0) in this case is:

𝐼𝑎𝑏𝑠 (0,𝑡) = (1 −𝑅 (𝑇𝑎))
√︂
𝜍

𝜋

Φ𝑖𝑛𝑐

𝑡𝑝
exp

(︁
−𝜍 [(𝑡− 3𝑡𝑝) /𝑡𝑝]2

)︁
, (2.17)

where Φ𝑖𝑛𝑐 is the incident fluence, 𝜍 = 4 ln 2, and 𝑅 (𝑇𝑎) is the reflectivity function. In
this work, to prescribe the demanded incident fluence, the center of Gaussian pulse is
shifted from the initial time 𝑡 = 0 to 3 pulse duration times 𝑡𝑝, that in turn is defined
at the full width at the half of maximum.

The spatial dependence of 𝐼𝑎𝑏𝑠 can be found upon the solution of differential equation
of the attenuation process:

𝑑𝐼𝑎𝑏𝑠

𝑑𝑧
= −𝛼𝐼𝑎𝑏𝑠 (𝑧,𝑡) − 𝛽𝐼2

𝑎𝑏𝑠 (𝑧,𝑡) − Θ𝑛𝐼𝑎𝑏𝑠 (𝑧,𝑡) , (2.18)

where 𝑧 is the depth into sample; the terms on the right side are responsible for one-,
two-photon absorption, and for the free-carrier absorption processes, consequently.
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2.1.2 Model parameters

2.1.2.1 Problems of the model parametrization

In this paragraph, we discuss our choice of the model parameters. One of the most
uncertain parameters in nTTM model is the two-photon absorption coefficient. For
our wavelength (800 nm), the experimental measurements in refs. [126, 127] yielded
the value of 𝛽 = 2 cm/GW, while fitting to other experiments [44, 128] resulted in
𝛽 ∼ 50 cm/GW. If a continuum model is involved in fitting [98], one has the value
of 𝛽 = 9 cm/GW. Our simulations show a large difference in the absorbed fluence
when using different values of 𝛽 parameter. In the productive runs of this section, the
value of 𝛽 = 15 cm/GW was chosen for calculations. This choice is justified by the
perfect agreement between the experimental melting threshold found for 130 fs laser
pulse [129–131] (0.26 J/cm2 to 0.27 J/cm2), the one predicted from nTTM (0.27 J/cm2,
see section 2.1.3.21), and the one obtained from the combined model (0.27 J/cm2, see
section 5.3.1). Later, in section 2.2, we will implement an improvement to nTTM,
which allows to use an experimental value of 𝛽.

Electron-phonon coupling time 𝜏𝑒−𝑝 introduces another uncertainty. According to
experimental investigations [132], it may vary from 200 fs at low excitation levels to
2 ps at 𝑛 =2.2 × 1027 m−3 [132]; see also [133]. Theoretically, it has been explained by
the hot-carrier screening [134], with quadratic increase of 𝜏𝑒−𝑝 with the density of free
carriers: 𝜏𝑒−𝑝 = 𝜏0

(︁
1 + 𝑛2

𝑛2
𝑐

)︁
where 𝑛𝑐 is the so-called critical density. However, at higher

𝑛 this formula leads to improbably long electron-phonon coupling times, and should
probably be improved [135]. Following [136], we use a linear dependence instead, see
next section.

In the present calculations we used a constant value of 𝛾 for Auger recombination
coefficient. However, according to [122], accounting for the effect of non-degeneracy at
high carrier densities, as it is done in [98], leads to a different characteristic time of the
free carrier recombination. This corresponding modification of the model is, therefore,
planned for implementation in our future research. Alternative parameterization of the
Auger recombination, based on experimental measurements, was suggested in [137].

See section 2.1.4 for an extended discussion of the planned improvements.

2.1.2.2 The chosen model parameters

Here we explain the meaning of notations and show the chosen values for the
parameters in the nTTM model.

1ref. [62] mistakenly shows that this value is 0.29 J/cm2, due to a misprint. The corrected value
supports the conclusions presented in [62] even stronger.
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Initial carrier density: 𝑛0 = 1 × 1016 m−3 [125].
Initial lattice and carrier temperature: 𝑇0 = 300 K.
Lattice specific heat: 𝐶𝑎 = 1.978 × 106 + 3.54 × 102𝑇𝑎 − 3.68 × 106/𝑇 2

𝑎 , J/(m3K) (𝑇𝑎

in K) [138].
Lattice thermal conductivity: 𝑘𝑎 = 1.585 × 105 × 𝑇−1.23

𝑎 , W/(m·K) (𝑇𝑎 in K) [138].
Carrier thermal conductivity: 𝑘𝑒 = 𝑘ℎ = −3.47 × 1018 + 4.45 × 1016𝑇𝑒, eV/(s m K) (𝑇𝑒

in K) [139].
Band gap: 𝐸𝑔 = 1.170 − 4.73 × 10−4 × 𝑇 2

𝑎 /(𝑇𝑎 + 636) − 1.5 × 10−10 × 𝑛1/3

if 1.170 − 4.73 × 10−4 × 𝑇 2
𝑎 /(𝑇𝑎 + 636) − 1.5 × 10−10 × 𝑛1/3 ≥ 0 and 0 otherwise, eV (𝑇𝑎

in K, 𝑛 in m−3) [140, 141].
Interband absorption (taken from 694 nm laser): 𝛼 = 1.34 × 105 exp (𝑇𝑎/427), m−1

[142].
Two-photon absorption: 𝛽 = 15 cm/GW (see text).
Reflectivity: 𝑅 = 0.329 + 5 × 10−5(𝑇𝑎 − 300) (𝑇𝑎 in K) [143].
Auger recombination coefficient: 𝛾 = 3.8 × 10−43, m6/s [144].
Impact ionization coefficient: 𝛿 = 3.6 × 1010 exp (−1.5𝐸𝑔/𝑘𝐵𝑇𝑒), s−1 [145].
Free-carrier absorption cross section: Θ = 2.91 × 10−22 𝑇𝑎

300 , m2 (Ta in K) [146].
Electron-phonon relaxation time: 𝜏𝑒−𝑝 = 0.5 × 10−12(1 + 𝑛

2×1027 ), s (𝑛 in m−3) [134, 136,
139].
Electron density of states effective mass: 𝑚*

𝑒 = 0.36𝑚𝑒 [147].
Hole density of states effective mass: 𝑚*

ℎ = 0.81𝑚𝑒 [147].
Mobility of electrons (taken at 1000 K): 𝜇𝑒 = 0.0085 m2/(V· s) [146].
Mobility of holes (taken at 1000 K): 𝜇ℎ = 0.0019 m2/(V· s) [146].

2.1.3 Results

2.1.3.1 Laser heating

As an example of nTTM model application, in fig. 2.1 we show the electron-hole
density and temperature as well as atomic temperature dynamics on the surface, followed
by the laser pulse irradiation of 500 fs duration at the absorbed fluence of 0.0381 J/cm2

(corresponding to the incident fluence of 0.15 J/cm2 via the reflectivity function used in
the model [143]). The Si sample thickness was taken to be 800 nm. The initial increase in
the number of free carriers, followed by the laser pulse, changes to its decay due to Auger
recombination and diffusion processes. Interestingly, the electron-hole temperature
exhibits two elevations. The first one is associated with a rise of temperature at very
low density of free carriers, which consequently have negligible heat capacity, eq. (2.12),



50 CHAPTER 2. CONTINUUM APPROACH TO MODEL SILICON

and possess very little energy (see fig. 2.2). The subsequent plateau corresponds to
the temporal prevalence of one-photon absorption over all other processes, so that all
created free electron-hole pairs fall into the same energy level 𝑢/𝑛 = ~𝜔 = 1.55 eV.
The second increase of the temperature is connected to the free-carrier absorption and
its following dynamics is pretty much the same as it is for metals given by ordinary
TTM [93]. Finally, the thermal energy from hot electron-hole carriers goes to the
atomic subsystem of the sample leading to its gradual temperature increase upon the
electron-phonon equilibration.

Figure 2.2 shows the corresponding behavior of carrier and atomic energy densities
for the same calculation. The energy densities are scaled to the melting energy density,
which is found to be 3.86 × 109 J/m3 (assuming melting occurs when the melting
temperature is reached). For convenience, the evolution of 𝑛 is also replotted. The
strong peak in the electronic energy density, following the laser pulse shape, is mostly
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Figure 2.1: Electron/lattice temperatures and carrier density dynamics on the surface
according to the nTTM model followed by the 500 fs laser pulse at the incident fluence
of 0.15 J/cm2. The sample thickness is 0.8𝜇m. The laser pulse shape and the energy
density, proving energy conservation, are not in scale.
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Figure 2.2: Electron/lattice energy densities and carrier density dynamics on the surface
according to the nTTM model followed by the 500 fs laser pulse at the incident fluence
of 0.15 J/cm2. The energy densities are scaled to the melting energy density. This is
the same simulation as the one presented in fig. 2.1. The laser pulse shape, shown with
dotted line, is not in scale.

connected to the free-carrier absorption. The thermal energy from the carriers is then
transferred to the lattice leading to gradual increase in the lattice energy density upon
the electron-phonon equilibration. Such representation provides a convenient view of
the electron-phonon energy exchange showing the decrease of the carrier energy and
the corresponding increase in the energy of lattice (which is slightly weaker due to the
diffusion processes).
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2.1.3.2 Melting threshold

The model allows to find the minimal fluence, which triggers the melting on the
surface of a sample. This fluence is usually called melting threshold. In this approach,
we assume that in order to start the melting on the surface, it is enough to heat the
surface to the melting temperature. This assumption allows to perform a series of
simulations with different fluences and find the one resulting in the lattice temperature
of 1687 K. As we already mentioned in section 2.1.2.1, for an 800-nm-thick sample
irradiated with 130 fs laser pulse, the resulting threshold fluence value is2 0.27 J/cm2.
The corresponding dynamics of carrier/atomic temperatures and carrier density, shown
in fig. 2.3, is qualitatively the same as was described in section 2.1.3.

In section 5.3.1 we will see that combined model gives the same value for the melting
threshold, supporting our choice of the two-photon absorption coefficient.

2.1.4 Possible improvements and limitations

In this subsection we discuss the limitations of the implemented nTTM approach.
Some of them may be necessary to overcome for the future applications of the models.
Correspondingly, we suggest suitable improvements where possible.

Non-irradiative recombination, in which phonons are emitted as a result of electron-
hole pair recombination, becomes important only on nanosecond time scale [148], since
the non-irradiative recombination coefficient is around 1 × 107 s−1 for silicon [149]. We,
therefore, do not include it into the model.

As was calculated in [49] for similar conditions, the black body radiation losses,
which are mainly determined by the sample temperature, are negligible compared with
the applied fluences even at the highest achieved temperatures.

In [150, 151] the authors studied the electronic emission from the silicon surface due
to photoelectric and thermionic effects using a similar continuum model. We neglected
these effects, since the estimated total energy losses are much smaller than the absorbed
laser energies in all our simulations.

Yoffa [122] showed that thermally excited plasmons may noticeably (up to 10 %)
influence the energy distribution inside the electronic subsystem. As a result, the
temperature of the latter effectively decreases, influencing the electron-phonon energy
exchange rate. Hence in the future development of the model it may be necessary to
account for this effect.

Although for metals the effect of electronic pressure may be noticeable for strong
laser pulses [152, 153], in silicon we do not expect any significant influence of electronic

2ref. [62] mistakenly shows that this value is 0.29 J/cm2, due to a misprint. The corrected value
supports the conclusions in [62] even stronger.
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pressure due to much lower carrier densities, remaining for a very short time, and
comparably low applied fluences.

The one-dimensional model for the energy diffusion of free carriers and heat propa-
gation, implemented in the current approach, is valid if the investigated target’s lateral
size and the diffusion length are small as compared with the laser spot size. Using
the value of 6 × 10−9 m2 s−1 for the silicon diffusion coefficient [154], 10 µm as a typical
laser spot size [155], we estimated the characteristic diffusion time as not exceeding
1 × 10−8 s, which is much longer than our typical simulation times. Whenever these two
assumptions are no longer valid, the suggested model must account for the 3D diffusion
process. In appendix B.4 we discuss the possibility of this extension.

The huge changes in free carrier density during the laser irradiation (see section 2.1.3)
may lead to significant changes in the optical parameters, namely, the reflectivity and the
free-carrier absorption coefficient. However, the original formulation of nTTM model,
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Figure 2.3: The dynamics of 𝑛, 𝑇𝑒, 𝑇𝑎 on the sample surface obtained with nTTM
model (described in section 2.1) at the threshold of melting: 800 nm sample thickness,
0.27 J/cm2 incident fluence, 130 fs pulse duration. The laser pulse shape and energy
conservation are shown out of scale.
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described in section 2.1, assumes the reflectivity depends solely on lattice temperature.
Raemer et al. [100] suggested an improvement for the nTTM, model based on Drude
model, which allows to account for the influence of 𝑛 in the optical parameters. In
section 2.2 we will consider this modification and discuss its influence on the results.

Apart from the limitation listed above, there are more restriction concerning the
applicability of our continuum approach to the description of laser-excited electrons in
materials. As was shown for metals [33], the concept of electronic temperature may not
be applicable under some conditions, since the electron-electron equilibration may last
longer than the processes under study. It was shown that in semiconductors, the electron-
electron equilibration may take several hundreds of femtosecond [133, 156, 157], which is
noticeably longer than in metals. The effect of carrier equilibration can be incorporated
into a continuum model through a delayed generation rate of excited carriers (assuming
they are engaged in the establishment of quasi-equilibrium temperature) [148, 158, 159].
Nevertheless such simple description cannot take into account all the complexity of
the carrier dynamics upon ultrashort laser pulser irradiation, and more sophisticated
approaches may be necessary [160].

In [161] the authors showed that at some conditions the electroneutrality, which
is implied in our model (since we include the ambipolar diffusion), may be broken
leading to the Coulomb explosion in silicon. Furthermore, the band structure of silicon
significantly influences the excitation and recombination of the laser-generated free
carriers as well as carrier transport [21, 162–164]. The simple diffusion equations, which
we use, cannot account for all the necessary effects.

In view of all these restrictions of the nTTM, one should always carefully evaluate
its results and compare them against the results of more accurate models and against
experimental data.

As we already mentioned earlier, at conditions realized upon an ultrashort laser
pulse, the condition of local equilibrium, necessary for the application of the diffusion
equation (2.10), may not be fulfilled anymore. High degrees of overheating and the
possibility of nonthermal effects further complicate the situation. In order to avoid
these problems and to find a way to include nonthermal effects, in chapter 4 we will
replace the equation for atoms by classical molecular dynamics, presenting the new
combined model, which will allow us to look into the kinetics of the phase transitions
at the atomic level. But first, in chapter 3, we will consider the original formulation of
classical MD and discuss its possibilities in the material description.
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2.2 Drude extension for nTTM

As we mentioned in the previous section, the huge changes in free carrier density
during the laser irradiation may lead to significant changes in the reflectivity and the
free-carrier absorption coefficient. To account for these effects in the framework of
nTTM, in this section, we implement the corresponding modifications as was suggested
by Raemer et al. [100]. The modified description of the reflectivity and the free-carrier
absorption are based on Drude model. Hence we will call this model nTTM-Drude. We
will compare the results of simulations with our original formulation of nTTM (which,
as suggested in [100], we will denote as T -expression) and discuss the advantages, which
the new model could bring to the combined model.

2.2.1 Details of the approach

Here, following [100], we describe the modification of nTTM to account for carrier-
dependent optical parameters. As previously, in this section, we consider the laser
energy of ~𝜔 = 1.55 eV. Taking into account the contributions of both electrons and
holes, one can write the complex dielectric function in the framework of Drude model
as follows [165, 166]:

𝜖(𝜔) = 𝜖𝑟(𝜔) − 𝑛𝑒 𝑒
2

𝜖0𝜔2 ×

⎡⎣ 1
𝑚*

𝑒,cond.

(︁
1 + 𝑖𝜈𝑒

𝜔

)︁ + 1
𝑚*

ℎ,cond.

(︁
1 + 𝑖𝜈ℎ

𝜔

)︁
⎤⎦, (2.19)

where 𝜖0 is the vacuum permittivity, 𝑚*
𝑐,cond. is the conductivity effective mass defined

to reproduce electrical conductivity and susceptibility [167], 𝜈𝑐 is the Drude collision
frequency of the carriers. Note, that, when the collision frequencies of electrons and
holes are equal, 𝜈𝑒 = 𝜈ℎ = 𝜈Drude, eq. (2.19) reduces to the usual Drude expression
for the dielectric function, in which the joint optical effective mass is used, 1/𝑚*

opt =
1/𝑚*

𝑒,cond. + 1/𝑚*
ℎ,cond. [44, 166].

With the knowledge of 𝜖(𝜔), one can subsequently calculate [168] the complex
refractive index �̃� =

√
𝜖, the reflectivity under normal incidence

𝑅 = |�̃�− 1|2

|�̃�+ 1|2
, (2.20)

and the free-carrier absorption coefficient

Θ = 2Im (�̃�)𝜔
𝑐0

. (2.21)

In the last equation, 𝑐0 denotes the speed of light in vacuum.
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Currently, there is a disagreement in the literature on whether electron-electron
collisions should be taken into account in the Drude model [16, 100]. In this approach,
we take into account only electron-hole and carrier-phonon collisions, which both can
play an important role in the evolution of the material parameters [169, 170]. For
simplicity, we assume that the electron-phonon and the hole-phonon collision frequencies
are the same and proportional to the lattice temperature [171]:

𝜈𝑐−𝑝ℎ = 𝐴𝑇𝑎. (2.22)

We could not find any data concerning the value of the parameter 𝐴 for silicon or
comparable semiconductors. We will, therefore, find it by fitting the results to the
experimental melting threshold, see section 2.2.3.

The electron-hole collision frequency is calculated using

𝜈e−h =

√︁
⟨(Δ𝑣)2⟩

⟨ℓ⟩
, (2.23)

where ⟨ℓ⟩ denotes the mean free path of electrons and holes for screened Coulomb
collisions and ⟨(Δ𝑣)2⟩ = 2⟨𝑈kin

𝑒 ⟩/𝑚*
𝑒 + 2⟨𝑈kin

ℎ ⟩/𝑚*
ℎ is the mean squared relative velocity

of electrons and holes. The mean electron and hole kinetic energies ⟨𝑈kin
𝑐 ⟩ can be

calculated by splitting the second summand in eq. (2.11), which can be interpreted as
the carriers’ kinetic energies, into two parts, one for electrons and another for holes.
The mean free path of electrons and holes in a screened Coulomb potential is given by
[172] ⟨ℓ⟩ = κ2/𝑛𝑒𝜋, where the inverse screening length κ for a free carrier gas can be
calculated following refs. [173–175]:

κ2 =𝑒
2

𝜖0

[︃∫︁ ∞

𝜀𝐶

𝜕𝐷𝑒(𝜀)
𝜕𝜀

𝑓𝑒(𝜀)d𝜀+
∫︁ 𝜀𝑉

−∞

𝜕𝐷ℎ(𝜀)
𝜕𝜀

𝑓ℎ(𝜀)d𝜀
]︃

=

𝑒2

𝜖0

1
𝜋3/2~3

√︃
𝑘𝐵𝑇𝑒

2 ×
[︁
𝐹−1/2 (𝜂𝑒) (𝑚*

𝑒)
3/2 + 𝐹−1/2 (𝜂ℎ) (𝑚*

ℎ)3/2
]︁
,

(2.24)

where 𝐷𝑒(𝜀) = (𝑚*
𝑒)3/2

~3𝜋2

√︁
2(𝜀− 𝐸𝐶) is the parabolic density of states for electrons and

𝐷ℎ(𝜀) = (𝑚*
ℎ)3/2

~3𝜋2

√︁
2(𝐸𝑉 − 𝜀) is the one for holes. Note that this inverse screening length

includes screening by both types of carriers. Together with eq. (2.23) this leads to an
electron-hole collision frequency of

𝜈e−h =
√

3𝜖0𝜋(𝑘𝐵𝑇𝑒)3/2

𝑒2

⎡⎣𝐻3/2
1/2 (𝜂𝑒)
𝑚*

𝑒

+
𝐻

3/2
1/2 (𝜂ℎ)
𝑚*

ℎ

⎤⎦1/2

×

[︁
𝐻

−1/2
1/2 (𝜂𝑒) +𝐻

−1/2
1/2 (𝜂ℎ)

]︁−1
.

(2.25)
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The Matthiessen’s rule can now be applied in order to obtain the total electron and
hole collision frequencies:

𝜈𝑡𝑜𝑡 = 𝜈𝑒−ℎ + 𝜈𝑒−𝑝ℎ + 𝜈ℎ−𝑝ℎ = 𝜈𝑒−ℎ + 2𝜈𝑐−𝑝ℎ. (2.26)

2.2.2 Model parameters

In this subsection, we present the notations and the parameter values used in
our implementation of the nTTM-Drude model. We only list the parameters, which
are different from those described in section 2.1.2.2. For the two-photon absorption
coefficient we chose the value of 2 cm/GW, since it was, to our knowledge, the only
experimental work with the main goal to obtain this quantity.
Two-photon absorption: 𝛽 = 2 cm/GW [126].
Intrinsic dielectric constant (taken for 𝜔 = 800 nm): 𝜖𝑟 = 13.634 + 0.048𝑖 [176].
Conductivity effective mass of electrons: 𝑚*

𝑒,cond. = 0.26𝑚𝑒 [80].
Conductivity effective mass of holes: 𝑚*

ℎ,cond. = 0.37𝑚𝑒 [80].
Reflectivity: calculated using eq. (2.20).
Free-carrier absorption coefficient: calculated using eq. (2.21).
Proportionality coefficient in eq. (2.22): 𝐴 = 0.0 × 1011 s−1 K−1 (see section 2.2.3).

2.2.3 Comparison of the results with nTTM

The described above modification to nTTM was used to simulate the response of
800-nm-thick silicon sample to 130 fs laser with the wavelength of 800 nm at the incident
fluence of 0.27 J/cm2. As we already mentioned earlier, this value corresponds to the
experimental melting threshold at these laser parameters [129–131]. Assuming again
that the melting starts when the material temperature reaches the value of 𝑇m = 1687 K,
we found that the calculated melting threshold in this model is in perfect agreement with
the experimental value in case the parameter 𝐴 is set to zero, i.e., the model suggests
that the carrier-phonon collisions do not contribute to the total collision frequency.

The calculated evolution of the electronic/atomic temperatures and the carrier
density is presented in fig. 2.4. One can compare this plot with fig. 2.3 from section 2.1.3.2
obtained using T -expression for the same conditions (at the melting threshold). The
significant quantitative differences in the electronic parameters support the idea that
it may be important to account for carrier-dependent reflectivity and the free-carrier
absorption. The transient electronic temperature defines the rate of electron-phonon
energy exchange (via the coupling term in eq. (2.10)) and, therefore, may influence the
atomic evolution. As was shown in [100], it influences the dependence of the melting
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Figure 2.4: The dynamics of 𝑛, 𝑇𝑒, 𝑇𝑎 on the sample surface obtained with nTTM-Drude
model at the threshold of melting: 800 nm sample thickness, 0.27 J/cm2 incident fluence,
130 fs pulse duration. The laser pulse shape and energy conservation are shown out of
scale.

thresholds on the pulse duration. However, one can see that for our particular pulse
duration, 130 fs, the behavior of the atomic temperature practically did not change,
which confirms that the nTTM model can be used as a basis in the first implementation
of the combined model.
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Figure 2.5: Dependence of the absorbed fluence on the incident fluence in nTTM (blue)
and nTTM-Drude (red) models. Each point represents a result of a simulation. The
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Figure 2.5 presents the comparison of the two reflectivity and absorption models.
It shows the dependence of the absorbed fluence on the incident fluence for nTTM
model (which we, following [100], call 𝑇 -expression) and the nTTM-Drude. One can see
that the large increase in the carrier density, taken into account by the Drude model,
drastically changes the slope and the form of the curve, i.e., changes how much energy
is absorbed. Since the Drude model was shown to reproduce the melting thresholds
for different pulse durations [100], one can expect that this model is more reliable.
Nevertheless, because the behavior of the atomic temperature changes insignificantly,
in the first implementation of MD-𝑛TTM we chose not to include the Drude extension.
Correspondingly, in the reminder of this work we will consider our results in the
dependence on the absorbed fluence and not on the incident one. In future development
of the combined approach, however, we plan to take this extension into account.
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2.3 One-chemical-potential model

As we will see in chapter 6, in order to accurately introduce the nonthermal effects
into the combined model, one must relate the changes in the carrier energy to the
interactions between atoms. In nTTM model, the former depends on 𝑇𝑒 and 𝑛 (see
eq. (2.11)), therefore 𝑇𝑒 and 𝑛 must be related to the interatomic potential. An
alternative possibility would be to replace the nTTM by a more simple model in which
only 𝑇𝑒 describes the electronic energy and the dynamics of the electronic subsystem.
Such model might be beneficial for a first step towards the inclusion of nonthermal
effects into the combined model. For this reason, in this section, we briefly consider the
model suggested by E.J. Yoffa.

2.3.1 Brief description of the model

In her paper [122], Yoffa suggested a continuum model for the description of laser-
excited silicon based on single Fermi-Dirac distribution for electrons in conduction
band and in valence band. Consequently, in contrast to the nTTM, the chemical
potentials for electrons and holes are not independent. We will, therefore, call this
model one-chemical-potential model, or one-𝜇 model.

This model assumes that the equilibrium between the chemical potentials is always
the case. In other words, the Auger recombination and impact ionization balance each
other at all times (their balancing proceeds much faster than other characteristic times
of the problem). For this to be the case, the carrier density must not change significantly
within the characteristic time of Auger recombination. We will discuss this assumption
later in section 2.3.2 and section 2.3.3.

The one-𝜇-model results in the following expressions for the carrier density and
energy of the excited free carriers [122]:

𝑛 = 𝐴𝑒 (𝑚*
𝑒𝑘𝐵𝑇𝑒)3/2 𝐹1/2 (𝜂) , (2.27)

𝐸𝑐 = 𝐴𝑒 (𝑚*
𝑒)

3/2 (𝑘𝐵𝑇𝑒)5/2 𝐹3/2 (𝜂) , (2.28)

where 𝐴𝑒 = 𝑀𝑒

2𝜋2

(︁
2
~2

)︁3/2
with 𝑀𝑒 the number of equivalent conduction-band minima,

𝜂 = 𝐸𝐹

𝑘𝐵𝑇𝑒

(2.29)

is the reduced chemical potential; cf. eqs. (2.2) and (2.3). The total energy of the
carriers is given by

𝐸𝑡𝑜𝑡 = 𝑛𝐸𝑔 + 𝐸𝑒 + 𝐸ℎ + 𝐸𝑒−ℎ (2.30)
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(cf. eq. (2.11)), where 𝐸𝑒−ℎ represents the energy stored in thermally excited plasmons
(see details in [122]). The resulting diffusion equation for the energy of the electronic
subsystem in laser-excited silicon can be written as:

𝜕𝐸𝑡𝑜𝑡

𝜕𝑡
= 𝑔~𝜔𝑒−𝑧/𝛿 + 𝐷𝑎𝐸𝑡𝑜𝑡

𝑛

𝜕2𝑛

𝜕𝑧2 − 𝑛~Ω
𝜏𝑒−𝑝

. (2.31)

In this equation, 𝑔 is the photon absorption rate, 𝛿 is the absorption depth, 𝐷𝑎 =
𝑘𝐵𝑇𝑒

𝑒

[︁
2𝜇𝑒𝜇ℎ

𝜇𝑒+𝜇ℎ

]︁
is the ambipolar diffusion coefficient. The last term represents the rate

at which phonons with energy ~Ω are emitted. For the details we refer to the original
work [122].

2.3.2 Auger recombination time

In order to check the assumption of the one-𝜇-model concerning the quick balancing
between the Auger recombination and impact ionization, let us now apply the two-
𝜇-model, described in section 2.1, for the calculation of the Auger recombination
time. Let us assume that the laser action has already been finished, but the balance
between the Auger recombination and impact ionization is not reached yet. Let us for
simplicity assume that the absorbed energy is distributed homogeneously through the
(homogeneous) sample, so that one can neglect the transport processes. In this case,
eq. (2.8) takes the following form:

𝜕𝑛

𝜕𝑡
= −𝛾𝑛3 + 𝛿 (𝑇𝑒)𝑛. (2.32)

Note, that for simplicity we also do not consider the coupling with the lattice. This
equation allows to estimate the characteristic times of the carrier density change. To
do it, we should note that the second term on the right hand side of eq. (2.32) plays
a very small role in the carrier density dynamics. Indeed, for typical values of 𝑛 in
our simulations, above 1 × 1026 m−3 to 1 × 1027 m−3, it follows that 𝛾𝑛3 ≫ 𝛿(𝑇 )𝑛 for
any reasonable temperatures. Therefore eq. (2.32) can be simplified to d𝑛

d𝑡
= −𝛾𝑛3. Its

integration results in the following expression for the characteristic time:

𝜏𝐴𝑢𝑔𝑒𝑟 = 1
2𝛾

(︃
1

(𝑛𝑖𝑛𝑖𝑡)2 − 1
(𝑛𝑓𝑖𝑛𝑎𝑙)2

)︃
, (2.33)

where 𝑛𝑖𝑛𝑖𝑡 is the initial value of the carrier density and 𝑛𝑓𝑖𝑛𝑎𝑙 is its final value. Using
1 × 1027 m−3 for the former, we find that the carrier density decreases by 𝑒 times within
≈10 ps, in agreement with estimations made by Yoffa [122].
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2.3.3 Discussion

nTMM calculations (section 2.1.3) show that the characteristic time of the carrier
density evolution is significantly shorter than 10 ps, suggesting that the one-𝜇-model
is not appropriate for the description of silicon’s response to ultrashort laser pulses.
Nevertheless, one could argue that when the material undergoes ultrafast melting,
the band gap quickly collapses [41, 177] making the two-𝜇 description unimportant.
Moreover, since Auger recombination involves no energy loss from the carrier subsystem,
the exact details of the absorption of the laser light (the relative amounts of electron-
hole pair excitation and free-carrier absorption) should be unimportant (which is also
supported by the results of section 2.2.3, in which for the same absorbed energy different
models for the carrier evolution showed negligible difference in the in the dynamics of
the lattice temperature). Therefore one can expect that, given its advantage due to
simplicity, one-𝜇 model may be suitable for an approximate description of laser-material
interaction. On the other hand, as we will see from our simulations in chapter 5, not
molten regions of the material play an important role in the melting kinetics of silicon.
Also, as was shown in [100], the details of the carrier dynamics may be important to
study the effect of pulse duration. The resolution of this difficulty is outside of the
scope of this work.

2.4 Conclusions

The study of the continuum models presented in this section showed that – although
they have some limitations and drawbacks – such models can be very useful in the
descriptions of laser-material interactions. In particular, the nTTM model, presented
in section 2.1, is found to be suitable to describe the laser energy absorption, electron-
phonon nonequilibrium, the energy transport in the electronic subsystem, and the
electron-phonon energy exchange. As was suggested in section 1.6, its limitations
concerning the description of the atomic subsystem, namely, the requirement of the
local equilibrium, inability to describe the melting kinetics, and the lack of nonthermal
effects can be overcome by introducing a different approach for the atomic description.
In the next chapter we will consider the molecular dynamics approach for this role and
evaluate its possibilities to be used as the second part of the combined model.

We have also considered an improvement for nTTM, based on Drude model, to
account for the influence of electronic state on the laser energy absorption, see section 2.2.
Though this improvement is very promising and should extend the applicability of the
nTTM approach, we will not include it in the first version of the combined model for
simplicity. This simplification is justified by the results from section 2.2.3, showing
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that for our laser pulse duration the introduced differences to the atomic subsystem are
negligible for the same absorbed laser energies.

Finally, in section 2.3 we briefly considered an alternative (one-chemical-potential)
model for the description of the electronic subsystem of laser-excited silicon. Though
this model is more simple and likely introduces some inaccuracies into the predicted
evolution of carrier density and temperature, compared with nTTM, it can be beneficial
as an intermediate step towards the inclusion the nonthermal effects, as we will see in
chapter 6. Since it only contains one independent variable describing the electronic
state (for example, the electronic energy), the corresponding model for the atomic
subsystem will only depend on this variable.
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Chapter 3

Atomistic approach to model silicon

This chapter is devoted to the atomistic simulation of materials. In this work under
the name "atomistic simulation" we understand classical molecular dynamics approach,
i.e., a computer simulation technique that allows one to predict the time evolution of a
system of interacting particles (atoms, molecules, granules, etc.) by solving the Newton
equations for each particle [103, 178, 179]. Molecular dynamics is a useful approach
to describe melting, often allowing to a good extent reproduce the melting point [75],
liquid-crystal coexistence curve, heat capacity, and other parameters of a material. After
description of the approach, we consider in detail two interatomic potentials, which
are of interest for the simulations of silicon. Finally, we will answer to the question of
whether one can apply classical MD to study the material response to ultrashort lasers.

65
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3.1 MD approach

3.1.1 Basic idea of MD

The basic idea of MD is simple. For a system of many interacting particles, one has
to specify: (1) a set of initial conditions (initial positions and velocities of all particles
in the system), and (2) interaction potential for deriving the forces among all the
particles. After that the evolution of the system in time can be followed by solving a set
of classical equations of motion for all particles in the system, i.e., Newton’s equations:

𝑚𝑖
d2�⃗�𝑖

d𝑡2 = 𝐹𝑖 (3.1)

for 𝑖-th particle having radius-vector �⃗�𝑖. To solve the above system, in this work we
use the fifth-order Nordsieck-Gear predictor-corrector method [103]. Though it is
significantly more complicated than more widely used Verlet algorithm and needs more
computer memory, it has a few important advantages [180]. First, the Nordsieck-Gear
algorithm provides a more accurate energy conservation than the Verlet algorithm with
a longer time step. According to Allen [103], the difference in the energy conservation
may be larger than order of magnitude. Moreover, it requires only one calculation of
the interatomic forces per time step, while the velocity-Verlet algorithm additionally
requires to calculate them between time steps. It makes it significantly faster, despite
it complicatedness, especially for large number of particles.

If the particles of interest are atoms, and if there are a total of 𝑁𝑎𝑡 of them in the
system, the force acting on the 𝑖th atom at a given time can be obtained from the
interatomic potential 𝑉 (𝑟1,�⃗�2,�⃗�3,...,�⃗�𝑁𝑎𝑡):

𝐹𝑖 = −∇⃗𝑖𝑈 (𝑟1,�⃗�2,�⃗�3,...,�⃗�𝑁𝑎𝑡) . (3.2)

Once the initial conditions and the interaction potential are defined, the equations of
motion can be solved numerically. The result of the solution are the positions and
velocities of all the atoms as a function of time: �⃗�𝑖(𝑡), �⃗�𝑖(𝑡).

3.1.2 General description

In this subsection we define the approach more rigorously following Allen [103]. The
microscopic state of a system may be specified in terms of the positions and momenta
of all its particles. Within the Born-Oppenheimer approximation, it is possible to
express the Hamiltonian of a system as a function of the nuclear variables, averaging
out the rapid motion of the electrons. We write the Hamiltonian H of a system of 𝑁𝑎𝑡
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particles as a sum of kinetic and potential energy functions of the set of coordinates �⃗�𝑖

and momenta 𝑝𝑖 of each particle 𝑖. Adopting a condensed notation

�⃗� = (�⃗�1,�⃗�2, . . . ,�⃗�𝑁𝑎𝑡)
𝑝 = (𝑝1,𝑝2, . . . ,𝑝𝑁𝑎𝑡),

(3.3)

we have
H (�⃗�,𝑝) = ℋ (𝑝) + 𝒱 (�⃗�) . (3.4)

The generalized coordinates �⃗� may simply be the set of Cartesian coordinates �⃗�𝑖 for
each particle in the system; 𝑝 stands for the appropriate set of conjugate momenta.
Usually, the kinetics energy ℋ takes the form

ℋ =
𝑁𝑎𝑡∑︁
𝑖=1

∑︁
𝛼

𝑝2
𝑖𝛼/2𝑚𝑖, (3.5)

where 𝑚𝑖 is the mass of particle 𝑖, and the index 𝛼 runs over the different components
(𝑥,𝑦,𝑧) of the momentum. The potential energy 𝒱 contains the information regard-
ing interparticle interactions. From the Hamiltonian, one constructs an equation of
motion (in Hamiltonian, Lagrangian, or Newtonian form), which governs the entire
time-evolution of the system and all its mechanical properties [181]. This was first
accomplished for a system of hard spheres, by Alder and Wainwright [182, 183].

3.1.3 Temperature and pressure in MD

The microscopic information about the system allows to obtain any macroscopic
parameters, such as the temperature and the pressure. For example, kinetic temperature
(which in equilibrium equals to thermodynamic temperature) can be calculated using
the virial theorem:

𝑇𝑎 = 2
𝑘𝐵(3𝑁 −𝑁𝑐𝑜𝑛𝑠𝑡𝑟.)

𝑁∑︁
𝑖=1

𝑚𝑖 (�⃗�𝑖)2

2 , (3.6)

where 𝑁 is the number of particles in the system, 𝑚𝑖 is the mass of atom 𝑖, and �⃗�𝑖

is its velocity; 𝑁𝑐𝑜𝑛𝑠𝑡𝑟 is the number of additional global constraints on the system.
Throughout this work we will use this simple definition of temperature. However, one
can also introduce the configurational temperature that has the following form for a
system of identical atoms [184]:

𝑘𝐵𝑇𝑎,𝑐𝑜𝑛𝑓 =

⟨
𝐹 2

𝑖

⟩
⟨
−𝜕𝐹𝑖

𝜕�⃗�𝑖

⟩ , (3.7)
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where 𝐹𝑖 is the total force acting on atom 𝑖 due to interactions with the other atoms
and the brackets mean the averaging through the atomic ensemble. The combination of
this quantities can give a possibility to define whether and when the local equilibrium
is achieved during simulations [185].

Let us further show how to calculate the pressure. We will follow the lectures by
Prof. Dr. L. Zhigilei [179] in our derivation. Let us consider a system of 𝑁 atoms that
is developing in a finite space and a function called Clausius virial function:

𝑊 𝑡𝑜𝑡(𝑟1, . . . ,𝑟𝑁) =
𝑁∑︁

𝑖=1
𝑟𝑖 · 𝐹 𝑡𝑜𝑡

𝑖 , (3.8)

where 𝐹 𝑡𝑜𝑡
𝑖 is the total force acting on atom 𝑖. Averaging over the MD trajectory and

using Newton’s law, we obtain

⟨
𝑊 𝑡𝑜𝑡

⟩
= lim

𝜏→∞

1
𝜏

𝜏∫︁
0

𝑁∑︁
𝑖=1

𝑟𝑖(𝑡) ·𝑚𝑖
¨⃗𝑟𝑖(𝑡)d𝑡. (3.9)

Integration by parts results in

⟨
𝑊 𝑡𝑜𝑡

⟩
= lim

𝜏→∞
𝑚𝑖

𝑁∑︁
𝑖=1

˙⃗𝑟𝑖(𝜏) · 𝑟𝑖(𝜏) − ˙⃗𝑟𝑖(0) · 𝑟𝑖(0)
𝜏

− lim
𝜏→∞

1
𝜏

𝜏∫︁
0

𝑁∑︁
𝑖=1

𝑚𝑖

⃒⃒⃒
˙⃗𝑟𝑖(𝑡)

⃒⃒⃒2
d𝑡. (3.10)

If the system is localized in a finite region of space and particles are not accelerating to
infinity, then the first term of the above equation is zero; the second term is proportional
to the kinetic energy of the system:

⟨
𝑊 𝑡𝑜𝑡

⟩
= − lim

𝜏→∞

1
𝜏

𝜏∫︁
0

𝑁∑︁
𝑖=1

𝑚𝑖

⃒⃒⃒
˙⃗𝑟𝑖(𝑡)

⃒⃒⃒2
d𝑡 = −3𝑁𝑘𝐵𝑇, (3.11)

where we used the virial theorem. Pressure 𝑃 can be defined by considering a system
enclosed in a parallelepipedic container with sides 𝐿𝑥, 𝐿𝑦, and 𝐿𝑧, see fig. 3.1. In the
fig., −𝑃𝐿𝑦𝐿𝑧 is the external force 𝐹 𝑒𝑥𝑡

𝑥 applied by 𝑦𝑧 wall along the 𝑥 directions to
particles located at 𝑥 = 𝐿𝑥. Here we are using macroscopic definition of pressure and
relate it to microscopic parameters (forces, positions and velocities of atoms). The total
force acting on atom 𝑖 is composed of internal force 𝐹 𝑖𝑛𝑡

𝑖 and external force from the
container walls 𝐹 𝑒𝑥𝑡

𝑖 , that is 𝐹 𝑡𝑜𝑡
𝑖 = 𝐹 𝑖𝑛𝑡

𝑖 +𝐹 𝑒𝑥𝑡
𝑖 . The total virial function can be written

as a sum of internal and external virials, ⟨𝑊𝑡𝑜𝑡⟩ = ⟨𝑊𝑖𝑛𝑡⟩ + ⟨𝑊𝑒𝑥𝑡⟩ = −3𝑁𝑘𝑇 . The
external part of the virial function for a container with coordinate origin on one of its
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Figure 3.1: Schematic representation of the forces acting on the system of particles in a
box with sides 𝐿𝑥, 𝐿𝑦, and 𝐿𝑧. The picture is taken from [179].

corners is

⟨
𝑊 𝑒𝑥𝑡

⟩
= 𝐿𝑋(−𝑃𝐿𝑌𝐿𝑍) + 𝐿𝑌 (−𝑃𝐿𝑋𝐿𝑍) + 𝐿𝑍(−𝑃𝐿𝑋𝐿𝑌 ) = −3𝑃𝑉. (3.12)

Therefore for total virial function, ⟨𝑊𝑡𝑜𝑡⟩ = ⟨𝑊𝑖𝑛𝑡⟩ + ⟨𝑊𝑒𝑥𝑡⟩ = −3𝑁𝑘𝑇 , we have
⟨

𝑁∑︁
𝑖=1

𝑟𝑖 · �⃗�𝑖

𝑖𝑛𝑡
⟩

− 3𝑃𝑉 = −3𝑁𝑘𝐵𝑇. (3.13)

This equation is known as the virial equation. All the quantities except the pressure 𝑃
are easily accessible in a simulation, and, therefore, we can use it to calculate 𝑃 :

𝑃 = 𝑁𝑘𝐵𝑇

𝑉
+ 1

3𝑉

⟨
𝑁∑︁

𝑖=1
𝑟𝑖 · �⃗�𝑖

𝑖𝑛𝑡
⟩
. (3.14)

Please note again, that �⃗�𝑖

𝑖𝑛𝑡 here is not the total force acting on atom 𝑖. Instead, one
should substitute separate contributions to the force from the neighboring atoms.

3.1.4 Interatomic potentials

From now on we consider the case when the particles in the system are atoms. This
is true for the topic of this work: we describe silicon. The potential energy of 𝑁𝑎𝑡 atoms
may be divided into terms depending on the coordinates of individual atoms, pairs,
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triplets, etc. [186]:

𝒱 =
∑︁

𝑖

𝑢1(�⃗�𝑖) +
∑︁

𝑖

∑︁
𝑗>𝑖

𝑢2(�⃗�𝑖,�⃗�𝑗) +
∑︁

𝑖

∑︁
𝑗>𝑖

∑︁
𝑘>𝑗>𝑖

𝑢3(�⃗�𝑖,�⃗�𝑗,�⃗�𝑘) + . . . . (3.15)

The
∑︁

𝑖

∑︁
𝑗>𝑖

notation indicates a summation over all distinct pairs 𝑖 and 𝑗 without

counting any pair twice. The same must be done for triplets, etc. The first term in
eq. (3.15), 𝑢1(�⃗�𝑖), represents the effect of an external field on the system. The remaining
terms represent particle interactions. The second term is called pair potential. Due to
the symmetry of the problem, it may only depend on the distance between two particles:
𝑟𝑖𝑗 = |�⃗�𝑖 − �⃗�𝑗|, so it may be written 𝑢2(𝑟𝑖𝑗).

As we mentioned earlier, the applicability and precision of classical MD directly
depend on the choice of the interatomic potential. Therefore, it is necessary to consider
the properties of interatomic potentials that are to be utilized before doing productive
calculations. In the remaining of this chapter, we evaluate two potentials describing
silicon: Stillinger-Weber (SW) and a modified Tersoff (MOD) implemented by Shokeen
et. al [187].

3.2 Stillinger-Weber potential

3.2.1 Functional dependence of the potential

The well-known Stillinger-Weber potential for silicon [113] has the following form:

𝑉 =
∑︁
𝑖,𝑗
𝑖<𝑗

𝑈2 (𝑟𝑖𝑗) +
∑︁
𝑖,𝑗,𝑘

𝑖<𝑗<𝑘

𝑈3 (𝑟𝑖𝑗𝑘) , (3.16)

where 𝑈2 is the two-body and 𝑈3 the three-body parts. Provided that the reduced
radius 𝑟 = 𝑟𝑖𝑗

𝜎
is less than the cutoff distance 𝑎,

𝑈2 = 𝜀× 𝐴
(︁
𝐵𝑟−𝑝 − 1

)︁
𝑒(𝑟−𝑎)−1

, (3.17)

𝑈3 = ℎ (𝑟𝑖𝑗,𝑟𝑖𝑘,𝜃𝑗𝑖𝑘) + ℎ (𝑟𝑗𝑖,𝑟𝑗𝑘,𝜃𝑖𝑗𝑘) + ℎ (𝑟𝑘𝑖,𝑟𝑘𝑗,𝜃𝑖𝑘𝑗) , (3.18)

and 0 otherwise. The functions ℎ are given by:

ℎ (𝑟𝑖𝑗,𝑟𝑖𝑘,𝜃𝑗𝑖𝑘) = 𝜆 exp
(︁
𝛾 [𝑟𝑖𝑗 − 𝑎]−1 + 𝛾 [𝑟𝑖𝑘 − 𝑎]−1

)︁
×
(︂

cos 𝜃𝑗𝑖𝑘 + 1
3

)︂2
, (3.19)

where 𝜃𝑗𝑖𝑘 is the angle between �⃗�𝑗 and �⃗�𝑘 adjoining vectors at vertex 𝑖, etc. This
dependence on 𝜃𝑗𝑖𝑘 leads to the crystal with "ideal" tetrahedral angle, described with
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cos 𝜃𝑗𝑖𝑘 = −1
3 . Thus, the potential describes the open diamond structure of silicon

crystal. All the parameters in eqs. (3.17) and (3.19), which are fitted to reproduce the
properties of silicon crystal, can be found in table 3.1.

Table 3.1: Parameters of SW potential used in this work

Parameter Value
𝐴 7.049 556 27
𝐵 0.602 224 558
𝑝 4
𝑞 0
𝑎 1.80
𝜆 21.0
𝛾 1.20

3.2.2 Properties of Stillinger-Weber silicon

The important thermophysical properties of the modeled silicon such as melting
temperature, solidification and melting rates [188], bulk modulus [189], and phase
diagram [190, 191] reproduce the behavior of a real solid at the equilibrium conditions
quite well.

Additionally, in appendix C we performed MD runs in order to find some other
properties needed for our interpretations of the results. The obtained results are
collected in table 3.2 and compared with their experimental values. We can see that the
material properties represented by the Stillinger-Weber potential [113] for Si generally
have a good match with the experimental data.

The only exception is the latent heat of melting, which is significantly lower than
the experimental value. We, therefore, analyze our results obtained with MD-nTTM
model quantitatively for the material represented with the given potential, and have
possibilities for their semiquantitative comparison with the experimental data.
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Table 3.2: Properties of Stillinger-Weber silicon and experimental material

Parameter Calculated value Experimental value Refs.
Melting temperature 1683 ± 2 K 1687 K [192]
Lattice parameter
(taken at 300 K,
𝑃 =0 GPa)

0.543 74 nm K 0.543 05 nm to
0.543 07 nm

[193]

Volume shrinkage
during melting 7.2 %1 7 % to 9 % [194–196]

Enthalpy of fusion 31.2 kJ/mol 50.21 kJ/mol [192, 197]
Linear expansion
coefficient 2.6 × 10−6 1/K (near

300 K)
3 × 10−6 1/K (300 K) [192, 198]

Heat capacity
at constant pressure 23.43 + 2.81 × 10−3𝑇𝑎,

J/(mol×K)
See plotted data in the
refs.

[199, 200]

Heat capacity
at constant volume 2.00×106+1.84×102𝑇𝑎,

J/(m3 K)
30.24 + 5.41 × 10−3𝑇𝑎 −
56.26/𝑇 2

𝑎 , J/(mol×K);
[138]

Melting curve slope −46.5 ± 1.2 K/GPa −58.7 K/GPa (near
𝑃 = 0); see plotted
data in the ref.

[201]

1Due to a misprint, ref. [62] mistakenly shows that this value is 7.5 %. The misprint does not
influence any conclusions there.
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3.3 Modified Tersoff (MOD) potential

3.3.1 Functional dependence of the potential

As an alternative potential to Stillinger-Weber, we use the MOD potential function
described in ref. [114], but with the parametrization suggested in [187] (for zero electronic
temperature). This potential was designed as an improvement of the well-known Tersoff
potential [202, 203]. The potential has the following form:

𝑉 = 1
2
∑︁
𝑖̸=𝑗

𝑈𝑖𝑗 (𝑟𝑖𝑗) , (3.20)

𝑈𝑖𝑗 (𝑟𝑖𝑗) = 𝑓𝑐 (𝑟𝑖𝑗) [𝐴 exp(−𝜆1𝑟𝑖𝑗) − 𝑏𝑖𝑗𝐵 exp(−𝜆2𝑟𝑖𝑗)] , (3.21)

𝑏𝑖𝑗 =
(︁
1 + 𝜉𝜂

𝑖𝑗

)︁−𝛿
, (3.22)

𝜉𝑖𝑗 =
∑︁

𝑘 ̸=𝑖,𝑗

𝑓𝑐 (𝑟𝑖𝑘)𝑔 (𝜃𝑖𝑗𝑘) exp[𝛼(𝑟𝑖𝑗 − 𝑟𝑖𝑘)𝛽], (3.23)

𝑔 (𝜃) = 𝑐1 + 𝑔𝑜(𝜃)𝑔𝑎(𝜃), (3.24)

𝑔𝑜 (𝜃) = 𝑐2(ℎ− cos 𝜃)2

𝑐3 + (ℎ− cos 𝜃)2 , (3.25)

𝑔𝑎 = 1 + 𝑐4 exp[−𝑐5(ℎ− cos 𝜃)2], (3.26)

where 𝐴,𝐵,𝜆1,𝜆2,𝜂,𝛿,𝛼,𝛽; 𝑐1, 𝑐2, 𝑐3, 𝑐4, 𝑐5, and ℎ are parameters. The cutoff function is
the following:

𝑓𝑐(𝑟) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1, 𝑟 ≤ 𝑅1,

1
2 + 9

16 cos(𝜋 𝑟−𝑅1
𝑅2−𝑅1

) − 1
16 cos(3𝜋 𝑟−𝑅1

𝑅2−𝑅1
), 𝑅1 < 𝑟 < 𝑅2,

0, 𝑟 ≥ 𝑅2,

(3.27)

where 𝑅1 and 𝑅2 are parameters. All the parameters are given in table 3.3.

3.3.2 Properties of MOD silicon

In table 3.4 we collected the properties of MOD silicon calculated in appendix D.
One can see that, though generally the properties of the experimental material are
reproduced, the precision of Stillinger-Weber potential is higher. Nevertheless, the value
of the latent heat has smaller deviation from the experiment. In section 5.5 we will use
the MOD potential in order to understand the influence of the interatomic potential on
our results.
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Table 3.3: Parameters of MOD potential used in this work

Parameter and units Value
𝐴 [eV] 3281.5905
𝐵 [eV] 121.00047
𝜆1 [1/Å] 3.2300135
𝜆2 [1/Å] 1.3457970
𝜂 1.0000000
𝜂 × 𝛿 0.53298909
𝛼 1.9000
𝛽 1
𝑐1 0.20173476
𝑐2 730418.72
𝑐3 1000000.0
𝑐4 1.0
𝑐5 26.000000
ℎ -0.36500000
𝑅1 [Å] 3.1
𝑅2 [Å] 3.4

Table 3.4: Properties of MOD silicon and experimental material

Parameter Calculated value Experimental value Refs.
Melting temperature 1710 ± 4 K 1687 K [192]
Lattice parameter
(taken at 300 K,
𝑃 =0 GPa)

0.544 03 nm 0.543 05 nm to
0.543 07 nm

[193]

Volume shrinkage
during melting 12 % 7 % to 9 % [194–196]

Enthalpy of fusion 39.78 kJ/mol 50.21 kJ/mol [192]
Linear expansion
coefficient 8 × 10−6 1/K (near

300 K)
3 × 10−6 1/K (300 K) [192, 198]

Heat capacity
at constant pressure 23.43 + 3.35 × 10−3𝑇𝑎,

J/(mol×K)
See plotted data in the
refs.

[199, 200]

Heat capacity
at constant volume 86.388 + 6.67 × 10−3𝑇𝑎,

J/(m3 K)
30.24 + 5.41 × 10−3𝑇𝑎 −
56.26/𝑇 2

𝑎 , J/(mol×K)
[138]

Melting curve slope −64 ± 2 K/GPa −58.7 K/GPa (near
𝑃 = 0); see plotted
data in the ref.

[201]
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3.4 Possible improvements and limitations

It is important to mention the limitations of the molecular dynamics [103, 178, 204].
Some of them may be important for our particular case, therefore, we mention/apply
possible modifications, which can improve the reliability of simulations.

3.4.1 The Born-Oppenheimer approximation

One of the main assumptions implied when using molecular dynamics is the Born-
Oppenheimer approximation. A system of interacting atoms is in fact made up of nuclei
and electrons, which interact with each other. The Hamiltonian for this system may be
written as [178]:

𝐻 =
∑︁

𝑖

𝑃 2
𝑖

2𝑀𝑖

+
∑︁

𝑛

𝑝2
𝑛

2𝑚𝑒

+ 1
2
∑︁
𝑖𝑗

𝑍𝑖𝑍𝑗𝑒
2⃒⃒⃒

�⃗�𝑖 − �⃗�𝑗

⃒⃒⃒ + 1
2
∑︁
𝑛𝑛′

𝑒2

�⃗�𝑛 − �⃗�𝑛′
−
∑︁
𝑖𝑛

𝑍𝑖𝑒
2⃒⃒⃒

�⃗�𝑖 − �⃗�𝑛

⃒⃒⃒ , (3.28)

where indices 𝑖, 𝑗 number the nuclei, 𝑛 and 𝑛′ the electrons; �⃗� and 𝑃 are positions and
momenta of the nuclei, �⃗� and 𝑝 of the electrons; 𝑍 is the atomic number of a nucleus;
𝑀 the mass of a nucleus; and 𝑚𝑒 the electron mass. First two terms are kinetic energy
of the nuclei and the electrons, respectively, whereas the last three terms are the pair
Coulomb interactions between each two nuclei, each two electrons and each nucleus with
each electron, respectively. In principle, one should solve a Schrödinger equation for
the total wave function Ψ(�⃗�𝑖,�⃗�𝑛) and so obtain the full information about the system.

However, this is impossible to carry out in practice, and approximations have to be
made. Born and Oppenheimer noted that, due to the large difference between 𝑀𝑖 and
𝑚𝑒, the nuclei move on two order of magnitude longer times scale than electrons. It is,
therefore, possible to regard the nuclei as fixed when one considers the electronic part
of the problem, which allow to factorize the total wave function as

Ψ(�⃗�𝑖,�⃗�𝑛) = Ξ(�⃗�𝑖)Φ(�⃗�𝑛; �⃗�𝑖), (3.29)

where Ξ(�⃗�𝑖) describes the nuclei, and Φ(�⃗�𝑛; �⃗�𝑖) the electrons (depending parametrically
on the positions of the nuclei). Such factorization allows to reformulate the problem in
terms of two separate Schrödinger equations:

𝐻elΦ(�⃗�𝑛; �⃗�𝑖) = 𝑉 (�⃗�𝑖)Φ(�⃗�𝑛; �⃗�𝑖), (3.30)



76 CHAPTER 3. ATOMISTIC APPROACH TO MODEL SILICON

where

𝐻el =
∑︁

𝑛

𝑝2
𝑛

2𝑚 + 1
2
∑︁
𝑖𝑗

𝑍𝑖𝑍𝑗𝑒
2⃒⃒⃒

�⃗�𝑖 − �⃗�𝑗

⃒⃒⃒ + 1
2
∑︁
𝑛𝑛′

𝑒2

|�⃗�𝑛 − �⃗�𝑛′ |
−
∑︁
𝑖𝑛

𝑍𝑖𝑒
2⃒⃒⃒

�⃗�𝑖 − �⃗�𝑛

⃒⃒⃒ ; (3.31)

and [︃∑︁
𝑖

𝑃 2
𝑖

2𝑀𝑖

+ 𝑉 (�⃗�𝑖)
]︃

Ξ(�⃗�𝑖) = 𝐸Ξ(�⃗�𝑖). (3.32)

Equation (3.30) is the equation for the electronic problem, considering the nuclei as
fixed. The eigenvalue of the energy 𝑉 (�⃗�𝑖) will depend parametrically on the coordinates
of the nuclei; we call this quantity the "interatomic potential". Once found, this quantity
enters eq. (3.32), which will give the motion of the nuclei. Usually one can replace this
Schrödinger equation with a Newton equation (see the details in the next subsection).

In eq. (3.32) the electronic degrees of freedom are not explicitly present: all the
electronic effects are incorporated in 𝑉 (�⃗�𝑖). Consequently, in the original formulation,
it does not account for important phenomena, such as electronic heat conduction or
electron-phonon coupling, which may be significant in laser-excited semiconductors
according to section 2.1.3. In chapter 4, we will construct a new model combining
MD and nTTM (called MD-nTTM), aiming to account for the influence of electronic
subsystem in the ground state on the evolution of laser-excited silicon.

Another important influence of the electronic degrees of freedom on the material
evolution upon ultrashort laser irradiation is the weakening of interatomic bonds leading
to nonthermal melting [43, 205]. We will address this phenomenon in chapter 6.

3.4.2 Applicability of classical description

When solving Newtonian equations of motion we of course assume that classical
description is adequate, i.e., eq. (3.32) can be replaced with the Newton equation.
This is possible if for atoms with momentum 𝑃 , the De Broglie wavelength for each
atom Λ = ℎ/𝑃 , where ℎ is the Planck’s constant, should be much smaller than
the characteristic scale of the system [206]. For example, for silicon at 300 K the
corresponding wavelength is Λ = 0.19 nm, which is much smaller than the characteristic
interatomic distance in liquid silicon (0.534 nm) [103]. For crystalline silicon and for
higher temperatures the condition is fulfilled even stronger.

Additionally, quantum effects become important in any system when 𝑇𝑎 is sufficiently
low. The drop in the specific heat of crystals below the Debye temperature [78] is an
example of such effect. In this work we do not consider low temperature effects, so this
drawback does not influence our results.
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3.4.3 Reliability of forces

The interatomic potentials, used to evaluate the forces between the atoms, fully
determine the properties of the modeled system in classical MD simulations. Usually,
they are obtained by fitting to experimental or ab initio data so that the important
properties of the material are reproduced [207]. For example, the force-matching method
is widely used and allows to fit any necessary data with a good precision [208, 209].
Nevertheless, as we saw in sections 3.2.2 and 3.3.2 the existing interatomic potentials
for silicon do not allow to reproduce every property of experimental samples. We,
therefore, analyze our results mostly qualitatively and check them against two different
interatomic potentials for silicon: Stillinger-Weber and MOD, see section 5.5.

3.4.4 Time and size limitations

Although molecular dynamics is computationally less expensive than ab initio
approaches, it still needs a lot of computational resources in order to achieve reasonable
spatial sizes and simulation times. Carefully implemented classical MD codes (including
the one used in this work) have the calculation time proportional to the number of atoms
[210]. Modern parallelization techniques allow to achieve linear scaling of the efficiency
with the number of computational cores [211]. As a result, utilizing around 16 000 cores
for approximately a month already makes it possible to successfully simulate a smallest
experimentally available sample for several nanoseconds [53]. In future work, we are
planning to implement such parallelization technique for our code, which will increase
the number of possible applications of the model presented in this dissertation.
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3.5 Conclusions

The molecular dynamics simulations presented in this chapter and in appendices C
and D demonstrate the possibilities of this approach for the description of non-
equilibrium phase transitions in silicon and silicon properties. The simulations have
provided the insights into the material properties under the conditions that are expected
to occur in the laser irradiation experiments. Molecular dynamics does not imply the
local equilibrium and requires no additional assumptions about the processes under
study, which are its big advantages over continuum approaches in the description of
laser-induced processes in materials. The available interatomic potentials – though not
perfect – reasonably well reproduce most of the properties of experimental silicon. The
calculated properties of silicon will be used in chapter 5 in order to comprehensively
understand the material response to the ultrashort laser pulse irradiation. In section 3.4,
we showed that the existing limitations of molecular dynamics are not expected to no-
ticeably influence the applicability of our model. We conclude that molecular dynamics
method is successfully implemented and is suitable to replace the diffusion equation in
the nTTM. The technical implementation and the verification of the new combined
model will be presented in chapter 4.



Chapter 4

Combined atomistic-continuum
approach

As was suggested in section 1.6, in this work, we develop the atomistic-continuum
approach for the modeling of short laser pulse interaction with free standing Si targets
at fluences above the melting threshold.

We will overcome several drawbacks of nTTM by introducing the atomistic descrip-
tion of the solid with the classical MD method. In the combined approach, the MD
method completely substitutes eq. (2.10) from nTTM model, introducing, therefore,
the microscopic approach with all the advantages of both MD and nTTM. With initial
conditions (initial coordinates and velocities of all atoms), the full set of equations
in 3D allows for monitoring the microscopic evolution of the system in time. This
microscopic information about the system enables us to calculate any macroscopic
(thermodynamic) parameters. In the presented work, the interatomic interaction is
described via the well-known Stillinger-Weber potential [113] and via modified Tersoff
potential [114] with slightly adjusted parameters according to [187]. We overcome the
lack of electron dynamics in MD by using the corresponding equations from nTTM
approach, i.e., eqs. (2.8) and (2.13). The details about organization of the connection
between the MD and nTTM parts are described in section 4.1. Further, section 4.2 and
section 4.3 proof the energy conservation and test the correctness of the implementation,
respectively. Finally, we review alternative combined models in section 4.4 and mention
the limitations of the developed approach in section 4.5.

4.1 Technical details of the implementation

In this section, we explain the organization of coupling between continuum and
atomistic parts in the combined MD-nTTM model. The atomic subsystem in the
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Figure 4.1: The finite-difference grid mesh for solution of nTTM equations and the
organization of the coupling between nTTM and MD models. Symbol “∙” indicates the
grid points for 𝑛, 𝑇𝑒, and 𝑇𝑎 (𝑖=1, 2, . . . , 𝑛); symbol “×” indicates the grid points for
𝐽 , 𝑊 , and 𝜕𝑇𝑎

𝜕𝑧
(𝑗 = 1, 2, . . . , 𝑛+1). Red circles symbolize atoms.

MD part is divided into a number of volume cells, fig. 4.1, lower part. Each of them
corresponds to the same space geometry in the continuum nTTM part describing the
electronic subsystem, fig. 4.1, upper part. In every MD cell we assume a local thermo-
dynamic equilibrium and calculate the temperature of atoms under the assumption of
equipartition between kinetic and potential energies, based on the virial theorem:

𝑇𝑎 = 2
3𝑘𝐵𝑁𝑐

𝑁𝑐∑︁
𝑖=1

𝑚𝑖 (�⃗�𝑖)2

2 , (4.1)

where 𝑁𝑐 is the number of atoms in a given cell 𝑐, and �⃗�𝑖 is the velocity of atom 𝑖.
The total number of atoms 𝑁𝑐 in each cell (or, equivalently, the size of cells) is

defined from the following two constraints. First, by calculating the atomic temperature,
we assume the applicability of thermodynamics inside each cell. It implies the condition
𝑁𝑐 >> 1. The finite value of 𝑁𝑐 leads to atomic temperature fluctuations, which
decrease as 1√

𝑁𝑐
[212]. Therefore, to weaken the fluctuations, one needs a large enough

number of atoms in a cell. On the other hand, smaller cells faster reach the local
equilibrium and, therefore, too large cell sizes are to be avoided. Also, smaller number
of atoms in a cell (i.e., larger number of cells) increases spatial resolution in our carrier
dynamics calculations. More detailed investigation of how the number of cells influences
the results of our model, including test runs, can be found in appendix E.1. In short,
the calculations showed that, in a reasonable range of cell sizes, no noticeable influence
of cell size on the results has been found. Spatial resolution considerations led to
𝑁𝑐 = 1800 (i.e., 160 computational cells).
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If the material expands (shrinks) during the simulation, the algorithm automatically
adds (deletes) a continuum computational cell at the corresponding place. The criterion
for the creation (deactivation) of a cell is that the atomic density exceeds (drops down
to) the threshold of 10 % of the initial (equilibrium) average density in the system.
The atoms inside the deactivated cells are included in the nearest active cell if they
are located within a distance of half-cell size from the active cell. This threshold was
proposed in ref. [50].

Role of atomic density in the electronic behavior

In the continuum equations, all the physical properties of the electronic subsystem
such as diffusivity and thermal conductivity, the absorption and recombination coef-
ficients, and the electron density are scaled with the relative changes in the atomic
density within the cell, 𝜌𝑙/𝜌0, where 𝜌𝑙 is the current atomic density in the 𝑙-th cell and
𝜌0 is the initial (averaged of the whole atomic system) atomic density.

Time steps correspondence

The time steps of MD and continuum parts are synchronized so that Δ𝑡𝑀𝐷 =
𝑘Δ𝑡𝑛TTM, where 𝑘 is an integer number. In our case Δ𝑡MD = 0.5 × 10−15 s and 𝑘 = 50.
This means, when the continuum part is under calculations, the MD part is waiting for
the resulting energy, taken away from hot (or coming to cold) electrons accumulated
over k steps.

Electron-phonon coupling term

As a method to account on the influence of electrons to the atomic motion we
include the "(anti-)friction" term into Newtonian equations of motion for every atom in
the MD part [50]:

𝑚𝑖
𝑑2�⃗�𝑖

𝑑𝑡2
= 𝐹𝑖 + 𝜉𝑚𝑖�⃗�

𝑇
𝑖 (4.2)

with

𝜉 =

1
𝑘

𝑘∑︁
𝑝=1

𝐺𝑉𝑁 (𝑇 𝑝
𝑒 − 𝑇𝑎)

∑︁
𝑖

𝑚𝑖

(︁
�⃗� 𝑇

𝑖

)︁2 , (4.3)

where 𝐺 = 𝐶𝑒−ℎ

𝜏𝑒−𝑝
stands for the electron-phonon coupling coefficient, and 𝑉𝑁 is the

volume of the corresponding MD cell. �⃗� 𝑇
𝑖 corresponds to the thermal part of the atomic

velocity of atom 𝑖 after the subtraction of the velocity of center of mass �⃗�𝑐 of a given
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cell, �⃗� 𝑇
𝑖 = �⃗�𝑖 − �⃗�𝑐. The coefficient 𝜉 is calculated in the same manner as it was done in

[50], based on the energy conservation law. It describes the electron-phonon interaction
process so that the energy added to (or removed from) each cell of the MD system at
each integration MD step would match the energy transferred between the electrons
and the lattice during 𝑘 steps of the finite difference integration in the continuum part.
See section 4.5.2 for a discussion of this "(anti-)friction" method.

Computational setup

Because of the relatively high computational cost of the MD method, we decrease
the needed amount of material by modeling comparatively large laser spot size. This
assumption, discussed in more detail in section 3.4, enables us to use 1D diffusion model
in the continuum part and suggests the MD configuration as a thin and long sample,
which is hypothetically located at the center of a wide laser spot along the laser pulse
propagation. Therefore, one can safely apply periodic boundary conditions in the lateral
sides of the sample and free boundaries at its front/rear surfaces. In this work, most
of simulations are performed for a sample with 5×5×1472 crystal cells (294 400 atoms)
with the lattice parameter of 0.543 74 nm. The latter is adjusted so that at 300 K the
pressure is zero. This is equivalent to a thin film with the depth of 800.4 nm.

In most simulations, the lateral sizes are chosen to be 2.72 nm. This is larger than
the characteristic size of liquid nuclei (≈1 nm), so the latter have enough space to grow.
In some simulations, for a closer look at the melting kinetics, where necessary, double
lateral sizes are used (5.44 nm). The corresponding number of atoms is 1 177 600. This
allowed us to describe the kinetics of homogeneous and heterogeneous melting and
save computational costs where the influence of the lateral size is negligible. More
detailed investigation on the influence of the lateral size on the simulation results and
the justification of our choice can be found in appendix E.2.

The described computational setup, therefore, is modeling a free standing 800 nm Si
film. The MD part is divided to 160 cells along the Z axis in the correspondence with
the nTTM part, according to fig. 4.1. Before the productive simulations, the sample
was equilibrated under normal conditions (300 K and at P =0 GPa) for 50 ps.
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4.2 Study of energy conservation

As a mean to control the accuracy of our calculations, we apply the energy conser-
vation law. We define the error in the energy as follows:

Err𝐸(𝑚curr) = 1
Φabs

𝑚curr∑︁
𝑚=1

⃒⃒⃒
𝐸 ′

𝑚 − 𝐸 ′
𝑚−1

⃒⃒⃒
× 100%, (4.4)

where index 𝑚 goes over the time steps (discrete time), 𝑚𝑐𝑢𝑟𝑟 is the current time step,
Φabs is the total absorbed fluence in the simulation, and 𝐸 ′

𝑚 is the total energy of the
system at time step 𝑚 minus the total fluence absorbed by this time step. Figure 4.2
presents the error dynamics for the maximum absorbed fluence used in the work,
0.221 J/cm2. For the combined atomistic-continuum MD-nTTM model the resulting
error in energy conservation was found to be less than 0.5 % per 1000 ps of simulation,
which we accept as a good result fulfilling our demands.
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Figure 4.2: The relative error in the energy conservation, defined by eq. (4.4), for a
typical MD-nTTM run. The absorbed fluence is 0.221 J/cm2.
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4.3 Comparison of the predictions of nTTM and
MD-nTTM models

In order to demonstrate the feasibility of the developed atomistic-continuum model
implementation and its applicability in our research, we repeat the modeling of 500 fs
laser pulse interaction with 800 nm free standing Si film with the combined MD-nTTM
model at the incident fluence of 0.15 J/cm2. Similar to the result of the nTTM
model alone, as it is reflected in fig. 2.1, the lattice temperature dynamics and the
temperature/density of the electron-hole free carriers are shown in fig. 4.1 for the front
surface cell. As one can see, the combined MD-nTTM model shows no qualitative
differences from the continuum calculations. In other words, it describes absorption
of the laser light, fast electron heat conduction, free carriers diffusion, laser-generated
strong electron-phonon nonequilibrium, and at the same time contains the atomic
description of the matter – everything within the framework of a single computational
approach. A minor quantitative difference in the surface temperature of atoms, ≈3 %
(apart from the atomic temperature fluctuations, which are natural for a finite amount
of atoms), between the predictions by nTTM and MD-nTTM models, we attribute to
the sample expansion process and pressure dynamics, not included into the continuum
calculations. This difference is not so pronounced as in the case of metals [116], due to
lower expansion coefficient for silicon (see table 3.2). The most important benefit of
the combined model, however, and, eventually, the reward for all our efforts is that –
in contrast to the continuum calculations given by nTTM approach – the combined
model is now able to distinguish the whole complexity of the kinetics of laser-induced
transient processes with atomic precision. This makes the MD-nTTM model a powerful
tool in studying the microscopic mechanisms of short laser pulse nonequilibrium phase
transition processes that will be discussed in detail below. The comparison of results
obtained from the combined MD-nTTM approach and those from the nTTM as well
as the fulfillment of energy conservation, section 4.2, confirm the accuracy of the
constructed model and its applicability in our research.
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thickness, 0.15 J/cm2 incident fluence, 500 fs pulse duration. The laser pulse shape and
energy conservation are shown out of scale.
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4.4 Alternative combined approaches

Since the combination of different approaches into one model can give many advan-
tages and sometimes allow to overcome the problems of frequently used models, one
can find several such attempts in the literature. In ref. [213], the authors suggested
the atomistic-continuum approach, in which the electronic subsystem is described with
simple non-degenerate model based on the Boltzmann distribution of the photo-excited
carriers. A model combining the Two-Temperature model with classical molecular
dynamics was also developed in the context of radiation damage [214]. In ref. [191] the
authors presented a model for the UV laser pulse interaction with semiconductors on the
example of Si, used a combination of MD approach (to describe the atomic subsystem)
and Monte-Carlo method (to describe the electronic subsystem). Due to classical
approximation of free carriers, however, the model did not account for their Fermi dis-
tribution. Additionally, the attractive part of the potential for the photo-excited atoms
was merely omitting, which is a phenomenological assumption and was not designed to
reproduce any experimental or ab initio data. Another work reported in [215] was aimed
at accounting for the continuum changes in the atomic bonding of Si with the electronic
temperature. The corresponding potential depended on the electronic temperature as a
parameter and its function was fit to density functional theory simulations of silicon in
the assumption that the electrons and holes have common Fermi-Dirac distribution.
The authors admit, that they do not have rigorous connection between electronic states
and the interatomic potential, which may lead to the lack of energy conservation [119].
A model by Medvedev et al., based on tight-binding molecular dynamics, [21] provided
interesting insights into the interplay between the thermal and nonthermal processes
in silicon under the ultrashort x-ray irradiation. A promising combination of density
functional and density matrix theory was developed and applied to the silicon surface
in [216, 217]. The accurate models taken as the bases for this combination provided
many details of the electron kinetics and the electron-phonon interactions, which are
not available from our simulations.

4.5 Possible improvements and limitations

In addition to the limitations connected with the nTTM part of our model, see
section 2.1.4, and those connected with its MD part, see section 3.4, there are a few
drawbacks in the combined model, which should be mentioned. In this section, we discuss
them and, if possible, suggest the corresponding directions for future improvement of
the model.
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4.5.1 Mechanical vibrations of the material

In the presented atomistic-continuum model, the MD part is divided into the cells
in accordance with the continuum part (see section 4.1). At strongly nonequilibrium
conditions, on can expect that spatial inhomogeneity in the material density and the
pressure waves may lead to mechanical vibrations of the material so that some atoms
may undergo to a collective motion. The related changes in the electronic subsystem
(the shifts of the continuum cells) are not taken into account. In some cases it may lead
to unphysical differences between the temperatures of electronic and atomic subsystem.

Indeed, as will be shown in section 5.1.2 (fig. 5.1d), at the simulated conditions, the
material vibrates within at least several nanometers due to the relaxation of the laser-
induced stresses achieved upon the melting. However, under the simulated conditions it
occurs much later than the time of electron-phonon equilibration and, therefore, 𝑇𝑒 and
𝑇𝑎 are already equal by the time of the shift. Consequently, we do not expect that this
effect may have any influence on our results.

4.5.2 Electron-phonon coupling

The technical implementation of the electron-phonon coupling described in section 4.1
(via the "(anti-)friction" term) is chosen due to its simplicity. In some cases, however, it
may unphysically influence the melting kinetics. For example, under the conditions of
strong overheating, additional atomic accelerations at the directions of the velocities
may speed up the creation and growth of overcritical liquid nuclei. However, as our
simulations will show (see section 5.1), by the moment of their creation (∼4 ps after the
laser pulse), the electron-phonon coupling already plays no role (its characteristic time
is .1 ps, see section 2.1.2.2); therefore, such situation is not realized in the presented
simulations.

We are aware of other ways of adding/removing the energy to/from the atoms
(for example, Langevine thermostat [218–220]). Macroscopically, we do not expect
noticeable differences, because the (anti-)friction force applied here has random directions
originated from the established Maxwellian distribution in randomly oriented atomic
velocities. However it may be interesting to implement the Langevine thermostat in
the future work for a direct comparison and in order to extend the applicability of the
model.

4.5.3 Nonthermal effects

It is important to note, that at strong photo-excitation of semiconductors, the
changes in the electronic density and in the band structure may lead to a reconstruction
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of the interatomic bonding and consequently to nonthermal melting [40]. The Stillinger-
Weber and MOD potentials do not account for this behavior; therefore, in the combined
model, we restrict ourselves to laser fluences below the nonthermal melting threshold.
The latter was independently determined in experimental [41, 221] and theoretical [222]
works as the excitation of 6–6.5 % valence electrons (or, equivalently, the carrier density
about 10 × 1028 m−3) and the electronic temperature of ≈ 17 000 K. Also, a simple
continuum model, similar to that presented in chapter 2, estimates the corresponding
laser fluence for our conditions as 0.55 J/cm2 [98]. Additionally, in [21] the authors
presented the evidence that the usual thermal melting in silicon can occur at lower laser
energies than the threshold of nonthermal melting.

In section 6.1, we will utilize a new modified potential, which is able to account for
the nonthermal effects and, therefore, should be able to describe the effect of higher
fluences. However, its incorporation into the combined model is not a simple task. It is
discussed in section 6.2.

4.5.4 Band gap reduction upon melting

It was shown both theoretically [21, 177] and experimentally [41, 223], that the
band gap of silicon vanishes very quickly when the material loses its crystal order. In
our implementation, the band gap only vanishes when the temperature of the material
reaches the melting temperature, see section 2.1.2.2. This approximation may be too
rough, especially when nonthermal melting is involved. One could empirically incorpo-
rate the band gap collapse upon the phase transition via the parameters distinguishing
the material phases, appendix A, which sharply depend on the local material order.
Such modification may be considered in the future development of the model.

4.6 Conclusions

Thanks to the continuum part, describing laser energy absorption and diffusion
inside the electronic subsystem of the target, and electron-phonon nonequilibrium, the
combined atomistic-continuum model, presented in this chapter, has all the advantages
of the nTTM. At the same time, thanks to the molecular dynamics description of
the atomic subsystem, this model allows to distinguish the whole complexity of the
kinetics of laser-induced transient processes with atomic precision. The fulfillment of
the energy conservation criterion (section 4.2) as well as the successful comparison of
results obtained from the combined MD-nTTM approach with those from the nTTM
continuum method (section 4.3) additionally confirm the accuracy of the constructed
model and its applicability in our research. Careful evaluation of the model limitations,
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section 4.5, showed that for the conditions of laser melting, which we are going to study,
the model is reliable in its current implementation. Such implementation makes the
MD-nTTM model a powerful tool in studying the microscopic mechanisms of short
laser pulse nonequilibrium phase transition processes that will be discussed in detail in
the next chapter.

After the improvements suggested above are implemented, the model should be
applicable even for a wider range of conditions.
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Chapter 5

Results of the combined approach

The MD-nTTM approach described in section 4.1 is applied here to study the
kinetics of short laser pulse melting of free standing Si films. The following parameters
are used in simulations: 800 nm thickness of the sample, 800 nm laser wavelength,
130 fs laser duration, and absorbed fluences between 0.13 J/cm2 and 0.22 J/cm2. These
values were chosen in such a way, that similar experimental setups are possible, see,
for example, [129] and [128]. In this chapter, we present and discuss the results of
simulations using the described setup.

91
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5.1 Kinetics of homogeneous melting

First, we performed the simulations of ultrafast melting of silicon at the absorbed
fluence of 0.209 J/cm2 (corresponding to the incident fluence of 0.42 J/cm2 via the used
reflectivity model [142]). To accurately describe the melting kinetics, we chose the
MD supercell with 5.44 nm lateral size (see appendix E.2). The details of the kinetics
of melting process can be extracted from the sequence of contour plots in fig. 5.1
and atomic snapshots in figs. 5.2 to 5.4. The contour plots are calculated from the
atomic positions (which were saved every 0.1 ps) by dividing the sample into 0.4 nm
cells (figs. 5.1a and 5.1d) or 0.8 nm cells (for figs. 5.1b, 5.1c, 5.1e and 5.1f) and by
calculating the corresponding parameters inside each cell.

With the help of central symmetry parameter (CSP) described in appendix A.2, one
can distinguish between the liquid and crystal surrounding of a certain atom. If the
latter is surrounded by the crystalline structure, this parameter’s value is above the
threshold of 0.9825 (for Stillinger-Weber potential). If the local order around the atom
is destroyed, the central symmetry parameter of this atom sharply decays.

Figure 5.1a represents the contour plots of the percentage of molten material,
calculated as the ratio of number of atoms with CSP< 0.9825 to the total number of
atoms in the corresponding cell. For a closer look, we show the sample depth only
up to 210 nm, where the phase transition processes are taking place. Initially, the
material is in crystalline state at 300 K, which corresponds to blue color. Upon the
electron-phonon coupling mechanism transfers the excess energy from electronic to
atomic subsystem, the liquid nuclei appear inside the crystal. The plot allows one to
observe the generation of liquid nuclei, their growth in time and, finally, coalescence
that results in equilibrium liquid phase. Black solid curve represents the melting front,
i.e., the moments and local volumes where the half of the material is molten. In other
words, it is the contour line corresponding to 50 % of the molten material. Such melting
front reflects the propagation of liquid phase inside the material. This curve is replotted
on the other contour plots, providing the possibility to see the correlation between the
melting kinetics and the corresponding thermodynamic parameters.

The white frames (rectangles) labeled "x", "y", and "z" in fig. 5.1a represent the places
(depth and time) of the snapshot series in fig. 5.2, fig. 5.3, and fig. 5.4, respectively.
On these snapshots, each circle represents an atom. Colors of circles reflect the local
structure according to the CSP: The atoms having a crystal surrounding are shown in
blue, whereas those submerged in liquid ambient are shown in red. The corresponding
values of the central symmetry parameter are shown for each particle at the plots below
the atomic structure as a function of depth.
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Figure 5.1: Contour plots of (a) percentage of molten material (according to the
central symmetry parameter, see text) and (b) atomic temperature, obtained from
the simulation of 130 fs laser pulse focused on 800 nm silicon film at the absorbed
fluence 0.209 J/cm2. The rectangles "x","y", and "z" on plot (a) show the corresponding
positions of the atomic configuration snapshots presented in figs. 5.2 to 5.4, respectively.
The black solid line shows the position of melting front assuming 50 % of the material
is molten. For a closer look, we show the sample depth only up to 210 nm, where the
phase transition processes are taking place. (The figure continues on the next page.)
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Figure 5.1: Contour plots of (c) atomic pressure and (d) atomic density related to the
density under normal conditions, obtained from the simulation of 130 fs laser pulse
focused on 800 nm silicon film at the absorbed fluence 0.209 J/cm2. The black solid
line shows the position of melting front assuming 50 % of the material is molten. For a
closer look, we show the sample depth only up to 210 nm, where the phase transition
processes are taking place. (The figure continues on the next page.)
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Figure 5.1: Contour plots of (e) ratio between the local atomic temperature and the
local melting temperature (depending on the local pressure according to eq. (C.2))
and (f) ratio between the local atomic temperature and the local maximal overheating
temperature (depending on the local pressure according to eq. (C.3)), obtained from the
simulation of 130 fs laser pulse focused on 800 nm silicon film at the absorbed fluence
0.209 J/cm2. The black solid line shows the position of melting front assuming 50 % of
the material is molten. For a closer look, we show the sample depth only up to 210 nm,
where the phase transition processes are taking place.
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Figure 5.2: The snapshots of the simulation taken at different moments of time after
the laser pulse (130 fs duration, 0.209 J/cm2 absorbed fluence) at the depth of 20 nm to
40 nm (see rectangle "x" in fig. 5.1a). The original laser pulse was directed from the
left to the right. According to the central symmetry parameter (shown below of each
snapshot; see appendix A.2), the atoms with crystalline surrounding are shown in blue
color and those submerged in liquid ambient are shown in red. This series shows the
presence of only the homogeneous melting mechanism at this depth.
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Figure 5.3: The snapshots of the simulation taken at different moments of time at the
depth of 80 nm to 100 nm. This is the same simulation and style as that in fig. 5.2, but
refers to rectangle "y" in fig. 5.1a. The series shows the presence of both homogeneous
and heterogeneous melting mechanisms at this depth.

Figure 5.4: The snapshots taken at different moments of time at the depth of 150 nm to
170 nm. This is the same simulation and style as those in fig. 5.2, but refers to rectangle
"z" in fig. 5.1a. The series shows the generation of liquid nuclei that randomly appear
and disappear. Under the realized conditions at this depth, however, the liquid nuclei
do not grow, which preserves this part of solid from the onset of melting.
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In the next paragraph, we consider in detail the influence of temperature and
pressure on the melting kinetics and discuss and explain the particular behavior shown
in the contour plot fig. 5.1a and snapshots figs. 5.2 to 5.4.

5.1.1 Temperature and pressure conditions

Figures 5.1b and 5.1c show the contour plots of temperature and pressure evolution
respectively, allowing us to see the role of the temperature-pressure interplay in the
melting kinetics of silicon. Upon the laser pulse absorption and the electron-phonon
energy exchange, the atomic temperature, fig. 5.1b, increases significantly higher than
the melting temperature 𝑇𝑚 (𝑇m = 1683 K as calculated in appendix C) up to the depth
of ≈250 nm (a bigger view will be shown later, here we only present the depth up to
210 nm) within ≈2 ps. Figure 5.1c shows a noticeable increase in the pressure (up to
2 GPa). As discussed in appendix C, due to negative slope of the melting curve (see
fig. C.1, lower line), a higher pressure reduces the temperature needed to melt the
crystal (by both homogeneous and heterogeneous mechanisms) and, therefore, speeds
up the melting process. Such pressure influence is the opposite to that in metals, since
for them the slope of the melting curve is positive [224]. In the first picoseconds, the
sample has slightly lower pressure near the surface at a higher temperature and slightly
higher pressure in the depth (up to ≈100 nm) at a lower temperature. This results
in the onset of homogeneous melting taking place simultaneously from the surface up
to the depth of ≈100 nm within ≈4 ps. Noticeably, the melting speed at this point is
much higher than the speed of sound. Such phenomenon has been already suggested in
theoretical work [48].

One can distinct three different areas of melting: homogeneous melting at the depths
of 0 nm to 80 nm, mixed homogeneous and heterogeneous melting at the depths of
80 nm to 140 nm, and the area of under-critical liquid nuclei generation at the depths
of 140 nm to 200 nm. In the following sections we consider separately the processes
occurring in these areas as well as the causes for that.

5.1.2 Kinetics of homogeneous melting

Near the surface (see, for example, rectangle "x" in fig. 5.1a and the snapshot series
in fig. 5.2), it takes around 3 ps for the creation of a critical liquid nuclei (the appearance
of the green color at the corresponding place of Figure 5.1b). Figure 5.1b shows that the
temperature in this region reached 2600 K. In order to understand how high this value
is, we performed additional investigations of the material properties in appendix C.
Figure C.1 allowed us to find the values of melting temperature for different pressure
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conditions, which we utilized in the contour plot in fig. 5.1e. It presents the ratio of
the current local temperature to the corresponding melting temperature value at the
certain pressure, showing, therefore, the degree of overheating. At the chosen laser
parameters, the degree of overheating near the surface exceeds 40%, leading to quick
start of homogeneous melting in the region.

In contrast to metals [45], which experience expansion during melting by 3 % to
5 % [225], in our simulations we can see the melting kinetics is significantly different.
In appendix C we found that the equilibrium volume of melting for Stillinger-Weber
silicon is −7.2 %1, i.e., during melting the material noticeably shrinks. Consequently,
fig. 5.1c shows that in the first picoseconds, upon the homogeneous melting, the initial
laser-induced internal stresses growth are relaxed not by the propagation of the pressure
wave across the sample, but essentially by the melting process itself. Moreover, the
pressure drops down to −3 GPa and the propagation of the corresponding unloading
pressure wave increases the stability of the remaining solid chunks of the material,
according to fig. C.1. This is reflected in abruptly irregular curve of the melting front
(see rectangle "x" in fig. 5.1a and the corresponding snapshots in fig. 5.2).

Another consequence of the pressure drop is the material vibrations. Figure 5.1d
presents the contour plot of atomic density related to the crystal density under normal
conditions. Due to non-rational ratio between the calculation cell size and the lattice
parameter, at the beginning (i.e., under normal conditions) we see small fluctuations of
the density with the depth. Though they are just a computational artifact, they allow
us to observe the material shift related to its vibrations. When the pressure starts to
drop down as a result of the material shrinkage, the plot shows us the corresponding
directions, in which the atoms shift. This behavior is in agreement with all other
observations described in this section.

Only when the unloading wave leaves the local area, the melting of those chunks
finally finishes and the existing liquid nuclei coalesce. This is also reflected in the
contour plot of the atomic density in fig. 5.1d. The atomic density immediately
increases, reflecting the completed shrinkage of the material upon melting. Logically,
the material shrinkage is also seen in fig. 5.1a as surface motion towards the depth.

5.1.3 Mixed melting mechanisms at moderate depths

On larger depths, 80 nm to 100 nm, the overheating ratio is still higher than 40 %,
according to fig. 5.1e. As a result, the liquid nuclei of the critical size are created
within a few ps, in accordance with fig. C.2. As in the previously considered area, the
pressure drop upon the melting is the cause of the rough melting front at moderate

1ref. [62] mistakenly shows that this value is 7.5 %. This misprint does not influence any conclusions.
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depths. The effect is seen in rectangle "y" of fig. 5.1a and is reflected on the snapshots
in fig. 5.3. However, the energy transfered from the electrons to atoms is lower, and,
therefore, the growth of liquid nuclei is noticeably slower. After large portion of the
energy is absorbed by the latent heat of melting, the temperature is just slightly higher
than the melting temperature. Therefore the remaining solid chunks of the material do
not always immediately disappear upon the negative pressure is propagated away, but
instead it takes tens of picoseconds to finish their melting. This slow heterogeneous
melting process is clearly seen in fig. 5.3.

At the depths of 100 nm to 130 nm, the excess energy seems to be around threshold
of the homogeneous melting. Indeed, it takes noticeably longer for the creation of
overcritical-sized liquid nuclei and there are just three of them in this area. In order to
further study the corresponding conditions, we calculated the maximal temperatures,
under which the crystal can survive at least within 50 ps without the creation of
homogeneous liquid nuclei, as a function of pressure. The calculation details can be
found in appendix C. The results are shown in fig. C.1: Blue pluses reflect the results
of MD simulations and the blue dashed line is the corresponding linear fit. When
the temperature is higher than this pressure-dependent threshold, one can expect the
homogeneous melting may start faster than within 50 ps. This can be verified using
fig. 5.1f, which presents the contour plot of the ratio between the local temperature
and the mentioned maximal overheating temperature threshold. In the regions, where
the ratio is stably higher than 1, the homogeneous melting proceeds faster than within
50 ps. When the ratio comes near to 1, natural thermodynamical fluctuation start to
noticeably influence the result. For example, one can observe quasi-stable nuclei, which
live for around 10 ps and then disappear due to the temperature fluctuations.

5.1.4 Undercritical liquid nuclei

Rectangle "z" in fig. 5.1a and the corresponding snapshot series on fig. 5.4 indicate an
example of areas where the temperature-pressure conditions do not result in the onset
of homogeneous melting process. At the depths of 140 nm to 200 nm, the ratio between
the current temperature and the maximal overheating temperature is initially about 1.
As a consequence, the expected time, needed to create a critical-sized liquid nuclei, is
about 50 ps. However, the ratio does not hold above this threshold for a long time, due
to the temperature and pressure fluctuations, as is seen in fig. 5.1e. Consequently, the
process of new phase nuclei generation can be seen in rectangle "z" of fig. 5.1a and in
the snapshot series in fig. 5.4 as noise consisting of small molten nuclei. None of them
eventually exceed the critical size for the onset of solid-liquid transition process.
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5.1.5 Long-time melting kinetics

In this section, we consider the details of the laser melting kinetics, occurring on
longer time scales. Figure 5.5a, presenting the percentage of molten material, is shown
with different scale, compared to the other contour plots, in order to provide a better
view of the area with phase transitions. It shows that the heterogeneous melting of
the solid chunks inside the molten material can be as long as hundreds of picoseconds;
sometimes they even may survive until recrystallization (not shown). This result can be
explained by looking at the set of presented contour plots in fig. 5.5. The contour plot in
fig. 5.5b indicates significant temperature rise up to the depth of 250 nm (as we already
mentioned in section 5.1.1). Atomic temperature stays above the melting temperature
for more than 500 ps at this depth. It can be explained by a low heat conduction of
the material at such temperatures, see section 2.1.2.2. As was already explained, quick
homogeneous melting causes significant material shrinkage within several picoseconds
upon the laser energy absorption. The corresponding negative pressure wave, originated
from the material shrinkage, propagates from the material’s top surface towards its
rear surface as is reflected in fig. 5.5c. After reaching the rear free surface around
𝑡 ≈ 100 ps, the wave is reflected with the opposite sign, i.e., as a contraction wave.
At the moments when the returning positive pressure wave reaches the front surface
(𝑡 ≈ 210 ps and 𝑡 ≈ 420 ps), the resulting material shrinkage pulls the material deeper
into the depths, creating a temporal hole at the surface. However, when this wave is
reflected from this surface with negative sign, the material immediately reacts with
the expansion and pushes the surface back away, creating a temporal bump. These
surface motions are clearly seen in fig. 5.5a. The effect of this wave propagation on the
atomic density is reflected in fig. 5.5e: The material undergoes additional contraction
or rarefaction depending on the sign of the pressure wave. Also, the material motion,
distinguished thanks to the previously mentioned artificial green/red lines, closely
follows the pressure dynamics and the phase changes. This additionally proofs the
consistency of our calculations.

As was already explained in section 5.1.1 and appendix C, pressure also influences
the temperature needed to melt the crystal; therefore, it is convenient to introduce the
plot of the ratio between the local temperature at certain moment and the corresponding
local melting temperature depending on the local pressure at this moment, 𝑇

𝑇𝑚(𝑃 ) . Such
plot, presented in fig. 5.5d, provides an alternative representation of the pressure-
temperature conditions, under which the phase transitions occur. It shows that the
initial temperature rise is indeed significantly higher than the local melting temperature
and it stays high for longer than 500 ps.
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Figure 5.5: Contour plots of (a) percentage of molten material (according to the
central symmetry parameter, see text) and (b) atomic temperature, obtained from the
simulation of 130 fs laser pulse focused on 800 nm silicon film at the absorbed fluence
0.209 J/cm2. The black solid line shows the position of melting front assuming 50 %
of the material is molten. For a closer look, we show the sample depth only up to (a)
210 nm and (b) 400 nm. (The figure continues on the next page.)
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Figure 5.5: Contour plots of (c) atomic pressure and (d) ratio between the local
atomic temperature and the local melting temperature (depending on the local pressure
according to eq. (C.2)), obtained from the simulation of 130 fs laser pulse focused on
800 nm silicon film at the absorbed fluence 0.209 J/cm2. The black solid line shows the
position of melting front assuming 50 % of the material is molten. For a closer look, in
(d) we show the sample depth only up to 400 nm, where the phase transition processes
are taking place. (The figure continues on the next page.)
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Figure 5.5: Contour plot of (e) atomic density related to the density under normal
conditions, obtained from the simulation of 130 fs laser pulse focused on 800 nm silicon
film at the absorbed fluence 0.209 J/cm2. The black solid line shows the position of
melting front assuming 50 % of the material is molten. For a closer look, we show the
sample depth only up to 210 nm.

Negative (positive) pressure wave significantly decreases (increases) the ratio 𝑇
𝑇𝑚(𝑃 )

and therefore is reflected in fig. 5.5d. It influences the heterogeneous melting kinetics,
reinforcing (weakening) the material stability and, therefore, temporarily hindering
(advancing) the melting front. As we will see later in section 5.3.3, it is reflected in
the evolution of total amount of molten material. However, as it can already be seen
from fig. 5.5a, the long-term influence is not so strong. As a consequence, on a long
time scale, the liquid-crystal interfaces slowly proceed to shift to the liquid material
phase. In other words, slow heterogeneous melting occurs on very long time scales
as a result of high 𝑇

𝑇𝑚(𝑃 ) in the local surrounding. When this ratio decreases below 1
(around 850 ps after the laser pulse, not shown), the heterogeneous melting changes to
recrystallization.
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5.2 Kinetics of heterogeneous melting

In the previous section we saw that for fluences well above the melting threshold,
one can observe quick homogeneous nucleation within first picoseconds after the laser
pulse. Here we consider a lower fluence, which is not enough to trigger homogeneous
melting.

Heterogeneous front

In fig. 5.6 we show the contour plots obtained from a simulation with absorbed
fluence of 0.161 J/cm2 (corresponding to the incident fluence of 0.34 J/cm2 via the
reflectivity function used in the model [143]). All other conditions in this simulation
are the same as in section 5.1: 800 nm laser wavelength, 130 fs pulse duration, 800 nm
thickness of the target. Figure 5.6a shows the contour plot of the molten material
percentage (it is shown using a different scale, compared to the other contour plots, in
order to provide a better view). The black solid line, replotted on the other contour
plots, represents the places of the heterogeneous melting front. It is calculated in the
same way as the homogeneous melting front line in section 5.1.2. The black rectangle
"r" in fig. 5.6a shows the corresponding positions of the atomic snapshots presented
in fig. 5.7. These snapshots show a well-defined solid-liquid interface, i.e., in contrast
to the result of the higher fluence simulation, in this case the melting process is fully
heterogeneous. Despite the facts that the atomic temperature (fig. 5.6b) rises to the
melting temperature and above up to the depth of ≈200 nm (as a result of the electron-
phonon coupling) and the pressure (fig. 5.6c) reaches ≈1.5 GPa (as a result of the
heating, see the blue crosses in fig. C.3), the homogeneous melting does not occur.

Homogeneous melting criterion

Again, we can use our criterion for overheating: if the material stays for 50 ps at a
temperature higher than the threshold, homogeneous melting must occur. Figure 5.6d
shows ratio between the local temperature and the maximal overheating temperature
at the local pressure. When this ratio is above 1 for at least 50 ps, one can expect the
appearance of overcritical-sized liquid nuclei. However, for this particular simulation,
this criterion is not fulfilled, i.e., the temperature is never kept for 50 ps above the
threshold. Consequently well-defined solid-liquid interface is clearly seen in fig. 5.6a
and fig. 5.7.
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Evolution of pressure and atomic density

Since the homogeneous melting process is suppressed here, it cannot prevent the
development and propagation of the compressive pressure wave inside crystalline solid.
Figure 5.6e presents a bigger view of the pressure evolution in this simulation. The
initial spatial pressure profile (at t≈3 ps) has a peak near the front surface (because
the laser energy absorption is stronger near this surface), but not at the surface itself
since the surface allows the pressure to relax by expansion (which we also observed
before in fig. 5.6a). The figure shows that this profile evolves as a superposition of
many pressure sources propagating in two directions: to the front surface and to the
rear surface. These waves sooner or later reach the free surfaces and will be reflected
with the opposite sign. The waves originating near the front surfaces are reflected
quickly, within a few ps, with negative sign, but the corresponding negative waves
are not distinguishable due to overlapping with the incoming positive pressure waves,
originating from the deeper parts of the sample and not reaching the surface yet. The
described evolution of initial pressure profile is essentially the same as that in metallic
targets and has been studied before [226, 227].

The asymmetry in the initial pressure profile results in weak negative pressure waves
coming to the front surface at t≈105 ps, fig. 5.6e. Therefore their influence on the
heterogeneous surface melting is negligible. It also leads to two reflected pressure waves:
one negative and one positive (delayed by a few ps) at t≈208 ps. The latter one is
additionally enforced by other positive waves, whereas the former one is covered with
them and is not pronounced. As a result, one can expect that the former wave should
not influence the melting process, but may shift the free surface.

The evolution of atomic density, shown in fig. 5.6f, generally follows the evolution
of the pressure waves (the crystal is slightly shrinked under the pressure conditions)
and also shows strong shrinkage after the melting, reflecting the sharp melting front.
The pattern of lines explained above reflects the material motion towards the area
of heterogeneous melting (at times t<50 ps) and the directions of the pressure waves
propagation (around t≈205 ps).
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Figure 5.6: Contour plots of (a) percentage of molten material (according to the
central symmetry parameter, see text) and (b) atomic temperature, obtained from the
simulation of 130 fs laser pulse focused on 800 nm silicon film at the absorbed fluence
0.161 J/cm2. Rectangle "r" on plot (a) shows the corresponding position of the atomic
configuration snapshots presented in fig. 5.7. The black solid line shows the position of
melting front assuming 50 % of the material is molten. For a closer look, we show the
sample depth only up to (a) 80 nm and up to (b) 210 nm. (The figure continues on the
next page.)
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Figure 5.6: Contour plots of (c) atomic pressure and (d) ratio between the local atomic
temperature and the local maximal overheating temperature (depending on the local
pressure according to eq. (C.3)), obtained from the simulation of 130 fs laser pulse
focused on 800 nm silicon film at the absorbed fluence 0.161 J/cm2. The black solid
line shows the position of melting front assuming 50 % of the material is molten. For a
closer look, we show the sample depth only up to 210 nm. (The figure continues on the
next page.)



5.2. KINETICS OF HETEROGENEOUS MELTING 109

Figure 5.6: Contour plots of (e) atomic pressure and (f) atomic density related to the
density under normal conditions, obtained from the simulation of 130 fs laser pulse
focused on 800 nm silicon film at the absorbed fluence 0.161 J/cm2. The black solid
line shows the position of melting front assuming 50 % of the material is molten. For a
closer look, in (f) we show the sample depth only up to 210 nm. (The figure continues
on the next page.)
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Figure 5.6: Contour plot of (g) ratio between the local atomic temperature and the
local melting temperature (depending on the local pressure according to eq. (C.2)),
obtained from the simulation of 130 fs laser pulse focused on 800 nm silicon film at the
absorbed fluence 0.161 J/cm2. The black solid line shows the position of melting front
assuming 50 % of the material is molten. For a closer look, we show the sample depth
only up to 210 nm.

Figure 5.7: The snapshots of the simulation taken at different moments of time after
the laser pulse. The laser pulse is directed from the left to the right. Only the front
surface volume of the sample is shown. The original laser pulse was directed from the
left to the right. This is the same simulation as that in fig. 5.6. This is the same style
as in fig. 5.2, but refers to rectangle "r" in fig. 5.6a.
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5.3 Effect of laser fluence

5.3.1 Melting threshold and homogeneous melting threshold

Figure 5.8 presents the evolution of percentage of the molten material for a set of
absorbed fluences from 0.1138 J/cm2 to 0.2217 J/cm2. For the corresponding incident
fluences, see fig. 5.9 (blue circles). Each contour plot allows to see the effect of the laser
action on the kinetics of the material phase transition and indicates whether certain
fluence can trigger heterogeneous or homogeneous melting. The scales are chosen so
that only the areas of interest are shown, i.e., the places where phase transitions occur.
Figure 5.8a shows the lack of melting at the fluence of 0.1138 J/cm2. The only effect of
laser energy absorption seen on this plot is the sample expansion pushing the surface
out. At the fluence of 0.1195 J/cm2 (fig. 5.8b) one can already observe that the surface
is slightly molten. The corresponding percentage of molten material sometimes reaches
50 % at the surface under these conditions (not clearly seen on the plot due to their
small size). This is the smallest absorbed fluence at which the surface melting was
detected and, therefore, it can be considered as the threshold value for the material
modification. The value is in agreement with its experimental value [129–131] for our
chosen value of the two-photon absorption coefficient.

When the fluence is increased to 0.1253 J/cm2, the heterogeneous front becomes
well-defined (fig. 5.8c). For even higher fluence, 0.1607 J/cm2 shown in fig. 5.8d, one
can notice the appearance of transient undercritical liquid nuclei. This simulation was
considered in details above, in section 5.2.

Further, the simulation with the absorbed fluence of 0.1729 J/cm2, presented in
fig. 5.8e, shows that the homogeneous melting mechanism started to strongly contribute
to the melting process. We, therefore, call this value "homogeneous melting threshold".
This value is in agreement with previous theoretical estimations [161]. Higher fluences,
figs. 5.8f and 5.8g, result in massive homogeneous melting as we discussed in section 5.1.
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Figure 5.8: Contour plots of percentage of molten material (according to the central
symmetry, see text) for different absorbed laser fluences: (a) 0.1138 J/cm2 and (b)
0.1195 J/cm2. (The figure continues on the next page.)
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Figure 5.8: Contour plots of percentage of molten material (according to the central
symmetry, see text) for different absorbed laser fluences: (c) 0.1253 J/cm2 and (d)
0.1607 J/cm2. (The figure continues on the next page.)
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Figure 5.8: Contour plots of percentage of molten material (according to the central
symmetry, see text) for different absorbed laser fluences: (e) 0.1729 J/cm2 and (f)
0.1971 J/cm2. (The figure continues on the next page.)



5.3. EFFECT OF LASER FLUENCE 115

Figure 5.8: Contour plots of percentage of molten material (according to the central
symmetry, see text) for different absorbed laser fluences: (g) 0.2217 J/cm2.
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Figure 5.9: Dependence of the absorbed fluence on the incident fluence calculated with
the combined MD-nTTM model ("𝑇 -expression", blue circles) and MD-nTTM-Drude
model (red diamonds). Black dashed lines represent the same calculations in continuum.
Each point is a result of a simulation. The lines are guides to the eye.
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5.3.2 Laser energy absorption at different fluences

Similarly to fig. 2.5 from section 2.2.3, in fig. 5.9 we show the dependence of the
absorbed fluence on the incident fluence calculated with the combined MD-nTTM
model (blue circles). For comparison, the results from nTTM model are shown with
black circles. As mentioned in section 2.2, we denote the model as "𝑇 -expression", when
it is compared to Drude model. In case of the 𝑇 -expression and such a short laser
pulse duration, one can see that the details in the atomic temperature evolution do not
influence the relation between the absorbed and incident fluences. In section 5.3.1 we
calculated the absorbed fluences corresponding to the melting threshold (0.12 J/cm2)
and homogeneous melting threshold (0.17 J/cm2). These thresholds are shown with
dotted black line and solid gray line, respectively. For the absorbed fluences below
both horizontal lines the melting does not occur; in between them only heterogeneous
melting is possible; and above both lines, homogeneous melting mechanism significantly
contributes to the melting process.

We further show in fig. 5.9 the first results obtained using the combined MD-nTTM-
Drude model, in which, instead of nTTM, we used the nTTM-Drude model described
in section 2.2.1. Each red diamond corresponds to the single run of this model. Using
the horizontal lines described above, we can suggest that the MD-nTTM-Drude model
will give the value of 0.34 J/cm2 for the homogeneous melting threshold. Indeed, our
preliminary calculations confirm this assumption. From the comparison with nTTM-
Drude (black diamonds), we see that even at this short laser pulse duration, at high
fluences the laser energy absorption starts to deviate from the continuum model. We,
therefore, expect that for longer durations it is necessary to account for the dependence
of the laser absorption on the transient electronic state and, therefore, one should use
MD-nTTM-Drude model to study the influence of laser pulse duration.

5.3.3 Evolution of the effective melting depths

We suggest the concept of the "effective melting depths" in order to investigate the
melting process on longer timescales and to compare the effects of different laser fluences.
The effective melting depths were found from the number of "molten atoms" (according
to the central symmetry parameter, see appendix A.1) and from the volume of liquid for
the given number of atoms (referring to the atomic density under normal conditions).
Cells with <50 % of molten material were excluded in order to exclude unstable liquid
nuclei, such as those shown in fig. 5.4. We vary the total fluence, leaving all the other
parameters the same: 130 fs pulse duration, 800 nm laser wavelength and 800 nm Si film
thickness. The simulations were performed for the set of absorbed fluences 0.114 J/cm2
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– 0.221 J/cm2 (corresponding to the incident fluences 0.26 J/cm2 – 0.44 J/cm2). The
temporal evolution of the effective melting depths is shown in figs. 5.10 and 5.11. For
the absorbed fluences higher or equal to the homogeneous threshold value (0.173 J/cm2),
the quick initial increase in melting depth reflects the ultrafast homogeneous melting,
whereas the following lower slope is connected to the heterogeneous process only. In
case of lower fluences (fig. 5.11), only slow heterogeneous melting occurs. These results
are in agreement with section 5.3.1.

For fluences above the homogeneous melting threshold, fig. 5.10, we observe kicks
in the effective melting depths at a time around 200 ps after the pulse. As we already
mentioned earlier, these sudden increases in the melting depth are connected with
the pressure waves, incoming to the front surface and assisting the propagation of the
solid-liquid interface (see for example fig. 5.6c). For the case of absorbed fluence of
0.209 J/cm2, the maximum melting depth was calculated to be 143 nm. It was reached
850 ps after the laser pulse. This result significantly differs from its experimental value
of 60 nm in case of n-doped single-crystalline <111>-silicon [129]. We attribute this
discrepancy mainly to the difference in the value of heat of fusion (see table 3.2), which is
31 kJ/mol for Stillinger-Weber potential (as is confirmed by other MD simulations using
the same potential [197]); yet its experimental value is 50 kJ/mol [192]. Nevertheless, the
melting kinetics is described qualitatively accurate, because of the good representation
of the Clapeyron’s equation at our pressure conditions and other parameters of the
material (table 3.2).
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5.4 Effect of sample thickness

In order to check whether thickness of the sample influences the melting kinetics,
we performed a series of simulations with different sample thicknesses, from 450 nm to
2000 nm. All other parameters of the simulations, except the thickness, were the same
as in section 5.1. The results are presented in fig. 5.12. From this figure one can see no
quantitative or qualitative differences between the simulations with different sample
thicknesses.

Additional calculations (not shown), analogous to those performed in section 5.3.1,
show that the thickness of the sample does not change both the value of the melting
threshold and the value of the homogeneous melting threshold. Therefore, our sample
can be called "thick" [228]. One can conclude that the chosen sample thickness of
800 nm corresponds to a thick sample.

Our results can be confirmed by the comparison of the experimental works [129] and
[128]. Indeed, in the first work the author worked with a thick silicon sample, whereas
in the second work a 450-nm-thick silicon crystal was irradiated. However, the results
for the melting threshold and for the melting depths are similar, which confirms our
result.

We, therefore, conclude that our original simulations can represent thick samples.
One exception is the influence of the rebounding pressure waves, but they do not play
a big role in the melting kinetics and practically do not influence the melting depths
calculated in section 5.3.3. Though it is not a part of this work, it will be interesting in
the future to find the minimum sample thickness representing a thick sample.
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Figure 5.12: Contour plots of percentage of molten material (according to the central
symmetry parameter, see appendix A.2). The results are obtained from the simulations
of 130 fs laser pulse focused on (a) 450 nm silicon film and (b) 2000 nm silicon film at
the absorbed fluence 0.209 J/cm2.
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5.5 Comparison with different interatomic poten-
tial (MOD)

To understand the influence of interatomic potential on the presented results, we
repeated some simulations using MOD potential described in section 3.3. The parameters
of the simulations were the same as in sections 5.1, 5.2 and 5.3.1: various fluences,
800 nm width of the sample, 130 fs pulse duration. In this section, we present the results
of these simulations and discuss the differences in the melting kinetics.

5.5.1 Kinetics of homogeneous melting

Figure 5.13 presents the contour plots, obtained and designed in the same way as
those in fig. 5.1: the corresponding laser parameters are 800 nm laser wavelength, 130 fs
pulse duration, 800 nm sample thickness; the MD supercell consisted of 10 × 10 × 1472
unit cells. The overall melting kinetics is very much the same: (1) the critical-sized
liquid nuclei are created under the conditions of high pressure around 4 ps after the laser
pulse; (2) the melting front, shown with black solid curve (connected to 50 % of molten
material) is very rough, due to strong shrinkage of the material upon melting (the
volume of melting is −12 %) and the negative slope of the melting curve, see section 3.3;
(3) one can see the competition between the homogeneous and heterogeneous melting
regimes so that in the beginning the temperature is high enough for the latter, whereas
later (after 20 ps) the former prevails.

The quantitative differences in the material properties between the potentials (see
section 3.2.2 and section 3.3.2) lead to quantitative differences in the melting kinetics.
For example, different heat expansion coefficient (8 × 10−6 1/K as compared with
2.6 × 10−6 1/K for Stillinger-Weber) leads to noticeable difference in the pressure before
the onset of melting, fig. 5.13c. Other quantitative differences are connected with the
latent heat of melting, which for MOD is noticeably smaller than for Stillinger-Weber
potential (39.78 kJ/mol as compared with 31.2 kJ/mol). Consequently, as fig. 5.13a
shows, the amount of molten material in this simulation is much smaller for the same
absorbed energy, cf. fig. 5.1a. The corresponding temperature increase during the
simulations is lower (fig. 5.13b) as well as the increase in pressure (fig. 5.13c). The
difference in the latent heat of melting also resulted in the difference in the pressure
distribution, fig. 5.13c: since the material melts at a lower rate, the pressure drop is
not pronounced so strongly and holds for a longer time.

We can conclude that – despite the quantitative differences in the material properties
and, correspondingly, in simulation results – qualitatively, the results are the same and
that all our conclusions made in section 5.1 hold for MOD potential.
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Figure 5.13: Contour plots of (a) percentage of molten material (according to the
central symmetry parameter, see text) and (b) atomic temperature, obtained from the
simulation of 130 fs laser pulse focused on 800 nm silicon film at the absorbed fluence
0.209 J/cm2. The calculations are performed using MOD potential (section 3.3). The
black solid line shows the position of melting front assuming 50 % of the material is
molten. For a closer look, we show the sample depth only up to 210 nm, where the
phase transition processes are taking place. (The figure continues on the next page.)
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Figure 5.13: Contour plots of (c) atomic pressure and (d) atomic density related to
the density under normal conditions, obtained from the simulation of 130 fs laser pulse
focused on 800 nm silicon film at the absorbed fluence 0.209 J/cm2. The calculations are
performed using MOD potential (section 3.3). The black solid line shows the position
of melting front assuming 50 % of the material is molten. For a closer look, we show
the sample depth only up to 210 nm, where the phase transition processes are taking
place. (The figure continues on the next page.)
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Figure 5.13: Contour plots of (e) ratio between the local atomic temperature and the
local melting temperature (depending on the local pressure according to eq. (D.1))
and (f) ratio between the local atomic temperature and the local maximal overheating
temperature (depending on the local pressure according to eq. (D.2)), obtained from the
simulation of 130 fs laser pulse focused on 800 nm silicon film at the absorbed fluence
0.209 J/cm2. The calculations are performed using MOD potential (section 3.3). The
black solid line shows the position of melting front assuming 50 % of the material is
molten. For a closer look, we show the sample depth only up to 210 nm, where the
phase transition processes are taking place.
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5.5.2 Kinetics of heterogeneous melting

Analogously to section 5.2, we repeated the simulation for the absorbed fluence of
0.161 J/cm2 using MOD potential. The resulting contour plots are presented in fig. 5.14.
Similar to that for Stillinger-Weber silicon, this simulation shows a well-defined solid-
liquid interface reflecting classical heterogeneous melting process, fig. 5.14a. Despite high
increase in the temperature (fig. 5.14b) above the melting temperature (𝑇m = 1710 K,
see section 3.3) and high increase in pressure (above 3 GPa, fig. 5.14c) homogeneous
melting does not occur. Again, the reason is that the maximal overheating conditions
did not hold long enough (50 ps) according to our suggested criterion, appendix D and
fig. D.1. This situation is illustrated by fig. 5.14d, which presents the local material
overheating at different moments of time.

Figure 5.14a also reflects the material vibrations triggered by the heat expansion.
They are stronger than those for Stillinger-Weber silicon due to a larger linear expansion
coefficient (8 × 10−6 1/K, see section 3.3), but they follow the same pattern.

Significantly higher heat expansion coefficient than that for Stillinger-Weber silicon
provided the conditions for a stronger pressure increase upon the electron-phonon
equilibration, fig. 5.14c. The corresponding compressive pressure wave propagates to
the depth of the material and later reflects from the back side of the sample, similarly to
what was described in section 5.2, see fig. 5.14e. The atomic density, fig. 5.14f, follows
the local pressure supporting our discussions. Finally, the temperature after 350 ps
is still above the melting temperature, fig. 5.14g, providing the conditions for further
heterogeneous melting (not shown).

We can conclude that the qualitative evolution of MOD silicon in the heterogeneous
melting regime is the same as the one of Stillinger-Weber silicon, which confirms our
results from section 5.5.2.
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Figure 5.14: Contour plots of (a) percentage of molten material (according to the
central symmetry parameter, see appendix A.2) and (b) atomic temperature, obtained
from the simulation of 130 fs laser pulse focused on 800 nm silicon film at the absorbed
fluence 0.161 J/cm2. This simulation is performed using MOD potential described in
section 3.3. The black solid line shows the position of melting front assuming 50 % of
the material is molten. For a closer look, we show the sample depth only up to 210 nm.
(The figure continues on the next page.)
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Figure 5.14: Contour plots of (c) atomic pressure and (d) ratio between the local atomic
temperature and the local maximal overheating temperature (depending on the local
pressure according to eq. (D.2)), obtained from the simulation of 130 fs laser pulse
focused on 800 nm silicon film at the absorbed fluence 0.161 J/cm2. This simulation is
performed using MOD potential described in section 3.3. The black solid line shows
the position of melting front assuming 50 % of the material is molten. For a closer look,
we show the sample depth only up to 210 nm. (The figure continues on the next page.)
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Figure 5.14: Contour plots of (e) atomic pressure, (f) atomic density related to the
density under normal conditions, obtained from the simulation of 130 fs laser pulse
focused on 800 nm silicon film at the absorbed fluence 0.161 J/cm2. This simulation is
performed using MOD potential described in section 3.3. The black solid line shows
the position of melting front assuming 50 % of the material is molten. For a closer look,
we show the sample depth only up to 210 nm, where the phase transition processes are
taking place. (The figure continues on the next page.)
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Figure 5.14: Contour plot of (g) ratio between the local atomic temperature and the
local melting temperature (depending on the local pressure according to eq. (D.1)),
obtained from the simulation of 130 fs laser pulse focused on 800 nm silicon film at
the absorbed fluence 0.161 J/cm2. This simulation is performed using MOD potential
described in section 3.3. The black solid line shows the position of melting front
assuming 50 % of the material is molten. For a closer look, we show the sample depth
only up to 210 nm, where the phase transition processes are taking place.
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5.5.3 Effect of laser fluence

In this section, we present the MD-nTTM simulations of ultrashort laser irradiation
of silicon using MOD interatomic potential for different fluences (cf. section 5.3.1).
The resulting series of contour plots, presenting the percentage of molten material
for absorbed fluences 0.1195 J/cm2 to 0.1729 J/cm2, is shown in fig. 5.15. This series
demonstrates that the melting threshold shifted from the value of 0.128 J/cm2 for
Stillinger-Weber to 0.137 J/cm2 due to significant difference in the latent heat of
melting.

At the same time – though higher latent heat of melting results in quick absorption
of the excess heat – the maximal overheating temperature for MOD silicon (∼2200 K,
see fig. D.1) is noticeably lower than that for Stillinger-Weber silicon (∼2400 K, see
fig. C.1). Consequently, according to fig. 5.15, fluence of 0.170 J/cm2 is enough to
trigger homogeneous melting, i.e., homogeneous melting threshold did not shift to a
higher value in contrast to the melting threshold.

The conclusions are also confirmed by the calculations of the corresponding effective
melting depths for MOD silicon (calculated as described in section 5.3.3). Figures 5.16
and 5.17, presenting their time evolution, show that the effects of pressure waves and
material shrinkage during melting are stronger for this potential, whereas the general
behavior of the melting depths is the same: for fluences below the nonthermal melting
threshold (0.161 J/cm2) the melting depths increase smoothly, whereas homogeneous
melting for higher fluences is reflected by a strong initial increase. Larger latent heat of
melting lead to noticeably lower values of the effective melting depths.
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Figure 5.15: Contour plots of percentage of molten material (according to the central
symmetry, see text) for different absorbed laser fluences: (a) 0.1195 J/cm2 and (b)
0.1253 J/cm2. This simulation is performed using MOD potential described in section 3.3.
(The figure continues on the next page.)
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Figure 5.15: Contour plots of percentage of molten material (according to the cen-
tral symmetry, see text) for different absorbed laser fluences: (c) 0.1607 J/cm2, (d)
0.1729 J/cm2. This simulation is performed using MOD potential described in sec-
tion 3.3.
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Figure 5.16: The effective melting depth evolution for a set of the absorbed fluences
0.161 J/cm2 to 0.222 J/cm2. The lowest fluence, 0.161 J/cm2, corresponds to heteroge-
neous melting only. These simulations are performed using MOD potential.
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Figure 5.17: The effective melting depth evolution for a set of the absorbed fluences
0.125 J/cm2 to 0.161 J/cm2. These simulations are performed using MOD potential.
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5.5.4 Discussion

The comparison between the results obtained with Stillinger-Weber potential and
those obtained with MOD confirms the conclusions we made in this work. Namely, the
qualitative details of the melting kinetics, the influence of the temperature and pressure
conditions on the material evolution, and the evolution of the effective melting depths
do not depend on the choice of the interatomic potential.

Though both potentials show qualitatively the same results, the properties of
Stillinger-Weber generally better represent experimental data (see section 3.2.2 and
section 3.3.2), with only one exception being latent heat of melting. For this reason we
chose it for the most of the simulations in this work.

5.6 Conclusions

In this chapter we performed the comprehensive computational study of the fast
nonequilibrium processes induced in silicon by ultrashort laser irradiation. The
temperature-pressure conditions achieved upon the electron-phonon equilibration are
found to determine the melting kinetics of semiconductors after the ultrashort laser
irradiation. Simulations were performed for a range of absorbed fluences and for dif-
ferent material thicknesses. Additionally, the main results were reproduced using an
alternative interatomic potential, confirming our conclusions concerning the details of
the melting kinetics in laser-irradiated silicon.

The laser irradiation leads to two different melting regimes: heterogeneous and ho-
mogeneous. According to the simulations, at absorbed fluences below 0.173 J/cm2, the
temperature and pressure – though providing the conditions for classical heterogeneous
melting – are not high enough for homogeneous melting. Consequently, only heteroge-
neous melting occurs, starting from the surface, with a well-defined propagation front.
Higher fluences induce the homogeneous melting, which takes the dominant character,
and as a result the melting propagates faster than the speed of sound. The temperature
and pressure interrelation allowed us to explain these processes in detail and revealed the
consequences of negative dependence of the equilibrium melting temperature on pres-
sure. In first picoseconds, the strong heating rate results in the growth of compressive
stresses, leading to positive pressure. In contrast to metals, positive pressure weakens
the crystal stability against both heterogeneous and homogeneous melting; but it is
immediately consumed by the shrinkage of the material upon the melting process. This
consumption further results in the temporal relaxation of the material, undergone to
the homogeneous melting process, and a number of liquid nuclei, incorporated into the
yet crystal structure. The subsequent unloading (negative) pressure wave temporarily
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reinforces the stability of the residual crystalline structures. A heterogeneous process
takes over the homogeneous one only after some tens of picoseconds and takes a much
longer time.

For fluences higher or equal to the threshold value of 0.173 J/cm2, the effective
melting depth rapidly increases within the first 10 ps after the laser pulse due to the
quick homogeneous melting. Then, the heterogeneous mechanism prevails and further
melting proceeds at a much slower rate. At later stages, the reflected positive pressure
waves from the rear side of the sample assist the heterogeneous melting resulting in the
humps in the effective melting depth. Finally, after plateaus are reached, the material
starts to recrystallize back to the diamond structure.

The melting kinetics of semiconductors under ultrashort laser irradiation is sig-
nificantly different from that of face-centered cubic metals due to the differences in
the crystalline structure and thermophysical properties. The close-packed structure of
metallic targets leads to low-pressure-assisted melting, whereas in semiconductors low
pressure reinforces the crystal stability against melting. In both, metals and semicon-
ductors, liquid nuclei formed inside the crystalline solid during homogeneous melting
reinforce the stability of the surrounding crystal. However, the reasons for that are
different: In metals, the expansion of the material during melting by 3 % to 5 % leads
to increased pressure, whereas semiconductors contract during melting. Particularly,
this effect is strongly pronounced for silicon (the volume of melting is about −7 % to
−9 %), which results in its rough melting front. The effect of heat expansion is not
so pronounced in semiconductors; therefore, the laser-induced pressure is weaker for
them than in metals. In metals, at the fluences around the melting threshold, the
laser energy deposition depth can be estimated from the properties of the material
and is usually a constant not larger than a few tens of nanometers. Consequently,
the areas of both homogeneous and heterogeneous melting are near to the surface,
resulting in a well-defined solid-liquid interface despite possible homogeneous melting.
In semiconductors, however, the laser energy deposition depth depends on the laser
parameters and transient material state. This depth is much larger than the critical
size of liquid nuclei, which results in several nucleation regions remaining on different
depths for a long time (sometimes until recrystallization).

We conclude that the combined atomistic-continuum MD-nTTM model presented in
this dissertation is useful and promising tool for the description of laser-excited silicon.
The results of this study, therefore, have important implications for interpretation of
experimental data on the kinetics of melting process of semiconductors.

The planned further development of the model, including the parallelization of the
code and the introduction of 3D carrier description into the nTTM part will additionally
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extend its possible applications to different experimental geometries. Moreover, with
additional effort in the implementation of the dynamically behaving nonreflective
boundary conditions [111, 229], one can simulate the propagation of the pressure waves
beyond the rear side of the sample (i.e., to the bulk), providing a more precise description
of thick targets. Another important improvement, which should be considered, is the
influence of nonthermal effects, which are known to be important at higher fluences.
This problem is addressed in the next chapter.

Finally, based on the model construction idea and the performed analysis, one can
expect that, although the analyses in this work were done for silicon, the model in
general should be applicable for other semiconductors with the appropriate interatomic
potentials and the implemented properties of the electron-hole free carrier subsystem.



Chapter 6

Nonthermal effects in MD-nTTM

As we mentioned in section 1.1.1, rapid nonthermal melting can occur under the
action of ultrashort laser pulses in semiconductors in to the presence of a large number
of excited electrons [40, 41]. The electrons excited to the conduction band by the
laser irradiation no longer participate in the covalent bonding and, therefore, the
potential energy surface for atoms may change. At the new potential energy surface, the
atoms may not be at their equilibrium positions anymore and, therefore, they start to
move, breaking the crystal order [43, 87]. From applications point of view, nonthermal
melting reinforces the localization of the damage and may improve the nanostructuring
techniques.

In this chapter, we discuss the incorporation of nonthermal effects in our MD-nTTM
model. In section 6.1, we present the simulations of laser-excited silicon at a high
electronic temperature in the framework of classical MD. These simulations are based on
a new interatomic potential that was developed to reproduce the ab initio calculations.
In section 6.2, the corresponding constraints on the continuum model and on the
interatomic potential aimed to be incorporated in it are discussed.

137
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6.1 Liquid nucleation in silicon
in the presence of hot electrons

In this section, we present classical MD simulations performed with a new interatomic
potential, describing the properties of laser-excited silicon by the presence of hot
electrons. The potential was designed to reproduce ab initio calculations at the laser-
induced electronic temperature of 18 946 K and is able to predict not fitted quantities
with high accuracy. Our simulations with this potential indicate the formation, growth,
and coalescence of liquid nuclei. We further discuss the role of initial pressure in these
processes.

6.1.1 Application of classical MD to describe nonthermal ef-
fects

Ultrashort laser pulses may cause strongly nonequilibrium conditions in semicon-
ductors. Under such conditions, the potential energy surface differs from the one in the
ground state, sometimes even allowing the atoms to leave their equilibrium positions
and resulting in ultrafast melting, which cannot be explained by the classical thermo-
dynamics melting mechanism. Though this phenomenon was observed experimentally
more than three decades ago, the details of the material evolution at the atomic level
still remain an open topic of scientific discussions [40–42, 44, 221, 230]. Ab initio molec-
ular dynamics approaches [231] can provide the atomic trajectories upon nonthermal
melting [43]. However, these approaches are known to have a high computational cost,
which currently limits the application to supercells containing at most ∼2000 atoms.
Such limitation may significantly hinder the progress in understanding the material
properties and evolution under ultrashort laser irradiation. Indeed, some laser-induced
phenomena, such as ultrafast liquid nucleation and propagation of strong pressure
waves, require larger supercells for accurate description. Consequently, a search for
alternative approaches, which could provide the atomic-level kinetics of nonthermal
melting, is an important topic of research.

As we mentioned earlier, in classical MD, the atoms interact via semi-empirical
potentials, and the electronic degrees of freedom are not explicitly taken into account
[103]. Hence, this approach – though computationally efficient and, therefore, able to
treat large supercells [211, 232] – in its original formulation does not allow to simulate
the consequences of highly non-equilibrium electronic states induced by an ultrashort
laser pulse. In order to overcome this limitation, the idea has been proposed [119,
187, 209, 233] to devise an interatomic potential depending on the properties of the
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laser-excited electronic state, thereby making it possible to model nonthermal effects in
the framework of classical MD.

In this section, we present the results of classical MD simulations with a new
interatomic potential describing laser-excited silicon. The potential was fitted as
explained in section 6.1.2 to reproduce the ab initio calculated interatomic forces and
total free energy during nonthermal melting of silicon at the electronic temperature
of 18 946 K (60 mHa). It accurately predicts important properties of the laser-excited
material, including its phonon band structure and cohesive energy as a function of
lattice parameter. The predictions justify our simulations of nanometer-sized MD
supercells presented in sections 6.1.3.1 and 6.1.3.2, which are not currently achievable
with ab initio methods.

6.1.2 Interatomic potential

The in-house ab initio MD code CHIVES, developed in our research group (the group
of Prof. Garcia, University of Kassel, Germany), is based on electronic-temperature-
dependent density functional theory (details of the implementation can be found in
[135]). It has already provided many intriguing details of nonthermal atomic kinetics
upon the ultrashort laser irradiation in various materials [234, 235], including silicon [87,
135, 222, 236]. Nevertheless, currently, the application of this code is limited to small
systems not exceeding 2000 atoms, even when utilizing large computational facilities.

In order to overcome this limitation, a fitting procedure was developed by Bernd
Bauerhenne, another member of our group, allowing us to obtain a classical interatomic
potential from ab initio simulations. The procedure is based on the one suggested in
[208]. He applied the procedure to the particular situation when the atoms are initially
at room temperature, whereas the electrons were instantaneously heated to 18 946 K.
The corresponding density of excited free carriers is 9.8 %. It is already known that
such conditions lead to non-thermal melting in silicon [222].

The fitting procedure is the following. Ab-initio-calculated atomic trajectories
from CHIVES as well as the corresponding free energies and forces acting on atoms
were stored at each time step (i.e., every 2 fs) for a sample consisting of 2×2×10
conventional unit cells (320 atoms) with periodic boundaries in X and Y directions and
free boundaries in the Z direction. These data were then used to find the best suitable
classical interatomic potential that reproduces the forces and total free energy along
these trajectories. The functional dependence of the potential is based on a Taylor
expansion of two- and three-body terms up to certain orders by the parameter 1 − 𝑟/𝑟𝑐,
where 𝑟 is the interatomic distance and 𝑟c = 0.784 nm is the cutoff radius. The orders
and the coefficients of the expansion are the results of the fitting procedure, which will



140 CHAPTER 6. NONTHERMAL EFFECTS IN MD-NTTM

be described in detail elsewhere [121]. The functional dependence of the potential is
provided in appendix F. The resulting precisions of the fit are 8.5 % for the forces and
0.3 % for the total free energy.

Though the resulting potential was fitted using a sample with the thin-film geometry,
bulk calculations with all periodic boundary conditions, performed by Bernd Bauerhenne,
showed a very good agreement, too. Namely, a very accurate description of the band
structure of laser-excited silicon is provided in comparison with the ab initio calculations.
Similarly, the cohesive energies for different crystal structures are reproduced as well as
the average root-mean-square atomic displacements in bulk silicon during the nonthermal
melting [87]. This success for small systems justifies our simulations of nm-sized silicon
samples presented in the next section.

6.1.3 Results

6.1.3.1 Nonthermal liquid nuclei

For the first simulation, the following computational setup was used. The sample
consisting of 10 × 10 × 1472 conventional unit cells (177 600 atoms) with periodic
boundary conditions in X and Y directions and free boundaries in the Z direction
was equilibrated at conditions 𝑇e = 𝑇a = 300 K and 0 GPa using the Stillinger-Weber
potential. The lateral sizes of the sample (5.44 nm) were chosen to be large enough to
follow the creation and coalescence of liquid nuclei, which is a great advantage of our
classical MD cell over the smaller ab initio cell. We accounted for the effect of thermal
expansion: To achieve zero pressure under normal conditions, for the equilibration we
used the lattice parameter of 𝑎300 = 0.543 74 nm. As in chapter 5, our computational
setup corresponds to an 800-nm-thick silicon sample situated in the center of a large laser
spot. After the MD supercell was initialized, we started the simulation of laser-excited
silicon at the constant electronic temperature of 𝑇e = 18 946 K using the potential
described above. The time step of classical MD was 0.5 fs and provided the energy
conservation within 3 × 10−7 % per ps.
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Figure 6.1: Snapshots of nonthermal melting of silicon at 𝑇e = 18 946 K according to
classical MD. Only part of the sample is shown. The atoms shown as circles are colored
according to the central symmetry parameter described in appendix A.2. Blue color
shows atoms with crystalline surrounding, whereas red color shows those submerged in
liquid. (The figure continues on the next page.)
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Figure 6.1: Snapshots of nonthermal melting of silicon at 𝑇e = 18 946 K according to
classical MD simulations. Only part of the sample is shown. The atoms shown as circles
are colored according to the central symmetry parameter described in appendix A.2.
Blue color shows atoms with crystalline surrounding, whereas red color shows those
submerged in liquid.
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In fig. 6.1, we present a series of atomic snapshots obtained from this simulation.
Each circle represents an atom; the atoms are colored according to the central symmetry
parameter, appendix A.2, so that atoms with crystalline surrounding have blue color
whereas those submerged in the nonthermal liquid phase are red. The series shows
creation, growth, and coalescence of liquid nuclei in laser-excited silicon at the depth of
100 nm below the surface. We conclude that, similarly to thermal melting, nonthermal
phase transition occurs through nucleation. To our knowledge, nonthermal nucleation
in silicon has not been studied before.

6.1.3.2 Influence of pressure conditions

In order to better understand the conditions under which nonthermal melting
occurs, we additionally performed a series of simulations of a smaller computational
cell: 20 × 20 × 20 conventional unit cells (64 000 atoms) with all periodic boundary
conditions. The samples were equilibrated at 301 K (again, using Stillinger-Weber
potential) with different lattice parameters 𝑎 = 0.99𝑎300, 𝑎 = 𝑎300, 𝑎 = 1.01𝑎300, and
𝑎 = 1.02𝑎300, which correspond to initial pressures of 3.2 GPa, 0 GPa, −2.8 GPa, and
−5.5 GPa, respectively. After the MD supercells were initialized, for each of them we
performed the classical simulations with the presented interatomic potential, simulating
the electronic excitation by an ultrashort laser pulse. The corresponding 4 snapshot
series are shown in figs. 6.2 to 6.5. The coloring is made in the same way as in fig. 6.1,
using central symmetry parameter. One can see that lower (higher) pressure hinders
(reinforces) the creation and growth of nonthermal liquid nuclei. These processes become
slower at larger pressures.

Additionally, central symmetry parameter allowed us to calculate how many atoms
are submerged in liquid, which corresponds to the percentage of molten material in
a supercell. Figure 6.6 shows the resulting percentage of the molten material as a
function of time for the four simulations described above. The color curves represent the
same simulations as in figs. 6.2 to 6.5. This plot supports the idea that higher (lower)
pressure reinforces (hinders) homogeneous nonthermal melting, so that the nonthermal
liquid nuclei are created and grow faster (slower). Test calculations involving 1 million
atoms with all peroidic boundary conditions showed no difference in the evolution of
the percentage of molten material.

Such influence of pressure on nonthermal melting kinetics is also supported by ab
initio simulations, performed in our group by Tobias Zier, showing that the threshold
for nonthermal melting is decreased from 𝑇e ∼17 000 K for the lattice parameter of
𝑎 = 0.539 87 nm to 𝑇e ∼16 000 K for a 1 % smaller lattice parameter.
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Figure 6.2: Snapshot series from the simulation of laser-excited silicon at the initial
pressure of 3.2 GPa. The MD supercell contains 64 000 atoms.
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Figure 6.3: Snapshot series from the simulation of laser-excited silicon at the initial
pressure of 0.0 GPa. The MD supercell contains 64 000 atoms.
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Figure 6.4: Snapshot series from the simulation of laser-excited silicon at the initial
pressure of −2.8 GPa. The MD supercell contains 64 000 atoms.
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Figure 6.5: Snapshot series from the simulation of laser-excited silicon at the initial
pressure of −5.5 GPa. The MD supercell contains 64 000 atoms.
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Figure 6.6: Percentage of molten material as a function of time after the laser pulse,
for different initial pressure conditions. The percentage is calculated using the central
symmetry parameter described in appendix A.2. The corresponding 4 snapshot series
are presented in figs. 6.2 to 6.5.
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6.1.4 Summary and outlook

The utilization of a new classical interatomic potential, which describes laser-excited
silicon at 𝑇e = 18 946 K allowed us to study the nonthermal effects on a large scale and
provided new insights into nonthermal melting kinetics of bulk silicon. Though we did
not address the corresponding melting mechanisms in detail, it is our future plan to
study them using classical MD in a similar way as it was done in [17, 19].

In this study, we addressed the nonthermal melting kinetics of silicon in bulk.
However, preliminary results from CHIVES obtained in our research group as well as
preliminary calculations with classical MD suggest that the surface expansion upon
the ultrashort laser pulse significantly influences the material evolution. The study of
nonthermal melting near the surface will be a topic of future research.

The used fitting procedure, similar to the one suggested in [208], is capable for
application to different electronic temperatures. Therefore it gives the possibility to
obtain the corresponding classical potentials for a series of electronic temperatures as it
was done in [187] and as was suggested in [209]. Therefore it is our plan to obtain a
series of potentials for different electronic temperatures. Such series, in combination
with a suitable interpolation scheme, could provide a smooth dependence of the classical
potential on the electronic temperature. The combined atomistic-continuum model
presented in this dissertation could strongly benefit from such potential depending on
the electronic temperature as a parameter as will be discussed in section 6.2.
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6.2 Constraints on potential
coming from energy conservation

6.2.1 Introduction

As we already mentioned in section 6.1, the irradiation of semiconductors by
ultrashort laser pulses can result in ultrafast melting, which cannot be explained by
a thermal melting mechanism [40, 41]. A possible explanation is that changes in the
interatomic bonds reduce the stability of the crystal against melting. Excitation of the
valence electrons by a laser pulse can cause such changes [83, 237]. A simple continuum
approach [98] can provide certain numerical estimates, starting from considerations
of the conservation of energy. It is currently complicated to accurately describe such
processes, since the corresponding models are computationally expensive [205]. One
possibility to simplify the computations with no substantial loss of accuracy can be
classical molecular dynamics (MD).

In classical MD, the atoms interact via semi-empirical potentials, and the electronic
degrees of freedom are not explicitly taken into account. The idea has been proposed of
determining the dependence of the interatomic potential on the state of the electronic
subsystem, thereby making it possible to model nonthermal effects [187, 209, 233]. This
approach looks promising, but one needs to be careful in order to achieve the correct
implementation. When there is an abrupt change of potential – at the moment when
the electrons appear in the conduction band – the energy of the atomic subsystem also
experiences a discontinuity. From the viewpoint of the entire subsystem, the energy
must be conserved, and, consequently, the given discontinuity must be represented with
the opposite sign in the energy of the electrons. Thus, when such a potential is used, it
becomes necessary to simultaneously consider the electronic subsystem and to track its
state in parallel with the state of the atoms.

In this section, we discuss, which kind of MD potentials one needs to develop in
order to incroporate the weakening of the interatomic bonds in MD-nTTM.

6.2.2 The model for illustration

To illustrate our discussions, we will use the nTTM model, presented in section 2.1.
Let us write the system of equations, describing the electron and phonon dynamics in
silicon upon the ultrashort laser irradiation, in the following form:
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𝜕𝑛

𝜕𝑡
+ ∇ · 𝐽 = 𝑆𝑛 − 𝛾𝑛3 + 𝛿𝑛, (6.1)

𝜕𝑢

𝜕𝑡
+ ∇ · �⃗� = 𝑆𝑢 − 𝐶𝑒−ℎ

𝜏𝑒−𝑝

(𝑇𝑒 − 𝑇𝑎), (6.2)

𝐶𝑎
𝜕𝑇𝑎

𝜕𝑡
= ∇ · (𝑘𝑎∇𝑇𝑎) + 𝐶𝑒−ℎ

𝜏𝑒−𝑝

(𝑇𝑒 − 𝑇𝑎). (6.3)

The first equation is the balance equation for the density of photoexcited electrons in
the conduction band and holes in the valence band. The terms on its right-hand side
correspond to laser absorption, Auger recombination, and impact ionization, respectively.
The second equation describes the balance of the energy density in the excited electron-
hole pairs. The terms on its right-hand side correspond to laser absorption and energy
exchange with the lattice, respectively. The last equation describes the energy balance in
the atomic subsystem. The quantities that enter into eqs. (6.1) to (6.3) are the following:
𝐽 is the carrier flux, 𝑆𝑛 is the source of new carriers, 𝛾 is the Auger recombination
coefficient, 𝛿 is the impact ionization coefficient, �⃗� is the energy-density flux of the
carriers, 𝑆𝑢 is the energy density of the carriers, 𝐶𝑒−ℎ is the heat capacity of the
electron-hole pairs, 𝜏𝑒−𝑝 is the characteristic electron-phonon relaxation time, 𝑇𝑒 is the
electron temperature, 𝑇𝑎 is the temperature of the atoms (or phonons), 𝐶𝑎 is the atomic
heat capacity, and 𝑘𝑎 is the thermal conduction in the atomic subsystem.

The total energy of the electron-hole pairs consists of the energy of the band gap
and the kinetic energy of the carriers (taking into account that the carriers are Fermi
particles) and is determined from

𝑢 = 𝑛𝐸𝑔(𝑛,𝑇𝑒) + 3
2𝑛𝑘𝐵𝑇𝑒[𝐻

3
2
1
2
(𝜂𝑒) +𝐻

3
2
1
2
(𝜂ℎ)], (6.4)

where 𝐸𝑔 is the band gap. Please refer to section 2.1 for a detailed interpretation of the
notation and the details of the model.

6.2.3 Melting energy density

In accordance with eqs. (6.1) to (6.4), part of the energy of the absorbed phonon is
spent to overcome the band gap, so that an electron-hole pair is created. The rest of
the energy goes into increasing the temperature of the resulting pair and eventually (by
means of electron-phonon energy exchange) is transformed into the kinetic energy of
the atoms. If the second part of the energy finally goes to thermally melt the atomic
lattice, the first part must be associated with its nonthermal destabilization. Let us,
therefore, assume that the energy density 𝜌𝐶𝑎(𝑇𝑚 − 𝑇0), needed to melt the material,
is split between the current kinetic energy density 𝜌𝐶𝑎(𝑇𝑎 − 𝑇0) of the lattice (at a
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Figure 6.7: Melting temperature of silicon depending on the density of excited free
carriers according to nTTM model and to the model of Korfiatis et al. [98].

temperature of 𝑇𝑎) and the energy connected with the destabilization of the crystal,
𝑛𝐸𝑔. Then, at the moment of melting, the following relationship must be satisfied [98]:

𝜌𝐶𝑎(𝑇𝑚 − 𝑇0) = 𝜌𝐶𝑎(𝑇𝑎 − 𝑇0) + 𝑛𝐸𝑔, (6.5)

where 𝑇𝑚 is the equilibrium melting temperature, 𝑇0 is room temperature, 𝐶𝑎 is the
atomic heat capacity, and 𝜌 is the atomic density. From the indicated conditions, one
can interpret 𝑇𝑎 in eq. (6.5) as the melting temperature of a crystal with the density of
excited carriers 𝑛.

According to eq. (6.5), there is the condition that connects the degree of bond
weakening (i.e., the melting temperature) with the number of laser-excited carriers.
Consequently, the melting temperature 𝑇𝑎 must decrease as the number 𝑛 of excited
carriers increases. This is demonstrated in fig. 6.7.

6.2.4 Energy match condition

Let us consider classical molecular dynamics with an interatomic potential 𝑃
depending on the state of the electronic subsystem. The excitation of electron-hole
pairs results in a change of the interatomic bonds and a corresponding change Δ𝑉
in the potential energy. Let eqs. (6.1), (6.2) and (6.4) be used as a model for the
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electrons, whereas eq. (6.3) is replaced by MD with indicated potential (i.e., we consider
a combined MD-nTTM model). Then, to conserve the total energy of the system, it is
necessary to satisfy Δ𝑉 = −𝑢, or

Δ𝑉 = −𝑛𝐸𝑔 − 3
2𝑛𝑘𝐵𝑇𝑒[𝐻

3
2
1
2
(𝜂𝑒) +𝐻

3
2
1
2
(𝜂ℎ)]. (6.6)

For the case of constant electron and hole effective masses, this equation can be reduced
to

Δ𝑉 = −𝑛𝐸𝑔. (6.7)

If eq. (6.6) and/or eq. (6.7) hold, the energies of the two subsystems – atomic and
electronic – will match each other. Otherwise, in addition to the questionable physical
applicability of the model, there is no way to track the energy conservation, and hence,
to be sure that the mathematical implementation is correct.

6.2.5 Dependence of the potential on electronic state

In this section, we address the question of which parameters of the electrons should
affect the potential 𝑃 in the framework of the model presented in section 6.2.2. It
follows from eq. (6.7) that, as 𝐸𝑔 and 𝑛 vary, it is necessary for 𝑉 (and hence 𝑃 ) to
vary accordingly. It is usually assumed in simple models, like those discussed here, that
the band gap is dependent on the temperature of the excited carriers [141] and on their
density [80]. Thus, when independent equations are used for 𝑇𝑒 and 𝑛, the dependence
on both quantities needs to be included in the potential for a correct description. As
pointed out by Shokeen and Schelling, the dependence of the potential on 𝑇𝑒, but not
that on 𝑛, is considered in ref. [215]. We expect that the subsequent development of
the approach will make it possible to include the dependence on 𝑛 and thereby to bring
the electronic and atomic subsystems into agreement. It would be interesting to check
the results in this case.

Please note, that for the alternative one-𝜇 model (section 2.3), the electronic
temperature alone can be used as a parameter in the potential, because there is no
independent equation for the carrier density in this approach and the temperature fully
defines the state of the electronic subsystem.

6.2.6 Conclusion

In conclusion, it should be pointed out that the requirement of matching the energies
of the atomic and electronic subsystems remains even when other models are used to
describe laser-excited carriers. The variation of the MD potential due to the excitation
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of electron-hole pairs in semiconductors must be reflected in changes of the energy
of the electronic subsystem. For the nTTM model, used in this work to describe the
electron dynamics, the corresponding MD potential would depend on both temperature
and density of the excited free carriers. For the alternative one-𝜇 model (section 2.3),
the electronic temperature alone can be used as a parameter in the potential.

6.3 Conclusions

In section 6.1, we considered the utilization of a new interatomic potential for
simulations of laser-excited silicon using classical molecular dynamics. The potential
allowed us to perform big-scale MD simulations at the electronic temperature of 18 946 K
with 9.8 % excited carriers. The simulations showed that, similarly to thermal melting,
nonthermal phase transition occurs through nucleation and that higher (lower) pressure
assists (hinders) the non-thermal melting process. In the future, it should be possible
to smoothly determine the dependence of the interatomic potential on the state of
the electronic subsystem, thereby making electronic temperature a parameter of the
potential.

In section 6.2 we discussed the idea of using such a potential depending on 𝑇𝑒 in
the combined MD-nTTM model. In such MD-nTTM simulations, the requirement of
matching the energies of the atomic and electronic subsystems, so that the total energy
during simulations conserves, gives certain restrictions on appropriate interatomic
potentials and on the model describing electronic subsystem. If the nTTM model is
used to describe the electron dynamics, the corresponding MD potential must depend
on both temperature and density of the excited free carriers. When using the alternative
one-chemical-potential model, described in section 2.3, the electronic temperature alone
can be used as a parameter in the potential. The latter possibility might be a useful
step towards the improved combined model that can account for the bond weakening
due to the existence of laser-excited free carriers.



Chapter 7

Summary

The main achievements reported in this dissertation are (1) the development of a new
computational model (MD-nTTM) appropriate for simulations of laser interactions with
semiconductors; (2) investigations of the complex influence of temperature-pressure
conditions, achieved upon the ultrashort laser irradiation, on the melting kinetics
of silicon for different laser parameters and sample thicknesses; and (3) first results
concerning the influence of nonthermal effects on ultrafast laser-induced melting of
silicon.

7.1 The model

The atomistic-continuum MD-nTTM model for semiconductors has been imple-
mented on the example of silicon. The model combines classical molecular dynamics
(MD) method for the simulation of nonequilibrium lattice superheating and fast melting
with a continuum description of the electronic subsystem. A detailed description of the
model construction is given in section 4.1. The MD part is based on the Stillinger-Weber
interatomic potential, which provides an accurate description of the equilibrium mate-
rial properties (section 3.2). The continuum nTTM part (section 2.1), describing the
dynamics of the electronic subsystem, is similar to the frequently used Two-Temperature
model. Under different approximations, the nTTM takes into account the effects of
(1) laser energy absorption via one- and two-photon absorption processes and via free-
carrier absorption; (2) additional source of the free carriers due to impact ionization
and annihilation of electron-hole pairs due to Auger recombination; (3) carrier heat
conduction and ambipolar carrier flow; and (4) energy exchange with the lattice due
to the electron-phonon coupling. The fulfillment of energy conservation (section 4.2)
and the comparison of the obtained results with the ordinary continuum nTTM model
(section 4.3) have confirmed the reliability of the model implementation. The performed
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calculations showed the benefits of the MD-nTTM model as a powerful numerical
tool to study short laser pulse interaction with free standing Si films. In contrast to
the continuum nTTM approach, the combined model is able to distinguish the whole
complexity of the kinetics of laser-induced transient processes with atomic precision.
The model is applicable for fluences above the melting threshold. The developed model
opens up new possibilities for computer modeling of a wide range of transient phenomena
in semiconductors and the areas of potential applications of the model might not be
limited to laser interactions.

7.2 The results

The development and thorough testing of the model were followed by a comprehensive
computational study of the fast nonequilibrium processes induced in silicon by ultrashort-
laser irradiation. The temperature-pressure conditions achieved upon the electron-
phonon equilibration are found to determine the melting kinetics of semiconductors
after the ultrashort laser irradiation. Simulations were performed for a range of
absorbed fluences and for different material thicknesses. Additionally, we confirmed
our conclusions by reproducing the main results using an alternative interatomic
potential. Possible modifications of the model to include the non-thermal effects are
discussed. As a first step towards the inclusion of nonthermal effects into the model,
we presented nanometer-sized MD simulations with a new three-body interatomic
potential describing laser-excited silicon at the electronic temperature of 18 946 K.
These simulations provided new insights into the nonthermal melting of laser-excited
silicon as explained below.

7.2.1 Two melting regimes

The laser pulse interaction with crystalline silicon leads to two different melting
regimes: heterogeneous and homogeneous. According to the model, at absorbed fluences
below 0.173 J/cm2, the temperature and pressure – though providing the conditions
for the heterogeneous melting – are not high enough for the homogeneous melting
mechanism (section 5.3.1). Therefore, only classical heterogeneous melting occurs in
the presurface area with well-defined solid-liquid interface (section 5.2).

Higher fluences induce homogeneous melting, which takes a dominant character,
and the resulting melting process cannot be described by a classical front propagation
(section 5.1). The temperature and pressure interplay allowed us to explain these
processes in detail (section 5.1.2) and revealed, unlike for metal-like targets, the con-
sequences of the negative slope of the melting curve. In the first picoseconds, the
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strong heating rate results in the growth of compressive stresses, leading to positive
pressure. In contrast to metals, positive pressure weakens the crystal stability against
both heterogeneous and homogeneous melting, but is immediately consumed by the
shrinkage of the material upon the melting process. This further results in the temporal
relaxation of the material upon the homogeneous melting process and a number of
liquid nuclei incorporated into the yet crystalline structure. The subsequent unloading
(negative) pressure wave temporarily reinforces the stability of the residual crystalline
structures. The heterogeneous process takes over the homogeneous one only after some
tens of picoseconds and lasts much longer.

7.2.2 Effect of laser fluence

The concept of effective melting depth was suggested in order to describe the
melting process on longer timescales and to compare the results for different fluences
(section 5.3.3). For fluences higher or equal to the threshold value of 0.173 J/cm2, the
effective melting depth rapidly increases within the first 10 ps after the laser pulse due
to the quick homogeneous melting. Later, the heterogeneous mechanism prevails and
further melting proceeds at much slower rate. At later stages, the positive pressure
waves, incoming from the rear side of the sample, assist the heterogeneous melting
resulting in kicks in the effective melting depth. Finally, after plateaus are reached, the
material starts to recrystallize back to the diamond structure.

7.2.3 Effect of sample thickness

From the results presented in section 5.4 one can conclude that there are no
quantitative, nor qualitative differences in the ultrafast melting kinetics for sample
thicknesses in the range of 450 nm to 2000 nm. We, therefore, conclude that our
simulation results correspond to a thick sample. The values of the melting threshold
and homogeneous melting threshold also did not vary within this range. On long
time scales (hundreds of ps), the rebounding pressure waves, related to a finite sample
thickness, may slightly influence the propagation of the melting front, but this effect is
small and does not influence the thresholds for melting and homogeneous melting.

7.2.4 Calculations with alternative potential

In section 5.5, we repeated several simulations using an alternative interatomic
potential, MOD, described in section 3.3. Though some properties of MOD silicon differ
from those of Stillinger-Weber silicon, leading to quantitative differences in the results,
the kinetics of both homogeneous (section 5.5.1) and heterogeneous (section 5.5.2)
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melting are qualitatively the same for MOD. Consequently, these simulations support
all the qualitative conclusions stated above.

A higher latent heat of melting (39.78 kJ/mol of MOD silicon, section 3.3, whereas
for Stillinger-Weber it is 31.2 kJ/mol, section 3.2) resulted in a slightly higher calcu-
lated value for the melting threshold (0.137 J/cm2, whereas for Stillinger-Weber it is
0.128 J/cm2 for our chosen two-photon absorption coefficient), see section 5.5.3. How-
ever the value of the homogeneous melting threshold, 0.173 J/cm2, did not change,
because the higher difference in latent heat of melting is balanced by the lower maximal
overheating temperature for MOD material.

7.2.5 Comparison with metals

The melting kinetics of semiconductors under ultrashort laser irradiation is sig-
nificantly different from that of face-centered cubic metals due to the differences in
the crystalline structure and thermophysical properties. The close-packed structure of
metallic targets leads to low-pressure-assisted melting, whereas in semiconductors low
pressure reinforces the crystal stability against melting. The effect of heat expansion is
not so pronounced in semiconductors; therefore, the laser-induced pressure is weaker
than in metals. In semiconductors, the laser energy deposition depth depends on the
transient state of the electronic subsystem, whereas in metals this depth is usually
a constant (not larger than a few tens of nanometers) defined by the material. A
large size of this depth for semiconductors (much larger than the critical size of liquid
nuclei) results in several nucleation regions remaining on different depths for a long time
(sometimes until recrystallization), while in metals, the areas of both homogeneous and
heterogeneous melting are nearer to the surface, resulting in a well-defined solid-liquid
interface despite possible homogeneous melting.

7.2.6 Nonthermal effects

In section 6.1, we presented classical MD simulations of laser-excited silicon at the
electronic temperature of 18 946 K. The simulations were performed using a three-body
interatomic potential that reproduces ab initio calculations with a high accuracy. The
simulations suggested that, similarly to thermal melting, nonthermal phase transition
occurs through nucleation and that higher (lower) pressure assists (hinders) the non-
thermal melting process.

Section 6.2 was devoted to the idea of using an interatomic potential with smooth
dependence on the parameters of electronic subsystem in the framework of the MD-
nTTM. In such MD-nTTM simulations, the requirement of matching the energies of the
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atomic and electronic subsystems, so that the total energy during simulations conserves,
leads to certain restrictions on the interatomic potential and on the model for the
electronic subsystem. The changes of the potential associated with the excitation of
electron-hole pairs in semiconductors must be reflected in the corresponding changes
of the energy of the electronic subsystem (section 6.2). For the nTTM model, used
in this work to describe the electron dynamics (section 2.1), the corresponding MD
potential must depend on both temperature and density of the excited free carriers.
For the alternative one-𝜇 model (section 2.3), the electronic temperature alone can be
used as a parameter in the potential.

7.3 Open research questions

In sections 2.1.4 and 2.2, we listed several modifications of the nTTM model, which
could improve the description of the carrier dynamics in the combined model. At the
same time, in section 2.3 we suggested that the one-chemical-potential model may be a
good candidate to replace the nTTM in the combined model, in order to simplify the
inclusion of the nonthermal effects into the latter. In other words, currently, we see two
possibilities for the development of the combined model in the near future: through the
improved description of the carrier dynamics, but with the lack of nonthermal effects,
and through the inclusion of the nonthermal effects, but with less accurate description
of the carriers. Though both paths are certainly important, it is not clear, which one
is more beneficial in the short-term. The second path of the development may be
connected with additional difficulties in the implementation.

Namely, though a large part of this work, see chapter 6, is devoted to the inclusion of
the nonthermal effects into the MD-nTTM, there is no comprehensive understanding of
how it should be done yet. The new interatomic potential depending on the electronic
temperature 𝑇𝑒 is expected to be obtained from an ab initio model, such as CHIVES
mentioned in section 6.1. Ab initio approaches provide the dependencies between 𝑇𝑒 and
the other parameters of the electrons (energy, carrier density, etc.), while in the frames
of the continuum model such dependencies are described with eqs. (2.27) to (2.30). The
resolution of this contradiction is left to future work.

As we discussed in section 2.1.4, the continuum models are generally too simple and
do not account for many phenomena, which occur under the irradiation of ultrashort
pulses. This may lead to an idea to replace the continuum description of the electrons
entirely by a more sophisticated approach. One has to keep in mind that the requirement
of the energy matching between the carrier and atomic subsystem must still hold.
Additionally, the computational costs of the resulting combined model should not be
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much higher than that of MD-nTTM, since otherwise the experimental scales may not
be reachable anymore. The choice of such approach is outside of the scope of this work.

7.4 Final remarks

From the obtained results, which reproduce the experimental data up to the abilities
of interatomic potentials, and from the performed microscopic analysis of the melting
process, we conclude that the MD-nTTM model can be used for a number of close
insights of the laser-generated non-equilibrium processes in silicon . The results of
this study have important implications for interpretation of experimental data on the
kinetics of the melting process of semiconductors.

At the same time, the discussed list of possible model improvements – such as to
implement a more accurate model describing the dynamics of laser-excited free carriers
and to include the influence of laser-induced bond weakening – gives a path of further
model development and provides a view of its extended future possibilities.



Appendix A

Visualization of material phases

We use two different order parameters to distinguish between the crystal and the
liquid states of matter: local order parameter (LOP) [238] and modified crystal symmetry
parameter (CSP) [239, 240]. We construct them for the diamond crystal structure
and average their values over the nearest neighbors (first or second neighbor shell) to
prevent large fluctuations. In this Appendix, we provide the methods of calculation
of these parameters and their threshold values to distinguish between the liquid and
crystal phases.

A.1 Local order parameter

To calculate the LOP for atom 𝑖 we use the following definition:

𝐿𝑂𝑃𝑖 =
⃒⃒⃒⃒
⃒⃒16 1
𝑁2

𝑁2∑︁
𝑗=1

6∑︁
𝑘=1

𝑒𝑥𝑝(𝑖�⃗�𝑘�⃗�𝑖𝑗)
⃒⃒⃒⃒
⃒⃒
2

. (A.1)

Index 𝑗 runs through all the neighbors of atom 𝑖 inside the second neighbor shell (𝑁2

= 12 for ideal diamond structure). The vectors {�⃗�𝑘}6
𝑘=1 are defined as follows: �⃗�1 =

8𝜋
𝑎

{1; −1; 1}, �⃗�2 = 8𝜋
𝑎

{−1; 1; 1}, �⃗�3 = 8𝜋
𝑎

{1; 1; −1}, �⃗�4 = 8𝜋
𝑎

{0; 2; 2}, �⃗�5 = 8𝜋
𝑎

{2; 2; 0},
�⃗�6 = 8𝜋

𝑎
{2; 0; 2}. 𝑎 = 𝑎(𝑇 ) is the lattice parameter of the crystal depending on atomic

temperature (see fig. C.3).
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A.2 Central symmetry parameter

CSP of atom 𝑖 is calculated from the following expression:

𝐶𝑆𝑃𝑖 = 1 −

⎡⎣𝑁1∑︁
𝑗=1

(�⃗�𝑖𝑗)
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2
, (A.2)

where 𝑗 runs over the nearest neighbors inside the first neighbor shell 𝑟 < 1
2

(︁√
3

4 +
√

2
2

)︁
𝑎,

and the number of the nearest neighbors in the first coordination sphere is 𝑁1 = 4 for
ideal diamond structure.

In case of the ideal crystal, the values of LOP and CSP are 1 for every atom and
when the melting occurs, they quickly decay. Both LOP and CSP allow for a sharp
distinction between the two phases of silicon with the chosen criteria (if Stillinger-Weber
potential is used, 0.0155 for LOP and 0.9825 for CSP; if MOD potential is used, 0.0175
for LOP and 0.968 for CSP). CSP has somewhat higher precision (weaker noise) and
does not depend on the crystal orientation. It also allows to distinct homogeneous
recrystallization inside the liquid phase (although we did not study it in this dissertation).
For the discussions and interpretations, the CSP is used throughout the work. We only
apply LOP for coloring the graphs of CSP below the atomic snapshots in figs. 5.4, 5.7
and E.4.

A.3 Search for the thresholds

The mentioned threshold values were found from the contour plots of the percentage
of molten material. The plots presented in fig. A.1 are calculated for the same computa-
tional setup as the one used in fig. E.3a. Figure A.1a is calculated using LOP. Initially,
it was calculated with the threshold of 1 (so that everything was red). We were then
decreasing the threshold for LOP until the first signs of (yellow) noise have appeared
in the molten (red) area in the plot. This means the noise became balanced between
the crystal (blue) area and the liquid (red) area and is not greater than 20 %. This led
to the threshold value of 0.0155 for LOP. On the other hand, CSP does not show any
noticeable noise even when its threshold is not well adjusted, see fig. A.1b. We, therefore,
found the latter from the best match of 50% melting fronts (black curves) between LOP
and CSP variants of fig. A.1. As a result of using CSP with the obtained threshold
value, the noise in all contour plots of the melting percentage has been significantly
decreased.



A.3. SEARCH FOR THE THRESHOLDS 163

Figure A.1: Contour plots of percentage of molten material upon the ultrashort laser
pulse, according to (a) local order parameter and (b) central symmetry parameter. This
is the same simulation and style as those in fig. 5.1a.
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Appendix B

Solution algorithm for nTTM
model

Many phenomena occurring in nature for their investigation can be described via
mathematical models based on time-dependent non-linear diffusion equations [241].
Examples include genetics [242, 243], image processing [244], quantum mechanics [245],
and laser-material interactions [246]. Although during the last decades big effort has
been undertaken to find efficient numerical schemes for solution of the corresponding
mathematical problem, some of the applications nevertheless are still a challenging
task. Specifically, the efforts in the model implementation as well as their demands
on the computational power during processing can substantially hinder the theoretical
interpretation of the investigated problem. In this work, we consider an application
of the nonlinear parabolic diffusion equation to describe the response of solids to an
ultrashort laser pulse irradiation. Apart from the insights into the material structure,
this topic is important for the description of laser machining [8, 10, 11], nanostructuring
experiments [15, 35, 117] with applications in Bio- [36] and IT-technologies [37, 38]. For
metals, the problem may be mathematically formulated in the form of frequently used
Two-Temperature Model (TTM) [93], whereas for semiconductors a similar TTM-like
approach has been proposed [80] (see section 2.3). The latter is based on the system of
partial differential equations, reflecting the conservation laws in the atomic subsystem of
a solid and its electronic subsystem. Though it is relatively simple to apply an explicit
finite-difference numerical scheme to solve such systems in metals [50] or semiconductors
[136], the corresponding stability criteria demand the integration time steps to be small,
causing high computational costs as a result. The main restriction on the time step often
comes from the non-linear diffusion equation describing the carrier heat conduction
process [247]. One of the possibilities to increase the time step of diffusion equation is
to use implicit or semi-implicit integration schemes. For instance, the Crank-Nicolson

165
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semi-implicit scheme [248, 249] provides unconditionally stable solution when applied
to linear diffusion equations. This approach, however, is not directly applicable when
non-linear terms play an important role.

In this Appendix, we present a semi-implicit finite-difference method for the solution
of a system of differential equations, one of which is a diffusion equation with non-linear
terms, and apply it to the model of short laser pulse interaction with semiconductors
on the example of silicon. The approach is based on Crank-Nicolson method with
predictor-corrector algorithm and provides high stability and precision. It has been
already successfully applied for the investigation of ultrashort laser interaction with
metals [250] and semiconductors [62, 100]. The Appendix is devoted to the solution of
the system of eqs. (2.8), (2.10) and (2.13), containing a non-linear diffusion equation
(2.13). Appendix B.1 shortly discusses the explicit algorithm, then in appendix B.2.1 we
present the mentioned system of equations describing the carrier and atomic dynamics
in semiconductors. Afterwards, in appendix B.2.2 a detailed description of semi-implicit
numerical solution scheme is given. Appendix B.3 describes the calculation results
for a particular computational setup. The energy conservation versus the applied
iteration time step is investigated in appendix B.4; additionally we mention there the
existing works, where this approach has been successfully utilized, and suggest possible
improvements for the application of the presented approach in three-dimensional (3D)
case.
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Figure B.1: The finite-difference grid mesh for the solution of the nTTM model equations.
Symbol "∙" indicates the grid points for 𝑛, 𝑇𝑒, and 𝑇𝑎 (𝑖 = 1, 2, ..., 𝑁); symbol "×"
indicates the grid points for 𝐽, �⃗� , 𝑘𝑎

𝜕𝑇𝑎

𝜕𝑧
, and 𝐸𝑔 (𝑗 = 1, 2, ..., 𝑁 + 1).

B.1 Explicit finite-differences method

To solve the system of eqs. (2.8), (2.10) and (2.13) with boundary conditions (2.14),
one can use finite-difference grid mesh sketched in fig. B.1. The grid was taken from
[136]. The sample is divided into cells according to the scheme, and the thermodynamic
parameters are calculated in each cell. The spatial derivatives of 𝑛, 𝑇𝑒, 𝑇𝑎, 𝐽 , 𝑊 , 𝑘𝑎

𝜕𝑇𝑎

𝜕𝑧
,

and 𝐸𝑔 at the interior points are approximated with the central differences, and those
at the boundary are evaluated with the first-order approximation.

The resulting time step restriction due to the stability condition, Δ𝑡 . 1 × 10−19 s,
was found experimentally for 40 cells. Such a strong restriction suggests that a more
sophisticated numerical scheme is needed. In the next subsection we describe the
scheme, which allowed us to overcome this problem without loosing the precision.

B.2 Semi-implicit finite-differences method

B.2.1 Model description

Here, we present the full set of non-linear differential equations for the continuum
description of electron density and electron/phonon energy density dynamics in silicon
under ultrashort laser irradiation. The model was suggested by van Driel [80] and is
described in section 2.1. Due to laser pulse irradiation (in this example Ti:Sapphire
laser at 800 nm wavelength), free carriers are generated in the material, electrons in the
conduction band and holes in the valence band, by one- and two-photon absorption
processes. Both types of carriers are assumed to quickly equilibrate in the corresponding
parabolic bands. We assume the Dember field prevents charge separation, consequently
the two types of carriers move together [123]. To each of them, we apply separate
Fermi-Dirac distributions with different chemical potentials, 𝜑𝑒 and 𝜑ℎ for the electrons
and holes respectively, but with shared carrier density 𝑛 and temperature 𝑇𝑒 (two-
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chemical-potentials model):

𝑓𝑐 (𝐸) = 1
exp

(︁
±(𝐸−𝜑𝑐)

𝑘𝐵𝑇𝑒

)︁
+ 1

, (B.1)

where subscript 𝑐 stands as 𝑒 for electrons and ℎ for holes; the + sign is associated with
electrons and the − sign with holes. The reduced chemical potentials are defined as
follows:

𝜂𝑒 = 𝜑𝑒 − 𝐸𝐶

𝑘𝐵𝑇𝑒

, and 𝜂ℎ = 𝐸𝑉 − 𝜑ℎ

𝑘𝐵𝑇𝑒

, (B.2)

where 𝐸𝐶 and 𝐸𝑉 are the conduction and valence band energy levels respectively, so
the energy gap is 𝐸𝑔 = 𝐸𝐶 − 𝐸𝑉 . The integration of the carrier distribution functions
over the energy leads to the expressions for the carrier density (parabolic bands are
assumed):

𝑛 = 2
(︃
𝑚*

𝑐𝑘𝐵𝑇𝑒

2𝜋~2

)︃ 3
2

𝐹 1
2

(𝜂𝑐) . (B.3)

The Fermi-Dirac integral is defined as:

𝐹𝜉 (𝜂𝑐) = 1
Γ (𝜉 + 1)

∫︁ ∞

0

𝑥𝜉

1 + exp (𝑥− 𝜂𝑐)
d𝑥. (B.4)

The carrier current is the sum of contributions from the electrons and the holes:

𝐽 = −𝐷

⎡⎣∇𝑛+ 𝑛

𝑘𝐵𝑇𝑒

[︂
𝐻

1
2
− 1

2
(𝜂𝑒) +𝐻

1
2
− 1

2
(𝜂ℎ)

]︂−1
∇𝐸𝑔+

𝑛

𝑇𝑒

⎡⎢⎢⎣2 𝐻1
0 (𝜂𝑒) +𝐻1

0 (𝜂ℎ)
𝐻

1
2
− 1

2
(𝜂𝑒) +𝐻

1
2
− 1

2
(𝜂ℎ)

− 3
2

⎤⎥⎥⎦∇𝑇𝑒

⎤⎦,
(B.5)

where 𝐻𝜉
𝜁 (𝜂𝑐) ≡ 𝐹𝜉 (𝜂𝑐) /𝐹𝜁 (𝜂𝑐) and the ambipolar diffusion coefficient is:

𝐷 = 𝑘𝐵𝑇𝑒

𝑞𝑒

𝜇𝑒𝜇ℎ𝐻
0
1
2

(𝜂𝑒)𝐻0
1
2

(𝜂ℎ)
𝜇𝑒𝐻0

1
2

(𝜂𝑒) + 𝜇ℎ𝐻0
1
2

(𝜂ℎ)

[︂
𝐻

1
2
− 1

2
(𝜂𝑒) +𝐻

1
2
− 1

2
(𝜂ℎ)

]︂
(B.6)

with 𝑞𝑒 the elementary charge. Ambipolar energy flow is the sum of diffusion and
thermal energy currents inside the carrier subsystem, which can be written as:

�⃗� =
{︁
𝐸𝑔 + 2𝑘𝐵𝑇𝑒

[︁
𝐻1

0 (𝜂𝑒) +𝐻1
0 (𝜂ℎ)

]︁}︁
𝐽 − (𝜅𝑒 + 𝜅ℎ) ∇𝑇𝑒. (B.7)

The dynamics of semiconductors under the irradiation of ultrashort laser pulses can
be modeled with the system of three continuum equations [80, 124]: continuity equation
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for free carrier density and two coupled energy balance equations, one for carriers and
one for atoms:

𝜕𝑛

𝜕𝑡
+ ∇ · 𝐽 = 𝑆𝑛 − 𝛾𝑛3 + 𝛿 (𝑇𝑒)𝑛, (B.8)

𝐶𝑒−ℎ
𝜕𝑇𝑒

𝜕𝑡
= 𝑆𝑢 − ∇ · �⃗� − 𝐶𝑒−ℎ

𝜏𝑒−𝑝

(𝑇𝑒 − 𝑇𝑎) −

𝜕𝑛

𝜕𝑡

{︃
𝐸𝑔 + 3

2𝑘𝐵𝑇𝑒

[︂
𝐻

3
2
1
2

(𝜂𝑒) +𝐻
3
2
1
2

(𝜂ℎ)
]︂

− 𝑛

(︃
𝜕𝐸𝑔

𝜕𝑛

𝜕𝑛

𝜕𝑡
+ 𝜕𝐸𝑔

𝜕𝑇𝑎

𝜕𝑇𝑎

𝜕𝑡

)︃}︃
−

3
2𝑘𝐵𝑇𝑒𝑛

𝜕𝑛

𝜕𝑡

{︃[︂
1 −𝐻

3
2
1
2

(𝜂𝑒)𝐻
3
2
1
2

(𝜂𝑒)
]︂
𝜕𝜂𝑒

𝜕𝑛
+
[︂
1 −𝐻

3
2
1
2

(𝜂ℎ)𝐻− 1
2

1
2

(𝜂ℎ)
]︂
𝜕𝜂ℎ

𝜕𝑛

}︃
,

(B.9)

𝐶𝑎
𝜕𝑇𝑎

𝜕𝑡
= ∇ · (𝑘𝑎∇𝑇𝑎) + 𝐶𝑒−ℎ

𝜏𝑒𝑝

(𝑇𝑒 − 𝑇𝑎) . (B.10)

The meanings of symbols in eqs. (B.8) to (B.10) are the following: 𝑆𝑛 is the source
of new carriers (excitation rate of new carriers by the laser), 𝑆𝑢 is the carrier energy
density source (rate of laser energy absorption), 𝐶𝑒−ℎ is specific heat capacity of the
electron-hole pairs, 𝑇𝑎 is atomic temperature. The terms on the right hand side of
eq. (B.8) are responsible for the laser energy absorption, Auger recombination, and
impact ionization, consequently. Equation (B.9) describes the energy balance in the
photoexcited electron-hole pairs and is a non-linear diffusion equation. The terms
on the right hand side are responsible for the laser energy absorption, the coupling
to the lattice, and the contributions from the carrier density dynamics, consequently.
The last equation (B.10) describes the energy balance in the atomic subsystem. The
parameters used in the calculations as well as the meaning of other symbols can be
found in section 2.1.2.2.

The electron-hole heat capacity can be found from

𝐶𝑒−ℎ =3
2𝑛𝑘𝐵

⎡⎣𝐻 3
2
1
2

(𝜂𝑒) +𝐻
3
2
1
2

(𝜂ℎ) +

𝑇𝑒
𝜕𝜂𝑒

𝜕𝑇𝑒

[︂
1 −𝐻

3
2
1
2

(𝜂𝑒)𝐻
− 1

2
1
2

(𝜂𝑒)
]︂

+ 𝑇𝑒
𝜕𝜂ℎ

𝜕𝑇𝑒

[︂
1 −𝐻

3
2
1
2

(𝜂ℎ)𝐻− 1
2

1
2

(𝜂ℎ)
]︂ ⎤⎦ (B.11)

and the total energy of electron-hole pairs, consisting of the energy gap and the kinetic
energy of electrons and holes (taking into account the Fermi statistics), is

𝑢 = 𝑛𝐸𝑔 (𝑛,𝑇𝑒) + 3
2𝑛𝑘𝐵𝑇𝑒

[︂
𝐻

3
2
1
2

(𝜂𝑒) +𝐻
3
2
1
2

(𝜂ℎ)
]︂
. (B.12)

Thus, from the system of equations eqs. (B.8) to (B.10), we can fully determine the
dynamics of 𝑛, 𝑇𝑒, and 𝑇𝑎 in 1D using the following initial and boundary conditions,
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suitable for a free standing film:

𝑇𝑎 (𝑧,0) = 𝑇𝑒 (𝑧,0) = 300 K,
𝑛 (𝑧,0) = 𝑛𝑒𝑞 = 1 × 1016 m−3, ref. [125],
𝐽 (0,𝑡) = 𝐽 (𝐿,𝑡) = 0,
𝑊 (0,𝑡) = 𝑊 (𝐿,𝑡) = 0,

𝑘𝑎
𝜕𝑇𝑎

𝜕𝑧
(0,𝑡) = 𝑘𝑎

𝜕𝑇𝑎

𝜕𝑧
(𝐿,𝑡) = 0,

(B.13)

where 𝐿 is the thickness of the sample.
In order to present an example of the model application, we use the following source

terms describing the rate of free carriers density growth and the corresponding process
of their energy increase, taking place in eq. (B.8) and eq. (B.9) correspondingly, and
given by:

𝑆𝑛 = 𝛼𝐼𝑎𝑏𝑠 (�⃗�,𝑡)
~𝜔

+ 𝛽𝐼2
𝑎𝑏𝑠 (�⃗�,𝑡)
2~𝜔 , (B.14)

𝑆𝑢 = 𝛼𝐼𝑎𝑏𝑠 (�⃗�,𝑡) + 𝛽𝐼2
𝑎𝑏𝑠 (�⃗�,𝑡) + Θ𝑛𝐼𝑎𝑏𝑠 (�⃗�,𝑡) . (B.15)

In eqs. eqs. (B.14) and (B.15) first two terms on the right hand side represent the
influence of one- and two-photon absorption, and the third term of the second equation
represents the laser energy absorption by the excited free carriers.

Because of the usually large laser spot size, as compared with the simulated lateral
size, the radial intensity distribution can be neglected up to few nanoseconds after the
laser irradiation and it is sufficient to describe absorption and transport in the direction
of laser beam propagation at the center of the laser spot focused on a material surface.
Consequently, one-dimensional (1D) heating problem is analyzed in this work. The
corresponding form of laser intensity at the surface (𝑧 = 0) in this case is:

𝐼𝑎𝑏𝑠 (0,𝑡) = (1 −𝑅 (𝑇𝑎))
√︂
𝜍

𝜋

Φ𝑖𝑛𝑐

𝑡𝑝
exp

(︁
−𝜍 [(𝑡− 3𝑡𝑝) /𝑡𝑝]2

)︁
, (B.16)

where Φ𝑖𝑛𝑐 is the incident fluence, 𝜍 = 4 ln 2, and 𝑅(𝑇𝑎) is the reflectivity function
(the dependence on 𝑇𝑎 is accounted for in this model). In this work, to prescribe the
demanded incident fluence, the center of Gaussian pulse is shifted in time from the
initial time 𝑡 = 0 to 3 pulse duration times, i.e., 3𝑡𝑝, that in turn is defined as the pulse
width at the half of maximum.

The dependence of the laser pulse intensity, 𝐼𝑎𝑏𝑠, on depth can be found upon the
solution of differential equation of the attenuation process:

𝑑𝐼𝑎𝑏𝑠

𝑑𝑧
= −𝛼𝐼𝑎𝑏𝑠 (𝑧,𝑡) − 𝛽𝐼2

𝑎𝑏𝑠 (𝑧,𝑡) − Θ𝑛𝐼𝑎𝑏𝑠 (𝑧,𝑡) , (B.17)
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where 𝑧 is the depth into sample; the terms on the right side are responsible for one-,
two-photon absorption, and for the free-carrier absorption processes consequently.

B.2.2 Numerical solution scheme

In order to solve the described system eqs. (B.8) to (B.10), we use the finite difference
grid mesh sketched in fig. B.1. Sample is divided into cells according to the scheme, and
the local thermodynamic parameters are calculated in each cell. The spatial derivatives
of 𝑛, 𝑇𝑒, 𝑇𝑎, 𝐽,𝑊, 𝑘𝑎

𝜕𝑇𝑎

𝜕𝑧
, and 𝐸𝑔 at the interior points are approximated with the central

difference, and those at the boundaries are evaluated with the first-order approximation.
Equations (B.8) and (B.10) are solved explicitly (𝑇 ≡ 𝑇𝑒):

𝑛𝑘+1
𝑖 − 𝑛𝑘

𝑖

Δ𝑡 + 𝐽𝑘
𝑖 − 𝐽𝑘

𝑖−1
Δ𝑥 = (𝑆𝑛)𝑘

𝑖 − 𝛾(𝑛𝑘
𝑖 )3 + 𝛿𝑘

𝑖 𝑛
𝑘
𝑖 , (B.18)

(𝐶𝑎)𝑘
𝑖

(𝑇𝑎)𝑘+1
𝑖 − (𝑇𝑎)𝑘

𝑖

Δ𝑡 = ∇ · (𝑘𝑎∇𝑇𝑎) + (𝐶𝑒−ℎ)𝑘
𝑖

(𝜏𝑒−𝑝)𝑘
𝑖

(𝑇 𝑘
𝑖 − (𝑇𝑎)𝑘

𝑖 ), (B.19)

where index 𝑖 is connected to the cell number and 𝑘 to the moment of time.
Therefore before solving the third equation we already have the information about

𝑛𝑘+1 and (𝑇𝑎)𝑘+1. The approach is based on the Crank-Nicolson semi-implicit scheme
[248, 249]. Equation (B.9) can be rewritten in the following finite-difference form:

𝑇 𝑘+1
𝑖 − 𝑇 𝑘

𝑖

Δ𝑡 = (1 − 𝜓)𝑓𝑘
𝑖 + 𝜓𝑓𝑘+1

𝑖 . (B.20)

The right-hand side contains parameter 𝜓, which can be 0 (for explicit scheme), 1 (for
implicit), and 1

2 (for semi-implicit). The function 𝑓𝑘
𝑖 can be found from:

(𝐶𝑒−ℎ)𝑘
𝑖 𝑓

𝑘
𝑖 =(𝑆𝑢)𝑘

𝑖 −
𝑊 𝑘

𝑖 −𝑊 𝑘
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(𝜏𝑒−𝑝)𝑘
𝑖
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𝑇 𝑘
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𝑖

]︁
−(︃

𝜕𝑛

𝜕𝑡

)︃𝑘
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1
2
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3
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1
2
(𝜂ℎ)

]︂𝑘

𝑖

}︃
−

𝑛𝑘
𝑖

⎧⎨⎩
(︃
𝜕𝐸𝑔

𝜕𝑛

)︃𝑘

𝑖

(︃
𝜕𝑛

𝜕𝑡

)︃𝑘

𝑖

+
(︃
𝜕𝐸𝑔

𝜕𝑇𝑎

)︃𝑘

𝑖
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𝜕𝑇𝑎

𝜕𝑡

)︃𝑘

𝑖

⎫⎬⎭−
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2𝑘𝐵𝑇
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𝑖 𝑛
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𝑖
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𝜕𝑛
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)︃𝑘

𝑖
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𝜕𝜂𝑒
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(B.21)



172 APPENDIX B. SOLUTION ALGORITHM FOR nTTM MODEL

where 𝑊 𝑘
𝑖 is defined according to fig. B.1 (between the cells) and eq. (B.7):

𝑊 𝑘
𝑖 =

{︁
(𝐸𝑔)𝑘

𝑖+ 1
2
+ 2𝑘𝐵𝑇

𝑘
𝑖+ 1

2
[𝐻1

0 (𝜂𝑒) +𝐻1
0 (𝜂ℎ)]𝑘𝑖+ 1

2
× 𝐽𝑘

𝑖 −

(𝑘𝑒 + 𝑘ℎ)𝑘
𝑖+ 1

2

𝑇 𝑘
𝑖+1 − 𝑇 𝑘

𝑖

Δ𝑧 } .
(B.22)

Analogously, according to fig. B.1 and eq. (B.5), the carrier current is:

𝐽𝑘
𝑖 = −𝐷𝑘

𝑖

⎡⎣𝑛𝑘
𝑖+1 − 𝑛𝑘
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(𝜂ℎ)
]︂𝑘

𝑖+ 1
2

− 3
2

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
𝑇 𝑘

𝑖+1 − 𝑇 𝑘
𝑖

Δ𝑧

⎤⎦ (B.23)

with

𝐷𝑘
𝑖 =

𝑘𝐵𝑇
𝑘
𝑖+ 1

2

𝑞𝑒

𝜇𝑒𝜇ℎ(𝐻0
1
2

(𝜂𝑒))𝑘
𝑖+ 1

2
(𝐻0

1
2

(𝜂ℎ))𝑘
𝑖+ 1

2

𝜇𝑒(𝐻0
1
2

(𝜂𝑒))𝑘
𝑖+ 1

2
+ 𝜇ℎ()𝐻0

1
2

(𝜂ℎ))𝑘
𝑖+ 1

2

[︂
𝐻

1
2
− 1

2
(𝜂𝑒) +𝐻

1
2
− 1

2
(𝜂ℎ)

]︂𝑘

𝑖+ 1
2

. (B.24)

Any other function in between cells can be found by averaging:

𝐴𝑖+ 1
2

= 1
2(𝐴𝑖 + 𝐴𝑖+1). (B.25)

The Fermi-Dirac integrals were calculated using GNU Scientific Library [251] and stored
in the tables in order to speed up the calculations. 𝜕𝜂𝑐

𝜕𝑛
can be found by taking the

derivative of eq. (B.2) by the carrier density:

(︃
𝜕𝜂𝑐

𝜕𝑛

)︃
= 1

2

(︃
2𝜋~2

𝑚*
𝑐𝑘𝐵𝑇𝑒

)︃ 3
2 1
𝐹 1

2
(𝜂𝑐)

; (B.26)

𝜕𝜂𝑐

𝜕𝑇𝑒
can be found by taking the derivative of eq. (B.2) by the electronic temperature:

(︃
𝜕𝑛𝑐

𝜕𝑇𝑒

)︃
= − 3√

2
𝑛× (𝑇𝑒)− 5

2

(︃
𝜋~2

𝑚*
𝑐𝑘𝐵

)︃ 3
2 1
𝐹 1

2
(𝜂𝑐)

. (B.27)

The boundary conditions can be rewritten in the finite-difference form as follows:

𝑛𝑘+1
1 − 𝑛𝑘

1
Δ𝑡 + 2𝐽𝑘

1
Δ𝑧 = (𝑆𝑛)𝑘

1 − 𝛾(𝑛𝑘
1)3 + 𝛿𝑘

1𝑛
𝑘
1, (B.28)
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𝑇 𝑘+1
1 − 𝑇 𝑘

1
Δ𝑡 = (1 − 𝜓)𝑓𝑘

1 + 𝜓𝑓𝑘+1
1 (B.29)

with

(𝐶𝑒−ℎ)𝑘
1𝑓

𝑘
1 =(𝑆𝑢)𝑘

1 − 2𝑊 𝑘
1

Δ𝑧 − (𝐶𝑒−ℎ)𝑘
1

(𝜏𝑒−𝑝)𝑘
1

[︁
𝑇 𝑘

1 − (𝑇𝑎)𝑘
1

]︁
−(︃

𝜕𝑛

𝜕𝑡

)︃𝑘

1

{︃
(𝐸𝑔)𝑘

1 + 3
2𝑘𝐵𝑇

𝑘
1

[︂
𝐻

3
2
1
2
(𝜂𝑒) +𝐻

3
2
1
2
(𝜂ℎ)

]︂𝑘

1

}︃
−

𝑛𝑘
1

⎧⎨⎩
(︃
𝜕𝐸𝑔

𝜕𝑛

)︃𝑘

1

(︃
𝜕𝑛

𝜕𝑡

)︃𝑘

1
+
(︃
𝜕𝐸𝑔

𝜕𝑇𝑎

)︃𝑘

1

(︃
𝜕𝑇𝑎

𝜕𝑡

)︃𝑘

1

⎫⎬⎭−

3
2𝑘𝐵𝑇

𝑘
1 𝑛

𝑘
1

(︃
𝜕𝑛

𝜕𝑡

)︃𝑘

1
×

⎧⎨⎩
(︃
𝜕𝜂𝑒

𝜕𝑛

)︃𝑘

1

[︃
1 −

(︂
𝐻

3
2
1
2
(𝜂𝑒)

)︂𝑘

1

(︂
𝐻

− 1
2

1
2

(𝜂𝑒)
)︂𝑘

1

]︃
+

(︃
𝜕𝜂ℎ

𝜕𝑛

)︃𝑘

1

[︃
1 −

(︂
𝐻

3
2
1
2
(𝜂ℎ)

)︂𝑘

1

(︂
𝐻

− 1
2

1
2

(𝜂ℎ)
)︂𝑘

1

]︃⎫⎬⎭ ,

(B.30)

and, on the other edge,

𝑛𝑘+1
𝑁 − 𝑛𝑘

𝑁

Δ𝑡 − 2𝐽𝑘
𝑁

Δ𝑧 = (𝑆𝑛)𝑘
𝑁 − 𝛾(𝑛𝑘

𝑁)3 + 𝛿𝑘
𝑁𝑛

𝑘
𝑁 , (B.31)

𝑇 𝑘+1
𝑁 − 𝑇 𝑘

𝑁

Δ𝑡 = (1 − 𝜓)𝑓𝑘
𝑁 + 𝜓𝑓𝑘+1

𝑁 (B.32)

with

(𝐶𝑒−ℎ)𝑘
𝑁𝑓

𝑘
𝑁 =(𝑆𝑢)𝑘

𝑁 + 2𝑊 𝑘
𝑁

Δ𝑧 − (𝐶𝑒−ℎ)𝑘
𝑁

(𝜏𝑒−𝑝)𝑘
𝑁

[︁
𝑇 𝑘

𝑁 − (𝑇𝑎)𝑘
𝑁

]︁
−(︃

𝜕𝑛

𝜕𝑡

)︃𝑘

𝑁

{︃
(𝐸𝑔)𝑘

𝑁 + 3
2𝑘𝐵𝑇

𝑘
𝑁

[︂
𝐻

3
2
1
2
(𝜂𝑒) +𝐻

3
2
1
2
(𝜂ℎ)

]︂𝑘

𝑁

}︃
−

𝑛𝑘
𝑁

⎧⎨⎩
(︃
𝜕𝐸𝑔

𝜕𝑛

)︃𝑘

𝑁

(︃
𝜕𝑛

𝜕𝑡

)︃𝑘

𝑁

+
(︃
𝜕𝐸𝑔

𝜕𝑇𝑎

)︃𝑘

𝑁

(︃
𝜕𝑇𝑎

𝜕𝑡

)︃𝑘

𝑁

⎫⎬⎭−

3
2𝑘𝐵𝑇

𝑘
𝑁𝑛

𝑘
𝑁

(︃
𝜕𝑛

𝜕𝑡

)︃𝑘

𝑁

×

⎧⎨⎩
(︃
𝜕𝜂𝑒

𝜕𝑛

)︃𝑘

𝑁

[︃
1 −

(︂
𝐻

3
2
1
2
(𝜂𝑒)

)︂𝑘

𝑁

(︂
𝐻

− 1
2

1
2

(𝜂𝑒)
)︂𝑘

𝑁

]︃
+

(︃
𝜕𝜂ℎ

𝜕𝑛

)︃𝑘

𝑁

[︃
1 −

(︂
𝐻

3
2
1
2
(𝜂ℎ)

)︂𝑘

𝑁

(︂
𝐻

− 1
2

1
2

(𝜂ℎ)
)︂𝑘

𝑁

]︃⎫⎬⎭ .
(B.33)

All the other equations and connections between variables at the boundaries stay the
same and can be straightforwardly obtained by substituting 𝑖 = 1 and 𝑖 = 𝑁 into
eqs. (B.18) to (B.22), (B.26) and (B.27).
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At the current time step 𝑘 we do not have any information about the following
parameters from the future time step 𝑘 + 1:

𝑇 𝑘+1
𝑖−1 ,𝑇

𝑘+1
𝑖 ,𝑇 𝑘+1

𝑖+1 ,

(︃
𝜕𝑛

𝜕𝑡

)︃𝑘+1

𝑖

,

(︃
𝜕𝑇𝑎

𝜕𝑡

)︃𝑘+1

𝑖

, (𝑆𝑢)𝑘+1
𝑖 , (𝐶𝑒−ℎ)𝑘+1

𝑖 , 𝐽𝑘+1
𝑖 ,

(︂
𝐻

3
2
1
2
(𝜂𝑒)

)︂𝑘+1

𝑖
,
(︂
𝐻

3
2
1
2
(𝜂ℎ)

)︂𝑘+1

𝑖
,
(︂
𝐻

− 1
2

1
2

(𝜂𝑒)
)︂𝑘+1

𝑖
,
(︂
𝐻

− 1
2

1
2

(𝜂ℎ)
)︂𝑘+1

𝑖
,(︃

𝜕𝜂𝑒

𝜕𝑛

)︃𝑘+1

𝑖

,

(︃
𝜕𝜂ℎ

𝜕𝑛

)︃𝑘+1

𝑖

,

(︃
𝜕𝜂𝑒

𝜕𝑇𝑒

)︃𝑘+1

𝑖

,

(︃
𝜕𝜂ℎ

𝜕𝑇𝑒

)︃𝑘+1

𝑖

.

(B.34)

Initially we set them all except the first three to be equal to the corresponding old
values (at time step 𝑘): (︁

𝐴𝑘+1
𝑖

)︁(0)
= 𝐴𝑘

𝑖 . (B.35)

Here (0) means the 0𝑡ℎ step of the corrector. With this assumption, eq. (B.20) becomes

𝑎𝑖𝑇
𝑘+1
𝑖−1 + 𝑏𝑖𝑇

𝑘+1
𝑖 + 𝑐𝑖𝑇

𝑘+1
𝑖+1 = 𝑟𝑖, (B.36)

which can be represented as a tridiagonal system of equations,
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑏1 𝑐1 ... 0

𝑎2 𝑏2 𝑐2

𝑎3 𝑏3 ...

... ... 𝑐𝑁−1

0 0 ... 𝑎𝑁 𝑏𝑁

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
×

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑇 𝑘+1
1

𝑇 𝑘+1
2

...

𝑇 𝑘+1
𝑁−1

𝑇 𝑘+1
𝑁

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑟1

𝑟2

...

𝑟𝑁−1

𝑟𝑁

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (B.37)

where

𝑎𝑖 = −𝜓 Δ𝑡
Δ𝑧(𝐶𝑒−ℎ)𝑘+1

𝑖

(︂
𝑘𝐵[𝐻1

0 (𝜂𝑒) +𝐻1
0 (𝜂ℎ)]𝑘+1

𝑖− 1
2

× 𝐽𝑘+1
𝑖−1 + (𝑘𝑒 + 𝑘ℎ)𝑘+1

𝑖− 1
2
/Δ𝑧

)︂
, (B.38)
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𝑏𝑖 = 1−𝜓 Δ𝑡
(𝐶𝑒−ℎ)𝑘+1

𝑖

×

⎛⎝− 𝑘𝐵

Δ𝑧
[︁
𝐻1

0 (𝜂𝑒) +𝐻1
0 (𝜂ℎ)

]︁𝑘+1

𝑖+ 1
2

× 𝐽𝑘+1
𝑖 +

𝑘𝐵

Δ𝑧
[︁
𝐻1

0 (𝜂𝑒) +𝐻1
0 (𝜂ℎ)

]︁𝑘+1

𝑖− 1
2

× 𝐽𝑘+1
𝑖−1 −

[︂
(𝑘𝑒 + 𝑘ℎ)𝑘+1

𝑖− 1
2

+ (𝑘𝑒 + 𝑘ℎ)𝑘+1
𝑖+ 1

2

]︂
/(Δ𝑧)2 − (𝐶𝑒−ℎ)𝑘+1

𝑖 /(𝜏𝑒−𝑝)𝑘+1
𝑖 −

3
2(𝜕𝑛
𝜕𝑡

)𝑘+1
𝑖 𝑘𝐵

(︂
𝐻

3
2
1
2
(𝜂𝑒) +𝐻

3
2
1
2
(𝜂ℎ)

)︂𝑘+1

𝑖
− 3

2𝑘𝐵𝑛
𝑘+1
𝑖

(︃
𝜕𝑛

𝜕𝑡

)︃𝑘+1

𝑖

×⎧⎨⎩
(︃
𝜕𝜂𝑒

𝜕𝑛

)︃𝑘+1

𝑖

[︃
1 −

(︂
𝐻

3
2
1
2
(𝜂𝑒)

)︂𝑘+1

𝑖

(︂
𝐻

− 1
2

1
2

(𝜂𝑒)
)︂𝑘+1

𝑖

]︃
+

(︃
𝜕𝜂ℎ

𝜕𝑛

)︃𝑘+1

𝑖

[︃
1 −

(︂
𝐻

3
2
1
2
(𝜂ℎ)

)︂𝑘+1

𝑖

(︂
𝐻

− 1
2

1
2

(𝜂ℎ)
)︂𝑘+1

𝑖

]︃⎫⎬⎭
⎞⎠,

(B.39)

𝑐𝑖 = 𝜓
Δ𝑡

Δ𝑧(𝐶𝑒−ℎ)𝑘+1
𝑖

(︂
𝑘𝐵[𝐻1

0 (𝜂𝑒) +𝐻1
0 (𝜂ℎ)]𝑘+1

𝑖+ 1
2

× 𝐽𝑘+1
𝑖 − (𝑘𝑒 + 𝑘ℎ)𝑘+1

𝑖+ 1
2
/Δ𝑧

)︂
, (B.40)

𝑟𝑖 = 𝑇 𝑘
𝑖 +(1 − 𝜓) Δ𝑡

(𝐶𝑒−ℎ)𝑘
𝑖

𝑓𝑘
𝑖 + 𝜓

Δ𝑡
(𝐶𝑒−ℎ)𝑘+1

𝑖

×⎛⎝𝑆𝑘+1
𝑖 − (𝐸𝑔)𝑘+1

𝑖+ 1
2

× 𝐽𝑘+1
𝑖

Δ𝑧 + (𝐸𝑔)𝑘+1
𝑖− 1

2
× 𝐽𝑘+1

𝑖−1
Δ𝑧 +

(𝐶𝑒−ℎ)𝑘+1
𝑖

(𝜏𝑒−𝑝)𝑘+1
𝑖

(𝑇𝑎)𝑘+1
𝑖 − (𝜕𝑛

𝜕𝑡
)𝑘+1

𝑖 (𝐸𝑔)𝑘+1
𝑖 −

𝑛𝑘+1
𝑖

⎧⎨⎩
(︃
𝜕𝐸𝑔

𝜕𝑛

)︃𝑘+1

𝑖

(︃
𝜕𝑛

𝜕𝑡

)︃𝑘+1

𝑖

+
(︃
𝜕𝐸𝑔

𝜕𝑇𝑎

)︃𝑘+1

𝑖

(︃
𝜕𝑇𝑎

𝜕𝑡

)︃𝑘+1

𝑖

⎫⎬⎭
⎞⎠

(B.41)

for 𝑖 = 2,...,𝑁 − 1, and the boundary conditions are:

𝑏1 = 1−𝜓 Δ𝑡
(𝐶𝑒−ℎ)𝑘+1

1
×

⎛⎝− 𝑘𝐵

Δ𝑧
[︁
𝐻1

0 (𝜂𝑒) +𝐻1
0 (𝜂ℎ)

]︁𝑘+1

1
× 𝐽𝑘+1

1 −

(𝑘𝑒 + 𝑘ℎ)𝑘+1
3
2

(Δ𝑧)2 − (𝐶𝑒−ℎ)𝑘+1
1 /(𝜏𝑒−𝑝)𝑘+1

1 −

3
2𝑘𝐵(𝜕𝑛

𝜕𝑡
)𝑘+1

1

(︂
𝐻

3
2
1
2
(𝜂𝑒) +𝐻

3
2
1
2
(𝜂ℎ)

)︂𝑘+1

1
− 3

2𝑘𝐵𝑛
𝑘+1
1

(︃
𝜕𝑛

𝜕𝑡

)︃𝑘+1

1
×⎧⎨⎩

(︃
𝜕𝜂𝑒

𝜕𝑛

)︃𝑘+1

1

[︃
1 −

(︂
𝐻

3
2
1
2
(𝜂𝑒)

)︂𝑘+1

1

(︂
𝐻

− 1
2

1
2

(𝜂𝑒)
)︂𝑘+1

1

]︃
+

(︃
𝜕𝜂ℎ

𝜕𝑛

)︃𝑘+1

1

[︃
1 −

(︂
𝐻

3
2
1
2
(𝜂ℎ)

)︂𝑘+1

1

(︂
𝐻

− 1
2

1
2

(𝜂ℎ)
)︂𝑘+1

1

]︃⎫⎬⎭
⎞⎠

(B.42)

𝑐1 = −𝜓 2Δ𝑡
Δ𝑧(𝐶𝑒−ℎ)𝑘+1

1

(︂
−𝑘𝐵[𝐻1

0 (𝜂𝑒) +𝐻1
0 (𝜂ℎ)]𝑘+1

3
2

× 𝐽𝑘+1
1 + (𝑘𝑒 + 𝑘ℎ)𝑘+1

3
2
/Δ𝑧

)︂
(B.43)
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𝑟1 =𝑇 𝑘
1 + (1 − 𝜓)Δ𝑡𝑓𝑘

1 + 𝜓
Δ𝑡

(𝐶𝑒−ℎ)𝑘+1
1

×⎛⎝𝑆𝑘+1
1 − 2(𝐸𝑔)𝑘+1

3
2

× 𝐽𝑘+1
1
Δ𝑧 + (𝐶𝑒−ℎ)𝑘+1

1
(𝜏𝑒−𝑝)𝑖1𝑘+1 (𝑇𝑎)𝑘+1

1 − (𝜕𝑛
𝜕𝑡

)𝑘+1
1 (𝐸𝑔)𝑘+1

1 −
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Such a system can be resolved with respect to
{︁
𝑇 𝑘+1

𝑖

}︁𝑁

𝑖=1
by using the well-known

tridiagonal matrix algorithm [252, 253].
We denote the electronic temperature calculated from this assumption as (𝑇 𝑘+1

𝑖 )(1),
showing with ’(1)’ the first correction step. This result allows to calculate the corrected
new values of 𝑇𝑎, 𝑛 (from eq. (B.18) and eq. (B.19) respectively), and those in the list
(B.34):

(𝐴𝑘+1
𝑖 )(1) = 𝐴𝑖(𝑇 = [𝑇 𝑘+1

𝑖 ](1)). (B.48)
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In turn, these values allow to calculate (𝑇 𝑘+1
𝑖 )(2) from eq. (B.37) and so on. Owing to its

similarity with predictor-corrector methods, we call it “predictor-corrector” algorithm.
It can also be called "Fixed-point iteration of the Crank-Nicolson time-stepping". With
this approach, eq. (B.36) can be rewritten in the following form:

(𝑎𝑖)(𝑙)(𝑇 𝑘+1
𝑖−1 )(𝑙+1) + (𝑏𝑖)(𝑙)(𝑇 𝑘+1

𝑖 )(𝑙+1) + (𝑐𝑖)(𝑙)(𝑇 𝑘+1
𝑖+1 )(𝑙+1) = (𝑟𝑖)(𝑙),

𝑙 = 0, 1, . . . ,
(B.49)

where index (𝑙) shows the current correction step and (𝑙) = (0) means the value is old,
i.e., taken at time step 𝑘. This procedure continues until the difference between two
last corrected values of electronic temperature is less than the demanded precision:

𝑁∑︁
𝑖=1

[︁
(𝑇 𝑘+1

𝑖 )(𝑙+1) − (𝑇 𝑘+1
𝑖 )(𝑙)

]︁
< 𝜀. (B.50)

For the chosen precision 𝜀 = 1 × 10−6 K, it takes around 300 corrections to reach it
during the laser pulse action, whereas when the laser is ended, 5 corrections is usually
enough.

B.3 Calculation example

As an example of application of our algorithm to the described system of equa-
tions eqs. (B.8) to (B.10), we performed the simulations of 800-nm-thick silicon tar-
get’s response to the laser pulse irradiation of 130 fs duration at the incident fluence
of 0.26 J/cm2. For these conditions, the experimental melting threshold fluence is
0.27 J/cm2 [131] is equal to the calculated value in this continuum model, see sec-
tion 2.1.3.2 and fig. 2.3. The value of fluence was chosen to be just below the melting
threshold, providing the applicability of this simple model in the absence of phase
transition processes. The sample was divided into 160 cells according to fig. B.1. In
fig. B.2 we show the dynamics of electron-hole carrier density and electronic and atomic
energy densities at the silicon surface. The shown energy density is scaled to the melting
energy density, which is found to be 3.86 × 109 J/m3, according to the simulations.
Though eqs. (B.9) and (B.10) are written in terms of temperature of carriers and atoms,
we plotted the corresponding energy densities instead, because their dynamics represents
the energy flow between the subsystems and allows plotting the same scale for electrons
and atoms, whereas electronic temperature is much higher than the atomic one (see
also fig. 2.1 in section 2.1.3). In addition, this choice provides a possibility to show the
energy conservation with the total average energy density of the sample (shown with
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Figure B.2: Electron/lattice energy densities (divided by the melting energy density)
and carrier density dynamics, according to the nTTM model, at the surface of silicon
target of 800 nm width, followed by the 130 fs laser pulse at the incident fluence of
0.26 J/cm2. The total energy density, averaged through the whole sample, is shown
with black solid line. The laser pulse shape, shown with black dotted line, is not in
scale.

black solid line).
The initial increase in the carrier density followed by the laser pulse is connected to

the excitation of new carriers by one- and two-photon absorption processes. With time,
the increase changes to the decay due to strong Auger recombination and diffusion
processes. The strong peak in the electronic energy density is mostly connected to
the free-carrier absorption. Finally, the thermal energy from electron-hole carriers is
transferred to the atomic subsystem of the sample leading to gradual increase in the
lattice energy density upon the electron-phonon equilibration.
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B.4 Discussion

In case of the explicit scheme, a good guess for the time step requirement can
be obtained from the von Neumann stability criterion [247], Δ𝑡 ≤ (Δ𝑥)2

2𝐷𝑡ℎ
, where 𝐷𝑡ℎ

is thermal diffusion coefficient, which is proportional to thermal conductivity 𝑘𝑒 and
inversely proportional to the carrier heat capacity 𝐶𝑒−ℎ. At the initial (prepulse)
conditions, however, in the absence of free carriers, the latter tends to vanish (see
eq. (B.11)), whereas the former is limited (section 2.1.2.2). Further increase of the
carrier temperature without excitation of large number of carriers (see also fig. 2.1
in section 2.1.3) leads to an abrupt increase of 𝐷𝑡ℎ, which results in an infinitely
small time step of integration and a lot of time consumed for the numerical processing.
Consequently, if one applies an explicit finite-difference scheme for the numerical solution,
the stability of eq. (B.9) limits the maximum possible time step to 1 × 10−19 s for the
discretization in 40 cells [136].

In contrast, the proposed semi-implicit numerical integration scheme provides a
stable solution for time step as high as 1 × 10−16 s with the energy conservation about
0.16 % per simulation, fig. B.3. At the same time, in case the calculation speed is
critical, increasing the time step even higher is possible: 1 × 10−15 s provides the energy
conservation within 1.6 %. Thus, the increase in the calculation speed of up to 105

times has been achieved, compared with the explicit finite-difference integration scheme
[136]. Unfortunately, a mathematical error in ref. [136] (in the equations (18) and (19))
did not allow us to directly compare the results.

The time step is of course limited by all the characteristic times of the involved
physical processes, such as laser pulse duration, electron-phonon coupling time, and
carrier recombination time. As long as it is much smaller than those mentioned above,
the presented integration scheme is tested to be unconditionally stable.

This approach has been successfully applied earlier in order to investigate and
improve the presented nTTM model [100]. The atomistic-continuum model, describing
the dynamics of gold targets under the ultrashort-pulse lasers, also benefited from
using the presented approach [250]. In our work [62] and in chapter 5, we used the
described scheme for the solution of the continuum part of the atomistic-continuum
model MD-nTTM. The high speed and precision of the scheme allowed us to significantly
decrease the computational costs of the corresponding simulations.

In the mentioned applications, the corresponding system was solved in 1D, based
on the assumption of wide laser spot in comparison with the lateral sizes of the
computational setup. Whenever it is not the case, one needs to solve the corresponding
problem (the vector system of equations eqs. (B.8) to (B.10)) in 3D case. According to
the ref. [254], the last equation in 3D case can be solved in 3 subsequent steps, each of
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which involves implicit solution in only one direction (𝑋, 𝑌 , or 𝑍) and explicit scheme
in the other two directions. In other words, one can use 1D implicit scheme three times:
for 𝑋, 𝑌 , and 𝑍 directions separately and consequently. Therefore, with appropriate
modifications, the presented scheme should be applicable for such a problem in 3D case
as well.

B.5 Conclusion

We proposed the semi-implicit integration scheme for the solution of diffusion-like
non-linear equations. The scheme is based on the Crank-Nicolson finite-difference inte-
gration method, modified with a predictor-corrector algorithm, according to eq. (B.49).
The modification resulted in a possibility to solve non-linear diffusion equations with
high stability and precision.

In the presented example of the scheme application, we reached the speed up of the
calculations (by the increase of the integration time step) by 104 times compared with
the explicit scheme, keeping the error in energy conservation below 0.2 %. This error is
increasing linearly with the time step. The algorithm is applicable in case the time step
is much smaller than all the characteristic times of the involved physical processes. The
existing applications, which use the proposed scheme, are mentioned and the possible
extension for 3D case is suggested.
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Appendix C

Properties of Stillinger-Weber
silicon

In order to have our atomistic-continuum MD-nTTM modeling results analyzed
quantitatively, we must first find out the properties of the material represented with
Stillinger-Weber potential for Si [113]. This Appendinx explains how we obtained
the values presented in section 3.2.2 and, additionally, presents some other important
physical properties of Stillinger-Weber potential that we will need in order to describe
the melting kinetics quantitatively.

C.1 Melting and maximal overheating tempera-
tures

One of the most important parameters in our work, the equilibrium melting point,
can be found from a sequence of liquid-crystal coexistence simulations [75]. For this
purpose a sample with 6 × 6 × 40 lattice cells in 𝑋, 𝑌 , and 𝑍 dimensions with periodic
boundary conditions, containing 11 500 atoms, was prepared partially molten at a certain
pressure. Thereafter, the sample was equilibrated over a nanosecond so that the liquid
and solid phases coexisted together at the stable pressure and temperature across the
whole sample. This method excludes the presence of the nucleation barrier upon the
phase transition, and we, therefore, indeed measure the equilibrium melting temperature
at the given pressure. Performing a series of such simulations at different pressures, one
can apply a linear fit to the obtained data points in accordance with Clausius-Clapeyron
equation (see section 1.2.1.2):

d𝑃
d𝑇 = 𝐿

𝑇 (𝑉2 − 𝑉1)
. (C.1)
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This equation not only helps to define the equilibrium melting temperature for normal
conditions, 𝑇𝑚 = 1683 ± 2 K (𝑃 = 0 GPa), but is also linked to other thermo-physical
properties such as latent heat of fusion 𝐿 and volume of melting Δ𝑉𝑚. From fig. C.1 one
can see the relation between equilibrium melting temperature and pressure is different
from the one in metals. Higher (lower) pressure assists (hinders) the melting process,
therefore decreasing (increasing) the necessary temperature needed to melt the crystal.
This result is in agreement with the silicon shrinkage during melting (see below fig. C.3).
The obtained fitted line (green solid line) can be written as

𝑇𝑚(𝑃 ) = −47.6 × 𝑃 + 1683, (C.2)

where 𝑇𝑚 is in K and 𝑃 is in GPa. This function is used in the contour plots representing
the ratio 𝑇

𝑇𝑚(𝑃 ) , such as fig. 5.1e, for the interpretation of the results.
Figure C.1 further shows data at higher temperatures, which refer to maximal

possible overheating of the crystal before the onset of homogeneous nucleation of the
liquid phase (blue pluses and blue dashed line) for different pressure conditions. The
corresponding simulations involved 12 × 12 × 12 lattice cells with periodic boundary
conditions. The crystal was considered stable in case liquid nuclei of the critical size do
not appear within 50 ps after giving the velocities to the atoms. The resulting fitted
line (blue dashed line in fig. C.1) can be written as

𝑇𝑜ℎ(𝑃 ) = −22.8 × 𝑃 + 2319, (C.3)

where 𝑇𝑜ℎ is in K and 𝑃 is in GPa. This function is used in the contour plots representing
the ratio 𝑇

𝑇𝑜ℎ(𝑃 ) , such as fig. 5.1f, for the interpretation of the results.
Similarly, we calculated the maximal possible overheating temperatures in case of

one-dimensional expansion/contraction of the solid. The lattice parameter in these
simulations was chosen so that it corresponds to the normal conditions. Then the
interatomic distance in direction 𝑧 was homogeneously changed in order to reflect
the 1D-expansion and contraction of the material. The resulting data (red circles in
fig. C.1) show that, generally, the limits of the overheating are different than that for
normal conditions, especially when large pressures are reached. However, for pressures
around those reached during our simulations in chapter 5, in contrast to metals [50],
the presence of lateral crystal confinement for the realized heating conditions does not
noticeably affect the maximal possible overheating of the crystal from that obtained at
the homogeneous conditions. The data from the normal overheating conditions (blue
dashed curve described by eq. (C.3)) is, therefore, used in our contour plots.
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Figure C.1: Equilibrium melting temperature 𝑇𝑚 and overheating temperatures 𝑇𝑜ℎ,
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Note, that the choice of the 50 ps time threshold slightly influences the resulting
maximum possible overheating temperature. We investigated this influence with ad-
ditional simulations. The lattice parameter was chosen to be the same as in case of
equilibrium crystal at 300 K, i.e., 5.4374 Å. Different velocities were given to atoms
according to certain temperatures. As a result we can see how long the crystal can
survive depending on its initial temperature, see fig. C.2. This plot suggests that the
choice of smaller time would significantly increase the fluctuations in our results of
overheating conditions (blue crosses and red circles in fig. C.1).

C.2 Thermophysical properties at zero pressure

Other thermophysical properties such as volume of melting Δ𝑉𝑚, latent heat of
melting Δ𝐻𝑚, linear expansion coefficient, and heat capacity of the represented material
can be found from another sequence of constant pressure / constant temperature
simulations. In these simulations, samples with dimensions of 8×8×8 lattice parameters
and with periodic boundary conditions, consisting of 4096 atoms, were prepared at zero
pressure with different temperatures in solid and liquid phases. This setup allows to
measure the lattice parameter, volume, and energy per atom as a function of temperature
at 𝑃 = 0 GPa, first for solid and then for liquid phases, fig. C.3.

Applying a linear fit to the lattice parameter of the crystal as a function of tempera-
ture, fig. C.3a, we obtained the following dependence: 𝑎 = 0.543096(1 + 3.023 × 10−6𝑇 )
(𝑎 in nm, 𝑇 in K). We use this function to calculate the local order parameter (ap-
pendix A.1) and the central symmetry parameter (appendix A.2). Additionally, it
provides the value of the linear expansion coefficient (see table 3.2).

A fit of type 𝐸 = 𝑎 + 𝑏𝑇 + 𝑐𝑇 2/2 for the energy as a function of temperature,
fig. C.3c, allowed us to calculate the heat capacity at zero pressure. The resulting
parameters are presented in table 3.2.

The differences between solid and liquid curves at the melting temperature correspond
to the volume of melting, fig. C.3b, and enthalpy of fusion, fig. C.3c. Table 3.2 in
section 3.2 summarizes these results and provides their comparison with experimental
data.

Using the Clausius-Clapeyron equation (C.1), one can test the accuracy of our
calculations of the properties of Stillinger-Weber silicon. Substituting the obtained
values into this equation, gives us the error of 0.5 % in the equality, which reflects a
very high precision.
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Appendix D

Properties of MOD silicon

We made the same calculations as in appendix C to obtain the necessary properties
of MOD silicon and to interpret the results from section 5.5. This Appendix describes
the results of these calculations.

D.1 Melting and maximal overheating tempera-
tures

Figure D.1 presents the same data as fig. C.1, but for MOD silicon. The calculations
of the melting temperature (green crosses) were performed in the same way as those
in appendix C.1, but for a larger MD supercell, 8×8×50 cells (25 600 atoms). All
other calculations were performed as was described in fig. C.1. The calculated melting
temperature, 1710 ± 4 K, differs from the one for Stillinger-Weber silicon and from
the experimental sample by only 1.4 %, whereas the difference in maximal overheating
temperature is noticeably larger.

From fig. D.1 one can see that the relation between equilibrium melting temperature
and pressure is qualitatibely the same as that for Stillinger-Weber silicon but with
somewhat different slope. Again, in agreement with the silicon shrinkage during melting
(see below fig. D.2), higher (lower) pressure assists (hinders) the melting process,
therefore decreasing (increasing) the necessary temperature needed to melt the crystal.
The obtained fitted line for the melting temperature (green solid line) can be written as

𝑇𝑚(𝑃 ) = −64 × 𝑃 + 1710, (D.1)

where 𝑇𝑚 is in K and 𝑃 is in GPa. This function is used in the contour plots in
figs. 5.13e and 5.14c. The fitted line for overheating temperature (blue dashed line in
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fig. D.1) was found to be

𝑇𝑜ℎ(𝑃 ) = −24.8 × 𝑃 + 2177, (D.2)

where 𝑇𝑜ℎ is in K and 𝑃 is in GPa. This function is used in the contour plots in
figs. 5.13f and 5.14d.
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Figure D.1: Equilibrium melting temperature and overheating temperature for different
pressure conditions in case of MOD potential. Green crosses are the results of liquid-
crystal coexistence simulations with MD. Blue pluses and red circles are the results of
MD simulations on the minimal overheating temperature needed to melt the material
within at least 50 ps. Solid and dashed lines are the results of linear fitting procedures.
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D.2 Thermophysical properties at zero pressure

As for the Stillinger-Weber silicon, we also performed another sequence of simulations
at zero pressure. The size of the supercells as well as all simulations conditions were
the same as in appendix C.2. The results are presented in fig. D.2. See section 3.3.2 for
the comparison with the experimental data.

Using the Clausius-Clapeyron equation (C.1), we tested the accuracy of our calcu-
lations of the properties of MOD silicon. Substituting the obtained values into this
equation, gives us the error of 2.6 % in the equality, which we accept as a very good
precision.
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Figure D.2: Thermophysical properties of liquid and crystal phases of MOD silicon
at zero pressure: (a) equilibrium lattice parameter for different temperatures, (b)
equilibrium specific volume for different temperatures. Blue crosses and red circles are
the results of MD simulations of crystal and liquid, respectively. Lines are guides to
the eye. (The figure continues on the next page.)
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Appendix E

Fine tuning of the model

Apart from physical parameters in the modeling, there are computational details
that were chosen in order to keep balance between the precision and the efficiency.
Specifically, we address the problems of how many continuum cells one should use for
the simulations of carrier dynamics and how big should the MD supercell be in order to
realistically represent a large experimental sample.

E.1 Choosing the number of computational nodes

In the model, we assume the energy exchange between carriers and atoms is realized
via the coupling term, 𝐺 ((𝑇𝑒)𝑖 − (𝑇𝑎)𝑖), independently for each nTTM node 𝑖, see
fig. 4.1. The exchange rate depends on the local atomic temperature (𝑇𝑎)𝑖 inside the
corresponding atomic cell 𝑖, which means we imply here applicability of thermodynamics
and local equilibrium for atoms in the cell. (Electrons are assumed to have Fermi-Dirac
distribution at all times.) Thermodynamics can only be applied if the number of atoms
in the cell is 𝑁𝑖 >> 1; therefore one needs the cells big enough to define the temperature
and to prevent its strong fluctuations. From thermodynamics, it is known, that the
latter decrease with the number of atoms as 1/𝑁𝑐. As molecular dynamics simulations
show, 1000 atoms is already enough to define temperature without large fluctuations
(sometimes even less, but we prefer to be on a safe side).

We simulate highly non-equilibrium processes, where the system quickly goes out of
equilibrium upon the laser energy dissipation. Depending on the size of the cell 𝑖, the
local equilibrium in it may be reached faster (for smaller nodes) or slower (for bigger
cells). Therefore the condition of applicability dictates larger cell sizes.

On the other hand, the temperature definition in a cell requires the establishment
of local equilibrium in it. We expect that highly nonequilibrium processes under
investigations may quickly lead the system out of equilibrium as it is shown in [185].
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For smaller cells, the local equilibration proceeds faster; therefore the cells should be as
small as possible to allow utilization of temperature in the coupling term. Also, smaller
number of atoms in a cell (larger number of cells) increases spatial resolution in our
carrier dynamics calculations.

Practically, however, the calculation results are the same for a big range of number
of nodes. Figure E.1 and fig. E.2 show the results for 40 atomic cells and 320 atomic
cells respectively. Test simulations showed that the dynamics of carrier temperature,
fig. E.1a and fig. E.2a, and density, fig. E.1b and fig. E.2b are identical, resulting
in macroscopically indistinguishable melting kinetics, fig. E.1c and fig. E.2c. These
plots also demonstrate different spatial resolutions of carrier temeperature and density,
suggesting that larger number of cells is more convenient.

In short, the balance between the condition of quick local equilibration (as small
node size as possible) and the applicability of thermodynamics (>1000 atoms per node)
results in ≈ 2000 atoms per node. Test simulations show no difference for various cell
numbers. The finally chosen number of 1800 is connected with a more convenient size of
a node: 0.5 nm in the direction of laser pulse for 800 nm Si film. Nucleation in intrinsic
materials
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Figure E.1: Contour plots of (a) carrier temperature and (b) carrier density, obtained
from the simulation of 130 fs laser pulse focused on 800 nm silicon film at the absorbed
fluence 0.209 J/cm2. For a closer look, we show the time only up to 5 ps. In this
simulation, the number of computational cells was 40. (The figure continues on the
next page.)
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Figure E.1: Contour plot of (c) percentage of molten material, obtained from the
simulation of 130 fs laser pulse focused on 800 nm silicon film at the absorbed fluence
0.209 J/cm2. For a closer look, we show the sample depth only up to 210 nm. In this
simulation, the number of computational cells was 40.
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Figure E.2: Contour plots of (a) carrier density, (b) carrier temperature, and (c)
percentage of molten material, obtained from the simulation of 130 fs laser pulse focused
on 800 nm silicon film at the absorbed fluence 0.209 J/cm2. For a closer look, we show
the time only up to 5 ps. In this simulation, the number of computational cells was 320.
(The figure continues on the next page.)
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Figure E.2: Contour plot of (c) percentage of molten material, obtained from the
simulation of 130 fs laser pulse focused on 800 nm silicon film at the absorbed fluence
0.209 J/cm2. For a closer look, we show the sample depth only up to 210 nm. In this
simulation, the number of computational cells was 320.
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E.2 Choosing the lateral size of the computational
cell

We simulate the effect of ultrashort laser irradiation on silicon film. In the im-
plementation of the algorithm, we assume our computational cell is situated in the
center of the laser spot so that lateral gradients in thermodynamical parameters do not
appear for sufficiently long times. In other words, the symmetry of the problem in the
directions of 𝑋 and 𝑌 (assuming 𝑍 is the direction parallel to the laser pulse) allows
the lateral size to be very small. As the computational costs of molecular dynamics are
proportional to the number of simulated atoms, the choice of smaller lateral size (i.e.,
decreasing the number of atoms) is preferable. However, there are effects, leading to
possible restrictions on the minimal lateral size.

Cutoff radius of the potential

First, the lateral size of the cell must be larger than two cutoff distances in the
interatomic potential. Otherwise, atoms may start to interact with themselves or
interactions with the atomic neighbors may be accounted more than once via periodic
boundary conditions. The potentials we use have a very short cutoff distances (0.377 nm
in case of Stillinger-Weber and 0.34 nm in case of MOD potential); hence, this restriction
does not play any role in our computational setups.

Size of critical liquid nucleus

Second, during our simulations, we observe rapid growth of liquid nuclei inside
the computational cell, see the snapshots in fig. 5.2. In order to adequately describe
the melting kinetics, one should provide enough space for their growth. It means, the
chosen lateral size must be much larger than the nuclei’s critical size, which is about
1 nm, according to the snapshots in fig. 5.4. Our chosen value for the lateral sizes in
most simulations, 5.44 nm, provides, therefore the conditions for the correct analysis.

Self-coalescence of liquid nuclei

Additionally, if a liquid nucleus can become large enough to reach the edges of the
computational cell, it may coalesce with itself, due to the periodic boundary conditions
in 𝑋 and 𝑌 directions. In order to study the influence of this effect on our results, we
repeated the simulations from fig. 5.1 with the same conditions, but for half lateral size
in 𝑋 and 𝑌 directions (2.72 nm), see fig. E.3. The corresponding snapshots, illustrating
heterogeneous melting, are shown in fig. E.4. The snapshots indeed show the possibility
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of self-coalescence during the heterogeneous melting. Such artificial behavior may
slightly decrease the total melting time of the corresponding local volume. However,
our final choice of 5.44 nm for the lateral size in section 5.1 provides enough space for
simultaneous growth of several nuclei, so that no self-coalescence occurs before 50 % of
the material is molten. Consequently, we can safely consider all the details of melting
kinetics in that section.

Nevertheless, the lateral sizes of 5.44 nm lead to large computational costs and
therefore should be avoided where possible. Here we will show that half-sized lateral
dimension does not affect the results of simulations, except for a slightly smaller time of
local heterogeneous melting. This will allow us to use half-sized samples in all sections
except section 5.1.

Figure E.3 shows that the full nuclei coalescence (80 % melting curve, i.e., the
boundary between the red and yellow areas) occurs on average earlier for smaller lateral
sizes, fig. 5.1a and fig. E.3a. Nonetheless, the first coalescence events (first places with
red colour) and the last ones (when the yellow colour stops appearing) practically do not
shift in time. The reason is that these processes depend on the temperature-pressure
conditions and the material motion, which are the same, compare figs. 5.1b to 5.1f with
figs. E.3b to E.3f.

Also, the calculated melting front (50 % melting curve in fig. 5.1a and fig. E.3a,
drawn with black line) does not depend on the long-term development of liquid nuclei. It
only depends on their initial creation kinetics and the temperature-pressure conditions
(as our test calculations of big lateral sizes confirm).

Summary

In short, the effects that we mostly consider in this work – the influence of pressure-
temperature conditions on the melting kinetics, the influence of volume shrinkage on
the melting kinetics, the evolution of the effective melting depths, etc. – are not affected
by lateral size 2.72 nm. The mentioned points justify our conclusions and the choices of
lateral sizes. At the same time, for the detailed study of melting kinetics in section 5.1,
the lateral size of 5.44 nm was used to provide a better resolution.
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Figure E.3: Contour plots of (a) percentage of molten material and (b) atomic tem-
perature. The parameters of the simulation and the style are the same as in fig. 5.1,
but the lateral sizes of the computational cell are twice smaller than there, i.e., 2.72 nm.
The black solid line shows the position of melting front assuming 50 % of the material
is molten. Rectangle "s" on plot (a) shows the corresponding position of the atomic
configuration snapshots presented in fig. E.4. For a closer look, we show the sample
depth only up to 210 nm. (The figure continues on the next page.)
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Figure E.3: Contour plots of (c) atomic pressure and (d) atomic density related to
the density under normal conditions. The parameters of the simulation and the style
are the same as in fig. 5.1, but the lateral sizes of the computational cell are twice
smaller than there, i.e., 2.72 nm. The black solid line shows the position of melting
front assuming 50 % of the material is molten. For a closer look, we show the sample
depth only up to 210 nm. (The figure continues on the next page.)
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Figure E.3: Contour plots of (e) ratio between the local atomic temperature and the
local melting temperature (depending on the local pressure according to eq. (C.2))
and (f) ratio between the local atomic temperature and the local maximal overheating
temperature (depending on the local pressure according to eq. (C.3)). The parameters
of the simulation and the style are the same as in fig. 5.1, but the lateral sizes of the
computational cell are twice smaller than there, i.e., 2.72 nm. The black solid line shows
the position of melting front assuming 50 % of the material is molten. For a closer look,
we show the sample depth only up to 210 nm.
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Figure E.4: The snapshots of the simulation taken at different moments of time at the
depth of 80 nm to 100 nm. This is the same simulation and style as those in fig. 5.3,
but for half lateral size of the crystal. The series refers to rectangle "s" in fig. E.3.



Appendix F

Interatomic potential
for the description of laser-excited
silicon

In this Appendix, we provide the functional dependence of the interatomic potential
described in section 6.1.2. It is written as a sum of two- and three-body parts:

Φ ({𝑟𝑖}) = Φ2 ({𝑟𝑖}) + Φ3 ({𝑟𝑖}) , (F.1)

where the two-body part is of the form

Φ2 ({𝑟𝑖}) =
𝑁𝐴𝑡∑︁
𝑖<𝑗

𝜑2(𝑟𝑖𝑗) (F.2)

with
𝜑2(𝑟𝑖𝑗) =

13∑︁
𝑝=2

𝑏𝑝

(︃
1 − 𝑟𝑖𝑗

𝑟𝑐,2

)︃𝑝

. (F.3)

The three-body part is of the form

Φ3 ({𝑟𝑖}) =
𝑁𝐴𝑡∑︁

𝑖,𝑗,𝑘 = 1
𝑖 ̸= 𝑗 ̸= 𝑘

𝜑3
(︁
𝑟𝑖𝑗,𝑟𝑖𝑘, cos(𝜃𝑖𝑗𝑘)

)︁
(F.4)

with

𝜑3(𝑟𝑖𝑗,𝑟𝑖𝑘,𝜃𝑖𝑗𝑘) =
6∑︁

𝑝1=2

6∑︁
𝑝2=𝑝1

5∑︁
𝑝3=0

𝑐𝑝1𝑝2𝑝3

(︃
1 − 𝑟𝑖𝑗

𝑟𝑐,3

)︃𝑝1 (︃
1 − 𝑟𝑖𝑘

𝑟𝑐,3

)︃𝑝2

cos(𝜃𝑖𝑗𝑘)𝑝3 . (F.5)
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The cutoff radii for the two- and three-body parts are 𝑟c,2 = 0.784 nm and 𝑟c,3 = 0.550 nm,
respectively, so that the common cutoff radius of the potential is 𝑟c = 0.784 nm. The
values of {𝑏𝑝} and {𝑐𝑝1,𝑝2,𝑝3} are collected in table F.1 and table F.2, respectively.

𝑝 𝑏𝑝

2 -0.516265874541922
3 14.4160590341716
4 -328.477624111844
5 4233.27397734926
6 -34442.6216935800
7 185603.233399485
8 -670239.137776482
9 1616068.60511562

10 -2559655.43487579
11 2556652.48693700
12 -1462630.92316172
13 366223.195772958

Table F.1: Coefficients 𝑏𝑝 of the two-body part, eq. (F.3)
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𝑝1 𝑝2 𝑝3 𝑐𝑝1𝑝2𝑝3

2 2 0 1.86829864629575
2 2 1 -11.4647867555606
2 2 2 7.85699572044567
2 2 3 80.5946753035576
2 2 4 -77.7056756531479
2 2 5 -147.141563671541
2 3 0 -45.3434955353464
2 3 1 283.281704303274
2 3 2 -71.7328891744322
2 3 3 -1949.16121179285
2 3 4 1376.31930134583
2 3 5 3170.49599116013
2 4 0 241.907346286455
2 4 1 -1101.58795441221
2 4 2 -178.312328930871
2 4 3 7808.24877087113
2 4 4 -4517.87408749980
2 4 5 -12261.6859211742
2 5 0 -510.191284768254
2 5 1 1651.37920143854
2 5 2 1115.90157426753
2 5 3 -12487.5697894877
2 5 4 6335.96202776776
2 5 5 19803.7459410694
2 6 0 362.566433290003
2 6 1 -859.579441335547
2 6 2 -1144.57865187127
2 6 3 7005.54356922679
2 6 4 -3201.19836607764
2 6 5 -11416.6114530697
3 3 0 216.569948624692
3 3 1 -1430.67386201124
3 3 2 622.633942371581
3 3 3 11088.9140442451
3 3 4 -8041.49700097441
3 3 5 -18492.3085044471
3 4 0 -2005.83304506467
3 4 1 9548.82406422662
3 4 2 -3898.69022766194
3 4 3 -85267.5469590688
3 4 4 63619.5486583739
3 4 5 148497.880146149
3 5 0 3983.04273735529
3 5 1 -11736.9044201215
3 5 2 3724.76322229238

𝑝1 𝑝2 𝑝3 𝑐𝑝1𝑝2𝑝3

3 5 3 132497.233678976
3 5 4 -105991.523398211
3 5 5 -246987.917298801
3 6 0 -2702.40554380279
3 6 1 4672.51366641258
3 6 2 -151.168088600837
3 6 3 -72824.9124642045
3 6 4 63279.1321226017
3 6 5 146299.145066352
4 4 0 3966.07609639164
4 4 1 -13130.8818696797
4 4 2 10560.5998014500
4 4 3 156645.583866526
4 4 4 -137733.022089490
4 4 5 -301084.086988763
4 5 0 -13829.8210679254
4 5 1 20589.8554989078
4 5 2 -40208.4994811976
4 5 3 -465380.157679304
4 5 4 494484.222233050
4 5 5 1009971.53330902
4 6 0 8288.99681325983
4 6 1 168.005552209355
4 6 2 24463.9582619171
4 6 3 244156.672193326
4 6 4 -316130.580149178
4 6 5 -604848.808373220
5 5 0 10101.1114537086
5 5 1 7166.09766839707
5 5 2 50928.6900360627
5 5 3 328145.444473954
5 5 4 -469690.409912170
5 5 5 -853995.438703061
5 6 0 -9425.23765378221
5 6 1 -34489.1101530778
5 6 2 -76725.4167217865
5 6 3 -323782.598503551
5 6 4 630751.203963757
5 6 5 1034874.44719601
6 6 0 1075.18969624768
6 6 1 19427.9082408373
6 6 2 32368.5272514883
6 6 3 73550.9889604364
6 6 4 -220353.490396235
6 6 5 -318249.311546398

Table F.2: Coefficients 𝑐𝑝1𝑝2𝑝3 of the three-body part, eq. (F.5).



212 APPENDIX F. POTENTIAL FOR LASER-EXCITED SILICON



Bibliography

[1] F J Duarte. Tunable laser applications. CRC press, 2008.

[2] D J Goldberg. Laser dermatology. Springer Science & Business Media, 2012.

[3] P-A Blanche, A Bablumian, R Voorakaranam, C Christenson, W Lin, T Gu,
D Flores, P Wang, W-Y Hsieh, M Kathaperumal, et al. “Holographic three-
dimensional telepresence using large-area photorefractive polymer”. In: Nature
468.7320 (2010), pp. 80–83.

[4] M Borner. “Electro-optical transmission system utilizing lasers”. US Patent
3,845,293. 1974.

[5] H B Cary. Modern welding technology. Prentice-Hall, 1979.

[6] C L Caristan. Laser cutting guide for manufacturing. Society of manufacturing
engineers, 2004.

[7] E G Gamaly. “The physics of ultra-short laser interaction with solids at non-
relativistic intensities”. In: Physics Reports 508.4 (2011), pp. 91–243.

[8] X Liu, D Du, and G Mourou. “Laser ablation and micromachining with ultrashort
laser pulses”. In: Quantum Electronics, IEEE Journal of 33.10 (1997), pp. 1706–
1716.

[9] U Keller. “Recent developments in compact ultrafast lasers”. In: Nature 424.6950
(2003), pp. 831–838.

[10] B N Chichkov, C Momma, S Nolte, F Von Alvensleben, and A Tünnermann.
“Femtosecond, picosecond and nanosecond laser ablation of solids”. In: Applied
Physics A 63.2 (1996), pp. 109–115.

[11] R R Gattass and E Mazur. “Femtosecond laser micromachining in transparent
materials”. In: Nature photonics 2.4 (2008), pp. 219–225.

[12] C Momma, S Nolte, B N Chichkov, F Alvensleben, and A Tünnermann. “Precise
laser ablation with ultrashort pulses”. In: Applied surface science 109 (1997),
pp. 15–19.

213



214 BIBLIOGRAPHY

[13] F Korte, J Serbin, J Koch, A Egbert, C Fallnich, A Ostendorf, and B N Chichkov.
“Towards nanostructuring with femtosecond laser pulses”. In: Applied Physics A
77.2 (2003), pp. 229–235.

[14] R Le Harzic, H Schuck, D Sauer, T Anhut, I Riemann, and K König. “Sub-100
nm nanostructuring of silicon by ultrashort laser pulses”. In: Optics Express
13.17 (2005), pp. 6651–6656.

[15] R Le Harzic, D Dörr, D Sauer, F Stracke, and H Zimmermann. “Generation of
high spatial frequency ripples on silicon under ultrashort laser pulses irradiation”.
In: Applied Physics Letters 98.21 (2011), p. 211905.

[16] P Balling and J Schou. “Femtosecond-laser ablation dynamics of dielectrics: basics
and applications for thin films”. In: Reports on Progress in Physics 76.3 (2013),
p. 036502. url: http://stacks.iop.org/0034-4885/76/i=3/a=036502.

[17] K Lu and Y Li. “Homogeneous nucleation catastrophe as a kinetic stability limit
for superheated crystal”. In: Physical review letters 80.20 (1998), p. 4474.

[18] J G Dash. “History of the search for continuous melting”. In: Reviews of Modern
Physics 71.5 (1999), p. 1737.

[19] ZH Jin, P Gumbsch, K Lu, and E Ma. “Melting mechanisms at the limit of
superheating”. In: Physical review letters 87.5 (2001), p. 055703.

[20] B J Siwick, J R Dwyer, R E Jordan, and RD Miller. “An atomic-level view of
melting using femtosecond electron diffraction”. In: Science 302.5649 (2003),
pp. 1382–1385.

[21] N Medvedev, Z Li, and B Ziaja. “Thermal and nonthermal melting of silicon under
femtosecond x-ray irradiation”. In: Physical Review B 91.5 (2015), p. 054113.

[22] M I Kaganov. “The publication of the Physics Encyclopedia has been completed”.
In: Physics-Uspekhi 42.11 (1999), pp. 1177–1181.

[23] R Paschotta. Encyclopedia of laser physics and technology. Vol. 1. Wiley-VCH
Berlin, 2008.

[24] L Garwin and T Lincoln. A century of nature: twenty-one discoveries that
changed science and the world. University of Chicago Press, 2010.

[25] J L Thomas and W Rudolph. “Biological microscopy with ultrashort laser pulses”.
In: Tunable Laser Applications (2008), pp. 245–80.

[26] S Chen, A Maksimchuk, and D Umstadter. “Experimental observation of rel-
ativistic nonlinear Thomson scattering”. In: Nature 396.6712 (1998), pp. 653–
655.

http://stacks.iop.org/0034-4885/76/i=3/a=036502


BIBLIOGRAPHY 215

[27] J Cheng, C Liu, S Shang, D Liu, W Perrie, G Dearden, and K Watkins. “A review
of ultrafast laser materials micromachining”. In: Optics & Laser Technology 46
(2013), pp. 88–102.

[28] J Shah. Ultrafast spectroscopy of semiconductors and semiconductor nanostruc-
tures. Vol. 115. Springer Science & Business Media, 1999.

[29] A H Zewail. “Femtochemistry: Atomic-scale dynamics of the chemical bond”. In:
The Journal of Physical Chemistry A 104.24 (2000), pp. 5660–5694.

[30] M P Minitti, J M Budarz, A Kirrander, J S Robinson, D Ratner, T J Lane,
D Zhu, J M Glownia, M Kozina, H T Lemke, et al. “Imaging Molecular Motion:
Femtosecond X-Ray Scattering of an Electrocyclic Chemical Reaction”. In:
Physical Review Letters 114.25 (2015), p. 255501.

[31] K Sokolowski-Tinten, C Blome, J Blums, A Cavalleri, C Dietrich, A Tarasevitch,
I Uschmann, E Förster, M Kammler, M Horn-von-Hoegen, et al. “Femtosecond
X-ray measurement of coherent lattice vibrations near the Lindemann stability
limit”. In: Nature 422.6929 (2003), pp. 287–289.

[32] B Rethfeld, K Sokolowski-Tinten, D Von Der Linde, and S I Anisimov.
“Timescales in the response of materials to femtosecond laser excitation”.
In: Applied Physics A 79.4-6 (2004), pp. 767–769.

[33] B Rethfeld, A Kaiser, M Vicanek, and G Simon. “Ultrafast dynamics of nonequi-
librium electrons in metals under femtosecond laser irradiation”. In: Physical
Review B 65.21 (2002), p. 214303.

[34] S K Sundaram and E Mazur. “Inducing and probing non-thermal transitions in
semiconductors using femtosecond laser pulses”. In: Nature materials 1.4 (2002),
pp. 217–224.

[35] S Y Chou, C Keimel, and J Gu. “Ultrafast and direct imprint of nanostructures
in silicon”. In: Nature 417.6891 (2002), pp. 835–837.

[36] E Stratakis, A Ranella, and C Fotakis. “Biomimetic micro/nanostructured
functional surfaces for microfluidic and tissue engineering applications”. In:
Biomicrofluidics 5.1 (2011), p. 013411.

[37] M K Bhuyan, F Courvoisier, P A Lacourt, M Jacquot, R Salut, L Furfaro,
and J M Dudley. “High aspect ratio nanochannel machining using single shot
femtosecond Bessel beams”. In: Applied Physics Letters 97.8 (2010), pp. 081102–
081102.



216 BIBLIOGRAPHY

[38] A Mathis, F Courvoisier, L Froehly, L Furfaro, M Jacquot, P-A Lacourt, and
J M Dudley. “Micromachining along a curve: Femtosecond laser micromachining
of curved profiles in diamond and silicon using accelerating beams”. In: Applied
Physics Letters 101.7 (2012), p. 071110.

[39] F Courvoisier, P-A Lacourt, M Jacquot, M K Bhuyan, L Furfaro, and J M
Dudley. “Surface nanoprocessing with nondiffracting femtosecond Bessel beams”.
In: Optics letters 34.20 (2009), pp. 3163–3165.

[40] A Rousse, C Rischel, S Fourmaux, I Uschmann, S Sebban, G Grillon, Ph Balcou, E
Förster, J P Geindre, P Audebert, et al. “Non-thermal melting in semiconductors
measured at femtosecond resolution”. In: Nature 410.6824 (2001), pp. 65–68.

[41] S I Kudryashov and V I Emel’yanov. “Band gap collapse and ultrafast "cold"
melting of silicon during femtosecond laser pulse”. In: Journal of Experimental
and Theoretical Physics Letters 73.5 (2001), pp. 228–231.

[42] C V Shank, R Yen, and C Hirlimann. “Time-resolved reflectivity measurements
of femtosecond-optical-pulse-induced phase transitions in silicon”. In: Physical
Review Letters 50.6 (1983), p. 454.

[43] P L Silvestrelli, A Alavi, M Parrinello, and D Frenkel. “Ab initio molecular
dynamics simulation of laser melting of silicon”. In: Physical review letters 77.15
(1996), p. 3149.

[44] K Sokolowski-Tinten and D Von der Linde. “Generation of dense electron-hole
plasmas in silicon”. In: Physical Review B 61.4 (2000), p. 2643.

[45] L V Zhigilei, Z Lin, and D S Ivanov. “Atomistic modeling of short pulse laser ab-
lation of metals: connections between melting, spallation, and phase explosion+”.
In: The Journal of Physical Chemistry C 113.27 (2009), pp. 11892–11906.

[46] P Musumeci, J T Moody, CM Scoby, M S Gutierrez, and M Westfall. “Laser-
induced melting of a single crystal gold sample by time-resolved ultrafast rela-
tivistic electron diffraction”. In: Applied Physics Letters 97.6 (2010), p. 063502.

[47] E G Gamaly and A V Rode. “Physics of ultra-short laser interaction with matter:
From phonon excitation to ultimate transformations”. In: Progress in Quantum
Electronics 37.5 (2013), pp. 215–323.

[48] B Rethfeld, K Sokolowski-Tinten, D Von der Linde, and S I Anisimov. “Ultrafast
thermal melting of laser-excited solids by homogeneous nucleation”. In: Physical
review B 65.9 (2002), p. 092103.

[49] D S Ivanov. Computational investigation of short pulse laser melting of metal
targets. PhD Thesis, University of Virginia, 2005.



BIBLIOGRAPHY 217

[50] D S Ivanov and L V Zhigilei. “Combined atomistic-continuum modeling of short-
pulse laser melting and disintegration of metal films”. In: Physical Review B
68.6 (2003), p. 064114.

[51] M Toulemonde, S Unamuno, R Heddache, M O Lampert, M Hage-Ali, and P
Siffert. “Time-resolved reflectivity and melting depth measurements using pulsed
ruby laser on silicon”. In: Applied Physics A 36.1 (1985), pp. 31–36.

[52] T Grasser, T-W Tang, H Kosina, and S Selberherr. “A review of hydrody-
namic and energy-transport models for semiconductor device simulation”. In:
Proceedings of the IEEE 91.2 (2003), pp. 251–274.

[53] D S Ivanov, A I Kuznetsov, V P Lipp, B Rethfeld, B N Chichkov, M E Garcia,
and W Schulz. “Short laser pulse nanostructuring of metals: direct comparison
of molecular dynamics modeling and experiment”. In: Applied Physics A 111.3
(2013), pp. 675–687.

[54] L V Zhigilei, D S Ivanov, E Leveugle, B Sadigh, and E M Bringa. “Computer
modeling of laser melting and spallation of metal targets”. In: High-Power Laser
Ablation 2004. International Society for Optics and Photonics. 2004, pp. 505–519.

[55] S J Blundell and K M Blundell. Concepts in thermal physics. Oxford University
Press, 2010.

[56] A M Prokhorov. Bol’shoy entsiklopedicheskiy slovar’(The big encyclopedic dictio-
nary). 1998.

[57] D Koutsoyiannis. “Clausius–Clapeyron equation and saturation vapour pressure:
simple theory reconciled with practice”. In: European Journal of Physics 33.2
(2012), p. 295.

[58] W Shyy. Computational modeling for fluid flow and interfacial transport. Courier
Corporation, 2014.

[59] A Sánchez-Lavega, S Pérez-Hoyos, and R Hueso. “Clouds in planetary atmo-
spheres: A useful application of the Clausius–Clapeyron equation”. In: American
Journal of Physics 72.6 (2004), pp. 767–774.

[60] M R Allen and W J Ingram. “Constraints on future changes in climate and the
hydrologic cycle”. In: Nature 419.6903 (2002), pp. 224–232.

[61] D Coumou and S Rahmstorf. “A decade of weather extremes”. In: Nature Climate
Change 2.7 (2012), pp. 491–496.

[62] V P Lipp, B Rethfeld, M E Garcia, and D S Ivanov. “Atomistic-continuum
modeling of short laser pulse melting of Si targets”. In: Physical Review B 90.24
(2014), p. 245306.



218 BIBLIOGRAPHY

[63] D P Woodruff. The solid-liquid interface. CUP Archive, 1973.

[64] E A Brener, S V Iordanskii, and V I Marchenko. “Elastic effects on the kinetics
of a phase transition”. In: Physical review letters 82.7 (1999), p. 1506.

[65] M Wortis, R Vanselow, and RF Howe. “Chemistry and Physics of Solid Surfaces
VII”. In: Vanselow and R. Howe Eds., Berlin: SpringerVerlag (1988), p. 367.

[66] F A Lindemann. “Ueber die berechnung molekularer eigenfrequenzen”. In: Phys.
Z 11 (1910), pp. 609–612.

[67] J J Gilvarry. “The Lindemann and Grüneisen laws”. In: Physical Review 102.2
(1956), p. 308.

[68] G Grimvall. Thermophysical properties of materials. Elsevier, 1999.

[69] M Born. “Thermodynamics of crystals and melting”. In: The Journal of Chemical
Physics 7.8 (1939), pp. 591–603.

[70] Q S Mei and K Lu. “Melting and superheating of crystalline solids: from bulk to
nanocrystals”. In: Progress in Materials Science 52.8 (2007), pp. 1175–1262.

[71] J Wang, S Yip, S R Phillpot, and D Wolf. “Crystal instabilities at finite strain”.
In: Physical review letters 71.25 (1993), p. 4182.

[72] J Wang, J Li, S Yip, S Phillpot, and D Wolf. “Mechanical instabilities of
homogeneous crystals”. In: Physical Review B 52.17 (1995), p. 12627.

[73] J Wang, J Li, S Yip, D Wolf, and S Phillpot. “Unifying two criteria of Born:
Elastic instability and melting of homogeneous crystals”. In: Physica A: Statistical
Mechanics and its Applications 240.1 (1997), pp. 396–403.

[74] S Yip, J Li, M Tang, and J Wang. “Mechanistic aspects and atomic-level
consequences of elastic instabilities in homogeneous crystals”. In: Materials
Science and Engineering: A 317.1 (2001), pp. 236–240.

[75] Y Zhang and E J Maginn. “A comparison of methods for melting point calculation
using molecular dynamics simulations”. In: The Journal of chemical physics
136.14 (2012), p. 144116.

[76] C Wu, E T Karim, A N Volkov, and L V Zhigilei. “Atomic movies of laser-induced
structural and phase transformations from molecular dynamics simulations”. In:
Lasers in Materials Science. Springer, 2014, pp. 67–100.

[77] R F Pierret et al. Semiconductor device fundamentals. Addison-Wesley Reading,
M A, 1996.

[78] C Kittel. “Introduction to solid state physics. 2005”. In: ISBN 047141526X
(2005).



BIBLIOGRAPHY 219

[79] G Grosso and G Pastori Parravicini. Solid state physics. San Diego: Academic
Press, 2000.

[80] H M Van Driel. “Kinetics of high-density plasmas generated in Si by 1.06-and
0.53-mkm picosecond laser pulses”. In: Physical Review B 35.15 (1987), p. 8166.

[81] NS Shcheblanov, T J Derrien, T E Itina, and C Phipps. “Femtosecond laser
interactions with semiconductor and dielectric materials”. In: AIP Conference
Proceedings-American Institute of Physics. Vol. 1464. 1. 2012, p. 79.

[82] R Car and M Parrinello. “Structural, dymanical, and electronic properties of
amorphous silicon: an ab initio molecular-dynamics study”. In: Physical review
letters 60.3 (1988), p. 204.

[83] P Stampfli and K H Bennemann. “Theory for the instability of the diamond
structure of Si, Ge, and C induced by a dense electron-hole plasma”. In: Physical
Review B 42.11 (1990), p. 7163.

[84] K Yabana and G F Bertsch. “Time-dependent local-density approximation in
real time”. In: Physical Review B 54.7 (1996), p. 4484.

[85] H O Jeschke, ME Garcia, M Lenzner, J Bonse, J Krüger, and W Kautek.
“Laser ablation thresholds of silicon for different pulse durations: theory and
experiment”. In: Applied surface science 197 (2002), pp. 839–844.

[86] P B Hillyard, D A Reis, and K J Gaffney. “Carrier-induced disordering dynamics
in InSb studied with density functional perturbation theory”. In: Physical Review
B 77.19 (2008), p. 195213.

[87] E S Zijlstra, A Kalitsov, T Zier, and M E Garcia. “Fractional diffusion in silicon”.
In: Advanced Materials 25.39 (2013), pp. 5605–5608.

[88] E Bohm, A Bhatele, L V Kale, M E Tuckerman, S Kumar, J A Gunnels, and G J
Martyna. “Fine-grained parallelization of the Car-Parrinello ab initio molecular
dynamics method on the IBM Blue Gene/L supercomputer”. In: IBM Journal
of Research and Development 52.1.2 (2008), pp. 159–175.

[89] S I Anisimov, N A Inogamov, A M Oparin, B Rethfeld, T Yabe, M Ogawa, and
V E Fortov. “Pulsed laser evaporation: equation-of-state effects”. In: Applied
Physics A 69.6 (1999), pp. 617–620.

[90] V I Mazhukin, N M Nikiforova, and A A Samokhin. “Photoacoustic effect
upon material melting and evaporation by laser pulses”. In: Physics of Wave
Phenomena 15.2 (2007), pp. 81–94.



220 BIBLIOGRAPHY

[91] G D Tsibidis, M Barberoglou, P A Loukakos, E Stratakis, and C Fotakis.
“Dynamics of ripple formation on silicon surfaces by ultrashort laser pulses in
subablation conditions”. In: Physical Review B 86.11 (2012), p. 115316.

[92] A K Rossall, V Aslanyan, G J Tallents, I Kuznetsov, J J Rocca, and C S Menoni.
“Ablation of Submicrometer Holes Using an Extreme-Ultraviolet Laser”. In:
Physical Review Applied 3.6 (2015), p. 064013.

[93] S I Anisimov, B L Kapeliovich, and T L Perel’Man. “Electron emission from
metal surfaces exposed to ultrashort laser pulses”. In: Zh. Eksp. Teor. Fiz 66.776
(1974), pp. 375–7.

[94] G L Eesley. “Generation of nonequilibrium electron and lattice temperatures in
copper by picosecond laser pulses”. In: Physical Review B 33.4 (1986), p. 2144.

[95] J L Hostetler, A N Smith, and P M Morris. “Simultaneous measurement of
thermophysical and mechanical properties of thin films”. In: International journal
of thermophysics 19.2 (1998), pp. 569–577.

[96] A N Smith and P M Norris. “Influence of intraband transitions on the electron
thermoreflectance response of metals”. In: Applied Physics Letters 78.9 (2001),
pp. 1240–1242.

[97] T Y Choi and C P Grigoropoulos. “Plasma and ablation dynamics in ultrafast
laser processing of crystalline silicon”. In: Journal of applied physics 92.9 (2002),
pp. 4918–4925.

[98] D P Korfiatis, K-A Th Thoma, and J C Vardaxoglou. “Conditions for femtosecond
laser melting of silicon”. In: Journal of Physics D: Applied Physics 40.21 (2007),
p. 6803.

[99] M E Povarnitsyn, T E Itina, K V Khishchenko, and P R Levashov. “Multi-
material two-temperature model for simulation of ultra-short laser ablation”. In:
Applied surface science 253.15 (2007), pp. 6343–6346.

[100] A Rämer, O Osmani, and B Rethfeld. “Laser damage in silicon: energy absorption,
relaxation, and transport”. In: Journal of Applied Physics 116.5 (2014), p. 053508.

[101] Taeho Shin, Samuel W Teitelbaum, Johanna Wolfson, Maria Kandyla, and Keith
A Nelson. “Extended two-temperature model for ultrafast thermal response
of band gap materials upon impulsive optical excitation”. In: The Journal of
Chemical Physics 143.19 (2015), p. 194705.



BIBLIOGRAPHY 221

[102] B A Remington, G Bazan, J Belak, E Bringa, J D Colvin, M J Edwards, S G
Glendinning, D H Kalantar, M Kumar, B F Lasinski, et al. “Materials science
under extreme conditions of pressure and strain rate”. In: Metallurgical and
Materials Transactions A 35.9 (2004), pp. 2587–2607.

[103] Mike P Allen and Dominic J Tildesley. Computer simulation of liquids. Oxford
university press, 1989.

[104] Z H Jin and K Lu. “Melting of surface-free bulk single crystals”. In: Philosophical
magazine letters 78.1 (1998), pp. 29–35.

[105] M D Kluge, J R Ray, and A Rahman. “Pulsed laser melting of silicon: A
molecular dynamics study”. In: The Journal of chemical physics 87.4 (1987),
pp. 2336–2339.

[106] F F Abraham and J Q Broughton. “Pulsed melting of silicon (111) and (100)
surfaces simulated by molecular dynamics”. In: Physical review letters 56.7 (1986),
p. 734.

[107] H Hakkinen and U Landman. “Superheating, melting, and annealing of copper
surfaces”. In: Physical review letters 71.7 (1993), p. 1023.

[108] J W Cahn. “Phase separation by spinodal decomposition in isotropic systems”.
In: The Journal of Chemical Physics 42.1 (1965), pp. 93–99.

[109] J A Blink and W G Hoover. “Fragmentation of suddenly heated liquids”. In:
Physical Review A 32.2 (1985), p. 1027.

[110] W T Ashurst and B L Holian. “Droplet formation by rapid expansion of a liquid”.
In: Physical Review E 59.6 (1999), p. 6742.

[111] V Zhigilei and B J Garrison. “Pressure Waves in Microscopic Simulations of
Laser Ablation Leonid”. In: MRS Proceedings. Vol. 538. Cambridge Univ Press.
1998, p. 491.

[112] J I Etcheverry and M Mesaros. “Molecular dynamics simulation of the production
of acoustic waves by pulsed laser irradiation”. In: Physical Review B 60.13 (1999),
p. 9430.

[113] F H Stillinger and T A Weber. “Computer simulation of local order in condensed
phases of silicon”. In: Physical Review B 31.8 (1985), p. 5262.

[114] T Kumagai, S Izumi, S Hara, and S Sakai. “Development of bond-order potentials
that can reproduce the elastic constants and melting point of silicon for classical
molecular dynamics simulation”. In: Computational materials science 39.2 (2007),
pp. 457–464.



222 BIBLIOGRAPHY

[115] D S Ivanov et al. “Experimental and Theoretical Investigation of Periodic
Nanostructuring of Au with Ultrashort UV Laser Pulses near the Damage
Threshold”. In: Submitted to Physical Review Applied (2015).

[116] L V Zhigilei and D S Ivanov. “Channels of energy redistribution in short-pulse
laser interactions with metal targets”. In: Applied surface science 248.1 (2005),
pp. 433–439.

[117] P-H Huang and H-Y Lai. “Nucleation and propagation of dislocations during
nanopore lattice mending by laser annealing: Modified continuum-atomistic
modeling”. In: Physical Review B 77.12 (2008), p. 125408.

[118] S V Starikov and V V Pisarev. “Atomistic simulation of laser-pulse surface
modification: Predictions of models with various length and time scales”. In:
Journal of Applied Physics 117.13 (2015), p. 135901.

[119] V P Lipp, D S Ivanov, B Rethfeld, and M E Garcia. “On the interatomic inter-
action potential that describes bond weakening in classical molecular-dynamic
modelling”. In: Journal of Optical Technology 81.5 (2014), pp. 254–255.

[120] V P Lipp, B Rethfeld, M E Garcia, and D S Ivanov. “Semi-implicit finite-
difference method with predictor-corrector algorithm for solution of diffusion
equation with nonlinear terms”. In: arXiv:1511.08389 [physics.comp-ph] (2015).

[121] B Bauerhenne, V P Lipp, E S Zijlstra, T Zier, and M E Garcia. In: Unpublished
(2015).

[122] E J Yoffa. “Dynamics of dense laser-induced plasmas”. In: Physical Review B
21.6 (1980), p. 2415.

[123] Jeff F Young and HM Van Driel. “Ambipolar diffusion of high-density electrons
and holes in Ge, Si, and GaAs: Many-body effects”. In: Physical Review B 26.4
(1982), p. 2147.

[124] A Lietoila and J F Gibbons. “Computer modeling of the temperature rise and
carrier concentration induced in silicon by nanosecond laser pulses”. In: Journal
of Applied Physics 53.4 (1982), pp. 3207–3213.

[125] A B Sproul and M A Green. “Improved value for the silicon intrinsic carrier
concentration from 275 to 375 K”. In: Journal of applied physics 70.2 (1991),
pp. 846–854.

[126] A D Bristow, N Rotenberg, and H M Van Driel. “Two-photon absorption and
Kerr coefficients of silicon for 850–2200 nm”. In: Applied Physics Letters 90.19
(2007), pp. 191104–191104.



BIBLIOGRAPHY 223

[127] Thomas F Boggess Jr, Klaus M Bohnert, Kamjou Mansour, Steven C Moss,
Ian W Boyd, and Arthur L Smirl. “Simultaneous measurement of the two-photon
coefficient and free-carrier cross section above the bandgap of crystalline silicon”.
In: Quantum Electronics, IEEE Journal of 22.2 (1986), pp. 360–368.

[128] A A Ionin, S I Kudryashov, L V Seleznev, D V Sinitsyn, A F Bunkin, V N Lednev,
and S M Pershin. “Thermal melting and ablation of silicon by femtosecond laser
radiation”. In: Journal of Experimental and Theoretical Physics 116.3 (2013),
pp. 347–362.

[129] J Bonse. “All-optical characterization of single femtosecond laser-pulse-induced
amorphization in silicon”. In: Applied Physics A 84.1-2 (2006), pp. 63–66.

[130] J Bonse, S Baudach, J Krüger, W Kautek, and M Lenzner. “Femtosecond laser
ablation of silicon–modification thresholds and morphology”. In: Applied Physics
A 74.1 (2002), pp. 19–25.

[131] J Bonse, K-W Brzezinka, and A J Meixner. “Modifying single-crystalline silicon
by femtosecond laser pulses: an analysis by micro Raman spectroscopy, scanning
laser microscopy and atomic force microscopy”. In: Applied surface science 221.1
(2004), pp. 215–230.

[132] Maher Harb, Ralph Ernstorfer, Thibault Dartigalongue, Christoph T Hebeisen,
Robert E Jordan, and RJ Dwayne Miller. “Carrier relaxation and lattice heating
dynamics in silicon revealed by femtosecond electron diffraction”. In: The Journal
of Physical Chemistry B 110.50 (2006), pp. 25308–25313.

[133] J R Goldman and J A Prybyla. “Ultrafast dynamics of laser-excited electron
distributions in silicon”. In: Physical review letters 72.9 (1994), p. 1364.

[134] Ellen J Yoffa. “Screening of hot-carrier relaxation in highly photoexcited semi-
conductors”. In: Physical Review B 23.4 (1981), p. 1909.

[135] E S Zijlstra, A Kalitsov, T Zier, and M E Garcia. “Squeezed thermal phonons
precurse nonthermal melting of silicon as a function of fluence”. In: Physical
Review X 3.1 (2013), p. 011005.

[136] J K Chen, D Y Tzou, and J E Beraun. “Numerical investigation of ultrashort
laser damage in semiconductors”. In: International Journal of Heat and Mass
Transfer 48.3 (2005), pp. 501–509.

[137] A Richter, S W Glunz, F Werner, J Schmidt, and A Cuevas. “Improved quan-
titative description of Auger recombination in crystalline silicon”. In: Physical
Review B 86.16 (2012), p. 165202.



224 BIBLIOGRAPHY

[138] R F Wood and G E Giles. “Macroscopic theory of pulsed-laser annealing. I.
Thermal transport and melting”. In: Physical Review B 23.6 (1981), p. 2923.

[139] D Agassi. “Phenomenological model for pisosecond-pulse laser annealing of
semiconductors”. In: Journal of applied physics 55.12 (1984), pp. 4376–4383.

[140] C D Thurmond. “The standard thermodynamic functions for the formation of
electrons and holes in Ge, Si, GaAs, and GaP”. In: Journal of the Electrochemical
Society 122.8 (1975), pp. 1133–1141.

[141] R Vankemmel, W Schoenmaker, and K De Meyer. “A unified wide tempera-
ture range model for the energy gap, the effective carrier mass and intrinsic
concentration in silicon”. In: Solid-state electronics 36.10 (1993), pp. 1379–1384.

[142] G E Jellison Jr and F A Modine. “Optical absorption of silicon between 1.6
and 4.7 eV at elevated temperatures”. In: Applied Physics Letters 41.2 (1982),
pp. 180–182.

[143] G E Jellison Jr and F A Modine. “Optical functions of silicon between 1.7 and
4.7 eV at elevated temperatures”. In: Physical Review B 27.12 (1983), p. 7466.

[144] J Dziewior and W Schmid. “Auger coefficients for highly doped and highly
excited silicon”. In: Applied Physics Letters 31.5 (1977), pp. 346–348.

[145] J Geist and W K Gladden. “Transition rate for impact ionization in the ap-
proximation of a parabolic band structure”. In: Physical Review B 27.8 (1983),
p. 4833.

[146] J R Meyer, M R Kruer, and F J Bartoli. “Optical heating in semiconductors:
Laser damage in Ge, Si, InSb, and GaAs”. In: Journal of Applied Physics 51.10
(1980), pp. 5513–5522.

[147] Ioffe Physical-Technical Institute. Electronic archive "New Semiconductor Ma-
terials. Characteristics and Properties"; Silicon Properties. url: http://www.
ioffe.rssi.ru/SVA/NSM/Semicond/Si/.

[148] I Guk, G Shandybina, and E Yakovlev. “Influence of accumulation effects on
heating of silicon surface by femtosecond laser pulses”. In: Applied Surface Science
(2015).

[149] M N Libenson. “Laser-induced optical and thermal processes in solids and their
mutual influence”. In: Saint-Petersburg, Nauka (2007).

[150] S S Mao, X Mao, R Greif, and R E Russo. “Simulation of infrared picosecond
laser-induced electron emission from semiconductors”. In: Applied surface science
127 (1998), pp. 206–211.

http://www.ioffe.rssi.ru/SVA/NSM/Semicond/Si/
http://www.ioffe.rssi.ru/SVA/NSM/Semicond/Si/


BIBLIOGRAPHY 225

[151] S S Mao, X Mao, J H Yoo, R Greif, and R E Russo. “Thermionic electron emission
from narrow band-gap semiconductors under picosecond laser excitation”. In:
Journal of applied physics 83.8 (1998), pp. 4462–4465.

[152] E Bévillon, J-P Colombier, V Recoules, and R Stoian. “Free-electron properties
of metals under ultrafast laser-induced electron-phonon nonequilibrium: A first-
principles study”. In: Physical Review B 89.11 (2014), p. 115117.

[153] I A Baranov, Yu V Martynenko, S O Tsepelevich, and Yu N Yavlinskii. “Inelastic
sputtering of solids by ions”. In: Soviet Physics Uspekhi 31.11 (1988), p. 1015.

[154] W Yu, Z Q Wang, and D Stroud. “Empirical molecular-dynamics study of
diffusion in liquid semiconductors”. In: Physical Review B 54.19 (1996), p. 13946.

[155] W Skorupa and H Schmidt. Subsecond Annealing of Advanced Materials: An-
nealing by Lasers, Flash Lamps and Swift Heavy Ions. Vol. 192. Springer Science
& Business Media, 2013.

[156] T Sjodin, H Petek, and H-L Dai. “Ultrafast carrier dynamics in silicon: A two-
color transient reflection grating study on a (111) surface”. In: Physical review
letters 81.25 (1998), p. 5664.

[157] A J Sabbah and D M Riffe. “Femtosecond pump-probe reflectivity study of
silicon carrier dynamics”. In: Physical Review B 66.16 (2002), p. 165217.

[158] M N Libenson. “Nonequilibrium heating and cooling of metals under action of
supershort laser pulse”. In: Nonresonant Laser-Matter Interaction (NLMI-10).
International Society for Optics and Photonics. 2001, pp. 1–7.

[159] M N Libenson. “Ultrashort-Pulse Laser-Matter Interaction and Fast Instabilities”.
In: Lasers in Materials Science. SPIE Press, 2002, pp. 3–22.

[160] B Ziaja and N Medvedev. “Modelling ultrafast transitions within laser-irradiated
solids”. In: High Energy Density Physics 8.1 (2012), pp. 18–29.

[161] N M Bulgakova, R Stoian, A Rosenfeld, I V Hertel, and E E Campbell. “Surface
charging under pulsed laser ablation of solids and its consequences: studies with
a continuum approach”. In: Lasers and Applications in Science and Engineering.
International Society for Optics and Photonics. 2005, pp. 9–23.

[162] T Kunikiyo, M Takenaka, Y Kamakura, M Yamaji, H Mizuno, M Morifuji,
K Taniguchi, and C Hamaguchi. “A Monte Carlo simulation of anisotropic
electron transport in silicon including full band structure and anisotropic impact-
ionization model”. In: Journal of Applied Physics 75.1 (1994), pp. 297–312.



226 BIBLIOGRAPHY

[163] M V Fischetti, S E Laux, and E Crabbe. “Understanding hot-electron transport
in silicon devices: Is there a shortcut?” In: Journal of Applied Physics 78.2 (1995),
pp. 1058–1087.

[164] N Medvedev and B Rethfeld. “Transient dynamics of the electronic subsystem
of semiconductors irradiated with an ultrashort vacuum ultraviolet laser pulse”.
In: New Journal of Physics 12.7 (2010), p. 073037.

[165] M I Gallant and H M Van Driel. “Infrared reflectivity probing of thermal and
spatial properties of laser-generated carriers in germanium”. In: Physical Review
B 26.4 (1982), p. 2133.

[166] J P Callan, A M T Kim, L Huang, and E Mazur. “Ultrafast electron and lattice
dynamics in semiconductors at high excited carrier densities”. In: Chemical
Physics 251.1 (2000), pp. 167–179.

[167] W G Spitzer and H Y Fan. “Determination of optical constants and carrier
effective mass of semiconductors”. In: Physical Review 106.5 (1957), p. 882.

[168] A M Fox. Optical properties of solids. Vol. 3. Oxford university press, 2001.

[169] Bo E Sernelius. “Optical free-carrier absorption of an electron-hole plasma in
silicon”. In: Physical Review B 39.15 (1989), p. 10825.

[170] D Hulin, M Combescot, J Bok, A Migus, J Y Vinet, and A Antonetti. “Energy
transfer during silicon irradiation by femtosecond laser pulse”. In: Physical review
letters 52.22 (1984), p. 1998.

[171] X Y Wang, D Mark Riffe, Y-S Lee, and M C Downer. “Time-resolved electron-
temperature measurement in a highly excited gold target using femtosecond
thermionic emission”. In: Physical Review B 50.11 (1994), p. 8016.

[172] N Medvedev and B Rethfeld. “A comprehensive model for the ultrashort visible
light irradiation of semiconductors”. In: Journal of Applied Physics 108.10 (2010),
p. 103112.

[173] N Del Fatti, C Voisin, M Achermann, S Tzortzakis, D Christofilos, and F Vallée.
“Nonequilibrium electron dynamics in noble metals”. In: Physical Review B 61.24
(2000), p. 16956.

[174] R Binder, H S Köhler, M Bonitz, and N Kwong. “Green’s function descrip-
tion of momentum-orientation relaxationof photoexcited electron plasmas in
semiconductors”. In: Physical Review B 55.8 (1997), p. 5110.

[175] B Y Mueller and B Rethfeld. “Relaxation dynamics in laser-excited metals under
nonequilibrium conditions”. In: Physical Review B 87.3 (2013), p. 035139.



BIBLIOGRAPHY 227

[176] E D Palik. Handbook of optical constants of solids. Vol. 3. Academic press, 1998.

[177] I Štich, R Car, and M Parrinello. “Bonding and disorder in liquid silicon”. In:
Physical Review Letters 63.20 (1989), p. 2240.

[178] F Ercolessi. “A molecular dynamics primer”. In: Spring college in computational
physics, ICTP, Trieste 19 (1997).

[179] L. Zhigilei. Introduction to Atomistic Simulations. 2014. url: http://people.
virginia.edu/~lz2n/mse627/.

[180] S L Fischer. “Ions in electromagnetic traps”. PhD thesis. Davidson College, 1995.

[181] H Goldstein, C Poole, and J Safko. “Classical Dynamics”. In: Canada: Addison-
Wesley (1980).

[182] B J Alder and T E Wainwright. “Phase transition for a hard sphere system”. In:
The Journal of Chemical Physics 27.5 (1957), p. 1208.

[183] B J Alder and T E Wainwright. “Studies in molecular dynamics. I. General
method”. In: The Journal of Chemical Physics 31.2 (1959), pp. 459–466.

[184] J G Powles, G Rickayzen, and D M Heyes. “Temperatures: old, new and middle
aged”. In: Molecular Physics 103.10 (2005), pp. 1361–1373.

[185] V P Lipp, A E Volkov, M V Sorokin, and B Rethfeld. “Kinetics of propagation
of the lattice excitation in a swift heavy ion track”. In: Nuclear Instruments and
Methods in Physics Research Section B: Beam Interactions with Materials and
Atoms 269.9 (2011), pp. 865–868.

[186] Richard LeSar. Introduction to computational materials science: fundamentals
to applications. Cambridge University Press, 2013.

[187] L Shokeen and P K Schelling. “Thermodynamics and kinetics of silicon under
conditions of strong electronic excitation”. In: Journal of Applied Physics 109.7
(2011), p. 073503.

[188] M H Grabow, G H Gilmer, and A F Bakker. “Molecular dynamics studies of
silicon solidification and melting”. In: MRS Proceedings. Vol. 141. Cambridge
Univ Press. 1988, p. 349.

[189] H Balamane, T Halicioglu, and W A Tiller. “Comparative study of silicon
empirical interatomic potentials”. In: Physical Review B 46.4 (1992), p. 2250.

[190] J Q Broughton and X P Li. “Phase diagram of silicon by molecular dynamics”.
In: Physical Review B 35.17 (1987), p. 9120.

http://people.virginia.edu/~lz2n/mse627/
http://people.virginia.edu/~lz2n/mse627/


228 BIBLIOGRAPHY

[191] P Lorazo, L J Lewis, and M Meunier. “Thermodynamic pathways to melting,
ablation, and solidification in absorbing solids under pulsed laser irradiation”.
In: Physical Review B 73.13 (2006), p. 134108.

[192] R C Weast. “Handbook of chemistry and physics”. In: The American Journal of
the Medical Sciences 257.6 (1969), p. 423.

[193] W M Haynes. CRC handbook of chemistry and physics. CRC press, 2013.

[194] V M Glazov and O D Shchelikov. “Volume changes during melting and heating
of silicon and germanium melts”. In: High Temperature 38.3 (2000), pp. 405–412.

[195] Q Zhang, Q Li, and M Li. “Melting and superheating in solids with volume
shrinkage at melting: A molecular dynamics study of silicon”. In: The Journal
of chemical physics 138.4 (2013), p. 044504.

[196] R A Logan and W L Bond. “Density change in silicon upon melting”. In: Journal
of Applied Physics 30.3 (1959), pp. 322–322.

[197] S Ryu and W Cai. “Comparison of thermal properties predicted by interatomic
potential models”. In: Modelling and Simulation in Materials Science and Engi-
neering 16.8 (2008), p. 085005.

[198] H Watanabe, N Yamada, and M Okaji. “Linear thermal expansion coefficient of
silicon from 293 to 1000 K”. In: International Journal of Thermophysics 25.1
(2004), pp. 221–236.

[199] A S Okhotin, A S Pushkarskij, and V V Gorbachev. “Thermophysical properties
of semiconductors”. In: (1972).

[200] Ioffe Physical Technicals Institute. Electronic archive "New Semiconductor Ma-
terials. Characteristics and Properties"; Silicon Properties. url: http://www.
ioffe.rssi.ru/SVA/NSM/Semicond/Si/.

[201] C C Yang, J C Li, and Q Jiang. “Temperature–pressure phase diagram of silicon
determined by Clapeyron equation”. In: Solid state communications 129.7 (2004),
pp. 437–441.

[202] J Tersoff. “New empirical approach for the structure and energy of covalent
systems”. In: Physical Review B 37.12 (1988), p. 6991.

[203] J Tersoff. “Empirical interatomic potential for silicon with improved elastic
properties”. In: Physical Review B 38.14 (1988), p. 9902.

[204] R Petrenko and J Meller. “Molecular dynamics”. In: eLS (2010).

http://www.ioffe.rssi.ru/SVA/NSM/Semicond/Si/
http://www.ioffe.rssi.ru/SVA/NSM/Semicond/Si/


BIBLIOGRAPHY 229

[205] E S Zijlstra, T Zier, B Bauerhenne, S Krylow, P M Geiger, and M E Garcia.
“Femtosecond-laser-induced bond breaking and structural modifications in silicon,
TiO_2, and defective graphene: an ab initio molecular dynamics study”. In:
Applied Physics A 114.1 (2014), pp. 1–9.

[206] J P Hansen and I R McDonald. Theory of simple liquids. Elsevier, 1990.

[207] M P Allen. “Introduction to molecular dynamics simulation”. In: Computational
Soft Matter: From Synthetic Polymers to Proteins 23 (2004), pp. 1–28.

[208] F Ercolessi and J B Adams. “Interatomic potentials from first-principles calcula-
tions: the force-matching method”. In: EPL (Europhysics Letters) 26.8 (1994),
p. 583.

[209] Peter Brommer, Alexander Kiselev, Daniel Schopf, Philipp Beck, Johannes Roth,
and Hans-Rainer Trebin. “Classical interaction potentials for diverse materials
from ab initio data: a review of potfit”. In: Modelling and Simulation in Materials
Science and Engineering 23 (2015), p. 074002.

[210] U Welling and G Germano. “Efficiency of linked cell algorithms”. In: Computer
Physics Communications 182.3 (2011), pp. 611–615.

[211] K Kadau, T C Germann, and P S Lomdahl. “Molecular dynamics comes of
age: 320 billion atom simulation on BlueGene/L”. In: International Journal of
Modern Physics C 17.12 (2006), pp. 1755–1761.

[212] R Balesku. “Balance and unbalance statistical mechanics, vol. 1”. In: Mir,
Moscow (1976).

[213] Y Gan and J K Chen. “A hybrid method for integrated atomistic-continuum sim-
ulation of ultrashort-pulsed laser interaction with semiconductors”. In: Computer
Physics Communications 183.2 (2012), pp. 278–284.

[214] SL Daraszewicz. “The modelling of electronic effects in molecular dynamics
simulations”. PhD thesis. UCL (University College London), 2014.

[215] L Shokeen and P K Schelling. “Role of electronic-excitation effects in the melting
and ablation of laser-excited silicon”. In: Computational Materials Science 67
(2013), pp. 316–328.

[216] Norbert Bücking. “Optical excitation and electron relaxation dynamics at semi-
conductor surfaces-A combined approach of density functional and density matrix
theory applied to the silicon (001) surface”. PhD thesis. Technische Universität
Berlin Berlin, 2007.



230 BIBLIOGRAPHY

[217] Norbert Buecking, Peter Kratzer, Matthias Scheffler, and Andreas Knorr. “Link-
ing density functional and density-matrix theory: Picosecond electron relaxation
at the Si (100) surface”. In: Physical Review B 77.23 (2008), p. 233305.

[218] Ch Cheng and X Xu. “Mechanisms of decomposition of metal during femtosecond
laser ablation”. In: Physical review B 72.16 (2005), p. 165415.

[219] D M Duffy and A M Rutherford. “Including the effects of electronic stopping
and electron–ion interactions in radiation damage simulations”. In: Journal of
Physics: Condensed Matter 19.1 (2007), p. 016207.

[220] E Zarkadoula, S L Daraszewicz, D M Duffy, M A Seaton, I T Todorov, K
Nordlund, M T Dove, and K Trachenko. “Electronic effects in high-energy
radiation damage in iron”. In: Journal of Physics: Condensed Matter 26.8 (2014),
p. 085401.

[221] M Harb, R Ernstorfer, C T Hebeisen, G Sciaini, W Peng, T Dartigalongue,
M A Eriksson, M G Lagally, SG Kruglik, and R J D Miller. “Electronically
driven structure changes of Si captured by femtosecond electron diffraction”. In:
Physical review letters 100.15 (2008), p. 155504.

[222] T Zier, E S Zijlstra, and M E Garcia. “Silicon before the bonds break”. In:
Applied Physics A 117.1 (2014), pp. 1–5.

[223] M Schultze, K Ramasesha, C D Pemmaraju, S A Sato, D Whitmore, A Gandman,
J S Prell, L J Borja, D Prendergast, K Yabana, et al. “Attosecond band-gap
dynamics in silicon”. In: Science 346.6215 (2014), pp. 1348–1352.

[224] D Errandonea. “The melting curve of ten metals up to 12 GPa and 1600 K”. In:
Journal of Applied Physics 108.3 (2010), p. 033517.

[225] W F Gale and T C Totemeier. Smithells metals reference book. Butterworth-
Heinemann, 2003.

[226] D S Ivanov and L V Zhigilei. “Effect of pressure relaxation on the mechanisms
of short-pulse laser melting”. In: Physical review letters 91.10 (2003), p. 105701.

[227] E Leveugle, D S Ivanov, and L V Zhigilei. “Photomechanical spallation of
molecular and metal targets: molecular dynamics study”. In: Applied Physics A
79.7 (2004), pp. 1643–1655.

[228] D S Ivanov and L V Zhigilei. “Combined atomistic-continuum model for simula-
tion of laser interaction with metals: application in the calculation of melting
thresholds in Ni targets of varying thickness”. In: Applied Physics A 79.4-6
(2004), pp. 977–981.



BIBLIOGRAPHY 231

[229] C Schäfer, H M Urbassek, L V Zhigilei, and B J Garrison. “Pressure-transmitting
boundary conditions for molecular-dynamics simulations”. In: Computational
Materials Science 24.4 (2002), pp. 421–429.

[230] H Husser and E Pehlke. “Analysis of two-photon photoemission from Si (001)”.
In: Physical Review B 86.23 (2012), p. 235134.

[231] D Marx and J Hutter. Ab initio molecular dynamics: basic theory and advanced
methods. Cambridge University Press, 2009.

[232] Chengping Wu, M S Christensen, J Savolainen, P Balling, and L V Zhigilei.
“Generation of subsurface voids and a nanocrystalline surface layer in femtosecond
laser irradiation of a single-crystal Ag target”. In: Physical Review B 91.3 (2015),
p. 035413.

[233] S Khakshouri, D Alfe, and D M Duffy. “Development of an electron-temperature-
dependent interatomic potential for molecular dynamics simulation of tungsten
under electronic excitation”. In: Physical Review B 78.22 (2008), p. 224304.

[234] E S Zijlstra and M E Garcia. “Laser-Induced Softening of Lattice Vibrations”. In:
Dynamics at Solid State Surfaces and Interfaces: Current Developments, Volume
1 (), pp. 447–474.

[235] N S Grigoryan, T Zier, M E Garcia, and E S Zijlstra. “Ultrafast structural
phenomena: theory of phonon frequency changes and simulations with code for
highly excited valence electron systems”. In: J. Opt. Soc. Am. B 31.11 (2014),
pp. C22–C27.

[236] I Klett, T Zier, B Rethfeld, M E Garcia, and ES Zijlstra. “Isostructural elemental
crystals in the presence of hot carriers”. In: Physical Review B 91.14 (2015),
p. 144303.

[237] P Stampfli and K H Bennemann. “Dynamical theory of the laser-induced lattice
instability of silicon”. In: Physical Review B 46.17 (1992), p. 10686.

[238] J R Morris and X Song. “The melting lines of model systems calculated from
coexistence simulations”. In: The Journal of chemical physics 116.21 (2002),
p. 9352.

[239] P J Steinhardt, D R Nelson, and M Ronchetti. “Bond-orientational order in
liquids and glasses”. In: Physical Review B 28.2 (1983), p. 784.

[240] A Stukowski. “Structure identification methods for atomistic simulations of
crystalline materials”. In: Modelling and Simulation in Materials Science and
Engineering 20 (2012), p. 045021.



232 BIBLIOGRAPHY

[241] Zhuoqun Wu, Junning Zhao, Jingxue Yin, and Huilai Li. Nonlinear diffusion
equations. World Scientific, 2001.

[242] AJ McKane and D Waxman. “Singular solutions of the diffusion equation of
population genetics”. In: Journal of theoretical biology 247.4 (2007), pp. 849–858.

[243] James M Bower and Hamid Bolouri. Computational modeling of genetic and
biochemical networks. MIT press, 2004.

[244] Gilles Aubert and Pierre Kornprobst. Mathematical problems in image processing:
partial differential equations and the calculus of variations. Vol. 147. Springer
Science & Business Media, 2006.

[245] Masao Nagasawa. Schrödinger equations and diffusion theory. Springer Science
& Business Media, 2012.

[246] Dieter W Bäuerle. Laser processing and chemistry. Springer Science & Business
Media, 2011.

[247] Eugene Isaacson and Herbert Bishop Keller. Analysis of numerical methods.
Courier Corporation, 2012.

[248] J Crank and P Nicolson. “A practical method for numerical evaluation of solutions
of partial differential equations of the heat-conduction type”. In: Mathematical
Proceedings of the Cambridge Philosophical Society. Vol. 43. 01. Cambridge Univ
Press. 1947, pp. 50–67.

[249] T Cebeci. Convective heat transfer. Vol. 1. Springer, 2002.

[250] DS Ivanov, VP Lipp, VP Veiko, E Yakovlev, B Rethfeld, and ME Garcia.
“Molecular dynamics study of the short laser pulse ablation: quality and efficiency
in production”. In: Applied Physics A 117.4 (2014), pp. 2133–2141.

[251] Free Software Foundation. The GNU Scientific Library, (gsl-1.15). 2013. url:
http://www.gnu.org/software/gsl.

[252] LH Thomas. “Elliptic problems in linear differential equations over a network:
Watson Scientific Computing Laboratory”. In: Columbia Univ., NY (1949).

[253] Samuel Daniel Conte and Carl W De Boor. Elementary numerical analysis: an
algorithmic approach. McGraw-Hill Higher Education, 1980.

[254] Ting-Yuan Wang, Yu-Min Lee, and Charlie Chung-Ping Chen. “3D thermal-ADI:
an efficient chip-level transient thermal simulator”. In: Proceedings of the 2003
international symposium on Physical design. ACM. 2003, pp. 10–17.

http://www.gnu.org/software/gsl

	Introduction
	Lasers
	Applications of ultrashort laser pulses
	Ultrafast melting

	Melting
	Thermodynamical approach for the description of melting
	Basics of thermodynamics
	Clausius-Clapeyron equation

	Classification of phase transitions
	Nucleation in intrinsic materials
	Homogeneous melting
	Heterogeneous melting

	Melting criteria for superheated solids
	Lindemann's criterion of melting
	Born criterion of melting
	Correlation between the criteria

	Description of melting by means of molecular dynamics simulations

	Electronic structure of semiconductors
	Review of existing models
	Idea to combine MD and nTTM
	Goals of the dissertation

	Continuum approach to model silicon
	Two-chemical-potentials model nTTM
	Model description
	Model parameters
	Problems of the model parametrization
	The chosen model parameters

	Results
	Laser heating
	Melting threshold

	Possible improvements and limitations

	Drude extension for nTTM
	Details of the approach
	Model parameters
	Comparison of the results with nTTM

	One-chemical-potential model
	Brief description of the model
	Auger recombination time
	Discussion

	Conclusions

	Atomistic approach to model silicon
	MD approach
	Basic idea of MD
	General description
	Temperature and pressure in MD
	Interatomic potentials

	Stillinger-Weber potential
	Functional dependence of the potential
	Properties of Stillinger-Weber silicon

	Modified Tersoff (MOD) potential
	Functional dependence of the potential
	Properties of MOD silicon

	Possible improvements and limitations
	The Born-Oppenheimer approximation
	Applicability of classical description
	Reliability of forces
	Time and size limitations

	Conclusions

	Combined atomistic-continuum approach
	Technical details of the implementation
	Study of energy conservation
	Comparison of the predictions of nTTM and MD-nTTM models
	Alternative combined approaches
	Possible improvements and limitations
	Mechanical vibrations of the material
	Electron-phonon coupling
	Nonthermal effects
	Band gap reduction upon melting

	Conclusions

	Results of the combined approach
	Kinetics of homogeneous melting
	Temperature and pressure conditions
	Kinetics of homogeneous melting
	Mixed melting mechanisms at moderate depths
	Undercritical liquid nuclei
	Long-time melting kinetics

	Kinetics of heterogeneous melting
	Effect of laser fluence
	Melting threshold and homogeneous melting threshold
	Laser energy absorption at different fluences
	Evolution of the effective melting depths

	Effect of sample thickness
	Comparison with MOD potential
	Kinetics of homogeneous melting
	Kinetics of heterogeneous melting
	Effect of laser fluence
	Discussion

	Conclusions

	Nonthermal effects in MD-nTTM
	Nonthermal nucleation in Si
	Application of classical MD to describe nonthermal effects
	Interatomic potential
	Results
	Nonthermal liquid nuclei
	Influence of pressure conditions

	Summary and outlook

	Constraints on potential
	Introduction
	The model for illustration
	Melting energy density
	Energy match condition
	Dependence of the potential on electronic state
	Conclusion

	Conclusions

	Summary
	The model
	The results
	Two melting regimes
	Effect of laser fluence
	Effect of sample thickness
	Calculations with alternative potential
	Comparison with metals
	Nonthermal effects

	Open research questions
	Final remarks

	Appendices
	Visualization of material phases
	Local order parameter
	Central symmetry parameter
	Search for the thresholds

	Solution algorithm for nTTM model
	Explicit finite-differences method
	Semi-implicit finite-differences method
	Model description
	Numerical solution scheme

	Calculation example
	Discussion
	Conclusion

	Properties of Stillinger-Weber silicon
	Melting and maximal overheating temperatures
	Thermophysical properties at zero pressure

	Properties of MOD silicon
	Melting and maximal overheating temperatures
	Thermophysical properties at zero pressure

	Fine tuning of the model
	Choosing the number of computational nodes
	Choosing the lateral size of the computational cell

	Interatomic potential for the description of laser-excited silicon

